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Irreducibility and Rational Points

Lecture 1. Specializing polynomials, extensions and covers
Lecture 2. Rational points
Lecture 3. Specializing elliptic curves

Lecture 4. Varieties of Hilbert type
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4. Examples and permanence principles

Example (Non-Hilbertian fields)

QO K=C
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4. Examples and permanence principles

Example (Non-Hilbertian fields)
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Q@ K =R (take f(T,X)=X2-T?-1)
9 K:Qp
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4. Examples and permanence principles

Example (Non-Hilbertian fields)

QO K=C

Q@ K =R (take f(T,X)=X2-T?-1)
@ K = Q, (Exercise: use Hensel's lemma)
Q@ K = Ko((T))

Q@ K = Q% the maximal solvable Galois extension of Q

@ K = Q, the maximal totally real Galois extension of Q
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4. Examples and permanence principles

Proposition
K = Ky(A) is Hilbertian for any field K
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4. Examples and permanence principles

Proposition
K = Ky(A) is Hilbertian for any field K

Proof.

For Ko = K, this follows from Bertini's theorem:
For f € Ko[A, T, X] irreducible consider the variety

V={f=0}CA®
and the projection 7 : A2 — A2 Then for a general hyperplane
H={aA+bT +c=0} CA?

ol (H) = {(4, 225

is irreducible. ]
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4. Examples and permanence principles

Ko((X,Y)), Quot(Z[[X]]) is Hilbertian (Weissauer 1980)
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4. Examples and permanence principles

Proposition
K Hilbertian, L|K finite = L Hilbertian
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4. Examples and permanence principles

Proposition
K Hilbertian, L|K finite = L Hilbertian

Proof.

Let f € L[T, X] irreducible.
Idea for L|K Galois and f?, o € Gal(L|K), distinct:

f=1]r" € KIT,X]

is irreducible, as seen by unique factorization in L(7)[X].
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4. Examples and permanence principles

Proposition
K Hilbertian, L|K finite = L Hilbertian

Proof.

Let f € L[T, X] irreducible.
Idea for L|K Galois and f?, o € Gal(L|K), distinct:

f=1]r" € KIT,X]

is irreducible, as seen by unique factorization in L(T)[X].
Now if 7 € K with f(r,X) irreducible, then also f(7, X)
irreducible, as seen by unique factorization in L[X]. O
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4. Examples and permanence principles

Example (Permanence principles for Hilbertian fields)

K Hilbertian, L| K an extension = L Hilbertian

v
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Example (Permanence principles for Hilbertian fields)

K Hilbertian, L| K an extension = L Hilbertian
if

Q@ L|K Galois, Gal(L|K) abelian (Kuyk 1970),
e.g. L = Q*", the maximal abelian Galois extension of Q
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K Hilbertian, L| K an extension = L Hilbertian
if
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Example (Permanence principles for Hilbertian fields)

K Hilbertian, L| K an extension = L Hilbertian
if

Q@ L|K Galois, Gal(L|K) abelian (Kuyk 1970),
e.g. L = Q*", the maximal abelian Galois extension of Q

Q@ ex. K C Ly C L, Ly|K Galois, 1 < [L : L] < oo (Weissauer
1980), e.g. L = Q'T(y/—1)

@ ex. My, Ms|K Galois, L C MMy, L € My, My (Haran 1999)

Q@ ex. K=MyC---C M, DL, Mi1|M; Galois,
Gal(M;1|M;) abelian or product of finite simple groups
(Bary-Soroker-F.—Wiese 2015),
e.g. L C QU the compositum of all degree < d extensions
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4. Examples and permanence principles

Example (Permanence principles for Hilbertian fields)

K Hilbertian, L| K an extension = L Hilbertian

Q@ L|K Galois, Gal(L|K) abelian (Kuyk 1970),
e.g. L = Q*, the maximal abelian Galois extension of Q

@ ex. K C Ly C L, Ly|K Galois, 1 < [L : Lg] < oo (Weissauer
1980), e.g. L = Q™ (y/—1)

@ ex. My, Ms|K Galois, L C MMy, L € My, My (Haran 1999)

Q@ ex. K=MyC---C M, DL, Mi1|M; Galois,
Gal(M;1|M;) abelian or product of finite simple groups
(Bary-Soroker-F.—Wiese 2015),
e.g. L C QU the compositum of all degree < d extensions

@ L C K(Eio) for an elliptic curve E|K (— Lecture 2,3)
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