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@ Let1 be the prime characteristic function, i.e.,

1(h) = 1, h/spr/r.ne
0, otherwise.
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The Prime Number Theorem

@ Let 1 be the prime characteristic function, i.e.,

1, hisprime
0, otherwise.

1(h) =

@ The Prime Number Theorem (PNT):

S~ [ o~ e
> logt logx

0<h<x

as X — o0.

Recent related works




@ Let M(k,q) C P<kx C Fqlt]




@ Let M(k,q) C P<kx C Fqlt]
@ For h € Fy[t] let ||h|| = g%9" and ||0|| = 0.
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The Prime Polynomial Theorem

@ Let M(k,q) C P<kx C Fqlt]
@ Forh e Ty[t] let||h|| = g%9" and ||0|| = 0.
@ Let 1 be the prime polynomial characteristic function, i.e.,

1(h) = 1, h/sprlr.ne
0, otherwise.

(prime polynomial = monic + irreducible polynomial)




@ The Prime Polynomial Theorem (PPT):

qk
>, UM~

heM(k,q)
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The Prime Polynomial Theorem

@ The Prime Polynomial Theorem (PPT):

g~
>, M~ ¢

he M(k,q)
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The Prime Polynomial Theorem

@ The Prime Polynomial Theorem (PPT):

k
> oun~T
he M(k,q)
qk qk/2
Y 1h=+0 (
he M(k,q) k K

Recent related works

In comparison with PNT, we replace:
@ 0<h<x+ heM(k,q)
o |[0.x]| = x ¢ [{h € M(k,q)}| = g*
@ logx < k




@ In the PNT, we consider the limit x — oc. In the PPT, we
consider the limit g — oo




@ In the PNT, we consider the limit x — oc. In the PPT, we
consider the limit g — oo
@ g —




@ In the PNT, we consider the limit x —> oo. In the PPT, we
consider the limit g — oo
@ g —
e k— o0




@ In the PNT, we consider the limit x —> oo. In the PPT, we
consider the limit g — oo
@ g —
e k— o0
@ g—
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Primes in Short Intervals

Prime numbers in short intervals

@ Let!= (x,x + ®(x)]. One may naively expect that,

*(x)
Z]l Iogx

hel
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Primes in Short Intervals

Prime numbers in short intervals

@ Let!= (x,x + ®(x)]. One may naively expect that,

*(x)
Z]l Iogx

hel

@ Clearly, ® must satisfy % —> 00 a8 X — 0.
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Primes in Short Intervals

Prime numbers in short intervals

@ Let!= (x,x + ®(x)]. One may naively expect that,

*(x)
Z]l Iogx

hel

@ Clearly, ® must satisfy % —> 00 a8 X — 0.

@ From PNT, the above holds for ®(x) ~ cx for any fixed
O<c< .




Introduction Conjectures vs. Theorems Method of proof Recent related works
0O@®00000000000000

Primes in Short Intervals

Prime numbers in short intervals

@ Let!= (x,x + ®(x)]. One may naively expect that,

Z]l Iogx

hel

@ Clearly, ® must satisfy % —> 00 a8 X — 0.

@ From PNT, the above holds for ®(x) ~ cx for any fixed
O<c< .

@ Assuming the Riemann Hypothesis, it holds for

d(x) ~ x27F€.
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Primes in Short Intervals

Prime numbers in short intervals

@ Let!= (x,x + ®(x)]. One may naively expect that,

Z]l Iogx

hel

@ Clearly, ® must satisfy % — 00 a8 X —» 0.

@ From PNT, the above holds for ®(x) ~ cx for any fixed
O<c< .

@ Assuming the Riemann Hypothesis, it holds for
d(x) ~ x27F€.

@ For d(x) ~ log® x Selberg showed (assuming RH) that it is
true for almost every x, however, Maier showed that it does
not hold for all x.




S a(h) ~ Io’;x.

hel

Where | = (x,x + x|, x is large and 0 < e < 1.




S a(h) ~ Io’;x.

hel

Where | = (x,x + x|, x is large and 0 < e < 1.

@ Heath-Brown (1988) proved this for e = 5




Conjecture (Primes in short intervals) |
S a(h) ~ Io);x'

hel

Where | = (x, x + x|, x is large and 0 < e < 1.

@ Heath-Brown (1988) proved this for e = 5
@ The barrier is € = }.
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Primes in Short Intervals

Prime Polynomials in short intervals

@ Aninterval I around fy € M(Kk, q) is defined as

I =1(fp,m)={heFq[t] : |llo—hll <q"} =fo+P<m
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Primes in Short Intervals

Prime Polynomials in short intervals

@ Aninterval I around fy € M(Kk, q) is defined as

I =1(fp,m)={heFq[t] : |llo—hll <q"} =fo+P<m

@ We want to estimate the number of primes in short
intervals, i.e., when m < K.




Letfy € M(k,q),3 < m< k,andZ =Z(fy, m). Then,

So1(r) = 221+ 0ula ),

feT

as g — oo and where the constant depends only on k.
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Primes in Short Intervals

Theorem (B., Bary-Soroker, Rosenzweig)
Letfy € M(k,q),3 < m< k,andZ = Z(fy,m). Then,

> () 1+ Ok(q %)),

feT

as g — oo and where the constant depends only on k.

@ In particular, if we let e = 7! we get the full analogue of the
Number Theory case.
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Primes in Short Intervals

Theorem (B., Bary-Soroker, Rosenzweig)
Letfy € M(k,q),3 < m< k,andZ = Z(fy,m). Then,

> () 1+ Ok(q %)),

feT

as g — oo and where the constant depends only on k.

@ In particular, if we let e = 7! we get the full analogue of the
Number Theory case.
@ We also deal with the cases m < 3.
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Primes in Short Intervals

Theorem (B., Bary-Soroker, Rosenzweig)
Letfy € M(k,q),3 < m< k,andZ = Z(fy,m). Then,

> () 1+ Ok(q %)),

feT

as g — oo and where the constant depends only on k.

@ In particular, if we let e = 7! we get the full analogue of the
Number Theory case.
@ We also deal with the cases m < 3.
e For m = 2 we show that it holds under additional conditions.
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Primes in Short Intervals

Theorem (B., Bary-Soroker, Rosenzweig)
Letfy € M(k,q),3 < m< k,andZ = Z(fy,m). Then,

> A(f) 1+ 0k(q7")),

feT

as g — oo and where the constant depends only on k.

@ In particular, if we let e = 7! we get the full analogue of the
Number Theory case.
@ We also deal with the cases m < 3.

@ For m = 2 we show that it holds under additional conditions.
e Form = 1,0 we show that it fails.
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@ Let a and b be fixed, relatively prime integers.
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Primes in Arithmetic Progressions

Primes in Arithmetic Progressions

@ Let a and b be fixed, relatively prime integers.
@ The Prime Number Theorem for Arithmetic Progressions:

1 X
2 M~ o g

0<h<x
h=a (mod b)




Forevery 6 > 0,

1 X
§ ’ 1(h) ~ —
0T (b) log(x)
h=a (mod b)

holds in the range 0 < a < b < x'=9
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Primes in Arithmetic Progressions

Conjecture (Primes in AP with large modulus)
For every 6 > 0,

0<h<x
h=a (mod b)

holds in the range 0 < a < b < x'~9

o Assuming GRH, the above remains true when b < xz—°(1).
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Primes in Arithmetic Progressions

Conjecture (Primes in AP with large modulus)
For every 6 > 0,

0<h<x
h=a (mod b)

holds in the range 0 < a < b < x'~9

o Assuming GRH, the above remains true when b < xz—°(1).

@ Bombieri-Vinogradov: true for almost all b < x2—°(1),
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Primes in Arithmetic Progressions

Theorem (B., Bary-Soroker, Rosenzweig)
Let k be a fixed integer and § > 0. Then,

1 gF

S o~ ——- L

heM(k.q) wlb) K
h=a (mod b)

holds uniformly for all relatively prime a(t), b(t) € Fq[t] with
degb < k(1 —9)




Let L(X) = bX + a, abelZ

b x¢
2 ML~ o gy X T

he[x,x+x¢]

where0 < a< b, b’ < x orb <0, |b|'* < aand
|b|x* < a < |b|x? for1 < a < B.
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Correlations Between Primes

Correlations between primes

Conjecture (The Hardy-Littlewood n-tuple conjecture)

X
1I(h+ay)---1(h+an) ~6(ay,....an)—, X

Z ( + 1) ( + n) (1> ) n)(logx)na — 00,

0<h<x

where the a;’s are distinct and S(ay, . .., an) is a constant

depending on the a;’s.
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Correlations Between Primes

Hardy-Littlewood for function fields

Theorem (Hardy-Littlewood for function fields)

K
S A(htan) - A(h+an) = (1 + Oknl@ ),
he M(k,q)

holds uniformly on all a4, ..., an € Fq[t] of degrees deg(a;) < k
and for a fixed k.
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Correlations Between Primes

Hardy-Littlewood for function fields

Theorem (Hardy-Littlewood for function fields)

k

S A(htan) - A(h+an) = (1 + Oknl@ ),
he M(k,q)
holds uniformly on all a4, ..., an € Fq[t] of degrees deg(a;) < k

and for a fixed k.

@ Bender and Pollack (2009) proved this for the case n = 2
and g odd.
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Correlations Between Primes

Hardy-Littlewood for function fields

Theorem (Hardy-Littlewood for function fields)

k

S A(htan) - A(h+an) = (1 + Oknl@ ),
he M(k,q)
holds uniformly on all a4, ..., an € Fq[t] of degrees deg(a;) < k

and for a fixed k.

@ Bender and Pollack (2009) proved this for the case n = 2
and g odd.

@ Bary-Soroker (2014) proved this for any n and q odd.
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Correlations Between Primes

Hardy-Littlewood for function fields

Theorem (Hardy-Littlewood for function fields)

k

S A(htan) - A(h+an) = (1 + Oknl@ ),
he M(k,q)
holds uniformly on all a4, ..., an € Fq[t] of degrees deg(a;) < k

and for a fixed k.

@ Bender and Pollack (2009) proved this for the case n = 2
and g odd.

@ Bary-Soroker (2014) proved this for any n and q odd.

@ Dan Carmon (2015) resolved the above for fields of
characteristic 2.
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Combined Conjecture

LetL;=bX+a;,i=1,...,n be distinct primitive linear
functions, i.e, gcd(a;, bj)) = 1. One may expect that,

Conjecture (Combined conjecture)

XE
hE[X,zX;FXE] HE () BB ~ 6(L1,...,Ln)H7:1 log(Li(x))’

holds uniformly, when x — oo and &(L4, ..., L) is a constant
depending on the L;’s.
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Combined Conjecture

Prime polynomial values of several linear functions in short
intervals

Theorem (B., Bary-Soroker)

LetB > 0 andfy € M(k,q), 2 < m < k, Z(fy, m). Then,

_ #1(fo, m) ~
fe%m)n(u(f))-..n(u(f)) = 7 aeo (L + 0@ 1/2))

holds uniformly as g — oo odd, for:
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Combined Conjecture

Prime polynomial values of several linear functions in short
intervals

Theorem (B., Bary-Soroker)

LetB > 0 andfy € M(k,q), 2 < m < k, Z(fy, m). Then,

_ #I(fo, m) ~
fe%m)n(u(f))-..n(u(f)) = 7 aeo (L + 0@ 1/2))

holds uniformly as g — oo odd, for:

@ L(X),...,Ln(X) distinct primitive linear functions
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Combined Conjecture

Prime polynomial values of several linear functions in short
intervals

Theorem (B., Bary-Soroker)

LetB > 0 andfy € M(k,q), 2 < m < k, Z(fy, m). Then,

__ #I(f,m)
feI(ch),m)]l(L1(f)) HED) [T deg(Li(%))

(1+ Os(q~"?))

holds uniformly as g — oo odd, for:

@ L(X),...,Ln(X) distinct primitive linear functions

@ The L;’s are of bounded height, i.e.,
max{deg a;(t),deg b;j(t)} < B
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Combined Conjecture

Prime polynomial values of several linear functions in short
intervals

Theorem (B., Bary-Soroker)

LetB > 0 andfy € M(k,q), 2 < m < k, Z(fy, m). Then,

__ #I(f,m)
feI(ch),m)]l(L1(f)) HED) [T deg(Li(%))

(1+ Os(q~"?))

holds uniformly as g — oo odd, for:

@ L(X),...,Ln(X) distinct primitive linear functions

@ The L;’s are of bounded height, i.e.,
max{deg a;(t),deg b;j(t)} < B
@1 <n<B
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Combined Conjecture

Prime polynomial values of several linear functions in short
intervals

Theorem (B., Bary-Soroker)

LetB > 0 andfy € M(k,q), 2 < m < k, Z(fy, m). Then,

__ #I(f,m)
feI(ch),m)]l(L1(f)) HED) [T deg(Li(%))

(1+ Os(q~"?))

holds uniformly as g — oo odd, for:

@ L(X),...,Ln(X) distinct primitive linear functions
@ The L;’s are of bounded height, i.e.,
max{deg a;(t),deg b;j(t)} < B
@1 <n<B
@3<k<B
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Main idea

@ The main idea is to consider a generic polynomial
F € I(fy, m). This means that we think of such a
polynomial as a polynomial of the form

F(A 1) =fh(t) + zm: Ait' € FglAg, ..., Amlt]
i=0
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Main idea

@ The main idea is to consider a generic polynomial
F € I(fy, m). This means that we think of such a
polynomial as a polynomial of the form

F(A 1) =fh(t) + zm: Ait' € FglAg, ..., Amlt]
i=0

@ We are interested in the number of substitutions A; — a;
where a; € Fq such that Li(F(ag, ..., am,t)), i=1,...,n are
all prime polynomials.




Conjectures vs. Theorems Method of proof Recent related works

Introduction
0000000000000 000

Main idea

@ The main idea is to consider a generic polynomial
F € I(fy, m). This means that we think of such a

polynomial as a polynomial of the form

F(A 1) =fh(t) + zm: Ait' € FglAg, ..., Amlt]
i=0

@ We are interested in the number of substitutions A; — a;
where a; € Fq such that Li(F(ag, ..., am,t)), i=1,...,n are
all prime polynomials.

@ Using this idea, the proof is divided into two main parts:

o Computing Galois groups.
e Counting argument.
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Computing Galois group

Proposition

LetLy, -, Ln be distinct primitive linear functions and fo € F[t]
a monic polynomial of degree k. Let F = fy + Zj'io At where
2 < m< k. Then,

Gal (ﬁ L,-(J-“),IF(A)> = ﬁGal(L,-(]—“),IF(A)) = Sj, % % Sk,
i=1 i=1

where k; = deg(L;(fy)).




@ The splitting fields of L;(F) are linearly disjoint.




@ The splitting fields of L;(F) are linearly disjoint.
@ Gal(L;(F),F(A)) = Sy, where k; = deg(Li(f))
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Sketch proof of the proposition

Proof:
@ The splitting fields of L;(F) are linearly disjoint.
@ Gal(Li(F),F(A)) = Sk, where k; = deg(L;(f))
e Li(F) is separable in t and irreducible in the ring F(A)[{].
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Sketch proof of the proposition

Proof:
@ The splitting fields of L;(F) are linearly disjoint.
@ Gal(Li(F),F(A)) = Sk, where k; = deg(L;(f))
e Li(F) is separable in t and irreducible in the ring F(A)[{].
e The Galois group of L;(F) over F(A) is doubly transitive.
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Sketch proof of the proposition

Proof:
@ The splitting fields of L;(F) are linearly disjoint.
@ Gal(Li(F),F(A)) = Sk, where k; = deg(L;(f))
e Li(F) is separable in t and irreducible in the ring F(A)[{].

e The Galois group of L;(F) over F(A) is doubly transitive.
@ The Galois group of L;(F) contains a transposition.
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Counting argument

Proposition (An explicit Chebotarev density theorem)

Let

H(Av t) = f‘] T Fﬂ € Fq[A07 7Am][t]
Assume that Gal(H,Fq(A)) = Sk, x --- x Sk, where
ki = deg;(F;). Then,

qm+ 1

> UFi(@. ) U@ ) = o (1 + Ona(a %)
acF! =i
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@ Keating-Rudnick (2014)- The variance of primes in short
intervals.
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@ Keating-Rudnick (2014)- The variance of primes in short
intervals.

@ Carmon-Rudnick, Carmon (2014,2015)- Autocorrelations
of the Mobius function and Chowla’s conjecture.
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@ Keating-Rudnick (2014)- The variance of primes in short
intervals.

@ Carmon-Rudnick, Carmon (2014,2015)- Autocorrelations
of the Mobius function and Chowla’s conjecture.

@ Entin (2015)- Bateman-Horn conjecture.
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@ Keating-Rudnick (2014)- The variance of primes in short
intervals.

@ Carmon-Rudnick, Carmon (2014,2015)- Autocorrelations
of the Mobius function and Chowla’s conjecture.

@ Entin (2015)- Bateman-Horn conjecture.

@ Rodgers (2015)- The covariance of almost-primes.
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