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Notation for the whole talk
X = (Xy1,...,X,) variables
R[X] := R[Xq,...,X,] polynomial ring
f € R[X] an arbitrary polynomial
g1, - -, 9m € R[X] polynomials defining . ..
... theset S:={x €eR" | g1(z) >0,...,9m(x) >0}

go := 1 € R[X] for convenience
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Example. When
e m=n

® (1 I:Xl,...,gn ::Xn

then S is the nonnegative orthant [0, 00)™.
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o m=n-+1
® (1 I:Xl,...,gn ::Xn
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Example. When
e m=mn-+2
e g1 :=Xq,...,0n := X,
e goi1:=1—(X1+---+X,)
® guyo =X +---+ X, -1

then S is the standard simplex

A, ={xeR" |21 >0,...,2,, > 0,27 + - -~

+ Tn
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Proof. Write f = Z|a|:d o, X* where a, € R,
la| :=a1 4+ -+ a, and X := X" --- X3 for a € N™. Set

Oéi—l
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la|=d 7=0
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| =htd 10 Qnl 1y Fra
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But f. — f uniformly on A,, for € — 0.
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Sums of squares and quadratic modules

R[X]* :={p® | p € R[X]}

SORIXP = (g2 4+ 407 |5 € N,pi,...,ps € RIX]}
R[X]%g; :={p°g; | p € RIX]}

> R[XJ?g; :={plgi +---+p2gi | s €EN,p1,...,ps € RIX]}
= {ogilo e Y RIX]?}
1 =SS = { S0 v e R
i—0 i=0
is the quadratic module generated by ¢g1,..., gm-

Quadratic module: 0,1 € M, M + M C M and R[X]|?M C M.
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Putinar’s Positivstellensatz. Suppose 3N € N: N — 2?21 X2 e M.
Then f >0on § — f € M.

o f>0o0n S <= f & M holds trivially.

o f>0onS = f & M fails in general:
1-X?=0+71-X?)P° = 1-X)1-7171-X**) =0

e Hypothesis implies compactness of S, but not vice versa.

e Several non-trivial sufficient criteria for the hypothesis being
satisfied due to Schmiidgen and Jacobi & Prestel.

Mihai Putinar: Positive polynomials on compact semi-algebraic sets
Indiana Univ. Math. J. 42, No. 3, 969-984 (1993)
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Then f >0on § = f € M.
Proof outline.

¢ WLOG f > 0 on an arbitrary fixed compact set C' C R".
Find h € M such that f —h > 0 on C. If we show f —h € M, then f € M.

e Write f in 2n new coordinates that

— always sum up to a constant (like barycentric coordinates),
~~ Multiplier in Pdlya’s Theorem disappears.

~> f becomes homogeneous polynomial.
~ liein T = S RIX]2 + S RIX]2 (N — 37, X2) |
~» All products of new coordinates are in M since TT' C T C M.

e Ensure positivity on Ay, in Pdélya’s Theorem by “relaxing” the

new coordinates to barycentric coordinates. ~» Enlarge C a priori.

e Substitute back old coordinates.
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Proof outline.

e WLOG f > 0 on an arbitrary fixed compact set C' C R".
Find h € M such that f —h > 0 on C. If we show f —h € M, then f € M.

Lifting Lemma. Suppose S and C' C R" are compact, g; < 1 on C.
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Proof. WLOG f > 0 on the compact set C := ().

Show even that f € T:= Y R[X]?+ > R[X]* (N - Y I" | X?).

~> Note T' C M. Advantage: T7T" C T

Choose 2n new coordinates lying in T’

Yijn|—>(N—|- )+X ZXQ ( ) ( ZXQ)ET

and summing up to 2n(N + i) Write f = Zi:O f,;, i homogeneous

of degree 1.

d
A way of writing f Yl Yn—|—1 Yn — Y2n Yl + Y2n d—
Z fs e T

V N\ 7

r—>X1 — X, e

in the new coordinates:

7 \
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Choose 2n new coordinates lying in T’
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of degree 1.

d
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M =370 S R[X]?g; is the quadratic module generated by

g1y.-.39m-
Quadratic module: 0,1 € M, M + M C M and R[X]*M C M.

T:=)% sci01ym STR[X]2g8 - - - g% is the preorder generated by

g1y.-.59m-
Preorder: RIX]? CT, T+ T CT and TT C T.

A preorder is a quadratic module closed under multiplication.

m=1— M=T
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Krivine’s Positivstellensatz. f >0on S <— dteT :tfel1+T

Jean-Louis Krivine: Anneaux préordonnés

J. Anal. Math. 12, 307-326 (1964)
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Krivine’s Positivstellensatz. f >0on S <— dteT :tfel1+T

Gilbert Stengle: A Nullstellensatz and a Positivstellensatz in
semialgebraic geometry

Math. Ann. 207, 87-97 (1974)

Jean-Louis Krivine: Anneaux préordonnés

J. Anal. Math. 12, 307-326 (1964)
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Alexander Prestel: Lectures on formally real fields

IMPA, Rio de Janeiro (1974)

reprinted as Lecture Notes in Mathematics 1093

Gilbert Stengle: A Nullstellensatz and a Positivstellensatz in
semialgebraic geometry

Math. Ann. 207, 87-97 (1974)

Jean-Louis Krivine: Anneaux préordonnés

J. Anal. Math. 12, 307-326 (1964)
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Krivine’s Positivstellensatz. f >0on S <— dteT :tfel1+T
e Proof is much harder.

e Is not suited for optimization problems
but only for feasibility problems.

Alexander Prestel: Lectures on formally real fields

IMPA, Rio de Janeiro (1974)

reprinted as Lecture Notes in Mathematics 1093

Gilbert Stengle: A Nullstellensatz and a Positivstellensatz in
semialgebraic geometry

Math. Ann. 207, 87-97 (1974)

Jean-Louis Krivine: Anneaux préordonnés

J. Anal. Math. 12, 307-326 (1964)
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Schmiidgen’s Positivstellensatz. Suppose S is compact.
Then f >0on § = feT.

Konrad Schmiidgen: The K-moment problem for compact

semi—algebraic sets
Math. Ann. 289, No. 2, 203-206 (1991)
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Schmiidgen’s Positivstellensatz. Suppose S is compact.
Then f >0on § = feT.

e Using Krivine’s Positivstellensatz, a little trick of Wormann
shows: S compact <= INeN: N ->" X?eT.

e Up to that our proof via Pdlya works again.

Thorsten Wormann: Strikt positive Polynome in der
semialgebraischen Geometrie

Dissertation, Universitat Dortmund (1998)

Konrad Schmiidgen: The K-moment problem for compact

semi—algebraic sets
Math. Ann. 289, No. 2, 203-206 (1991)
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Schmiidgen’s Positivstellensatz. Suppose S is compact.
Then f >0on § = feT.

e Using Krivine’s Positivstellensatz, a little trick of Wormann
shows: S compact <= INeN: N ->" X?eT.

e Up to that our proof via Pdlya works again.

e Up to that we have in this case another more complicated proof
via Pélya yielding an interesting bound on the Pdlya-exponent.

An algorithmic approach to Schmiidgen’s Positivstellensatz
Journal of Pure and Applied Algebra 166, 307-319 (2002)
Thorsten Wormann: Strikt positive Polynome in der
semialgebraischen Geometrie

Dissertation, Universitdt Dortmund (1998)

Konrad Schmiidgen: The K-moment problem for compact

semi—algebraic sets
Math. Ann. 289, No. 2, 203-206 (1991)
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INeN:N-Y" X?e€T <= S compact
follows either from Schmiidgen’s Positivstellensatz

or by Wormann’s trick from Krivine’s Positivstellensatz

From this follows that 3N e N: N — Y " . X? € M is for example
equivalent to the compactness of {x € R" | h(z) > 0} for some

h € M. But it is in general not equivalent to the compactness of S.

Have we cheated?

Jacobi and Prestel: Deeper criteria.

Thomas Jacobi, Alexander Prestel:

Distinguished representations of strictly positive polynomials
J. Reine Angew. Math. 532, 223-235 (2001)
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Part 11

Optimization of polynomials

on compact basic closed semialgebraic sets

18



Notation for the whole talk
X = (Xy1,...,X,) variables
R[X] := R[Xq,...,X,] polynomial ring
f € R[X] an arbitrary polynomial
g1, - -+, 9m € R[X] polynomials defining ...
... theset S:={x eR" | g1(z) >0,...,9m(x) >0}

go := 1 € R[X] for convenience

M =3 S RIX Py = {2, 0igi | o0 € L R[X]?}
the quadratic module generated by g1,...,gm

19



gi, ..

go

+ydm
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For the rest of the talk, assume that

n
N-» X}eM
1=1
for some N € N.



For the rest of the talk, assume that

n
N-» X}eM
1=1
for some N € N.

In particular, S is compact.
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Optimization

We consider the problem of minimizing f on S.
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compute numerically the infimum (minimum if S # ())

ffi=inf{f(x) |z € S} €e RU {0}



Optimization

We consider the problem of minimizing f on S. So we want to

compute numerically the infimum (minimum if S # ())
ffi=inf{f(x) |z € S} €e RU {0}
and, if possible, a minimizer, i.e., an element of the set

STi={z"eS|VeeS: f(z") < f(x)}.
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Convexification
Convexify the problem by brute force. Two ways to do so:

e Generalize from points to probability measures:

= inf{/fdu | 1€ Ml(s)}

e Take a dual standpoint:

ff=sup{faeR|f—a>0on S} =sup{fa€R| f—a>0on S}

23



Describing measures and positive polynomials

Putinar’s solution to the moment problem. For every map
L : R[X] — R are equivalent:

(1) L is linear, L(1) =1 and L(M) C [0, 00)

(2) Ju e MI(S) : Vp € RIX] : L(p) = / pd

Mihai Putinar: Positive polynomials on compact semi-algebraic sets
Indiana Univ. Math. J. 42, No. 3, 969-984 (1993)
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Describing measures and positive polynomials

Putinar’s solution to the moment problem. For every map
L : R[X] — R are equivalent:

(1) L is linear, L(1) =1 and L(M) C [0, 00)
2) € MI(S) s Vp € RIX]: L(p) = [ pin
Stone-Weiserstrass Approximation 1 Riesz Representation

Putinar’s Positivstellensatz. f >0on S = fe M

Mihai Putinar: Positive polynomials on compact semi-algebraic sets
Indiana Univ. Math. J. 42, No. 3, 969-984 (1993)
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f* = inf{/fdu |y € Ml(S)}

Putinar’s solution |} to the moment problem

f*=inf{L(f)| L:R[X] — R is linear, L(1) =1, L(M) C [0,00)}




f* = inf{/fd,u |y € /\/ll(S)}

Putinar’s solution |} to the moment problem

f*=inf{L(f)| L:R[X] — R is linear, L(1) =1, L(M) C [0,00)}

ff=supfaeR|f—a>0on S} =sup{faeR|f—a>0o0nS5}

Putinar’s |} Positivstellensatz

ff=sup{aeR| f—aec M}

25




polynomial ring

quadratic module

}



Introduce finite-dimensional analogues M) C R[X]; of M C R[X].

R[X] polynomial ring

M = Z Z R[X]? g; quadratic module
i=0

= {Z%gz‘ | 0; € ZR[X]2 }
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Introduce finite-dimensional analogues M) C R[X]; of M C R[X].

RIX]|i :={p|p e R[X],degp < k} real vector space

— iZR[X ]Zz g convex cone
{Z 0:9i | 0; € ZR 2 deg(0;g;) < k}

for arbitrary
ke N :={seN]|s>max{deggqo,...,deggn,deg f}}.

Here d; := max{e € N | 2e + degg; < k}.

Warning: Never confuse M, with M N R[X|.D M.
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We saw that

f*=inf{L(f) | L :R[X] — R is linear, L(1) = 1,L(M) C [0,00)} and
ff=sup{aeR| f—ac M}.

In analogy to this, we set

P =inf{L(f) | L : R[X]x — R is linear, L(1) = 1, L(M}) C [0,00)} and
D, =sup{a e R | f—a e My}

for every k ¢ V.

P e RU{£oo} and D; € RU{+£oo} are the optimal values of the
following pair of optimization problems ...
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Clear: (P} )ren and (D} )rey increase.

limg oo Df — f*:If a < f*, then f — a € My for some k € N by
Putinar’s Positivstellensatz. Then a is feasible for (D)) whence
a<D.
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sequences that converge to f* and satisty D, < Py < f~*.

Proof. P} < f* because p — p(x) feasible for (Py) for x € S.

Dp < Pr L(f) —a = L(f) —al(1) = L(f — a) € L(My) C [0, 00)
Clear: (P} )ren and (D} )rey increase.

limg oo Df — f*:If a < f*, then f — a € My for some k € N by
Putinar’s Positivstellensatz. Then a is feasible for (D)) whence
a<D.

Convergence of (D} );cn implies convergence of (P;)xen:.
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(Pr) minimize L(f) subjectto L :R|X]|; — R is linear,

k—th primal relaxation L(1) =1 and
(primal relaxation of order k) L(My) C [0,00)
(D) maximize a subject to a € R and

k—th dual relaxation f—ae M

Theorem (Lasserre). (D )ren and (P )ren are increasing
sequences that converge to f* and satisty D, < P7 < f*.

(Px) and (D) can be formulated as a primal-dual pair of
semidefinite programs.

Jean Lasserre: Global optimization with polynomials and the

problem of moments

SIAM J. Optim. 11, No. 3, 796-817 (2001)
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(Pr) minimize L(f) subjectto L :R|X]|; — R is linear,
L(1) =1 and
L(My) C [0, 00)
(D) maximize a subject to a € R and

f—a e My

Theorem (Lasserre). (D;)ren and (P} )gen are increasing
sequences that converge to f* and satisty D; < P < f*. How fast?”

Theorem. Suppose m = 1 and g := ¢;. Then there exists C' € N
depending on f and g and ¢ € N depending on g such that

1%
vk
On the complexity of Schmiidgen’s Positivstellensatz
Journal of Complexity 20, No. 4, 529—543 (2004)

fr—D; < for big k.
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(Pr) minimize L(f) subjectto L :R|[X]x — R is linear,
L(1) =1 and
L(Mp) € 10, 00)

(D) maximize a subject to a € R and

f—a e My

Theorem (Lasserre). (D;)ren and (P)ren are increasing
sequences that converge to f* and satisty D; < P < f*. How fast?”

Theorem. Suppose £ =1 and g := ¢;. Then there exists C' € N
depending on f and g and ¢ € N depending on g such that

“
Vk

Dependance on f can be made explicit. Proof hints to make

ff—D, < for big k.

dependance on g explicit for concrete g.
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(Pr) minimize L(f) subjectto L :R|X]|; — R is linear,
L(1) =1 and
L(My) C [0, 00)
(D) maximize a subject to a € R and

f—a e My

Theorem (Lasserre). (D;)ren and (P} )gen are increasing
sequences that converge to f* and satisty D; < Py < f*. How fast?”

Theorem. Suppose £ =1 and g := ¢;. Then there exists C' € N
depending on f and g and ¢ € N depending on g such that

C
k
In practice: Convergence usually very fast,

often D} = P, = f* for small &.

ff—D; < for big k.
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(Pr) minimize L(f) subjectto L :R|[X]x — R is linear,
L(1) =1 and
L(My) C [0, 00)

(D) maximize a subject to a € R and

f—a e My

Putinar’s Positivstellensatz implies convergence of (D} )ren and

therefore of (P )ken-

What can we know from Putinar’s solution to the moment
problem?

A priori nothing! But with additional compactness arguments
involving Tychonoft’s Theorem, the following . ..
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(Pr) minimize L(f) subjectto L :R|[X]z — R is linear,
L(1) =1 and
L(Mj) C [0, 00)

Theorem. Suppose that Ly solves (Pj) nearly to optimality
(ke N).

Ve € N:Ve >0:3kg € NNle,00):Vk > ko:Iu € MH(S):

| (Lk(XO‘) /Xo‘du>a<e

Optimization of polynomials on compact semialgebraic sets

< €.

preprint
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(Pr) minimize L(f) subjectto L :R|[X]z — R is linear,
L(1) =1 and

Theorem. Suppose that Ly solves (Pj) nearly to optimality
(ke N).

Ve € N:Ve >0:3kg € NNle,00):Vk > ko:Iu € MH(S):

| (Lk(XO‘) /Xadu>a<e

In particular, if S* = {x*} is a singleton, then

< €.

dim (Ly(X1), ..o Li(Xn)) = 2.

35



(Px) minimize L(f) subject to L :R[X]|r — R is linear,
L(1) =1 and
L(My) C [0, 00)
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(Px) minimize L(f) subject to L :R[X]|r — R is linear,
L(1) =1 and
L(My) C [0, 00)
Theorem (Lasserre). If S has nonempty interior, then D; = P}.
e “Strong duality”

o “Weak duality” D; < P; always holds.

e First proved using duality theory from semidefinite

programming.

e FEasy direct algebraic proof of Marshall.
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(Pr) minimize L(f) subjectto L :R[X]x — R is linear,
L(1) =1 and

Theorem (Lasserre). If S has nonempty interior, then D; = P}.

Optimization of polynomials on compact semialgebraic sets
preprint

Murray Marshall: Optimization of polynomial functions
Canad. Math. Bull. 46, 575-587 (2003)

Jean Lasserre: Global optimization with polynomials and the

problem of moments

SIAM J. Optim. 11, No. 3, 796-817 (2001)
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Size of the semidefinite programs
Denote by
e k£ € N the order of relaxation,

e b € N the bitsize of the corresponding primal-dual pair of

semidefinite programs and
e D:=(n,f,m,q1,-..,9n) the problem data.
Then

e For fixed k, b depends polynomially on the bitsize of D.
e For fixed D, b depends polynomially on k.

e b does not depend polynomially on (D, k).
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Further properties of the method

e Feasible solutions of the semidefinite program corresponding to
(Dy) give rise to a lower bound a of f* together with a
certificate (advantage) in form of a representation of f — a

proving f —a € Mjy.
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Further properties of the method

Feasible solutions of the semidefinite program corresponding to
(Dy) give rise to a lower bound a of f* together with a
certificate (advantage) in form of a representation of f — a
proving f —a € Mjy.

Method converges from below to the infimum (advantage in

many applications).

Method converges to unique minimizers. Disadvantage:
Possibly from outside the set.

If there is a unique minimizer and it lies in the interior of S,
then the method produces a sequence of intervals containing f*

whose endpoints converge to f*.
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organized by Marie-Francoise Roy and Markus Schweighofer
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Real Algebraic Geometry (Sums of squares)

_|_
Funtional Analysis (Moment problems)

_|_
Optimization (Interior Point Methods)
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