DILATIONS, LINEAR MATRIX INEQUALITIES,
THE MATRIX CUBE PROBLEM AND BETA DISTRIBUTIONS
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ABSTRACT. An operator C on a Hilbert space H dilates to an operator T' on a Hilbert space
IC if there is an isometry V : H — K such that C = V*TV. A main result of this paper is, for
a positive integer d, the simultaneous dilation, up to a sharp factor 9(d), expressed as a ratio
of I" functions for d even, of all d X d symmetric matrices of operator norm at most one to a
collection of commuting self-adjoint contraction operators on a Hilbert space.

Dilating to commuting operators has consequences for the theory of linear matrix inequali-
ties (LMIs). Given a tuple A = (A1,..., Ay) of v X v symmetric matrices, L(z) :== - Ajz;
is a monic linear pencil of size v. The solution set .77, of the corresponding linear matrix in-
equality, consisting of those € RY for which L(x) > 0, is a spectrahedron. The set Dy, of tuples
X = (Xu1,...,Xy) of symmetric matrices (of the same size) for which L(X) :=1—- A; ® X;
is positive semidefinite, is a free spectrahedron. It is shown that any tuple X of d x d symmetric
matrices in a bounded free spectrahedron Dy, dilates, up to a scale factor depending only on
d, to a tuple T of commuting self-adjoint operators with joint spectrum in the correspond-
ing spectrahedron .#7,. From another viewpoint, the scale factor measures the extent that a
positive map can fail to be completely positive.

Given another monic linear pencil L, the inclusion Dz, C D 7 obviously implies the inclusion
<1 C 75 and thus can be thought of as its free relaxation. Determining if one free spectra-
hedron contains another can be done by solving an explicit LMI and is thus computationally
tractable. The scale factor for commutative dilation of Dy, gives a precise measure of the worst
case error inherent in the free relaxation, over all monic linear pencils L of size d.

The set €9 of g-tuples of symmetric matrices of norm at most one is an example of a free
spectrahedron known as the free cube and its associated spectrahedron is the cube [—1,1]7.
The free relaxation of the the NP-hard inclusion problem [—1,1]Y C .7 was introduced by
Ben-Tal and Nemirovski. They obtained the lower bound ¥(d), expressed as the solution of an
optimization problem over diagonal matrices of trace norm 1, for the divergence between the
original and relaxed problem. The result here on simultaneous dilations of contractions proves
this bound is sharp. Determining an analytic formula for ¥(d) produces, as a by-product, new
probabilistic results for the binomial and beta distributions.
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1. INTRODUCTION

Free analysis [KVV14] and the theory of free functions and free sets traces its roots back
to the work of Taylor [Tay72, Tay73]. Free functions generalize the notion of polynomials in
g-tuples of freely noncommuting variables and free sets are appropriately structured subsets
of the union, over d, of g-tuples of d x d matrices. The current interest in the subject arises
in large part due to its applications in free probability [Voi04, Voil(], systems engineering
and connections to optimization [Balll, BGR90, BGFB94, dOHMP09, SIG96] and operator
algebras and systems [Arv69, Arv72, Pau02, BLMO04, Pis03, Dav12, DK15]. The main branch
of convex optimization to emerge in the last 20 years, semidefinite programming [Nem06], is
based on linear pencils, linear matrix inequalities (LMIs) and spectrahedra [BGFB94, WSV00].
The book [BPR13] gives an overview of the substantial theory of LMIs and spectrahedra and
the connection to real algebraic geometry. A linear pencil L is a simple special case of a free
function and is of special interest because the free spectrahedron Dy, = {X : L(X) > 0} is
evidently convex and conversely an algebraically defined free convex set is a free spectrahedron
[EWO97, HM12]. In this article the relation between inclusions of spectrahedra and inclusions
of the corresponding free spectrahedra is explored using operator theoretic ideas. The analysis
leads to new dilation theoretic results and to new probabilistic results and conjectures which can
be read independently of the rest of this article by skipping now to Section 1.8. It also furnishes
a complete solution to the matrix cube problem of Ben-Tal and Nemirovski [B-TN02], which
contains, as a special case, the §-Theorem of Nesterov [Nes97] and which in turn is related to
the symmetric Grothendieck Inequality.

A central topic of this paper is dilation, up to a scale factor, of a tuple X of d x d
symmetric matrices in a free spectrahedron Dy, to tuples T of commuting self-adjoint operators
with joint spectrum in the corresponding spectrahedron .#7,. We shall prove that these scaled
commutative dilations exist and the scale factor describes the error in the free relaxation
Dy C Dj of the spectrahedral inclusion problem .7, C ;. The precise results are stated
in Section 1.3. As a cultural note these scale factors can be interpreted as the amount of
modification required to make a positive map completely positive; see Section 1.4.

In this paper we completely analyze the free cubes, €9, the free spectrahedra consisting
of g-tuples of symmetric matrices of norm at most one; the corresponding spectrahedron is the
cube [—1,1]9. We show that, for each d, there exists a collection %, of commuting self-adjoint
contraction operators on a Hilbert space, such that, up to the scale factor ¥(d), any d x d
symmetric contraction matrix dilates to T in %y; see Section 1.1. Moreover, we give a formula
for the optimal scale factor ¥(d); see Section 1.2. As a consequence, we recover the error
bound given by Ben-Tal and Nemirovski for the computationally tractable free relaxation of
the NP-hard cube inclusion problem. Further, we show that this bound is best possible, see
Section 1.5.

Proof of sharpness of the error bound ¥(d) and giving a formula for ¥(d) requires con-
catenating all of the areas we have discussed and it requires all but a few sections of this
paper. For example, finding a formula for 9(d) required new results for the binomial and beta
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distributions and necessitated a generalization of Simmons’ Theorem [Sim1894] (cf. [PRO7]) to
Beta distributions. Our results and conjectures in probability-statistics appear in Section 1.8.

The rest of the introduction gives detailed statements of the results just described and a
guide to their proofs.

1.1. Simultaneous dilations. Denote by N := {1,2,3,...} the set of positive integers and
by R the set of real numbers. For n € N, denote by S,, the set of symmetric n x n matrices
with entries from R. A matrix X € S,, dilates to an operator T" on a Hilbert space H if
there is an isometry V : R™ — H such that X = V*TV. Alternately, one says that X is a
compression of T'. A tuple X € S}, dilates to a tuple T' = (T1, ..., T,) of bounded operators
on a Hilbert space H if there is an isometry V : R™ — H such that X = V*TV (in the sense
that X; = V*T;V). In other words, T has the form

*i K

where the x; are bounded operators between appropriate Hilbert spaces.

One of the oldest dilation theorems is due to Naimark [Nai43]. In its simplest form it
dilates a tuple of (symmetric) positive semidefinite matrices (of the same size) which sum to
the identity to a tuple of commuting (symmetric) projections which sum to the identity. It has
modern applications in the theory of frames from signal processing. In this direction, perhaps
the most general version of the Naimark Dilation Theorem dilates a (possibly nonselfadjoint)
operator valued measure to a (commuting) projection valued measure on a Banach space. The
most general and complete reference for this result and its antecedents is [HLLL14a] with
[HLLL14b] being an exposition of the theory. See also [LS13]. A highly celebrated dilation
result in operator theory is the power dilation theorem of Sz.-Nagy [SzN53] which, given a
contraction X, constructs a unitary U such that X™ dilates to U™ for natural numbers n.
That von Neumann’s inequality is an immediate consequence gives some measure of the power
of this result. The two variable generalization of the Sz.-Nagy dilation theorem, the power
dilation of a commuting pair of contractions to a commuting pair of unitaries, is known as
the commutant lifting theorem (there are counterexamples to commutant lifting for more than
two contractions) and is due to Ando, Foias-Sz.-Nagy, Sarason. It has major applications to
linear systems engineering; see [Balll, FFGK98, BGRI0] as samples of the large literature.
The (latest revision of the) classic book [SzZNFBK10, Chapter 1.12] contains further remarks
on the history of dilations. Power dilations up to a scale factor K are often called K-spectral
dilations and these are a highly active are of research. An excellent survey article is [BB13].

The connections between dilations and completely positive maps were exposed most fa-
mously in the work of Arveson [Arv(69, Arv72]. Presently, dilations and completely positive
maps appear in many contexts. For examples, they are fundamental objects in the theory of
operator algebras, systems and spaces [Pau02] as well as in quantum computing and quantum
information theory [NC11]. In the articles [HKM12, HKM13], the theory of completely posi-
tive maps was used to systematically study free relaxations of spectrahedral inclusion problems
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which arise in semidefinite programming [Nem06, WSV00] and systems engineering [B-TN02]
for instance. In this article, dilation theory is used to measure the degree to which a positive
map can fail to be completely positive, equivalently the error inherent in free relaxations of
spectrahedral inclusion.

The dilation constant ¥(d) for dilating d x d contractions to commuting contractions
operators is given by the following optimization problem [B-TN02] which is potentially of
independent interest.

1.1 L i
o s m [
la1|+-+laq|=d

d
> aig

i=1

d¢ = min /Sd_l €*Be| de

BeS,
tr|B|=d
where the unit sphere S%~! C R? (having dimension d — 1) is equipped with the uniform
probability measure (i.e., the unique rotation invariant measure of total mass 1). That ¥(d) can
be expressed using incomplete beta functions will be seen in Section 1.2. Evidently ¥(d) > 1.

A self-adjoint operator Y on H is a contraction if I £Y > 0 or equivalently ||Y]| < 1.

Theorem 1.1 (Simultaneous Dilation). Let d € N. There is a Hilbert space H, a family €,
of commuting self-adjoint contractions on H, and an isometry V : R — H such that for each
symmetric d X d contraction matriz X there exists a T € 6, such that

1

—— X =V*TV.
9(d) V*T'V.

Moreover, 9(d) is the smallest such constant in the sense that if ¥ € R satisfies 1 < <

1
9(d), then there is g € N and a g-tuple of d x d symmetric contractions X such that @X does

not dilate to a g-tuple of commuting self-adjoint contractions on a Hilbert space.

Proof. The first part of Theorem 1.1 is stated and proved as Theorem 5.9. The optimality of
¥(d) is proved as part of Theorem 5.10. The Hilbert space H, isometry V and collection %y
are all explicitly constructed. See equations (3.2), (3.3) and (3.4). [

1.2. Solution of the minimization problem (1.1). In this section matrices B which pro-
duce the optimum in Equation (1.1) are described and a formula for ¥(d) is given in terms of
Beta functions. Recall, the incomplete beta function is, for real arguments «, 8 > 0, and an
additional argument p € [0, 1], defined by

P
By(o, B) = / 2711 — z)P .
0
The Euler beta function is B(«, 5) = Bi(«, ) and the regularized (incomplete) beta function is

By(, )
Lo, p) = 222 c0,1].
P( ) B(Oé, ﬁ) [ ]
The minimizing matrices B to (1.1) will have only two different eigenvalues. For nonneg-
ative numbers a, b and s,t € N, let J(s,t;a,b) = als ® (—b)I; denote the d x d diagonal matrix

J(s,t;a,b) with first s diagonal entries a and last ¢ diagonal entries —b.
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The description of the solution to (1.1) depends on the parity of d.

Theorem 1.2. If d is an even positive integer, then

(1.2) 19(160:/5“5J<d d,l,l)ﬁ‘d§—2h<dd+1> 1:;(%+i)

22 474 7 (1+9)
where T’ denotes the Euler gamma function. In particular, the minimum in (1.1) occurs at a
B = J(s,t;a,b) with s =1 = % and a =b=1.

In the case that d is odd, there exist a,b > 0 such that

(1.3) 19(160 - /Sd_l & (dH a-1.. b> g(dg

2 72

d—1 d+1 d+1 d—1
(1.4) =2l <4,4+1> —1=20 (4,4+1> —1,

and adH + bd = d. This last equation together with (1.4) uniquely determines a,b. Further-
more, the minimum in (1.1) occurs at a B = J(s,t;a,b) with s = % and t = %.

1.2.1. Proof of Theorem 1.2. The proof is involved but we now describe some of the ideas. A
key observation is that the minimum defining ¥(d) in (1.1) can be taken over matrices of the
form J(s,t;a,b), instead of over all symmetric matrices B with tr(|B|) = d; see Proposition
4.2. In addition, s +t = d and we may take as 4+ bt = d = tr|J(s,t,a,b)|. The key identity
connecting Beta functions to J is

/Sdl £ T (s, t; a,b)€| d€ = / aZ@—bZ@ d¢

(1.5) j=s+l
2 t s t
Io V) +ntl, (2, 541)) -1
d(as (22+)+ &(2’2+>) ’

The optimality conditions for the optimization problem (1.1) (with J(s,t;a,b) replacing

which is verified in Section 6.

B €'S;) are presented in Section 9, and the proof of Theorem 1.2 concludes in Section 12. =

Bounds on the integral (1.4) representing ¥(d) when d is odd can be found below in
Theorem 13.1.

1.2.2. Coin flipping and Simmons’ Theorem. Theorem 1.2 is closely related to coin flipping.
For example, when d is divisible by 4, the right hand side of (1.2) just becomes the probability
of getting exactly ¢ 7 heads when tossing a fair coin § 4 times, i.e.,

()G

Furthermore, a core ingredient in analyzing the extrema of (1.5) or (1.1) as needed for ¥(d) is

M

the following inequality.
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d
Theorem 1.3. Ford € N and s,t € N with s+t =d, if s > > then
S t s t
1. Is [ =-+1,=-)>1—-1Is|=,=+1].
(1.6) d<2+,2>_ d<2,2+>
Proof. See Section 10. [

If s,d in Theorem 1.3 are both even, equivalently 5 and % are natural numbers, then (1.6)
reduces to the following: toss a coin whose probability for head is 5 > %, d times. Then the
probability of getting fewer than s heads is no more than the probability of getting more than

s heads. This result is known in classical probability as Simmon’s Theorem [Sim1894].

Further probabilistic connections are described in Section 1.8.

1.3. Linear matrix inequalities (LMIs), spectrahedra and general dilations. In this
section we discuss simultaneous dilation of tuples of symmetric matrices satisfying linear matrix
inequalities to commuting self-adjoint operators.

For A, B € S, write A < B (or B > A) to express that B — A is positive semidefinite (i.e.,

has only nonnegative eigenvalues). Given a g-tuple A = (4y,...,A,) € S, the expression
g
(1.7) La(z)=1,— Zijj
j=1

is a (monic) linear pencil and L4(x) > 0 is a linear matrix inequality (LMTI). Its solution
set /1, ={x € RY: Ly(x) = 0} is a spectrahedron (or an LMI domain) containing 0 in
its interior [BPR13, BGFB94]. Conversely, each spectrahedron with non-empty interior can
be written in this form after a translation [HV07]. Every polyhedron is a spectrahedron. For
example, that the cube [—1,1]9 in RY is an example of a spectrahedron, is seen as follows. Let
E; denote the g x g diagonal matrix with a 1 in the (j, j) entry and zeros elsewhere and define
C € 8, by setting

(1.8) C; = ((1) _01> QE; = (on —qu)

for j € {1,...,g}. The resulting spectrahedron .7, is the cube [—1,1}9.
For n € N and tuples X € S, let

9
La(X)=1In—-) A;®X;, and
j=1

Dy, (n) = {X €S%: La(X) = 0},

where ® is the Kronecker tensor product. The sequence Dy, = (D ,(n))y is a free spec-
trahedron. In particular, Dy, (1) = .1, and Dr,,(n) is the collection of g-tuples of n x n
symmetric contraction matrices. We call €9 := Dy the free cube (in g-variables). Free
spectrahedra are closely connected with operator systems for which [FP12, KPTT13, Arv08]
are a few recent references.
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1.3.1. Dilations to commuting operators. The general dilation problem is as follows: given a
linear pencil L and a tuple X € Dy, does X dilate to a commuting tuple T" of self-adjoint
operators with joint spectrum in .77

Suppose L is a monic linear pencil in g-variables and the corresponding spectrahedron .77,
is bounded. Because there exist constants ¢ and C such that

ce) C Dy C CQ(Q),

from Theorem 1.1 it follows that for each n € N, and X € Dr(n) there exists a t € Ry, a
Hilbert space H, a commuting tuple T of self-adjoint operators on A with joint spectrum in
1 and an isometry V : R® — H such that

X:V*%TV.

The largest ¢ such that for each X € Dy (n) the tuple tX dilates to a commuting tuple of self-
adjoint operators with joint spectrum in .77, is the commutability index of L, denoted by
7(L)(n). (If 7 is not bounded, then there need not be an upper bound on ¢.) The constants
¢, C' and Theorem 1.6 below produce bounds on ¢ depending only upon the monic pencil L and
n.

1.3.2. Spectrahedral inclusion problem. Given two monic linear pencils L, L and corresponding
spectrahedra, determine if the inclusion .7, C .; holds. The article [HKM13] considered the
free variable relaxation of this inclusion problem, dubbed the free spectrahedral inclusion
problem: when does the containment Dy, C Dj hold? In [HKMI3, HKMI2] it is shown,
via an algorithm and using complete positivity, that any such free inclusion problem can be
converted to an SDP feasibility problem (whose complexity status is unknown but is believed
to be efficient to solve in theory and practice; cf. [WSV00, Ch. 8.4.4]). (See also Section 1.4
below.)

1.3.3. Accuracy of the free relaxation. Now that we have seen free spectrahedral inclusion
problems are in principle solvable, what do they say about the original inclusion problem?
Inclusion of free sets Dy C Dj implies trivially the inclusion of the corresponding classical
spectrahedra .7, C ;. Conversely, in the case that . is bounded there exists ¢, C' > 0 such
that

celd c D; C celo),
and hence there exists an r € R+ such that
yL g yﬂ implies TDL g fo

We call such an r an Dp-Dj-inclusion constant. Theorem 1.6 and the constants ¢, C' produce
a lower bound on 7. Let (L, L) denote the largest such r (if .#; is not assumed bounded, then
a largest r need not exist) and let

r(L)(d) := min {r(L, L) : L is of size d and .%;, C S5}
We call the sequence r(L) := (r(L)(d))q the Dr-inclusion scale.
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The connection between spectrahedral inclusions and general dilations arises as follows:

Theorem 1.4. Suppose L is a monic linear pencil and 71, is bounded.

(1) The commutability index for L equals its inclusion scale, T(L) = r(L). That is 7(L)(d) is
the largest constant such that
7(L)(d) DL € Dy

for each d and monic linear pencil L of size d satisfying .1, C S5
(2) If Dr, is balanced (i.e., for each X € Dy, we have —X € Dy,), then for each n € N,

T(L)(n) =

S|

Proof. The proof appears in Section 8. [

1.4. Interpretation in terms of completely positive maps. The intimate connection
between dilations and completely positive maps was first exposited by Stinespring [Sti55] to
give abstract necessary and sufficient conditions for the existence of dilations. The theme
was explored further by Arveson, see e.g. [Arv69, Arv72]; we refer the reader to [Pau02] for a
beautiful exposition. We next explain how our dilation theoretic results pertain to (completely)
positive maps.

The equality between the commutability index and the inclusion scale (Theorem 1.4)
can be interpreted via positive and completely positive maps. Loosely speaking, each unital
positive map can be scaled to a unital completely positive map in a uniform way.

Suppose A € SY is such that the associated spectrahedron .¥,, is bounded. If Ae S§ is
another g-tuple, consider the unital linear map
(1.9) <I>:span{I,Al,...,Ag}—>span{],/~11,...,/~lg}

. Aj — Aj.

(It is easy to see that ® is well-defined by the boundedness of .7, ,.) For ¢ € R we define the
following scaled distortion of ®:
. :span{l, Ay,..., Ay} — span{l, Ay, ... ,Ag}
I—1
Aj — CA]‘.

Corollary 1.5. With the setup as above, ¢ :== 7(La)(n) is the largest scaling factor with the
following property: if A € Sy and if ® is positive, then ®. completely positive.

Proof. A map @ as in (1.9) is k-positive iff Dy, (k) C Dy, (k) by [HKM13, Theorem 3.5]. Now
apply Theorem 1.4. [ |
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1.5. Matrix cube problem. Given A € Sfl, the matrix cube problem of Ben-Tal and Ne-
mirovski [B-TN02] is to determine, whether .7, = [-1,1]9 C .#7,. While their primary
interest in this problem came from robust analysis (semidefinite programming with interval
uncertainty and quadratic Lyapunov stability analysis and synthesis), this problem is in fact
far-reaching. For instance, [B-TN02] shows that determining the maximum of a positive definite
quadratic form over the unit cube is a special case of the matrix cube problem (cf. Nesterov’s
Z-Theorem [Nes97], or the Goemans-Williamson [GoWI195] SDP relaxation of the Max-Cut
problem). Furthermore, it implies the symmetric Grothendieck inequality. A very recent oc-
currence of the matrix cube problem is described in [BGKP16], see their Equation (1.3). There
a problem in statistics is shown equivalent to whether a LMI, whose coefficients are Hadamard
products of a given matrix, contains a cube.

Of course, one could test the inclusion .77, C .7, by checking if all vertices of the cube
1., are contained in .#7,,. However, the number of vertices grows exponentially with the
dimension g. Indeed the matrix cube problem is NP-hard [B-TN02, Nem06]; see also [KTT13].
A principal result in [B-TN02] is the identification of a computable error bound for a natural
relaxation of the matrix cube problem. In [HKMI13] we observed this relaxation is in fact
equivalent to the free relaxation €9 C Dy, "

With the notations introduced above, we can now present the theorem of Ben-Tal and
Nemirovski bounding the error of the free relaxation.

Theorem 1.6 ([B-TN02]). Given g,v € N and B € S}, if [-1,1]9 C .¥L,,, then

(a) €9 C V() Dp,;
(b) if d € N is an upper bound for the ranks of the Bj, then €9) C 9(d) Dp,.

Proof. Part (a) of Theorem 1.6 is shown, in Theorem 5.10, to be a consequence of our Dilation
Theorem 1.1. A further argument, carried out in Section 7, establishes part (b). [ |

In this article we show that the bound ¥(d) in Theorem 1.6(a) (and hence in (b)) is sharp.

Theorem 1.7. Suppose d € N and ¥ € R. If 1 <" < 9(d), then there is g € N and A € S
such that [-1,1]9 C .77, but €9 (d) ' Dy, (d).

Proof. See Section 5.4. [ |

Remark 1.8. Theorem 1.4 applied to the free cube(s) implies, for a given g, that T(Q:(g))
equals 7(¢€(9)) and, for fixed d, the sequences (7(€9)(d)), and (r(€9))(d)), termwise decrease
with g to a common limit, which, in view of Theorems 1.6 and 1.7, turns out to be ¥(d).
In particular, for any ¢ and any g-tuple C' of symmetric contractive matrices there exists a
g-tuple of commuting self-adjoint contractions T" on Hilbert space such that ﬁC dilates to

T, a statement considerably weaker than the conclusion of Theorem 1.1. O

1.6. Matrix balls. Paulsen [Pau(2] studied the family of operator space structures associ-
ated to a normed vector space. Among these, he identified canonical maximal and minimal
structures and measured the divergence between them with a parameter he denoted by a(V')
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[Pau02]. In the case that V is infinite dimensional, (V) = oo and if V' has dimension g, then
@ < a(V) < g. Let #{ denote the vector space CY with the ¢; norm. Its unit ball is the cube
[—1,1)9 and in this case \/g <a(l]) <g-1

We pause here to point out differences between his work and the results in this paper,
leaving it to the interested reader to consult [Pau02] for precise definitions. Loosely, the max-
imal and minimal operator space structures involve quantifying over matrices, not necessarily
symmetric, of all sizes d. By contrast, in this article the matrices are symmetric, the coeffi-
cient are real, we study operator systems (as opposed to spaces) determined by linear matrix
inequalities and, most significantly, to this point the size d is fixed. In particular, for the
matrix cube, the symmetric matrix version of #{ with the minimal operator space structure,
the parameter 9¥(d) obtained by fixing d and quantifying over g remains finite.

Let ¢4 denote the CY with the ¢5 (Euclidean) norm and let B, denote the (Euclidean) unit
ball in RY. In Section 14, we consider the free relaxation of the problem of including B, into a
spectrahedron with g, but not d, fixed. Thus we study the symmetric variable analog of «(¢9).
Among our findings is that the worst case inclusion scale is exactly g. By contrast, a(f3) is

only known to be bounded above by 2% [Pis03] and below by roughly QTH [Pau02].

1.7. Adapting the Theory to Free Nonsymmetric Variables. In this brief subsection
we explain how our dilation theoretic results extend to nonsymmetric variables. That is,
we present the Simultaneous Dilation Theorem (Corollary 1.9) dilating arbitrary contractive
complex matrices to commuting normal contractions up to a scaling factor.

Corollary 1.9 (Simultaneous Dilation). Let d € N. There is a Hilbert space H, a family Ay
of commuting normal contractions on H, and an isometry V : C* — H such that for each
complex d X d contraction matriz X there exists a T € Ay such that

1
— X =V"TV.
V2 9(2d)

Proof. Given any d x d complex contraction X, the matrices
1 1
2 2i

are self-adjoint contractions with S + iK = X. Consider the R-algebra x-homomorphism

L Md((C) — MQd(R)
(ai)L_, ( (Reay)f = (Imaij)zc‘l,j1>

¢
i, _(Imaij)ﬁjzl (Reaij)zd,j:l

S=2(X+X*), K=—(X-X%

A straightforward calculation shows

1(1,\" I
r=5 (i) o (%)

for any Y € My(C).
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Let €54, H and V be as in Theorem 1.1. Then ¢(S),(K) dilate up to a factor ﬁ to
elements §,I? of €54. Thus

520 (L(S) +iu(K)) = V*(S +iK)V,

whence

1 RPN
et =W (S + iKW,

1 Iy
W=—=2-V .
V2 (i-’d>
1

Hence letting A5 = \/i(‘éd + i%5q) we have

where W is the isometry

1

—— X =V*NV
V209(2d)
for
1 -~ ~
N=—(S+iK) € ¢,
\&( ) d
It is clear that elements of A5, are pairwise commuting normal contractions. |

1.8. Probabilistic theorems and interpretations. This section assumes only basic knowl-
edge about the Binomial and Beta distributions and does not depend upon the rest of this
introduction. The proof of Theorem 1.2 produced, as byproducts, several theorems on the
Binomial and Beta distribution which are discussed here and in more detail in Section 15.

We thank Tan Abramson for describing a Bayesian perspective.

1.8.1. Binomial distributions. With 0 fixed, perform 0 independent flips of a biased coin whose
probability of coming up heads is p. Let & denote the random variable representing the number
of heads which occur, and let P,(& = s) denote the probability of getting exactly s heads.
On the same probability space is the random variable ¥ which represents the number of tails
which occur. Of course ¥ = 0 — & and the probability of getting exactly t tails is denoted
P,(T =t). The distribution of &,

Bin(d, p; s) := <z>p5(1 -p),

at s is Binomial with parameters p and 9. Our main interest will be behavior of functions of
the form P, (& > s) for a function p(s) close to 3.

The Cumulative Distribution Function (CDF) of a Beta Distributed random variable
B with shape parameters s, t is the function of z denoted PY(*9(B < ) = I,(s,t). Its mean

is ;37 and its probability density function (PDF) is

0st(z) = B(s,t)xﬁ_l(l — )L
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When s, t are integers, The CDF for the Binomial Distribution with s+t = 0 can be recovered

via
(1.10) Py(&>s)=I,(s,t+ 1) = PPEHD(B < p).

For the complementary CDF using 1 — P,(& > 5) = 1 — PPN (95 < p) gives
(1.11) Py(& <s5—1) = P,(6 < 5) = PPEHI (B > p).

1.8.2. Equipoints and medians. Our results depend on the nature and estimates of medians,
means or equipoints (defined below) all being measures of central tendency. Recall for any
random variable a median is defined to be an s in the sample space satisfying P(& < s) > %
and P(6 > s) > % For a Binomial distributed random variable P% the median is the mean is
the mode is s when s, 0 are integers.

Given a binomially distributed random variable &, we call eg¢ € [0, 1] an equipoint of s,
provided

(1.12) P, (6 >s5)=P., (6 <s).

Here s, t € N, and 9 = s+t. Since P, (& > 5)+ P, (6 < 5) > 1, Equation (1.12) implies s is a
median for &. A median is in N for Binomial and in R for Beta distributed random variables.
In practice equipoints and means are close. For example, when the PDF is Bin(10, lio) the
mean is 1i0 one can compute eg¢ for s =1,...10:

s | 1 2 3 4 5 6 7 8 9 10
€s,10—s | 0.111223  0.208955 0.306089 0.403069 0.5 0.596931 0.693911 0.791045 0.888777 1

In contrast, the Beta Distribution is continuous, so for s,t € R>g with 0 =s 4+t > 0 we
define e; ¢ by

(1.13) PYEFLO (B < g () = PPEHD(B > ¢ ),

and we call e;; the equipoint of the Beta(s, t) distribution. Equivalently,
Pb(s,t—‘rl)(% <esq) + Pb(s—i—l,t)(% <egr) = 1.

In terms of the regularized beta function, e; is determined by

(1.14) I, (5,t+ 1)+ I, (s +1,t) = 1.

When s, t are integers, the probabilities in (1.12) and (1.13) coincide, so the two definitions
give the same e;¢. Verifying this statement is an exercise in the notations. The connection
between equipoints and the theory of the matrix cube emerges in Section 10.

Example 1.10. Here is a concrete probabilistic interpretation of the equipoint e;¢. Joe flips
a biased coin with probability p of coming up heads, but does not know p. After s — 1 heads

and t — 1 tails, the probability that p is less than r is I,(s,t) by Bayes’ Theorem'.

The equipoint e, pertains to the next toss of the coin. If it is a head (resp. tail), then
b(s + 1,t) (resp. b(s,t+ 1)) becomes the new distribution for estimating p. From (1.13), the

1https ://en.wikipedia.org/wiki/Checking_whether_a_coin_is_fair
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equipoint is defined so that with the next toss the probability after a head that p is at most es ¢
equals the probability after a tail that p is at least eq ;. O

The next two subsections contain more information on equipoints and how they compare
to means and medians.

1.8.3. Equipoints compared to medians. Here is a basic property of equipoints versus medians

and means. Let %N denote the set of all positive half-integers, i.e., all s = § with s € N.

Theorem 1.11. Ford € %N and s,t € %N with s +t =10, if% < s<0, then
(1.15) P%(G <s) < P%(G > §) provided s,t,0 € N;
(1.16) Pre) (> 2) < PO (< 2.

Both (1.15) and (1.16) are equivalent to

(1.17) €st <

|

We also have the lower bound

s+ 1

1.18 = <
( ) s+t4+2

€s.ty
for real numbers s > t > 1.

Remark 1.12. The inequality (1.16) for integer s,t is Simmons’ Theorem, cf. [PR0O7]. The
lower bound is new. For half-integer s, t both our upper and lower bounds are new. 0

Proof. The inequality (1.16) implies (1.15) by (1.10) and (1.11). However, (1.16) and esy < 3
is the content of Theorem 10.1. The lower bound (1.18) is Proposition 11.2. ]

Computer experiments lead us to believe (1.17) is true for real numbers:

5
Conjecture 1.13. For s, t € Ry with s > t, inequality (1.16) holds. Equivalently, e; ¢ < s
As a side-product of our quest for bounds on the equipoint we obtain new upper bounds
on the median m, g of the Beta Distribution Beta(a, ).

Corollary 1.14. Suppose s,t € R. If 1 <s <t ands+t> 3, then

s—1
Mgt < Pst+ ——5

fots (s + 02

= <
s+t

Proof. The lower bound is known, see [GM77, PYY89]. The upper bound is proved in Corollary
11.7. [ |
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1.8.4. Monotonicity of the CDF. A property of the functions

(1.19) B(s) 1= PME=5HD(8 < e ) and  B(s) = PHEITHD) (23 < %) ,
where ‘5 is a Beta distributed random variable, is one step monotonicity.

Theorem 1.15. Fiz 0 <0 € R.

(1) &(s) < P(s+1) fors e R with § <s<d—1;

(2) ®(s) < P(s+1) fors,0€ N with § <s<v—1.

Proof. See Section 15.2. [

Computer experiments lead us to believe monotonicity of ® holds for real numbers s, t.

Conjecture 1.16. ®(s) < ®(5) for 5,50 e Rwith0< § <5 <5 <.

The functions ® and ® are based on the CDF. Analogous results hold for the PDF and
these appear in Section 15.2.1.

The monotonicity result of Theorem 1.15 allows us to identify the minimizers of ®. Indeed

the following theorem restates Theorem 1.2 in probabilistic terms.

Theorem 1.17. For d € %N and % <s<0—1, the function ® of s € %N takes its minimum
at

(1) s=t=

N | @

if 0 eN;

1
(2) s=0+3 and t=0—1% ifo € INXN,

1.9. Reader’s guide. The rest of this article is organized as follows. Results relating dilations
to free spectrahedral inclusions needed for the proofs of the results for the matrix cube are
collected in Section 2. Further general results on free spectrahedral inclusions and dilations
appear in Section 8. The results of Section 4 simplify the identification of the optimum ¥(d) as
defined by Equation (1.1). They also identify, implicitly, constrained versions of this optimum.
The results of the previous sections are combined in Section 5 to prove Theorem 1.1 and
Theorem 1.7, as well as the weaker version of Theorem 1.6 which asks that the matrices B
have size d, and not just rank at most d. In Section 6, the constrained optima from Section 4 are
identified, still implicitly, in terms of the regularized incomplete beta function, a result needed
to complete the proof of Theorem 1.6 in Section 7 as well as in the remaining sections of the
paper. Theorem 1.2 is reformulated in terms of the beta function in advance of the following
three sections which together establish Theorem 1.2. A half-integer generalization of Simmons’
Theorem, inspired by the strategy in [PR07] using two step monotonicity, is the topic of Section
10. A new lower bound for the median of the Beta distribution and bounds for the equipoint
appear in Section 11 and the bounds for the equipoint are used in Section 12 to complete
the proof of Theorem 1.2. Estimates for ¥(d) in the case that d is odd appear in Section 13.
Section 14 considers the problem of including the unit ball in RY into a spectrahedron, and
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uses dilation theory to prove the worst case error inherent in its free relaxation, namely g.
Finally, further probabilistic results and their proofs are exposited in Section 15.

The reader interested only in probabilistic results can proceed to Sections 10, 11 and
15. The reader interested only in the matrix cube problem can skip Section 8; whereas the
reader interested only in dilation results (absent formulas for ¥(d)) can focus on the sections
up through and including Section 8.

The original version of this manuscript” treated the case where the rank (size) d of the LMI
defining pencil of the containing spectrahedron is fixed, but the number of variables g is not.
Subsequently, we and Davidson, Dor-On, Shalit and Solel independently consider inclusion
problems for balls (where g is fixed, but d is not). Our results in this direction appear in
Section 14. We highly recommend the posting [DDSS17] for its many interesting results,
including a far reaching generalization of the symmetry based inclusion result of Proposition
14.1 and a fascinating connection with the theory of frames. In addition [DDSS17] extends
many spectrahedral inclusion results to the setting of (infinite dimensional) operators. (See also
[Zall17] which considers the operator setting, but with an emphasis on the unbounded domains.)
They also show if a tuple X of matrices dilates to a commuting tuple N of normal operators,
then X dilates to a commuting tuple of normal matrices 7" satisfying the inclusion o (7') C o (V).
In particular, using the (infinite dimensional) optimum bound ¥(d) identified in this article, it
follows that given a tuple X (finite set) of d x d symmetric contractions, there exists a tuple
T of commuting symmetric matrices and an isometry V such that X = 3(d)V*TV.

2. DILATIONS AND FREE SPECTRAHEDRAL INCLUSIONS

This section presents preliminaries on free spectrahedral inclusions and dilations, tying
the existence of dilations to appropriate commuting tuples (the commutability index) to free
spectrahedral inclusion.

The following proposition gives a sufficient condition for the inclusion of one spectrahedron
in another. It will later be applied to €, the free cube. Recall the definitions of L4(z), La(X),
Dy, and .7, from Section 1.3. Any r > 0 (and necessarily 1 > r) with the property that the
inclusion .7, C /7, implies the inclusion 7Dz, C Dy, provides an estimate for the error in
testing spectrahedral inclusion using the free spectrahedral inclusion as a relaxation. Indeed,
suppose that .7, € .77,, but, for t > 1, that .7, € .“,. The free relaxation amounts to
finding the largest p such that pDr, C Dr, and concluding that necessarily p.7,, C 1,.
Since p > r, it follows that r then provides a lower bound for the error.

Proposition 2.1. Suppose A is a g-tuple of symmetric m X m matrices, d is a positive integer,
r > 0 and for each X € Dy, ,(d) there is a Hilbert space H, an isometry W : R? — H and a
tuple T = (T1,...,Ty) of commuting bounded self-adjoint operators T; on H with joint spectrum
contained in 71,, such that rX; = W*T,W for all i € {1,...,g}. If B is a tuple of d x d
symmetric matrices and ./, , C S, then rDr, C Dr,.

thtps ://arxiv.org/abs/1412.1481
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Remark 2.2. Tt turns out that in the case of Dz, = €9, one only needs to assume that B
is a tuple of m x m symmetric matrices each of rank at most d. See [B-TN02] or Section 7 of
this paper, where an elaboration on the argument below plus special properties of the ¢ are
used to establish this result. O

The proof of the proposition employs the following lemma which will also be used in
Section 7.

Lemma 2.3. If A is a g-tuple of symmetric m x m matrices, B is a g-tuple of symmetric d x d
matrices and if oDy, ,(d) C Dr,(d), then 9Dy, ,(n) C Dr,(n) for every n.

Proof. Suppose ¢Dr,,(d) € Dr,(d), n € N, n > d and (Xy,...X,) € Dr,(n). We have to
show that o(X1,...X,) € Dr,(n). Given x € R @ R", write

d
T = 5 €s @ Ts,
s=1

where e, are the standard basis vectors of R%. Let M denote the span of {zs:1 < s < d} and
let P denote the projection onto M. Then

<(Z B; ® Xj)a:,a:> = Z(Bjes, er) (Xjxs, Te)

j787t

(2.1) = (Bjes, er) (PX; Py, 1)
j7s7t

= () _ B;® PX;P)x,x).

Now oPXP = o(PX,P,...,PX,P) € ¢D1,,(r) € Dr,(r) where r < d is the dimension of M.
Hence, by Equation (2.1),

o{(Q_ Bj© Xj)a,x) < ||z|*.

For n < d, simply taking a direct sum with 0 (of size n — d) produces the tuple X &0 €
Dy, ,(d) and hence 90X & 0 € Dy, (d) by hypothesis. Compressing to the first summand gives
0X € Dr,,(n) and the proof is complete. u

Proof of Proposition 2.1. Suppose .7, € .7, and let X € Dy, ,(d). Choose a Hilbert space
H, an isometry W: RY — H and a tuple T = (T1, ... ,Ty) of commuting bounded self-adjoint
operators T; on H with joint spectrum contained in .7, such that rX; = W*T;W for all
i € {1,...,g}. Then the joint spectrum of T is contained in .#7,,. Writing B = > 7 | B;x;
with symmetric B; € S,,, we have to show that r Zle B; ® X; = I,. Let E denote the joint
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spectral measure of 7" whose support is contained in .77, C R9. Then

g g
TZBi ®X; = ZBZ- Q@ W*T,W
=1 =1

g
= ZBi ® W* (/
i=1 Yip
g
_ / (Z Bz-yj> @ W*dE(y)W
Ly N—

i=1

yidE(y)> w

=0
=1q
= / Iy @ WdE(y)W
Sy
=L;eW" / dE(y) | W
Fig

=L W dy W =1, WW = [, ® I, = Iyp.

Hence X € Dr,,(d). An application of Lemma 2.3 completes the proof. ]

3. LIFTING AND AVERAGING

This subsection details the connection between averages of matrices over the orthogonal
group and the dilations of tuples of symmetric matrices to commuting tuples of contractive
self-adjoint operators, a foundation for the proof of Theorem 1.1.

Let M, denote the collection of d x d matrices. Let O(d) C M, denote the orthogonal group
and let dU denote the Haar measure on O(d). Let ©(d) denote the collection of measurable
functions D: O(d) — My which take diagonal contractive values. Thus, letting 9M(O(d), M)
denote the measurable functions from O(d) to My,

(3.1) ©(d) ={D e M(O(d), My) : D(U) is diagonal and ||[D(U)|| < 1 for every U € O(d)}.
Let H denote the Hilbert space
(3.2) H=RY® L*(0(d)) = L*(O(d))? = L*(O(d),RY).
Let V : R? — # denote the mapping
(3.3) Vz(U) = =x.
Thus, V embeds R into H as the constant functions. For D € D(d), define Mp : H — H by
(Mpf)(U) = UD(U)U* (V)

for all U € O(d). Because D(U) is pointwise a symmetric contraction for all U € O(d), Mp is
a self-adjoint contraction on H. Let

(3.4) 6q={Mp:D e D(d)}.
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Remark 3.1. Alternately one could define V' by Vz(U) = U*z instead of conjugating D(U)
by U and U*. O

Lemma 3.2. Fach Mp is a self-adjoint contraction.

Lemma 3.3. If D,E € ©(d), then Mpr = Mp o Mg = Mg o Mp. Thus, Mp and Mg

commute.

Proof. The result follows from the fact that D and F pointwise commute and hence the func-
tions U — UD(U)U* and U — UE(U)U* pointwise commute. ]

Lemma 3.4. The mapping V is an isometry and its adjoint
V*: L2(0(d),R?Y) — R?

s given by

_ / FU)dU
0(d)

for all f € L?(O(d),RY).
Proof. For all z € R” and f € L?(O(d),R%), we have

<V:r,f>—/o(< J(U </ (U dU>

thus computing V*. Moreover, V is an isometry as
(Va,Vz) = 1:,/ xdU ) = (z,x). [ ]
O(d)
Lemma 3.5. For D € D(d),
V*MpV :/ UDU)U*dU.
o(d)
For notation purposes, let

(3.5) Cp = / UD(U)U*dU.
o)
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Cpx = (/ UD(U U*dU)
o

Proof. For z € R%, we have,

:/ UDU)U*xdU
o(d
:/O UD(U)U* (V) (U)) dU
= [, MoV
o(d
- MD(Vx)) .

Remark 3.6. Suppose S is a subset of ©(d) and consider the family of symmetric matrices
(Cp)pes. The lemmas in this subsection imply that this family dilates to the commuting
family of self-adjoint contractions (Mp)pes. Let u(D) := ool C 7 for D e D (d) and suppose

p:=sup{u(D): D e S}
is finite. It follows that the collection of symmetric contractions (u(D)Cp)pes dilates to the
commuting family (M, pyp = u(D)Mp)pes of self-adjoint operators of operator norm at most
22

uw(D)Cp = W(D)V*MpV
forall D € S.

Our aim, in the next few sections, is to turn this construction around. Namely, given
a family C C My, of symmetric contractions (not necessarily commuting), we hope to find a
t € [0,1] (as large as possible) and a family (F¢)cec in ©(d) such that

tC =V*Mpg,V.

for all C' € C. Any t so obtained feeds into the hypotheses of Proposition 2.1. O

4. A SIMPLIFIED FORM FOR 7

Given a symmetric matrix B, let signg(B) = (p,n), where p,n € Ny denote the num-
ber of nonnegative and negative eigenvalues of B respectively. It is valuable to think of the
optimization problem (1.1) over symmetric matrices B in two stages based on the signature.
Let
(4.1) K«(8,t) = min / |€* BE| d€

Sd—1

BeS,
signg (B)=(s,t)
tr |Bl|=d

and note that the minimization (1.1) is

(4.2) 19(1d) = Ky(d) ;== min{k.(s,t) : s+t =d}.
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Given s,t € Ny and a,b > 0, let
J(s,t;a,b) := als & —bl,.

Thus J(s,t;a,b) is the diagonal matrix whose diagonal reads

Gy...,a,—b,...,—b.
—_—— ————
s times t times

We simplify the optimization problem (1.1) as follows. The first step consists of showing,
for fixed s,t € Ny (with s +t = d), that the optimization can be performed over the set
J(s,t;a,b) for a,b > 0 such that as + bt = d. The second step is to establish, again for fixed
integers s, t, an implicit criteria to identify the values of a, b which optimize (4.1). Toward this
end we introduce the following notations. Define

(43) f(stia)i= [ 1€ bl

Finally, let for 1 < j <,

(4.4) alstiah) = [ sen[€ (s tia,0e] e,
Sd—l

and, for s+ 1 < j <d,

(145) Blsitiat) = = [ sen[€' (s rab)e)etde
(It is straightforward to check that « and § are independent of the choices of j.)

Remark 4.1. The quantities « = a(s,t;a,b) and 5 = (s, t;a,b) are interpreted in terms of
the regularized beta function in Lemma 6.6. O

Proposition 4.2. For each d € N, s,t € Ny with s+t = d, the minimum in Equation (4.1) is
achieved at a B of the form J(s,t;a,b) where a,b >0 and as + bt = d, and

w(s.)= min [ €T ta bl de

as+bt=d

Moreover, ki(d,0) = ka.«(0,d) > k«(s,t) and for s,t € N, the minimum occurs at a pair

a(s,t),b(s,t) uniquely determined by a(s,t),b(s,t) >0, sa(s,t) + tb(s,t) =d and
a(s,t;a(s,t),b(s,t)) = B(s,t;a(s,t),b(s,t)),
so that k.(s,t) = k(s,t;a(s,t),b(s,t)). In particular,
Rx(s,t) = da(s,t;a(s,t),b(s,t)) = dB(s,t;a(s,t),b(s,t)).
Consequently, the minimum in Equation (1.1) is achieved and is

4. in ke(s,t) = min d B(s, t;a(s,t),b(s,t)).
(4.6) min k.(s,0) = min - d 5t a(s,0),b(s.)

It occurs at a B of the form J(s,t;a(s,t),b(s,t)).
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Proof. Let T denote the set of symmetric d x d matrices B such that tr(]B|) = d and note that
T is a compact subset of S;. Hence (1.1) is well defined in that the infimum in the definition
of 9(d) is indeed a minimum. Fix a B € T and suppose B has s nonnegative eigenvalues and
t negative eigenvalues (hence s+t = d). Without loss of generality, assume that B is diagonal

with first s diagonal entries aq, ..., as nonnegative and last ¢ diagonal entries —bs41,...,—byg

negative (thus b; > 0). Thus,

s d
[ gegiae= [ Y ag- > bed]ae
gd—1 gd—1 | £ )
Jj=1 Jj=s+1
Let ¥ denote the subgroup of the group of permutations of size n which leave invariant

the sets {1,...,s} and {s+1,...,n}. Each o € ¥ gives rise to a permutation matrix V,. It is
readily checked that

s d
[ Jevinvigas= [ \;aa<j>5?— > b2 de.

j=s+1

Let N denote the cardinality of ¥ and note that a = & > c5 ap(), b = ¥ Dpes bo(j) are
independent of j. Thus,

% Z VU*BVU = Z diag (ao(l) s Qg(s) T bo(s+1) e *ba(d)) = J(S,t; a, b)

oeX ceX

Further, as + bt = d (which depends on averaging over the subgroup ¥ rather than the
full symmetric group) and hence J(s,t;a,b) € T. Therefore,

*J(s,t;a,b)E| dE =
L Jedttonga= [
1 . _1 ;
v [, e vinvielde - v [, e Belae

- [ lepee

& ( SV BV, e de
€Y

IN

Thus with s, > 0 and a,b >0

min / ‘g*J(s,t;a,b)ﬂdfg min / |€* BE| dE.
gd—1 BESy gd—1

s+t=d
as+bt=d tr |B|=d

By compactness of the underlying set for fixed d the minimum is attained; of course on a
diagonal matrix.
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Finally to write (s, t;a,b) in terms of « and 3, note that

Kstiad) = [ sanf€'T(sutiab)e] (€705 b)) de

:/Sdlsgn[fjs,t,ab Zg]begj

Jj=s+1
= asa(s,t;a,b) + btS(s, t; a, b).

To this point it has been established that there is a minimizer of the form B = J(s,t;a,b).
First note that «, 8 < %, since, for instance,

d
da(s,t;a,b) < d gfdg:/ngZg;ngLdldg:1.
m=1

gd—1
Hence,

k(s,t;a,b) = asa(s,t;a,b) + btp(s, t;a,b) < %(as +bt) =
Moreover, in the case that s = d and ¢t = 0, then B = I and k.(d, 0) = 1. Hence, k«(d,0) >

k(s,t). Turning to the case s,t € Ny, observe if b = 0, then a = g and k(s,t; S,O) =1 and

similarly, k(s,t;0, ?) = 1. Hence, for such s,¢, the minimum is achieved at a point in the
interior of the set {as + bt = d : a,b > 0}. Thus, it can be assumed that minimum occurs at
B = J(s,t; ax, by) for some ay, b, > 0.

Any other J(s,t,a,b), for a,b near ay, b,, can be written as
J(s,t; a4, bi) + AN (s,t;t, —5)

(in particular, a, + At > 0 as well as b, — As > 0). By optimality of a., by,
0< [lgustanglde ~ [ 1¢I5 tianbg]de
= / (sgn[{*J(s, tv a, b)f] - sgn[f*J(s, tv Qx, b*)f]) f*J(S, tv Qs b*)é dg
2 [ sule? Js,t50, D) € (5,85t~

where the integrals are over S4~!. Observe that the integrand of the first integral on the right
hand side is always nonpositive and is negative on a set of positive measure. Hence this integral
is negative. Hence,

(4.7) 0< X [ sgulé" Js,tia, 0 €S (.t —s)€ e,
Choosing A > 0, dividing Equation (4.7) by A and letting A tend to 0 gives
Og/sgn[g J(s,t; a4, b,)E] T (s, 858, —s)E dE.

On the other hand, choosing A < 0, dividing by A and letting A tend to 0 gives the reverse
inequality.
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Hence,
0= /sgn[f*J(s,t; e, 0 )E] €5 (8,5, —8)E dE = st (a(s,t; ax, bi) — B(8,t; ax, bi)) -

Finally, the uniqueness of a., b, follows from the strict inequality in Equation (4.7), since
A # 0 corresponds exactly to (a,b) # (a«,bs). We henceforth denote (ax, b)) by (a(s,t),b(s,t)).
In particular, (a(s,t),b(s,t)) is uniquely determined by a,b > 0, as + bt = d and «(s, t;a,b) =
B(s,t;a,b). [

Note from the proof a limitation of our o« = S optimality condition. It was obtained by
fixing s,t and then optimizing over a,b > 0. Thus it sheds no light on subsequent minimization
over s,t. To absorb this information requires many of the subsequent sections of this paper.

5. 9 1S THE OPTIMAL BOUND

In this section we establish Theorems 1.7 and 1.1. We also state and prove a version of
Theorem 1.6 under the assumption that B is a tuple of d x d matrices, rather than the (weaker)
assumption that it is a tuple of n x n matrices each with rank at most d. In Section 5.2 we
begin to connect, in the spirit of Remark 3.6, the norm of Cp to that of Mp. The main results
are in Section 5.4.

5.1. Averages over O(d) equal averages over S%~!. The next trivial lemma allows us to
replace certain averages over O(d) with averages over S,

Lemma 5.1. Suppose B is a Banach space and let S~ C R? denote the unit sphere. If

(5.1) f:8%1 5 B,

is an integrable function and v € S, then

(5.2) f@ds= [ fomav,
Sd-1 0(d)

In particular,

f(U~)du
0(d)

does not depend on vy € S 1.

We next apply Lemma 5.1 to represent the matrices Cp defined in Equation (3.5) as
integrals over S 1. Given J € Sy and choosing an arbitrary unit vector v in R?, define a
matrix Fj by

E; = / sgn [y U*JU~| Uyy*U* dU.
O(d)

Note that F; depends only on J but not on ~. In fact,

(53) By = [ sl reles de
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by Lemma 5.1. Given J € S, define

DJ : O(d) — Md
into the diagonal matrices given by
d
(5.4) D;U) := ngn[e;U*JUej] eje;.
j=1

In particular D; € ©(d), where ©(d) is defined in Equation (3.1). Recall, from (3.5), the
definition of Cp. In particular,

Cp, = / U D, (U)U*dU.
0(d)

Lemma 5.2. For J € Sy, independent of j,

senl€*JgJée” d.

d
Cp,=dE; = Z/ sgn[e;U* JUe;ejeldU = d/
parpelC) Sd
Further, if J # 0, then Cp, # 0.

Proof. The first statement follows from the definitions and Equation 5.3. For the second
statement, observe that

te(EyJ) = /S legelde > 0. .

Remark 5.3. The rest of this paper uses averaging over the sphere and not the orthogonal
group. But it should be noted that various arguments in Section 3 use integration over the
orthogonal group in an essential way. O

5.2. Properties of matrices gotten as averages. This section describes properties of the
matrices F; defined by Equation (5.3).

Lemma 5.4. If U is an orthogonal matriz and J € Sg, then

Ey-yjy =U*E;U.
Proof. Using the invariance of Haar measure,
By = [ seale'U IUQ €6 de
- /S s [ U U] (U6 U7 de

= / sen[E*UU* JUU*E| U*EE*U de,
Sd—1
=U*E;U. L

Recall the definitions of a(s,t;a,b) and ((s,t;a,b) from Equations (4.4) and (4.5).
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Lemma 5.5. For s,t € N and a,b > 0,
Ej(stap) = J(s,t; a(s,t;a,b), B(s,t; a, b)) = afs,t;a,b)Is & —5(s,t;a,b)1;.
Moreover if a,b are not both 0, then «(s,t;a,b) and B(s,t;a,b) are not both zero.
Proof. If X,Y are s x s and ¢ x t orthogonal matrices respectively, then U = X &Y € O(d)
commutes with J := J(s,t;a,b) and by Lemma 5.4,
U*E;U = Ej.
It follows that there exists ag and Sy such that E; = J(s,t; ap, B). That not both oy and Sy

are zero follows from Lemma 5.2 which says E; # 0. Finally, in view of Equation (5.3),

ag = (Ejer,e) = /

Sd—

sgnl€*J (s, t;, a,t)€] & d€ = afs, t; a,b)
1
and similarly 8y = (s, t;a,b). [
Lemma 5.6. Let s,t € Ny be given and let d = s +t. Let a(s,t),b(s,t) denote the pair from
Proposition 4.2. Thus, a(s,t),b(s,t) is uniquely determined by

(i) a(s,t),b(s,t) > 0;
(ii) sa(s,t)+tb(s,t) =d;
(iii) (s, t;a(s,t),b(s,t)) = B(s,t: a(s,t),b(s,t));

and produces the minimum,
(V) Ku(s,t) = (s, £ als, 1), b(s, £)) = dals, t,a(s,1), b(s,t)).
Abbreviate J, = J(s,t; a(s,t), b(s,t)); then

(5.5) Br. = "0 ),

Proof. Since Proposition 4.2 contains the first four items, it only remains to establish Equation
(5.5). From Lemma 5.5 and Item (iii),

dEj, = d a(s,t;a(s,t),b(s,t)J(s,t;1,1) = ky(s, t)J(s,t;1,1). |

5.3. Dilating to commuting self-adjoint operators. A d x d matrix R is a signature
matrix if R = R* and R? = I. Thus, a symmetric R € Sy is a signature matrix if its spectrum
lies in the set {—1,1}. Let &(d) denote d x d signature matrices and €(d) the set of d x d
symmetric contractions. Thus &'(d) C €(d).

Lemma 5.7. The set of extreme points of the set of €(d) is &(d). Moreover, each element of
&(d) is a (finite) convex combination of elements of &(d).

By Caratheodory’s Theorem, there is a bound on the number of summands needed in
representing an element of €(d) as a convex combination of elements of &(d).



26 J.W. HELTON, I. KLEP, S. MCCULLOUGH, AND M. SCHWEIGHOFER

Proof. Suppose for the moment that the set of extreme points of €(d) is a subset of &(d).
Since &(d) is closed and €(d) is compact, it follows that €(d) = co(&(d)) = co(&(d)), where
co denotes convex hull. Thus the second part of the lemma will follow once it is shown that
the extreme points of €(d) lie in &(d).

Suppose X € €(d) is not in &(d). Without loss of generality, we may assume X is diagonal
with diagonal entries d;. In particular, there is an ¢ such that |0y # 1. Thus, there exists
y,z € (0,1) such that y + 2 = 1 and y — z = ;. Let Y denote the diagonal matrix with k-th
diagonal entries 0y, for j # ¢ and with /-th diagonal entry 1. Define Z similarly, but with ¢-th
diagonal entry —1. It follows that yY + 2Z = X. Thus X is not an extreme point of €(d) and
therefore the set of extreme points of €(d) is a subset of &(d).

The proof that each F € &(d) is an extreme point is left to the interested reader. |

Our long march of lemmas now culminates in the following lemma. Recall the definitions
of k«(s,t) and k4(d) from the outset of Section 4. A symmetric matrix R is a symmetry
matrix if R? is projection. Equivalently, R is a symmetry matrix if R = R* and the spectrum
of R lies in the set {—1,0,1}. For a symmetric matrix D, the triple sign(D) = (p, z,n),
called the signature of D, denotes the number of positive, zero and negative eigenvalues of D
respectively. Note that a symmetry matrix R is determined, up to unitary equivalence, by its
signature.

Lemma 5.8. If R is a signature matrix with s positive eigenvalues and t negative eigenvalues,
then there exists D € ©(d) such that

k«(s,t)R = V*MpV.

Kx (d)
Kx(8,1)

In particular, replacing D with D' = D and noting that k.(d) < k.(s,t), we have D' €

D(d) and
ke (d)R = V*Mp/V.

Here V is the isometry from Lemma 3.4. We emphasize that the V' does not depend on R or
even on s,t.

Proof. There is an s,t and unitary W such that R = W*J(s,¢;1,1)W. From Lemma 5.6, there
exists a J, € 4 such that Ej, = %J(s, t;1,1). Using Lemmas 3.5, 5.2 and 5.4,
V*MDW*J*WV = CDW*J*W
= dEw~j.w
=W*dE; W

= W*dw,](s,t; 1L, O)W

= Ru(s, )W J(s,t; 1, )W
= Kk«(s,t)R. ]
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Theorem 5.9. Given d, there exists family €y of commuting self-adjoint contractions on a
(common) Hilbert space H and an isometry V: RY — H such that for each contraction C € Sy,
there is a T € 6y with

ki (d)C = VTV

Proof. Set H := L?*(O(d),R?) and let V: RY — H denote the isometry from Lemma 3.4. Let
%4 denote the collection of operators Mp for D € ©(d). By Lemma 3.3, %, is a collection of
commuting operators. By Lemma 3.2, each Mp is a self-adjoint contraction. Finally, observe
that € is convex.

By Lemma 5.7 there exists an h and signature matrices Ri,..., R, such that C =
2?21 ¢jR;, where ¢; > 0 and ) ¢; = 1. By Lemma 5.8, there exists S1,...,S), € €y such that
Ke(d)Ry = V* SV for k € {1,...,h}. Hence, ky(d)C = V*SV, where S =) ¢;S; € €u. |

5.4. Optimality of k.(d). The following theorem contains the optimality statement of The-
orem 1.1 and Theorem 1.7. It also contains a preliminary version of Theorem 1.6. Recall €(¢)
is the sequence (€9 (d)), and €9)(d) is the set of g-tuples of symmetric d x d contractions.

Theorem 5.10. For each g and d, if B is any g-tuple of symmetric d x d matrices, then
[—1,1]9 C .71, implies k.(d)€9) C Dy ..
Conversely, if k > k.(d), then there ezists a g and a g-tuple of symmetric matrices B such

that [-1,1)9 C .77, but k€9 ¢ Dy .
In particular, 9(d) = (k«(d))~! is the optimal constant in Theorem 1.1.

Proof. Starting with the proof of the second statement, fix d and suppose £ > ki«(d). Let
(3,%) be a pair for which r(d) = k.(8,1). Let (@,b) be a pair of positive numbers such that
34 +1b = d and k. (d) = k(3,1;a,b) coming from Lemma 5.6. Let J = J(3,1;a,b) and define
the distinguished (infinite variable pencil) L : L®(O(d)) — Sq by

(5.6) i(z) = K*l( 3

for x € L*(O(d)). By analogy with the sets Dr,, let D;(n) denote those measurable X :
O(d) — S,, such that

/ U* JU z(U)dU,
O(d)

LX) = mt 5

/ U JU e X(U)dU,
0(d)

satisfies I — L(X) = 0.
Let € denote the sequence of sets (€>°(n)), where elements of €°°(n) are measurable
functions
X :0(d) — Sp,
such that X (U) is a symmetric contraction for each U € O(d). In particular, z € €*°(1) is an

element of L>°(O(d)) of norm at most one and € can be thought of as an infinite dimensional
matrix cube.
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Given x € €°(1) and a unit vector e, note that

- 1 A 1 R
e*L(x)e < / le*U*JUe| dU = / & JElde = 1.
= 5@ Jow oa(@ Jus 7

Thus I — L(z) = 0. Hence €*(1) C D;(1) =Y.
Now consider the mapping X : O(d) — O(d) defined by
X(U)=U*J(5,t1,1)U.
In particular, X pointwise has norm one and thus X € €>°(d). We next show that X ¢ 1D; (d).

d
N 1
For U € O(d), let Z(U) =U*JU. Withe:—g e ®es,
() () \/g'_ J J

d
e (Z(U) @ 2 Z U)eses X (U)e; = $<Z(U),X(U)>tr,

where (-, )¢, is the trace inner product,

(A, B)ty = tr(AB*) = Z e; Aeye Be;.

7.k
Now,
tr(Z(U)X(U)) = te(U*JJ(3,£1,1)U)

= tr(JJ(5,8;1,1)) = 3a(8, ) + b(3, 1)

—=d.
Hence

e*L(X)e = fi*l(d) /e*(Z(U) ® X (U))edU
- Ii*l(d) éd.
Thus || L(X)| > m(d) > 150
%1 _E(X) # 0

as predicted.

We next realize L as a limit of pencils Lp with B € Sg. Suppose (Py) is a sequence of
(measurable) partitions of O(d) and write Py = {Py.1,..., Pk g, }. Consider the corresponding
gr-tuples AF = (A¥ .. Algk) € S where

1
Ak = /
7 kl(d) Jp,

and the associated homogeneous linear pencil,

9k
Jj=1

U* JUdU = / Z(U) dU,
P

»J ¥
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Given y € €W (1) = [—1,1])%, let z = ?’;1 YjXp,;» where xp denotes the characteristic
function of the set P. Since z € €°°(1) and

it follows that y € .7, . Thus, [—1,1]9x C L -
Suppose that Uy, ; are given points in Py, ;. Given k, let Xk =(XxF ..., ng) where
XF =X (Uk;) = Ui ;J (3,61, 1)Uy ;.
In particular, || XF|| < 1. Evaluate,

1 Ik
Ak @ X ;.
H*(d) = k,j k,j

Li(X*) =

Hence

9k
L(X) — Ly(X*) = Z/P Z(U)® (X(U) — X (Uy;)) dU.
j=1""ki

The uniform continuity of X (U) implies there exists a choice of P j and Uy ; such that Ly (X*)
converges to L(X). Hence, |Ly(X*)|| > & for sufficiently large k. Consequently X € €% (d),
but kX ¢ Dr,,, (d) and the proof of the second statement is complete.

Turning to the first part of the theorem, suppose that B is a g-tuple of d X d symmetric
matrices and [—1,1]9 C .7 ,. Given a g-tuple X € ¢ (d), Theorem 5.9 produces a Hilbert
space H, a g-tuple of commuting self-adjoint contractions on #, an isometry V : R* — H such
that

ke(d) X = VTV,
a relationship summarized by . (d)X = V*TV. By Proposition 2.1, s.(d)€@) C Dy, and the
proof of the first statement of the theorem is complete.

For the last statement in the theorem, suppose k has the property that for every g each
g-tuple of commuting symmetric matrices of size d dilates to a tuple of commuting symmetric
contractions on Hilbert space. Proposition 2.1 implies x€@ C Dr,, for any g-tuple B of
symmetric matrices of size d such that [-1,1]9 C .7 ,. Hence, by what has already been
proved, k < k(d). |

6. THE OPTIMALITY CONDITION « = § IN TERMS OF BETA FUNCTIONS

In this section a(s,t;a,b) and B(s,t;a,b) which were defined in Equations (4.4) and (4.5)
(see also Lemma 5.5) are computed in terms of the regularized incomplete beta function. See
Lemma 6.6. A consequence is the relation of Equation (1.5). Lemma 6.5 figures in the proof

of Theorem 1.6 in Section 7.

Let I' denote the Euler gamma function [Rai71].

Lemma 6.1. Suppose m € R>q. Then

0 1 1
/ rme~" dpr = =T (m + > .
0 2 2
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: e 02 m_ 2 ds __ dr? _ : _ds _ ds
Proof. Setting s :=r*, we have r"™ = s2 and > = ;- =2r, ie, dr =57 = N Then

> > 52 1 [ 1 1
/ rme_’"gdr—/ i ds-/ s"2 ds = =T mEly, |
0 0 2\/5 2 0 2 2

/ L
Proof.

n 1\"
/ e lel gg = // e_x%...e_””idznn...d:m = </ e_xzda:> Up <) =7z,
Rn R JR R 2

We equip the unit sphere in S”~! C R™ with the unique rotation invariant probability

Lemma 6.2.

0|3
|

measure.
Remark 6.3. Recall that the surface area of the n — 1-dimensional unit sphere S"~! C R”

n
nm?2 2T

r1+%)  I(3)

area(S" 1) =

M\S ,\,‘3

g

Now we come to a key step, converting integrals over the sphere S9! to integrals over
R
Lemma 6.4. Suppose A € R>*? and f: R? — R is quadratically homogeneous, i.e., f(Ax) =
N2 f(x) for allz € R? and A € R. Suppose furthermore that f|ga—1 is integrable on S%~1. Then

| o=,

gd—1 dmz
1 _l=)?

af, ree= P [ r@e S e

Proof. The first equality follows from
f)e 1 dy = / / arca(rS4) f(re)e 1760 grag
Sd 1

/ / Larea(S 12 f(€)e™" drde

Sd—1

= area(S%1) </ rdﬂe_?"?dr) f(&)d¢
0 Sd—1

drs 1 d
— 7F(1+%)5r <1+2> /Sdlf(f)d«s.

where the last equation uses Remark 6.3 and Lemma 6.1. The proof of the second equality is
[

f(J:)e_”mHde and
d

R4

similar and is left as an exercise for the reader.
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Lemma 6.5. Suppose J € R¥? is any matriz and consider the zero matriz 0, := 0 € R¥X,
Suppose also i,j € {1,...,d}. Then there is some v € R such that

d
d+u /Sdl sgn[6*J¢) & de ifi i e {1,...d}
/Sdﬂl R 6 = K ifi=je{d+1,...d+u}
0 otherwise

Proof. Set
1 u
C:= i(d + u)ﬂ% and ci=
By Lemma 6.4, the left hand side equals equals

1

C sgnfz* (J & 0)z|ziz e 11 da.
C Rd+u

If 4,5 € {1,...,d}, then this in turn equals

1 % Null2—11212 1 212 % 112
/ / sgnly” Jy] oy e PP qody — L / oIzl g, / sgnly* Jy] yiyze WP dy
C R4 u C Ru Rd

C

- ﬁﬂ% a1 sgn[¢*JE]€:&;dE

where the last equality follows from Lemmas 6.2 and 6.4. If 4,5 € {d+ 1,...,d + u}, then it
equals

1
C/ / sgnly*Jy| zi—azj—a e 1P =121 g2 gy
Rd u

which equals up to a constant depending only on J the integral

a2
/ Zi—d%j—de 121 g
u

which is zero for symmetry reasons if ¢ # j and which depends only on w if ¢ = j. The
remaining case where one of ¢ and j is in {1,...,d} and the other one in {d+1,...,d 4+ u}
follows similarly. [

Lemma 6.6. Let s,t €N, d:=s+1t and a,b € R5g with a+b> 0. Then

(6.1) a(s,t;a,b) := / sgn[€*J (s, t; a, b)E|E2dE = % (2[a <;, g + 1) — 1)
Sd—1 a+b

foralli € {1,...,s}. Analogously,

1 t
02)  Blstab)=— [ seule s nanegds - (ﬂb ( Ly 1) - 1)
d ats \ 22

gd—1

forallie{s+1,...,s+t}. An additional obvious property is
(63) Oé(S,t; a, b) = B(t,S;b, CL).



32 J.W. HELTON, I. KLEP, S. MCCULLOUGH, AND M. SCHWEIGHOFER

Proof. We have

[, senle" (st vl

5.4 2
= gt /RdSgn[l'*J(S,t;a,b)x]x?€—||$||2d$
T2
2
- g /Rd sgn[z*J (s, t;a,b)z] (3 +"'+ZE§)€_H“’”2dx
sdm2
— 2 2 2
- d/ / sgnlally||? — bl|z|2] [|y|/2e P =1=1% a2 gy
2 s
2 0 00
- 5 / area(USS_l)/ area(T5' ") sgnfac® — b7?] o2e 7" dr do
sdm2 0
s t
2 o0 2713 oo ors
= / 51 7FS2 / L1 7Tt2 sgn[a02—b7'2] 027" 47 do
sdrs Jo 5) (L)
= dF t s+17_t71 sgn[a02 - bTZ] 6702772 dr do
sdl'(5)T'(3)
= dI‘(S () / (1 cos ) ¥ (rsin @)1 sgnla(cos )? — b(sin)?] e = dip dr
sdl'(5)T(5)
= % (/ 7«d+1e_r2dr) /2 (cos 90)8-1-1 (sin Sp)t_l sgn[a(cos (,0)2 — b(sin 90)2]d<p dr
st (31 (5) s i
61 AT (4+1 3 e B |
2 deEi)F(t))/o (cos ¢)* 1 (sin )1 sgnfa(cos ¢)? — b(sin)?] dy
2 2
F 5 ! s+1—-1 t—1-1
:811(3()%)(,5)/0 (1—2) 2 2 2 sgnfa(l —x)—bzx] dx
2 2
1 1 .
= SB(St)/o (1 —x)§x§—1 Sgn[a— (CL—I-b):c] dr
212

using a change of variable z = (sin )? which makes

Zz = 2(sin p)(cos ¢) = 2v/zV1 — .

Now suppose that a,b € R>o with a + b > 0. Then the integral in the last expression equals

_a_ 1

a+b s s
/ ! (1—x)2x;_1dx—/ (l—x)ix%_ldx
0

a

a+b
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Using
s t LTy asr
B< )_ 2 % 2 _g2

272)
1 t s s t
tia,b)=—= (T o (=,=+1) -1 —+1, =
alsta,b) d(a+b<2’2+> aib<2+’2>>

where I denotes the regularized (incomplete) beta function. Finally, (6.1) follows using

Il*]?((? T]) =1- Ip(n, <)
The proof of (6.2) is similar. ]

we see that

7. RANK VERSUS SIZE FOR THE MATRIX CUBE

In this section we show how to pass from size d to rank d in the first part of Theorem
5.10, thus completing our dilation theoretic proof of Theorem 1.6. Accordingly fix, for the
remainder of this section, positive integers d < m.

Given positive integers s, t,u and numbers a, b, ¢, let

J(s,t,u;a,b,¢c) = als & —bl; & cl,,.

Lemma 7.1. Given positive integers s,t with s+t = d and nonnegative numbers a, b, c, there
exists real numbers a, B, and vy such that

J(Sa tv m — da «, 67 ’Y) =m Sgl’l[f*J(S, ta m— da a, b7 C)g] 55* dg
Sm—1

Proof. Given U, € O(v), for v = s,t,m—d, let U denote the block diagonal matrix with entries
Us,Ut,Up—q. Thus, U € O(m) and U commutes with J(s,t,m—d;a,b,c). The conclusion now
follows, just as in Lemma 5.5. [ |

Lemma 7.2. For each s,t with s+t = d, there exists a v = ~y(s,t) such that

(7.1) k(s t)J(s,t,u;1,1,7(s,t)) =m sgn[¢*J (s, t,m — d;a(s,t),b(s,t),0)E] £€* dE.
gm—1

Here k.(s,t),a(s,t) and b(s,t) are the optimal choices from Proposition 4.2.
Proof. Denote the right hand side of (7.1) by E. Then by Lemma 6.5,
d/ sgn[{*J (s, t;a(s, t),b(s,t))E] ef€e; d§ ifi=je€{l,...,d}
gd—1

y ifi=j5e{d+1,...,m}

0 otherwise

e; e =

for some v € R and all 4,5 € {1,...,m}. On the other hand, from Lemma 5.6,

foe(s:1) J(s,t;1,1) = / sgn[¢™J (s, £ als, 1), b(s, 1))€] £&* dE.
d Sd-1
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Hence, with P denoting the projection of R¢ @ R™~? onto the first d coordinates,
PEP = k.(s,t)J(s,t;1,1)

and the conclusion of the lemma follows. []

Let H denote the Hilbert space R™ ® L?(O(m)) and let V : R™ — H denote the isometry,
Vz(U) = x.

Thus H and V' are the Hilbert space and isometry (with m in place of d) from Equations (3.2)
and (3.3). Recall too the collection ®(m) of contractive measurable mappings D : O(m) — M,,
taking diagonal values, and, for D € ©(m), the contraction operator Mp : H — H.

Lemma 7.3. For each m x m symmetry matriz R of rank d there exists a D € D(m) such
that

ki(d) PRP = PV*MpV P,

where P is the projection onto the range of R.

Proof. The proof is similar to the proof of Lemma 5.8. Let s and t denote the number of
positive and negative eigenvalues of R. Hence, R = W*J(s,t,m —d;1,1,0)W for some m x m
unitary W. Let J. = J(s,t,m — d;a(s,t),b(s,t),0) and define D € O(m) by

D) =) _sgu[e;U W*JWUe,] eje; dU.
j=1
Now, by Lemma 3.5, Remark 5.3 and Lemma 7.2,

* —_—
14 MDW*J*WV - CDW*J*W

= / UD(U)U* dU
O(m)

/ sgn[e;UW*JWUe;|Ueje;U* dU
O(m)

m
j=1
m
J=1

/ sgnle;U" JUe;] W*Ue;e;UW dU
O(m)

W*(Z/O( )sgn[e;U*JUej] Ue;eiU* dU)W
j=17m

—m ([ sl el ee” d)w
= Ru(s,t) W*J(s,t,m — d; 1,1,7(s,t))W.
The observation
PW*J(s,t,m—d;1,1,v(s,t))WP = PW*J(s,t,m —d;1,1,0)WP

completes the proof. [
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Given a g-tuple M = (M, ..., M) of d-dimensional subspaces of R™, let €(M) denote
the collection of g-tuples of m x m symmetric contractions C' = (C1,...,Cy) where each Cj
has range in M.

Lemma 7.4. The set €(M) is closed and convex and its extreme points are the tuples of the
form E = (E, ..., Ey), where each Ej is a symmetry matriz with rank d.

Proof. Given a subspace N of R of dimension d, note that the set nxn symmetric contractions
with range in A is a convex set whose extreme points are symmetry matrices whose range is

exactly N (cf. Lemma 5.7). Since M = x?zl./\/ij the result follows. ]
Lemma 7.5. Suppose X = (X1,...,Xy) is a tuple of m x m symmetric contractions. If
Py,..., P, is a tuple of rank d projections, then there exists a tuple of m x m symmetric

contractions Y = (Y1,...,Yy) such that

() PX;P; = PY;P;; and
(ii) there exists a tuple of commuting self-adjoint contractions Z = (Z1,...,Z,) on a Hilbert
space H such that k()Y lifts to Z.

Thus, there exists an isometry W : R™ — H such that

1
Ky (d)

Y = W*Z;W  and P;W*Z;WP; = P;X,P;.

Proof. Let M denote the range of P;. Let C; = P;X;P;. By Lemma 7.4, there exists a positive

integer N and extreme points E',..., E"V in €¢(M) and nonnegative numbers ejl-, ey 6§V that

sum to 1 such that
N
k mk
k=1

k tk such that 3? + té? = 1 and a unitary matrix Wf

For each k, j there exist positive integers s7,t;

such that (Wf)*]Rd ® {0} = M; and

k _ kA * k 4k k
EF = (WEyJ(sh,tf,m — d,1,1,0)WF.

In particular,
Ej = BiE}P;.
By Lemma 7.3, there exists D}“ € ®(m) such that
kx(d)Ef = PiV*MpVP;.
J

Let

L k
Zj =y & Mps.
k=1
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Thus Z is a g-tuple of commuting contractions and

N
PiV*ZjVP; =) PV MpVP
k

N
k mk
> B

k=1
c;.

Choosing Y; = V*Z;V completes the proof since the Z; are commuting self-adjoint contractions
(and V is an isometry independent of 7). ]

7.1. Proof of Theorem 1.6. Our dilation theoretic proof of Theorem 1.6 concludes in this

subsection. Accordingly, suppose B = (B1,...,By) is a given g-tuple of m x m symmetric
matrices of rank at most d and [-1,1]9 C .. We are to show /i*(d)é(g) C Dpg.
Let

g9
Ap(xz) =) Bja;
i=1

be the homogeneous linear pencil associated with B. The aim is to show that Ag(k.(d)X) < I
for tuples X € €@ and, by Lemma 2.3, it suffices to suppose X has size m. Let z € R™ @ R™
be a given unit vector. The proof reduces to showing

Rx(d)(Ap(X)z, x) < 1.

Fix j and let {fj1, fj2, ..., fja} denote an orthonormal basis for the range of B; (or any
d-dimensional subspace that contains the range of Bj). This uses the rank at most d as-
sumption. Extend this basis to an orthonormal basis {fj1,..., fjm} of all R™. Note that
fip € {fjl,fjg,...,f]‘d}L C (imBj)t = kerBj for all j € {1,...,g} and p € {d+ 1,...,m}
since B; is symmetric. The unit vector x can be written in g different ways (indexed by
je{l,...,g}) as

m
T = ijp ® Zjp,

p=1

for vectors xj, € R™. Let P; be the orthogonal projection onto

M; = span({zj1,...,%jq})
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and compute for j fixed and any m x m tuple Y such that P;Y;P; = P;X;P;,

<(Bj ® Xj)z,x > (Bj fips fiq) (Xj%jp, Tjg)

M& :*iMS

(Bj fip» fig) (XjTjp, Tjq)

=

Sy
I
_

Mg

(Bj fips fia) (Bj X Pizjp, Tjq)

3

Q
Il
—

M&

(Bjj fip, fig) (PjYj Pijp, Tjq)

3

Q
Il
—

Mg

(Bj fips fia) (YiTjp, Tjq)

3

Q
Il
—

Ms

(Bj fip» fig) (YiTip, Tjq)

I|
i

p,q

/\

(B; @ Yj)z, ).

From Lemma 7.5 there exists a Hilbert space K (infinite dimensional generally), an isom-
etry V: R™ — K and a tuple of commuting self-adjoint contractions Z = (Z1,...,Z,) acting
on K such that Y}, defined by r.(d)Y; = V*Z;V, satisfies P;Y;P; = P;X;P;. Hence,

ki (d)(Ap(X)z, ) = Ku(d){AB(Y )z, 7)
=(Im @ V)A(Z) L @ V)z, 2)
— (Ap(2)2,2)

where z = (I ® V)x. In particular, z is a unit vector. Since Z is a commuting tuple of
self-adjoint contractions, just as in Proposition 2.1, the inclusion [—1,1]¢ C .#7,, implies,

(A(Z)z,z) < 1.

The final conclusion is

Rx(d)(Ap(X)z, x) < 1. |

8. FREE SPECTRAHEDRAL INCLUSION GENERALITIES

This section begins with a bound on the inclusion scale which depends little on the LMIs
involved, Section 8.1. In Subsection 8.2 we prove that the inclusion scale equals the com-
mutability index, that is, Theorem 1.4. In summary, all the claims made in Section 1.3 are
established here.
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8.1. A general bound on the inclusion scale. This subsection gives a bound on the inclu-
sion scale which depends little on the LMIs involved. Recall .7, is the spectrahedron Dy, , (1)
determined by the tuple A.

Proposition 8.1. Suppose A and B are g-tuples of symmetric matrices, where the B; are
d x d matrices. Suppose further that =Dy, C Dyr,,. If 1, C S, then D, (n) Cd Dr,(n)
for each n.

Lemma 8.2. Suppose T' = (Tjy) is a d x d block matriz with blocks of equal square size. If
|Tjell <1 for every j, ¢, then ||T| < d.

Proof. Recall that the Cauchy-Schwarz inequality applied with one of the vectors being the all
ones vector gives the relation between the 1-norm and 2-norm on R¢, namely

d d
(Zaj)2 < dZa? for all ai,...,aq € R.
j=1 j=1

Consider a vector x = Zgzl zy ® ey and estimate,

T2 = ZHZ e
j=1 (/=1

Thus, ||Tz| < d||z]. [ ]

Proof of Proposition 8.1. Let {es} denote the standard orthonormal basis for R". Fix 1 < s #
t < n and set pit = %(es + e;) € R™. In particular, with
P = 1@ pgy,
the orthonormality of the basis gives,
(PE)*PF, = 1.
Moreover, for d x d matrix C' and n X n matrix M,
(PE)(C® M)PE = C® (5(Mas £ My My + Myy)).

Hence,
(P)"(C @ M)P, — (P,)"(C @ M)P;, = C® (M + Mys).
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In particular, if M is symmetric, then the right hand side is 2C' ® M, ;.
Let X € Dr,,(n) be given and let

ZZZAJ'Q@X]-.
J

By hypothesis, —X € D ,(n) too, so that both £Z =< I,,. Thus :t(Pft)*Zst; < 1. Hence
:t(p;t)iXpéft € 7, for each 0 < s,t < n. Convexity of .7, implies

1 . o
5((17:1:) Xp:,t - (ps,t) Xps,t) = Xst = ((X1)sts- s (Xg)sit) € SLs-

By hypothesis, X € /7, and therefore,
Tsy:= ZBj(Xj)s,t = Iy, 0<s,t<n.
Apply Lemma 8.2 to the n x n block matrix
T=> X;®B,
J
to get

1> Bi® Xl <n
Likewise for — X, and therefore,

ZBj ® X; 2 nlgy,.
Hence 1 X € Dy,. At this point we have Dy, (n) C nDp,(n).

Since B has size d and Dy, ,(d) C dDr,(d), it follows from Lemma 2.3 that Dy, ,(n) C
dDy,,(n) for all n; that is, Dy, € dDy,,. |
Example 8.3. This example shows that, in the case d = 2, the estimate 7(A)(d)Dr, € Dr,(d)
of Proposition 8.1 is sharp.

In this example .7}, = %7, is the unit disc D = {(x,y) € R? : 22 + ¢y? < 1}. We take
L4(X) =0 to be the infinite set® of scalar inequalities

sin(t) X + cos(t) X2 = I, for all ¢.

Next define Lg to be the pencil with coefficients

1 0 0 1
Of course d = size(Lp) is 2.

Now we show that Dr,,(2) € (2 — €)Dr,(2) for € > 0 by selecting X; = B;. Evidently,
X € Dr,,(2) but, up to unitary equivalence,

—
o

Lp(X) =

—
)
_ o O =

3For cp fans this actually is the the minimal operator system structure for D.
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Thus 214 — Lp(X) = 0, but if p < 2, then pIy — Lp(X) # 0.

To complete the example, we show that A can be viewed as a limit of tuples of matrices. Let
{t; : 7 € N} denote an a countably dense subset of [0,27). Given n € N, let T;, = {t1,...,t,}
and let Agn) denote the n x n diagonal matrix with j-th diagonal entry sin(¢;) and let Aén)

denote the nxn diagonal matrix with j-th diagonal entry cos(t;). In particular, if L 4ty (X) = 0

for all n, then L4(X) = 0. Thus, the smallest p such that L 4 (X) >= 0 implies LB(%X) >0
is 2. O

8.2. The inclusion scale equals the commutability index. The goal here is to prove
Theorem 1.4 which we essentially restate as Theorem 8.4 and then prove.

Fix a tuple A € S7, and a positive integer d. Assume .#7,, C RY is bounded. Let
QA(d) = {’r‘ >0:if Be S‘g and yLA - ‘SﬂLB’ then ’I“DLA C DLB}'

Observe that 2 C [0,1]. Let F4 denote the collection of tuples T' = (11, ..., Ty) of commuting
self-adjoint operators on Hilbert space whose joint spectrum lies in .7, ,. Let

Fa(d)={t>0: if X € Dy, (d), then tX dilates to a T € Fa}.

That I"'4(d) C [0, 1] follows by noting that z is in the boundary of .#7,, and if ¢ > 1, then tz
can not dilate to a T € F4.

Theorem 8.4. Fiz g € N. Assuming .77, is bounded, the sets I'4(d) and Qa(d) contain
non-zero positive numbers and are closed and equal. In particular, for each fired d € N,

sup Q4(d) = supT'4(d).

The supremum of Q4(d) is the optimal free spectrahedral inclusion constant for A and
d. Namely, it is the largest number with the property that if B € Sg and .7, € /7, then
Q4(d)Dr, € Dyr,,. On the other hand, the supremum of I"4(d) is the optimal scaling constant
for A and d in the sense that if X € Dy, (d) then I'4(d) X dilates to a tuple in Fg4.

8.2.1. Matricial Hahn-Banach background. The proof of this theorem given here uses the
Effros-Winkler matricial Hahn-Banach Separation Theorem [EW97] for matrix convex sets.
With g fixed let S? denote the sequence (S5),. A matrix convex subset C of SY containing 0
is a sequence (C(n)) such that

(a) C(n) C S}, for each n;

(b) 0 is in the interior of C(1);

(c) C is closed under direct sums: If X € C(n) and Y € C(m), then X &Y = (X; &
Yi,...,X,@Y,) € C(n+m), where

X; 0
X;oV;=|"" :
A (o Yj>

(d) C is closed under simultaneous conjugation by contractions: If X € C(n) and M
is an n X m contraction, then

M*XM = (M*X,M,...,M*X,M) € C(m).
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The matrix convex set C is closed if each C(n) is closed. A version of the matricial Hahn-
Banach theorem immediately applicable here can be found in [HM12]. It says, in the language
of this article, if C C SY is closed and matrix convex and if X € S\ C(d), then there exists
B € SY such that C C Dr,,,, but X ¢ Dy, (d). In particular,

C = {DL :BGSQ, CCDyp }
B B

8.2.2. Proof of Theorem 8.4. For notational convenience, since A and d are fixed, let Q =
Qa(d), T =T4(d) and F = Fa.

That € is closed is easily seen. To see that {2 contains a positive number, first note that the
assumption that .77, is bounded implies there exists a constant C' > 0 such that Dy, C C¢9.
On the other hand, since Dy, is the set of tuples X € SY such that I — ) A; ® X; = 0, there
is a constant ¢ > 0 such that ¢€9 C Dy, ,. By Theorem 1.6 there is a constant s > 0 such that
if B e Sg and [—1,1]¢ C .7, then s€9 C Dy, .. Hence, if instead .7, , C .77, then

C[—l,l}g Q YLA g YLB.
It follows that €9 C D . Thus,

C
Dr, C Ce9 C —Drp.
SC

Hence % € Q.

To prove the sets 2 and I' are equal, first observe that Proposition 2.1 implies I" C Q2. To
prove the converse, suppose r € {2. Let ¥ denote the smallest closed matrix convex set with
the property that (1) = Dr, (1) = #L,. The equality,

S(d) = {Drg(d): B€Sjand £ C Dy}

is a consequence of the Effros-Winkler matricial Hahn-Banach Separation Theorem [EW97].
To prove this assertion, first note the inclusion ¥(d) into the set on the right hand side is
obvious. On the other hand, if X ¢ 3(d), then by Effros-Winkler theorem produces a B € SY
such that ¥ C Dy, ., but X ¢ Dy, ,(d) and the reverse inclusion follows. Now the definition of
¥ implies ¥ C Dy, if and only if .7, = ¥(1) C .¥7,,. Hence,

S(d) = ({PrLs(d) : BE€Sjand .7, C S}
Thus, as ./1,, C /L, implies 7Dy, € Dy,
5(d) 2 (\{Pry(d) : B €Sjand Dy, C Dp,}
and therefore X(d) 2 Dy, (d).
It remains to show, if Z € 3, then Z dilates to some T € F. For positive integers n, let

A(n) ={X € SY : X dilates to some T' € F}.

The sequence A = (A(n)), is a matrix convex set with A(1) = ¥(1). To prove that A(n) is
closed, suppose (X*);, is a sequence from A(n) which converges to X € S%. For each k there
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is a Hilbert space My, a sequence of commuting self-adjoint contractions 7% = (le e T;) on
‘Hj, with joint spectrum in .7, and an isometry Vj : R™ — H}, such that

X =vrTh,.

Let T denote the tuple ®@T* acting on the Hilbert space H = @M. The fact that each T* has
joint spectrum in the bounded set .77, and that each Tf is self-adjoint, implies the sequence
(T*), is uniformly bounded. Hence T is a bounded operator. Let S denote the operator system
equal to the span of {I,T1,...,T,} (this set is self-adjoint since each T}, is self-adjoint) and let
¢ : S — M, denote the unital map determined by

(1)) = X;.

It is straightforward to check that ¢ is well defined. On the other hand, next it will be shown
that ¢ is completely positive, an argument which also shows that ¢ is in fact well defined. If
C = (Co,...,Cq) €SH ' and Co@I+3.C;@T; = 0, then Co® I+ 3 C;@TF = 0 for each k.
Thus, Co®I1+) C; (X)X]’-€ > 0 for all k and finally Co® 1+ C;®@X; = 0. Thus ¢ is completely
positive. Given a Hilbert space &, let B(E) denote the C-star algebra of bounded operators on
£. By the standard application of Stinespring-Arveson ([Pau02, Corollary 7.7]) there exists a

Hilbert space K, a representation 7 : B(H) — B(K) and an isometry W : R” — K such that
X, = 0(13) = W(T)W.
Since 7 is a representation, the tuple 7(T) = (7(T1),...,n(Ty)) is a commuting tuple of self-

adjoint contractions on the Hilbert space K with joint spectrum in .77, ,. Hence X € A(n).

Now A is a closed matrix convex set with A(1) D ¥(1). Hence, ¥ C A by the definition of
Y. In particular, 7Dy, , (d) € X(d) € A(d) and the proof is complete. |

8.2.3. Matrix cube revisited. Returning to the special case of the matrix cube, for g,d € N
define

pg(d) = sup{r > 0:if B € S and [-1,1)9 C .77, then rel@) C DLy}
For d fixed, the sequence (pg(d))72; is evidently decreasing and hence converges to some p(d).

Similarly, let F, denote the collection of tuples T' = (T1,...,T,) of commuting self-adjoint
contractions on Hilbert space and let

T,(d) = sup{t > 0: if X € €9 (d), then tX dilates to a T € F,}.

The sequence (T4(d))g2; also decreases and hence converges to some T(d). By Theorem 8.4,
T4(d) = pg(d) for all g, d.

Corollary 8.5. 1(d) = lim1,(d) = lim py(d) = ﬁ

Remark 8.6. To this point T(d) = lim py(d) has been derived through operator theoretic
means not involving ¥ and [B-TN02]. Of course, in view of Theorems 1.6 and 1.7, t(d) = ﬁ
On the other hand, it is not obviously possible to recover Theorem 1.1 from this corollary. See
Remark 1.8. O
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9. REFORMULATION OF THE OPTIMIZATION PROBLEM

The goal here is to bring pieces together in order to lay out our key classical optimization
problem (1.1) in terms of regularized Beta functions (see Problem 9.1 and Proposition 9.2).
The reformulated optimization problem is then solved in Section 12 after preliminary work in
Sections 10 and 11.

1
Recall that —— for d > 2 equals the minimum over all s,t € N and a,b € R+ such that

J(d)
s+t=d=sa-+tbof

s t s t K] t
2a— I o (=,14 - 20— 1 14+ - -1
“d a+b<2’ +2>+ d al’+b<2’ +2>
(Combine Lemma 6.6 with Proposition 4.2.) Note that the constraint d = sa + tb is just a
matter of scaling of @ and b with the same factor which won’t affect the substitution

b
= € (0,1
which we are now going to make. This substitution entails 1 — p = j_ 5 d= (a+0b)(sp+
a

t(1-p)),

a a _ 1—p

d (a+b)(sp+t(1—p) sp+t(l-p)
and

b b B P

d (a+b)(sp+t(1—p) sp+t(l—p)

By continuity, we can let p range over the compact interval [0, 1]. We therefore observe that

1
—— equals the minimum over all s,t € N with s+t = d of the minimum value of the function

J(d)

fst:[0,1] = R given by

21 —p)shi—p (L,1+ 5) +2ptl, (5,14 %)
(1-p)s+pt

Bp(l‘,y) 8
B(x,y)’ op

t t t t t
B 571_,_, = B f,f and B 7,1+f - 2 B f,f , one can easily verify
2 2 s+t 2°2 2 2 s+t 2°2

that the derivative f‘;t of fs: takes the surprisingly simple form given by

) = e (0 (5145) 10 (3145))

for p € [0,1] (two of the six terms cancel when one computes the derivative using the product

(9.1) fsu(p) = -1

for p € [0,1]. Using the standard identities I,(x,y) =

and quotient rule). This shows that f; is strictly decreasing on [0, o, ;] and strictly increasing
on [os4,1] where o4, € (0,1) is defined by

s t t S
(9.2) IUS’t (2, 1+ 2> = Il—as,t (2, 1+ 2) .
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We shall use (in Section 12) bounds on o, for s,t € N. Lower bounds are given in
Corollary 12.5, while upper bounds are presented in Theorem 10.1, cf. (12.4).

Problem 9.1. Given a positive integer d, minimize

foalo) = 2(1 - 0)sh—o (3,1 +35) +20tl, (3,1 +5) )

(1—-0)s+ ot
subject to the constraints

(i) s,t e Nand s+t =d;

s
S .
t t s
I,|(=,=+1|=L_s(=,=+1].
(G3) = (30)
Since Problem 9.1 computes ¥(d), Theorem 1.2 can be rephrased as follows.
Proposition 9.2. When d is even the minimum in Problem 9.1 occurs when s =t = 5 and

i this case o = % When d is odd, the minimum in Problem 9.1 occurs when s = &

-+
Nl

and

—~ N

t= d—gl. In this case o, and hence the optimum, is implicitly determined by condition (iv).

The proof of Proposition 9.2 is organized as follows. The next section contains an im-

provement of Simmons’ Theorem from probability. It is used to obtain the bound
S

s+t
. In Section 11 we present the lower bound
2
st
s+t+4 ’
valid for s > % Finally, the proof of Proposition 9.2 is completed in Section 12.

Os,t <

valid for s >

[MIs9

t

10. SIMMONS’ THEOREM FOR HALF INTEGERS

This material has been motivated by the Perrin-Redside [PR07] proof of Simmons’ in-
equality from discrete probability which has the following simple interpretation. Let s,d € N
with s > g. Toss a coin whose probability for head is §, d times. (So the expected number of
head is s.) Simmons’ inequality then states that the probability of getting < s heads is smaller
than the probability of getting > s heads.

Theorem 10.1 below is a half-integer generalization of Simmons’ Theorem.

Theorem 10.1. Ford € N and s,t € N with s+t =d, z'fg < s <d, then

S t s t
10.1 Is | =4+1,=-)>1—-Is(-,=-+4+1].
(10.1) d<2+’2>_ d<2’2+>
Equivalently,
S
10.2 ot < =
(10.2) st <
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for%§s<dwiths€N.

The proof of this consumes this whole section and we begin by setting notation. For
s,t € R with s > —2 and ¢ > 0 (in the sequel, s and ¢ will mostly be integers with s > —1 and
t > 1; we really need the case s = —1, for example after (10.15)) and d := s + t, let fs denote
the density function of the Beta distribution

d s t
23<2+1’2>’

ie.,
0 <0
(10.3) fs(x) 1 AR 12 - 0 d
. X)) .= e — — - a
e e (B (22 ey
0 ng

Consider the function

s t st
F =L {=-+1= Iy{=-,-+1) -1
(Svp) p(2+ 72>+ p<272+ >
Equation (10.1) is the statement that .7 (s, 5) > 0. Since, for s fixed, .7 (s, p) strictly increases

with p and o, is determined by % (s,0,) = 0, the second part of the theorem is obviously
equivalent to the first one.

Let
3 S t
10.4 s 1= s=1Is | =-+4+1,=
(10.9) b= [ d(2+ 2)

and

00 % s t
(10'5) Qs ::/ fs2:1_/ fseo=1—1s <,+1>-
% 0 d 22

Equation (10.1) is equivalent to
(10.6) Co = by —ay = F <s, f) >0
for d, s € Rs( with g < s <d.

10.1. Two step monotonicity of c¢,. In this subsection, in Proposition 10.7, we show for
s,d € R with % < s <d-—4, that cs42 > cs. Note that % < d — 4 implies d > 8.

Lemma 10.2. We have for s e R with0 < s <d — 2,
(ef) = (1+43) (= fur2)
((d—22)fos2) = (d =5 = 2)(fs — for2).

Proof. Straightforward. [

(10.7)
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For notational convenience we introduce, for s € R with —2 < s <d — 3,

3+l
I ::/ fs-
%

Lemma 10.3. For s € R with 0 < s < d — 2,
s
Qg2 — Qs = fs <§> — T

1o borz = bs =T~ o (3 +1).

Proof. This is a consequence of the recursive formulas in Lemma 10.2:

00 00
Qsy2 — Qg = fs - / f8—2
S S
3 tl 3
00 +1

(ho=tew= [ 1.

s

[N

Similarly,

341
bs+2_bs:/ fs+2_/ fs
0 0
5+1 5+1
:/ (fs+2_f8)+/ s
0

(10.7)  @fs ’g+1
1+5°

S
=T- £ (5+1)
Lemma 10.4. Ifs € R with —2 < s < d — 2, then

(10.9) corz—es =2L— fi (5) = £ (5+1)-

+ 1

Proof. This is immediate from (10.6) and Lemma 10.3.

Lemma 10.5. For 0 <z < % and 0 < s < d, the inequality fI'(x) < 0 holds if and only if

A(d — 4)(d — 2 A(d — 4)s
( d)2< )mQ— ( y );1;+(5—2)8<0.

(10.10)

Proof. Note that for 0 < z < %,

Lo 2812 (1 28) T (a2(s — 2)s — A(d — 4)ds + A(d — 4)(d — 2)a?)
o= (2075 (2. 57) |

Pulling a factor of d? out of the last factor in the numerator yields (10.10).
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Lemma 10.6. Ifd,s € R and % < s < d—4, then fs is concave on [3, 5 + 1].

Proof. Since s > % with s < d — 4, then d > 8 and thus s > 4. For very small x > 0, the
left-hand side of (10.10) is positive and has a positive leading coefficient. So it suffices to verify
(10.10) for z = § and = § + 1. Let Fy(z) denote the left-hand side of (10.10). Then

Fy (§> _ 2 (—d2 +ds + 45)

PYE
2s
<= (—d* +d(d — 4) + 4(d — 4))
32s
Tz
< 0.
Similarly,
2(d — s —2
FS(;+1>:_(Cps’)(d(s_Q)+4(s+2))<0. m

Proposition 10.7. For d,s € R with % <s<d-4, we have

(10.11) Cora > Cs.
Furthermore,
(10.12) ca =0.

[1fSW

Proof. Since under the given constraints on s, the function fs; is concave on (%, 5+ 1), its
integral Z, over this interval is bigger than

1 s S
161 G)
(4 (3) (5
The Equation (10.11) now follows from Lemma 10.4.
Using I;(a,b) =1 — I1_,(b,a) we get that

whence cq4 = 0. [ ]
2

For d > 8 and even, an implication of two step monotonicity in Proposition 10.7 together
with (10.12) is that either

N

min{cs : — < s<d} =cqq

or

(10.13) min{cs : 1

N
N

<s<d,seven} =cq4 =0 and min{cs: SS<d,SOdd}ZCé+
2 2

Likewise for d > 8 and odd either

min{cs : — < s<d} =cqq

d
2
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or

10.14 min c¢s = ca and min ¢ = ca
( ) s even 5+l s odd s Pl

[Ny

Thus proving Theorem 10.1 for an even integer d > 8 reduces to establishing that c¢q_1 >

0 and cq,, are nonnegative and proving the result for d > 8 odd reduces to showing in
2

+
addition that Cd 4y and Cd
respectively. Finally, that ¢, > 0 for all d, s with % < s < d < 8 was checked symbolically by

Mathematica.

3 are both nonnegative, facts established in Sections 10.3 and 10.4
2

10.2. The upper boundary case. This subsection is devoted to proving the following lemma
which is essential for proving both the even and odd cases of Proposition 10.7.

Lemma 10.8. ¢4_1 > 0 for d € N with d > 2. In addition if d € R with d > 6 then cq_1 > 0.

Proof. Tt is easy to verify the given inequality by hand for d = 2,3,4,5. Without loss of
generality we assume d € R with d > 6 in what follows.

Recall that ¢; = by — as. Observe that

d—1

& g
bg—1 = / fa-1=1 —/ fa—1,
0 -t

d

2
ag-1 = /d1 fa-s.

2

and recall that,

Hence ¢4_1 > 0 iff

IS9

(10.15) /d_zl(fd—l + fa—3) < 1.

2

We next use Lemma 10.2 with s =d —3 > —1 > —2 to express

fao1 = faez — ((d — 22) fa1),

whence the left-hand side of (10.15) transforms into

(10.16) /d?l(fdl + fa-3) =2 /:1 fa—3+ fa1 (d;1> .

2

Sublemma 10.9. f;_3 is concave on (%, %)

Proof. First note that

" 23" d2-4 V35" ((d = 5)(d — 3)d® + 4(d — 4)(d — 2)a* — 4(d — 4)(d — 3)d)
fa—s(x) = d—1
T2

(d—22),/1 - 2B ( )

[\][oV]

)
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by a straightforward computation. Thus the sign of fJ ;(z) is determined by that of

(d—5)(d—3)d* —4(d — 4)(d — 3)d = + 4(d — 4)(d — 2)2?

=4(d—4)(d—2 —
(d=4)(d~-2) <m 2(d — 2) d—2
Since d > 5 and g‘(l;_g);)i < % <z < g, this expression can be bound as follows:

(d—5)(d—3)d*> — 4(d — 4)(d — 3)d = + 4(d — 4)(d — 2)z>

< 4(d—4)(d—-2) <d _ (d—3)d>2_w

2 2(d—2)
3 d 1
2
< ——
2/011 fa-3 < fa-3 (2 4>
2
It thus suffices to establish

(10.17) fa-3 <;l - i) + fa—1 (Z — ;) <1

The left-hand side of (10.17) expands into

=—-d%<0.

By Sublemma 10.9,

U(d) :=

We use [KV71, (1.7)]:

i.e.,

(10.18) ﬁzﬂ((d-ﬂﬂi(d—;)é <1+2<d11))31>.

Sublemma 10.10. The sequence

(10.19) (1+ ! >g—1

is increasing with limit

(d— 3)d>2 _2(d—3)d?

49
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Proof. Letting § = 2(d — 1), (10.19) can be rephrased as

(143) (+3)

The first factor is often used to define e and is well-known to form an increasing sequence. It

NI

1
is clear that the sequence (1 + %) 2 is increasing. |

Now the right-hand side of (10.18) can be bound above by

wom iy (1-3) (esat) )
+

Both of the sequences

Vdd—1)"2  and J&(d—i)é

are decreasing, and the limit as d — oo of the right-hand side of (10.20) is

4
14+ V2 < 190704,
V2
Since
6 6 , e
= — J— < -
o(6) \/;“/11‘/5—‘/ 5
all this establishes (10.17) for d > 6 as was required. [ ]

10.3. The lower boundary cases for d even. Here we prove ca ; >0 for d € R with d > 2
2
(the other lower boundary case, ca > 0 was already proved), thus establishing (10.13) and
2
proving Theorem 10.1 for d even.

Lemma 10.11. ca_ ;>0 for d € R such that d > 2.
2

Proof. We want to prove that

d 3d 1 d 1d 1
. — 4= 2z 242 2102 ) >,
(10-21) I%+3z<4+2’4 2>+I%+é<4+2’4+2>—1
Using
(1 —z)>!
10.22 1 1,b—1) = b) —
( ) x(a+ ) ) x(aa) aB(a,b)
we rewrite the first summand in (10.21) as
1,d 1,d
d 3d 1 d 1d 1 Ty hyefad )7t
(10.23) Il+1<+,—>:h+1<+’+>_(2d Ci) d(2 1dc)l .
e 22 a4 24 2] (G43)B(i+ 50+ 3)
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Upon multiplying (10.21) with B (¢ + 1,4 + 1) and using (10.23), (10.21) is equivalent to

1,d 1
d 1d 1 d 1d 1 (l+l)§+z l_l)*fr
10.24 2B S22y Yyl 2,2 5t 3 5~ 4
. é+é<4+ ’4+2>_ <4+2,4+ )+

The left-hand side of this inequality can be rewritten as

1 1
d 1d 1 ata
QB%_% <4—|—2,4—|—2):2/02 dx%_%(l—x)g_%dx

1,1
d 1d 1 2Ta
=28 <4+2,4+2> +2/%2 2173 (1—2)i 2 ds
1 1
d 1d 1 213
:B<4+2,4+2>+2/; x%_%(l_x)%_%dx
Now (10.24) is equivalent to
3ta 11yehE (1 1y-3td
(10.25) 2/2 d;p%—%(l_x)%—% dz > (3 +4) _ (21 )
1 e =
2 113

The derivative of the integrand on the left hand side equals

1 d—6
~7(d=2)@r = )((1 - 2)2)5

and is thus nonpositive on [3,1] D [3, 3 + 3]. Hence

1 1 d 1 d 1
2/2+d i) i e > 2 (1 + 1>4_2 (1 Ly
. =d\2"4d 2 d
_Gepta ot
FE
as desired. []

This concludes the proof of Theorem 10.1 for even d.

10.4. The lower boundary cases for d odd. In this subsection we establish two key in-
equalities:

c >0 and ¢ > 0.
44} 443

We show that the first holds for d € R with d > 3 and the second for d € N with d > 3 or for
d € R with d > 16. Combined with Lemma 10.8 these inequalities show that the minimum of

Cs Over % < s < d—1 is strictly positive and as a consequence proves Theorem 10.1 in the case
of d odd.

Lemma 10.12. ¢y 1 >0 for d € R and d > 3.
2

1
2
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Proof. We claim that
d 5d 1 d 1d 3

10.2 I S S ooy S A S Y

(10.26) <4+4,4 4>+;+21d<4+4,4+4>_

Using (10.22) we rewrite the first summand in (10.26) as

1
i+

gl

d 5d 1
(10.27) I%+21d(4+4,4_4>_]

[N

Upon multiplying (10.26) with B (¢ + 1,4 + 2) and using (10.27), (10.26) rewrites to

1
d 1d 3 PR
2B+ 4, <4 Tt 4) = /02 Yettil - o) iide

1
d 1 d 3 §+2d d 3 d 1
(10.29) 2B <+,+)+2/ za 1(l—x)1"1dx
2\4 4’4 4 1
1 d 1 d
1 A4(1 4+ Lyats (g 1y 1ty
4 4’4 4 25 (d + 1)

A brief calculation shows

(10.30)
d 1d 3 d 1d 3 1/2
0B (S -, %42) B2 2,942 =
é<4+4’4+4> <4+4’4+4> /0 v

We next set out to provide a lower bound on (10.30). First, rewrite

LISy
=

(1-— x)%_% (V1—z—x) da.

1-—2x
V1—z+/z

and observe that /1 —z + /z is increasing from 1 to /2 on [O, %] Hence (10.31) can be
bound as

(10.31) Vi—z—z=

(10.32) (1-22)<Vi—az—+z<1-2z

Sl
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This gives

(10.33) _ 1

Using the well-known formula
aB(z,a,b) — 2%(1 — 2)°

B(z,a+1,b) = P

on Bi (4 + 2,9+ 1), the final expression in (10.33) simplifies into
2

2
(10.34) S
22(d+1)
Sublemma 10.13. For 3 < d € R, the integrand 7n(z) in the second summand in (10.29) is
decreasing and concave on (%, % + 2—1d)
Proof. This is routine. The derivative of 7 is
1 5 4
n(x) = 1(1 - m)%x%(—%lx +4x +d—3)
So its sign on (%, % + %) is governed by that of —2dx + 4x + d — 3. However,

1 1 1 2
—2dm+4x+d—3§2d-2+4<+>+d—3:—1+

2 2d d

is negative for d > 3. Thus 7 is decreasing.

Further,
1 —o a-
(@) = 15 (1~ 2) T 2T (4(d - 4)(d — 2)a® — 4(d — 4)(d — 3)z + d® — 10d + 21) .
1 1 1
<< 2o
For 5 <z< 2—i—2dvveh.2we,
4(d —4)(d — 2)z* — 4(d — 4)(d — 3)x + d* — 10d + 21
1 1)\? 1,
<4(d —4)(d — 2) 5—1—% —4(d—4)(d—3)-§+d —10d + 21
8 10
-z + i 6
and the last expression is negative for d > 3, whence 7" (z) < 0. ]

By Sublemma 10.13, the integral in (10.29) can be bound below by
d
1

111 i1 %‘i+21_g
224 \\2 " 24 2 2 ‘
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Moving this to the right-hand side of (10.29) means we have to show that (10.30) is at least

d

(10.35) 2‘51d <3 <1+;>ﬁ3<1_61l)11_1>.

It suffices to replace (10.30) with its lower bound (10.34). That is, we shall prove

3d+1 1\ T 1\ T
>3(14 = R
rzs (i) (- ])

Rearranging the right-hand side of (10.36) we get

(10.36)

-3 a1 d+1 a1 1
s(i+2) " (1=2) " =s(i+ ) (=L) T (14l
d d B d d d
T/ 1T 4
_3<1+d> @‘y) i1
In particular, (10.36) is equivalent to
d41 d—1
1\ 4 1\ 4
(10.37) 3d+1>3d (1 n d) (1 - d)

d+1
4

1
is increasing with limit e4, so

N
1— =
(-3)
N[ 1\”
1-- 1—-—
(-3) ()
1\ 1
The sequence (1 - d> is increasing with limit e*i, so the right-hand side of (10.38) is further

)

11>11_i
HE Y

an inequality easy to establish using calculus. [ |

1
As before, the sequence (1 + d)

a+1

1\ « 1 ot
d 1+ - 1—-

N

IN

3de
(10.38)

IS
IS

3de

at most

N

Now (10.37) is implied by

Lemma 10.14. ca 3 >0 for 3 < d € N. In addition, if d € R and d > 16, then ca_ 3 > 0.
2 2 22

Proof. We claim that

d 7d 3 d 3d 1
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Using (10.22) we rewrite the first summand in (10.39) as

d 7d 3 d 3d 1\ (5+
(10.40) I%+23d<4+4,4—4)— %+23,1<4+4’4+4)_ (d %

Upon multiplying (10.39) with B (%

d 3d 1 d 3
(10.41)  2B1, s <4 +oa Tt 4> > B <4 + 5

Further, using

(10.42) B.(a+1,b) =

a+b
on the two betas in (10.41), we get
144 () gyrivd
d—1p d_1d 1) 2(+g) "(1-7)
d Tata\4 4744 2% d

or equivalently,

3 a+3
1d 1 1d 1 3
(1043) 2B, s d_td 1N pfd_ 1d 1) 12 (1 - dz DK
sa\d 144 1 111 2% (d 1 3)

The first summand on the left-hand side of this inequality can be expanded as

1, 3
d 1d 1 d 1d 1 3720 4 3 d_3
23%%(4_y4+4):ﬂ%(4_44+4>+2ﬁ w1 e de
2

As in Lemma 10.12,
(10.44)

d 1d 1 d 1d 1 12 4 5 a_s
2B%<4—4,4—f'4>—.B<4—4,4‘i‘4)—\/0 T4 4(1—17)4 4(\/1—1‘—\/.%) dx

can be bound below by

4
(10.45) d
2

25 (d—1)

Similarly, xi_%(l — )

d
1

w

L

~1 is decreasing and concave on (% % 2371) for d > 5, so
v 6(0-97
d_>5 d_3
(10.46) 2/ x4 1(l—x)a adx >
1

N

(1+3) T +1>

d
2 22d

55
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Using the two lower bounds (10.45) and (10.46) in (10.43), it suffices to establish

d—3 d—5
d=s 4+3 6(1—34 1+34+1>
4 - 12(1_%) 1 (1+%) 4 B ( d) ( d)
i—1- d+3 d
(10.47) 3\ T 3\NT /d+3 1\ 6
: —6(1-2 142 gt 1) _ 2
6( d) (*d) < 2 d) d
3\ T NT d+6 6
=o(i-g) T (+3) T E

The sequences

are increasing, the product of their limits is 1. The inequality (10.47) is easy to verify (by hand
or using a computer algebra system) for d = 1,2,...,16. Now assume d € R with d > 16. It
is enough to prove

4 6 3\ 'd+6 d+6
10.48 ——+->6(1-% =6 :
(10.48) i—17d° ( d) > d(d - 3)
Equivalently,
2 (2d* — 33d + 27)
>

(d=3)(d—1)d ~

But this holds for all d > 3 (11 + /97) ~ 15.6366. n

The proof of Theorem 10.1 is now complete.

11. BOUNDS ON THE MEDIAN AND THE EQUIPOINT OF THE BETA DISTRIBUTION

Like the median, the equipoint is a measure of central tendency in a probability distribu-
tion function (PDF). In this section we establish, for the Beta distribution, new lower bound
for the median and, by relating the equipoint to the median, bounds on the equipoint needed
in the proof of Theorem 1.2.

As in Section 1.8 we follow the convention that s,t € Ry, and consider the Beta dis-
tribution Beta(s, t) supported on [0,1]. We denote by 0s¢: [0,1] — R the probability density
function of Beta(s, t), i.e.,

:L‘sfl(l _ x)tfl

B(s,t)
for z € [0,1]. The cumulative distribution function of Beta(s, t) is I, (s, t) defined for = € [0, 1].
We are interested in the median m,; € [0, 1] of Beta(s, t) and in the (s, t)-equipoint e, ¢ € [0, 1]
defined by

Qﬁ,t(ﬂf) =

1
(11.1) L, (5,t) = B
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and
(11.2) I, (s, t+ 1)+ I, (s +1,t) = 1
respectively. Here we used that I;(s,t) and (s, t+ 1) 4+ I;(s + 1, t) are strictly monotonically
increasing for x € [0, 1]. We will continue to use this tacitly throughout this section.
11.1. Lower bound for the equipoint e;¢. In (11.2), if we move one of the two terms to
the other side, we get the equivalent forms
I, (s, t+1) =11 ¢, (t,s+1), I, (s+1,t)=1I1_. (t+1,5).
Lemma 11.1. For all s,t € Ry and = € [0, 1], we have
(1 — a:)t
stB(s,t)

(b) Ip(s,t+ 1)+ I(s+1,t) =2I,(s +1,t+ 1)+ (1 — 2x)

() Ip(s,t+ 1)+ (s + 1,t) = 2L,(s,t) + (s — t)

(s + H)a°(1 —2)'
s5tB(s, t)

Proof. Use the identities (8.17.20) and (8.17.21) from http://dlmf.nist.gov/8.17#iv. ™|

Although there are some results on the median ms ¢ for special values of s, t € Rzo“l, about
the only general thing that seems to be known [PYY89] is that
s—1
(11.3) )
if 1 <t< s (see also [Ker+] for an asymptotic analysis and numerical evidence in support of
better bounds). The lower bound in (11.3) is actually the mean pugq¢ of Beta(s,t) if s, > 0
and the upper bound is the mode of Beta(s,t) if s,t > 1. In the next subsection we shall

m57t <

significantly improve the upper bound in (11.3).
Using Lemma 11.1(a), we see that
1 mg (1 —msy)*
1, t+1 1 1,t) =2— —fy)——>1
a8 1) o (5 1) = 25 4 (6 = " e >
and therefore
(11.4) €5t < Mg

whenever s,t € R and 0 < t < s. Using Lemma 11.1(b), we get

Im5+l,k+1 (57 t+ 1) + Im5+1’¢+1 (5 +1, f) =

1 t s(1 — t
25 + (1= 2mey1041) B+ O mare1) (1= M)

s+1 _54+5+1 1
> = — by (11.3). This shows that
s+t+2  s+t+2 2 Y( ) 1s shows tha

(11.5) M 41,641 < €t

<1.
stB(s, t) -

since Mgy 41 2>

whenever s,t € R and 0 < t < s.

Isee http://en.wikipedia.org/wiki/Beta_distribution
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These inequalities combine to give:

Proposition 11.2. Fors,t € Ry,

5s—1
11.6 < < —
( ) Es,t > Mgt stt—2
when 1 < t<s and
s+ 1
m < Msyp11 < Eqt

when 0 < t < s. Later this lower bound on es ¢ proves important to us.

Proof. The first line of inequalities (11.6) follows from (11.3) and (11.4). The second from
(11.3) and (11.5). n

Remark 11.3. The inequality (11.6) is easier to prove than the inequality esy < 5 from
Theorem 10.1; however, this weaker inequality seems not to be strong enough to prove Theorem
1.2. O

11.2. New bounds on the median of the beta distribution. Having a lower bound for
the equipoint e;¢ in terms of the median mg41 ¢4+1, we now turn our attention to the median
of the beta distribution.

By Lemma 11.1(a), Simmons’ inequality (10.2) is equivalent to

(Ns,t)5 (1- ,Uﬁ,t)t
stB(s,t)

which is therefore conjectured for all s,t € R with 0 < s < t. Proposition 11.5 below proves

(11.7) 20, (5,8) + (s — ¥) >1

a weakening of (11.7) where an extra factor of 2 is introduced in the second term on the left
hand side.

Lemma 11.4. Suppose s,t € R>o and set p := pg¢. Then

1—
(11.8) /O“(,u —z) M1 —p+a2) e do = /0 H(M +2) 1 —p—2)" e da

pl-pt st
s+t (st

Proof. Reversing the direction of integration in the first integral and changing the domain of
integration in the second integral, we get

(11.9) /Ou(,u — o) M1 —p+ ) e de = /Ou 21— o) (- z)du,

1- 1
(11.10) /0 M(,u +2) M1 —p—2) e de = / 21— 2)7 (2 — p)da.
I

If we subtract (11.9) from (11.10) and divide by B(s,t), we get

1
/0 Qs,t(x)(x — /L)d.%' =p—pu=20
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by the definition of the mean p. So the first equality is proved. On the other hand, if we add
(11.9) and (11.10) and divide again by B(s,t), we get

1
/ 0es(@)| — plda
0

which is by the formula for the mean absolute deviation of Beta(s,t) (cf. the proof of [DZ91,
Corollary 1]) equal to
2p(1 — p)
s+t
thus showing the second equation. The third equation in (11.8) is clear. ]

0s.4(11),

Proposition 11.5. Suppose 1 <t <s such that s +t > 3 and set 1= uss. Then we have

pe(l—p)
20,(5,) +2(s — ) ———— > 1
#(5) )+ (5 ) EtB(E,t) =
Proof. We have to show
pe(1 =)t
I 20 -t ) ———— > 11 _
,U«(svt) + (5 t) ﬁfB(S,t) = 11 ,u,(tvs)

which is equivalent to
B}L(sat) + 2X > Bl*,u(tvﬁ)
where

= —p®(1 -
X 5tu( 1)

This means )
1 —h
2x + / 2711 - ) de > / 271 - z)* e
0 0

which we rewrite as

X+ / (n— $)571(1 —u+ I)tfldx > —x + / (1 + x)s—l(l — - x)tfldx.
0 0

We have % < p < 1 and therefore 0 < 1 — p < % < p < 1. In particular, the domain of
integration is smaller on the left hand side. The idea is to compare the two terms under the
integral pointwise on [0,1 — u] after correcting these two terms using y and —y, respectively.
The two terms agree when substituting = 0. The derivative at = 0 of the term under the
integral on the left hand side is by the product rule the negative term
_ _ _ _ot—5
w1 =) s+t =2) —s 1) = (1= )
and on the right hand side it is the additive inverse. We want to counterbalance the derivatives
at x = 0 by adding and subtracting a multiple of the term from Lemma 11.4 on the left and

right hand side, respectively. The derivative of that latter term at x = 0 is of course
_ _ _ _ st
Ms 1(1 _ M)t 1 _ Ms 2(1 _ M)t 2

(s +1)2
We thus would like to add
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times the term from Lemma 11.4 on the left hand side and subtract it on the right hand side.
The miracle now is that this is exactly x. Our claim can thus be rewritten as

H 1-p
/ (p—2) 1A —p+2)7 11 + cx)de > / (p+x) 1 —p— )71 - ca)dr.
0 0

The two terms under the integral now take the same value at x = 0 and have the same
derivative there. There is now a hope to show for « € [0,1 — p] that the term on the left hand
side is pointwise less than or equal the term on the right hand side. We will do this and thus
even show the stronger claim that

I—p 1—p
/ (p—2) 1A —p+2)7 11 + cx)dz > / (w+z)* 1 —p— )7 (1 - cx)da.
0 0

If we define (noting that 1 —cx >1—c(l—p)=1-ct =1-22=1>0)

s+t 5

-1 t—1
G 01— p) >R, 2> pw—x\° 1l—p+x 14+cx
Y ’ w+ T l—p—2x 1—cx’

it is thus enough to show that g(z) > 1 for all z € [0,1 — p]. Clearly we have g(0) = 1. So it
is enough to show that ¢'(z) > 0 for all z € [0,1 — ). A straightforward calculation shows

p=x\® (1=t
2 (’H_x) (1_”_17) + I2h(l‘2)
1—cx)*(1—p+x)?(p—x)?

g(l‘)Z(

where
[07 (1 - M)2] — R

(s—1)(s+t—3) (s+1) (54 —53(2t41) 4282425 (t—1)t2 —(t—l)t3)
st - 52 Y-

Since h is linear, it is thus enough to show that h(0) > 0 and h((1 — p)?) > 0. The first

condition follows from the hypothesis s + t > 3. Another straightforward calculation shows

(t—1) (267 — 3st 4 t*)
52

Yy —

h((1 = p)?) =

Because of t > 1 it remains only to show that 25? — 3st + > > 0. Now we have

262 —3st+ 2 = (s —t)(2s — ) > 0
since s > t. ]

The following corollary improves the previously known upper bound (11.3) on the median
Mg ¢ in the case where 1 < t < s and s + t > 3 because of the following lemma.

Lemma 11.6. Suppose s,t € R such thats >t>1 and s +t> 2. Then
5 " 5—t < s—1
s+t (s+t)2  s+t—2

Proof. A straightforward calculation yields
s—1 s s—t 2(s — t)
s+t—2 s+t (s+t)2 (s+t—2)(s+t)2 "~
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Corollary 11.7. Suppose 1 <t < s such that s +t> 3. Then we have

5 < < n s—t
=——<m —_—
Hat = g = et = Hat T 2

Proof. The first inequality comes from [PYY89]. To prove the second, we have to show that

M"" 557(2
ety 0st(z)dx > 1

21,(s,t) + 2/

m

where 1 := ps¢. By Proposition 11.5, it is henceforth enough to show that

t

Pt 5

(5+£) 1% (1 M)
r)dr > (s —t)—————.

/ﬂ 0s.(%) (5-1Y stB(s, t)

This is trivial if s = t. If 1 < t (and therefore 1 < s), then 5-51—1—12 is the mode of Beta(s, t) and
by Lemma 11.6 we have

0s,t(7) > 0st(11)
]. Therefore it is enough to show that

for all z € [, n+ (5+t)2

s—t el —p)
> (s — )~ L
(s+02% )z (s -1 stB(s, t)
but this holds even with equality since
1 pd—p) _
5+ )2 st
(

The following table illustrates the quality of the lower bound ts ¢ on the median my ¢ (for
(for 1 <t<swiths+t>3)
(11.7) is true for all
real s,t (as opposed to s,t € %N as given by Theorem 10.1) with 1 < t < s with s + t > 3,
then one can deduce along the lines of Corollary 11.7 an even better upper bound on mg for
1 <t<s with s +t > 3, namely ps¢ +

1 <t<s) and the quahty of the new upper bound s ¢ + (5+t)2

s~— which we therefore also include in the table.

60
s t Ihs,t Mgt st + ﬁ st + ﬁ P
2.5 1]0.714286 0.757858 0.77551 0.836735 1
3 1 0.75 0.793701 0.8125 0.875 1
3 2 0.6 0.614272 0.62 0.64 0.666667
4 210.666667 0.68619 0.694444 0.722222 0.75
10 3 ]0.769231 0.783314 0.789941 0.810651  0.818182
10 7 ]0.588235 0.591773 0.593426 0.598616 0.6

12. PROOF OF THEOREM 1.2

In this section we prove Theorem 1.2 by establishing Proposition 9.2. We start by tweaking
Problem 9.1:
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Problem 12.1. Given a positive integer d, minimize

21 —0)sh o (5,1+35) +20tl, (5,1+ 5)

—1
(1—0)s+ ot

fsilo) =

subject to the constraints

(i) s,t e Nand s+t =d;

d
e 2
(11)3727 .
(iii)OSUSg; and

st t s
L2 v1)=0n_,(2241).
(iv) <22+> 1 (22-1-)

Problem 12.1 is equivalent to Problem 9.1. Indeed, the only difference is the interval for
o in (iii). However, by Section 10 we know that o5+ = o € [0, 1], the solution to (iv) will

. . s
automatically satisfy o; < 7

12.1. An auxiliary function. For s, € Ry let

s t t s
(12'1) gs,t<0) =—-1+1, (2,2+1) + 1L, (2,2+1> .

Lemma 12.2. For s,t € Ry, we have

S t
fs,t(o's,t) = gs,t(as,t) =2 Ias,t <2; 1+ 2) — 1.

Thus at the minimizer of fs:, the functions fs: and gs; have the same value.

Proof. This is straightforward since f,; assumes its minimum where the two incomplete beta
expressions (appearing in both f,; and gs;) are equal. [ |

Lemma 12.3. The function gs; can be rewritten as
FG+3+1)

o) = o1 - 0)!/? :
(12.2) 9s.1(0) (1-0) TG+ (L+ 1)

Proof. First recall that I1_;(b,a) =1 — I,(a,b) and apply this to the second incomplete beta
summand in the definition of g ;:

st s t
gs,t(o-) = Ia’ <27 5 + 1) - Io‘ (2 + ]-a 2> .
Now use recursive formulas for I,° and simplify. |

S
Lemma 12.4. The function gs; is monotonically increasing on [0, -Ft] whenever s,t € Ry
S

with s > t.

SEquations (8.17.20) and (8.17.21) in http://d1lmf.nist.gov/8.17.
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Proof. Using Lemma 12.3 it is easy to see that

1. . P(5+5+1
g;’t<g):—§0'2 11 -0)2 1(3(0—1)—&-075){‘(35_21 ;(éll) u

We shall exploit bounds on o,;. The lower bound can be deduced from our results in
Section 11:

Corollary 12.5. For s,t € N with s > t we have

s+2

12.3 > T2
(12.3) Ot = St 4

Proof. Simply note that in the notation of Section 11, os; = es + and use Proposition 11.2. =

s
2732

Combining this lower bound for o, ; with Theorem 10.1, we have for s,t € N with s > ¢,

s+ 2
12.4 t) ;= ——— <04 < =: ).
(124) Wit = o S S =)
Lemma 12.6. For s,t € N with s > t we have
(125) gs,t(ﬁ”(svt)) < gs,t(as,t) = fs,t(gs,t) = gs,t(as,t) < gs,t(w(sat))-

Proof. This follows from the monotonicity of gs; on [0, Jsrt] and by the coincidence of f;
S

and gs; in the equipoint o ;. [ ]

12.2. Two step monotonicity of f,(os). In this subsection, in Proposition 12.8, we show
for s, t e N with s >t that fsﬂg(O's,t) < fs+2,t72(0'3+27t72)..

Lemma 12.7. If s,t € Ry with s >t then

(12.6) gs+2,t—2(P(s +2,t —2)) > gs1((s,1)).

Proof. With d = s +t, (12.6) is equivalent to

(12.7) (44 5)°F2d? > s°(4 + d)4(2 + 5)2.
This follows from (12.2) and the identities B(a 4+ 1,5) = iﬁB(a,ﬁ) and B(a,8+ 1) =
a
B
B .
i Bla)

Rewrite (12.7) into

(12.8) <1+3)d§ (1+;l)s (ii;)Q:: £(s).
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We claim the right-hand side £(s) is an increasing function of s on R>g. Indeed, using

s =28,
wo=e(3)= (++2) (522
S S )
(142 (2 (58)

The first factor in the last expression is well-known to be an increasing function with limit e?.

- 2\% (5 +2)\?
«=(+5) (571)

Then

But it is well-known and easy to see that this left-hand side is decreasing with limit e2. This
shows that ¢’(S) > 0 and hence the right-hand side of (12.8) is an increasing function of s.

It thus suffices to show

R R I

or equivalently,

d+4\2  [d+8\2"2
. _— <[|[—— .
(59«2

Again, we show this hold for d € Rsg. Writing d = 4D, (12.10) becomes
D+1\2P D 49\ 2t2D
(12.11) e I e :
D D+1

So it suffices to establish
D D41
1+ L <1+ 1
D - D+1 '

But this is well-known or easy to establish using calculus. u

Proposition 12.8. For s,t € N with s > t we have

(12.12) fot(ost) < fsr2,-2(0s42,4-2)-
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Proof. Observe that

12.5
fot2,—2(0s42,0—2) ( > ) Gst2,—2(P(s +2,t —2))
(12.6)
Z gs,t(w(sat»
(12.5)
> fs,t(as,t)- [ |

12.3. Boundary cases. Having established for each d monotonicity in s of fsq s(0sd—s),
where g < s <d -2, we now turn to the boundary cases.

Lemma 12.9. For s € N we have

(12'13) gs+1,s—1(7l(3 +1,s— 1)) > gS,S(w(‘g? S))

Remark 12.10. The proof uses Chu’s inequality (see e.g. [MV70, p. 288]) on the quotient of
gamma functions, which says that for s € N,

2s+1<1“(§+1)< s+1
V74 T ) C Vas+l

Thus, it is at this point the assumption that s is an integer is used. O

Proof. Inequality (12.13) is equivalent to

s+1 2
+2)%((s+1)(s+3) 2 I'(5+1
1214 6+ D6+ TN G+’
2r (*3°)
Further, using Chu’s inequality it suffices to establish
1\ 7T 1
2
12.15 1— — >1-— .
( ) < (3+2)2) - 2545
Equivalently,
1 211 (25+45) 1 2545
12.16 11— — >(1- :
( ) ( (s—l—2)2) —< 25+5>
The right-hand side of (12.16) is increasing with limit as s — oo being e . Further, as
1
S;r (2s+5) < (s+2)? -1 for s > —1,
we have
1 11 (25+5) 1 (s+2)2—1
12.17 l1—— >l - ——7
(247 (- r) > (1)

Now consider
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We claim it is (for > 1) decreasing. Indeed,

2(1— 1) 2 (22log (1— &) + 1)
z2—1

() =
and
2 1
zlog (11— — ] +1<0
x

since
2

1 x
1— —
()
is increasing with limit e,

Now the left-hand side of (12.16) is greater than the right-hand side of (12.17) which is
decreasing with s towards e~! which is an upper bound on the right-hand side of (12.16). =

Lemma 12.11. For s € R with s > 1 we have

(12.18) Got2amt (s + 2,5 = 1)) = gurra(i(s + 1,5)).

Proof. Expanding ¢’s as was done to obtain (12.7), we see (12.18) is equivalent to

Eroet 1\t
(12.19) g(s):—5+4<1+4> <2 +1) >1

s+ 2 S 25+5
Letting s = 25, consider

_ s\ S42 2\ % 4 \25+3
“(S)_£<2)_S+1<1+5) (1_4S+5> '

We have to show that Z(5) >
for S € [3,00) and limg_,00 2(5) =

for S € [3,00). To this end, we will show that Z/(S) < 0
. For the latter, note that

4 25+3 4 -2 4 5448
li 1-— =1 1— li 1— _ 4
sinéo( 4s+5> s‘i&( 4S+5) si“éo( 4S+5> ¢

and therefore

lim 2(5) = e*Ve 4 = 1.

S—o0
A straightforward computation shows

541
NS =)
=(8) = (S+1)2(4S + 5) =1(5)

where

21(5) :=1+254 (S+1)(S+2)(45 +5)

lo 1— + 16 - 16 + 32 + g
& 4S+5  (4S+52 (4S+5)S  (4S+525  S)°
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It is enough to show that =;(S) < 0 for S € [, 00). Using logz < x — 1 for = > 0, we have

E1(5) <

1+25 + (S + 1)(S +2)(45 + 5) (_ 8 16 16 32 2)

1S+5  (4S+52  (45+5)S  @S+5)25 S
9 4
~ 5(4S+5)  5S

which evaluates to —% for S = % and therefore is clearly negative for S > % ]

Proof of Proposition 9.2. Suppose d = s + t is an even integer. If s and t are even integers
with s > t, then two step monotonicity in Proposition 12.8 tells us that the minimizer over r
even with s —r >t +r, of fo_y 14+ (0s—r4r) occurs where s —r =t +r; that is, s = % =t If
s and t are odd integers with s > ¢, then stepping r by 2 preserves odd integers, so two step
monotonicity gives that the minimizer in this case is at s = % +1landt= % — 1. Compare the
two minimizers using Lemmas 12.7 and 12.9 which give:

(1220) fs,s(a's,s) < g8,8(¢(87 3)) < gs—&-l,s—l(qi(s + 17 s — 1)) < fs—&-l,s—l(o-s—f—l,s—l)'

Apply this inequality to s = % to get the minimizer is %.

Suppose d is an odd integer. As before, Proposition 12.8 gives that the minimizer of
fst(0st) over s odd and t even is s = g + % and t = g — % Likewise minimizing over ¢t odd
and s even yields a minimizer which compares to the previous one unfavorably (using Lemmas
12.7 and 12.11). m

13. ESTIMATING 9(d) FOR ODD d.

Recall that 9¥(d) (d € N) has been introduced in (1.1) and was simplified in Proposition
4.2. Tt was explicitly determined in (1.2) for even d by the expression which we repeat in part
(b) of Theorem 13.1. For odd d, we have only the implicit characterization of Theorem 1.2. We
do not know a way of making this more explicit. In this section, we exhibit however, for odd d,
a compact interval containing ¥(d) whose end-points are given by nice analytic expressions in
d. For the upper end point of the interval, we provide two versions: one involving the gamma
function only and another which seems to be even tighter but involves the regularized beta
function. The main result of this section is

Theorem 13.1. Let d € N.

(a) 9(1) =1
(b) Suppose d is even. Then

9(d) =

Y S
w\»—t —
»Jk\&. »Jk\&.
S— [ —

(¢) Suppose d > 3 is odd. Then there is a unique p € [0, 1] satisfying

d+1 d+3 —1d+5
B(55 )‘fl—p(4 )
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For this p, we have p € [3, 4],

2d
U (T (42)
p T (1—p) T (441)

QL

(13.1) 9_(d) < 9(d) = < min{0, (), V.44 (d)}

where 9_(d), 94+(d) and 944 (d) are given by

. d2d
ﬁ—(d) - \/(d+ 1)d+1(d_ 1)d_1 19++(d)7

1 _d—lI d+1 d+3 d+1I d—1 d+5 1 and
(@) d S\ 4 0 4 d S\ 4 ' 4 o
T F(M)
Fip(d) =4/ = 2

13.1. Proof of Theorem 13.1. Our starting point is the optimization Problem 9.1 (or its
equivalent Problem 12.1) from Section 9. Any good approximation p of o, ; will now give upper
bound fs¢(p) on the minimum f;(0s+) of fs;. This will be our strategy to get a good upper
bound of ﬁ, i.e., a good lower bound of ¥(d). Getting good upper bounds of ¥(d) will be
harder. To do this, we introduce sort of artificially simplified versions gs4, hst: [0,1] — R of
fs,+ having the property

flost) = g(0s4) = h(os4)

but decreasing at least in one direction while moving away from o,;. The upper bound of
9¥(d) arising from ¢ seems to be tighter while the one arising from h will be given by a simpler
expression. Let these functions be given by

t s st
Qs,t(p):2<shp(2’2+1) +tlp(2’2+1)> -1 and

s+t s+t

t S S t
hs(p) = Ii—p <27 3 + 1> + 1, (2, B + 1) -1

for p € [0,1]. Using the standard identities with beta functions, it is easy to compute

Lip) = 1-2 and
s, () B(%,%) ( p)
1 1
W _pr (A=p)z” (s+1)((1 —p)s —pt)
47 7B (5. 9)

1
2

and strictly decreasing on [;3,

for p € [0,1]. Therefore g,, is strictly increasing on [0, 3] and strictly decreasing on [3,1], and

hs is strictly increasing on [0 1]. Another useful identity

’s

(13.2) e (557) =i (25).
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2(S+t) El 12
hsi(p) = ———~—p2(1—p)2

tB(ﬁJ%)

_ pi(l—p)?

T G+E+)B(3+1,L 41

(2 2 2 2

CrGaben Lo

R T CE S

r—1 1— y t
Proof. Using the identities I,(x,y) = Ip(z — 1,y + 1) — P (0= D) and B (; +1, >

S s t
B(2,~), t
s+1 <2 2) we ge

t s s t s t p%(
ot (s en) =n (G erg) =0 (55 ) -
2

t
and therefore hg(p) equals the first of the three expressions. Using B <; +1,-+ 1>

69

)
*__p(s Ll st (5L t from this that hy (p) al 1
EEE—— —, = = -, = we get 1Irom 1S a alSO equals
stt+2 \2'2 G+i)s+t+2) \272) "8 stP d
the second expression. Finally,
B(S+1t+1>_T(§+1)F(§+1)_ FG+1)r(z+1)
2 72 I(53+5+2) G+z+)T(G+3+1)

yielding that h,(p) equals the third expression.

Proof of Theorem 13.1. (a) is clear. Part (b) has already been proven in (1.2) but we shortly

give again an argument: If d is even, we know that

1
o~ T440e) = heglogy)
but obviously g4 4 = % and so by Lemma 13.2
272
1 <1) r'(4+1)
—_— = hg d\5 )= —F =35 -
o(d) ~"45\2) T p ()Tt

By the Lagrange duplication formula’ we have
d 1 1 d 1 d
r g—i—l =2+ =——0({-+-|T'(-+1
2 4 2 Jm22 4 2 4
which proves part (b).

bsee (8.17.19) in http://dlmf.nist.gov/8.17
Tsee 5.5.5 in http://dlmf.nist.gov/5.5
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It remains to prove (c ) and we suppose from now on that d > 3 is odd. Then the defining
Equation (9.2) for p := 0as1 a-1 is the one stated in (c) and we know from Theorem 1.2 that

2

1
9 fagr aa(p) = gaps aca (p) = hagr aa ().
Using Lemma 13.2, we get
1 T (M 4+ L 1) d+1 d—1
_— = h _ = 4 4 T4 — 4 R
o e S rE ey @yt
showing the equality we claim for ¥(d). From Section 11 we know that
Lo,cdtt
2 2d

By the monotonicity properties observed earlier, this implies

d+1 1
gdt1 d—1 (> < gas1 a-1(p) =

2 3 2d PR ﬁ(d)
and

h 1 <h _

a5\ g ) = hapr a0 = gy

The first inequality shows by a simple calculation that ¥(d) < 94 (d).
To show that ¥(d) < ¥44(d), it is enough to verify that

1 1
13. h 1 1| =)= ———=.

To this end, we use the third expression in Lemma 13.2 to obtain

hd+1d_1<1): I'(¢+1)

D )T (1)

By the Lagrange duplication formula, we have
1
I d+3 _1 (o d+3 _ 1 ey d+3 r d+5
2 4 N3 4 4

h <1> r(4+1) \/Er(gﬂ) 1
d+1 d—1 | = | = —————F—= = .
Sh\ 2 I (43 % T (43) ~ 044(d)

Finally, we show that ¥_(d) < d(d). This will follow from

[VlisH

1\3\&

and therefore

if we can show that
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But this follows from

dt1 d—1
1 (d+1\ 7 (d—-1\7T 1
I-(d) \ d d L C

d+1 d—1

d+1\ F (d-1\'T
d d

d+1 d—1
PR

(

where the second equality stems from 13.3 and the third from Lemma 13.2.

71

1

2

d+1
2d

) =teseo (7

= hday1 a—1
2 03

The following table shows the approximate values of ¥(d) and its lower and upper bounds

from Theorem 13.1 for ¢ < 20

d| V_(d) Id) I(d) V44(d)
1 — 1 — —
2 — 1.5708 — —
31 1.73205 1.73482 1.77064 1.88562
4 — 2 — —
512.15166 2.1527 2.17266 2.26274
6 — 2.35619 — —
7 12.49496 2.49548 2.50851 2.58599
8 — 2.66667 — —
9 12.79445 2.79475 2.80409 2.87332
10 — 2.94524 — —
11| 3.064 3.06419 3.07131 3.13453
12 — 3.2 — —
13 | 3.31129 3.31142 3.31707 3.37565
14 — 3.43612 — —
15| 3.54114 3.54123 3.54585 3.6007
16 — 3.65714 — —
17 | 3.75681 3.75688 3.76076 3.8125
18 - 3.86563 — -
19 | 3.96068 3.96073 3.96404 4.01316
20 - 4.06349 - —

13.2. Explicit bounds on ¥(d). In this subsection we present explicit bounds on 9(d) for

d € N. Theorem 13.1 gives an explicit analytic expression for ¥(d) when d € N is even, and
gives analytic bounds for ¥(d) with d odd.

Proposition 13.3. Let d € N.

(1) If d is even, then
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(2) If d is odd, then

il/(1 1 >d+1<1+1>d1‘ﬁ d+3<z9(d)§\/27?' d+2‘

Cd+1

o) VE
(3) W@ have dli)l{.lo W = 7

Proof. Suppose that d is even. By Theorem 1.2,
(13.4) I(d) = VrT—7—.

Since d is even, we may apply Chu’s inequality (see Remark 12.10), to the the right-hand side
of (13.4) and obtain (1).

Similarly, (2) is obtained by applying Chu’s inequality to (13.1). Finally, (3) is an easy
consequence of (1) and (2). [ ]

Observe that these upper bounds are tighter than the bound dJ(d) < g\/g given in
[B-TNO2].

14. DILATIONS AND INCLUSIONS OF BALLS

In this section free relaxations of the problem of including the unit ball of RY into a
spectrahedron are considered. Here the focus is the dependence of the inclusion scale as a
function of g (rather than d). Among the results we identify the worst case inclusion constant
as ¢g. This inclusion constant can be viewed as a symmetric variable matrix version of the
quantitative measure «(C9) of the difference between the maximal and minimal operator space
structures associated with the unit ball in C9 introduced by Paulsen [Pau02] for which the best
results give only upper and lower bounds [Pis03].

14.1. The general dilation result. Let A € S be a given g-tuple and assume Dy, is
bounded.

Proposition 14.1. Suppose Dy, , has the property that if C € Dr, and 1 < j < g, then

~

CJ:(O,,O,CJ,O,,O) GDLA'

If C € D, (n), then there exists a commuting tuple T € Dy, ,(gn) such that C dilates to gT .
The estimate is sharp in that g is the smallest number such that for every g-tuple A (satisfying
the assumption above) and g-tuple X € Dy, , there exists a commuting g-tuple T' of symmetric
matrices of size gn such that X dilates to gT and the joint spectrum of T lies in Dy, ,(1).
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Proof. Given C, let T; = &{_, T}, where Tjj, = 0 (the nx n zero matrix) if j # k and Tj; = Cj.
It is automatic that the T; commute. Further,

LA(T) :é(I—Aj(@Cj) =0,

j=1

so that T' € Dy, ,. Finally, let V : R" — R" ® RY denote the mapping

1 g
Vh:—@h.

1

S

It is routine to verify that V*TV = %C.

The proof of sharpness is more difficult and is completed in Corollary 14.11. [ |

Remark 14.2. The hypothesis of Proposition 14.1 applies to the matrix cube. When d is large
and g is small, the proposition gives a better estimate for the matrix cube relaxation than does
Theorem 1.6 of Ben-Tal and Nemirovski. More generally, if Dy, , is real Reinhardt, meaning
if X =(Xy,...,Xy) € Dr,, then all the tuples (£X1,...,£X,) € Dr,, then Dy, satisfies the
hypothesis of Proposition 14.1. Of course any Dr,, can be embedded in a Dy, which satisfies
the hypotheses of Proposition 14.1. O

14.2. Four types of balls. Let B, denote the unit ball in RY. Here we consider four matrix
convex sets each of which, at level 1, equal B,. Two of these we know to be free spectrahedra.
A third is for ¢ = 2, but likely not for ¢ > 3. The remaining one we will prove is not a free
spectrahedron as part of a forthcoming paper.

14.2.1. The OH ball. The OH ball (for operator Hilbert space [Pis03]) %gh is the set of tuples
X =(X1,...,Xy) of symmetric matrices such that

X;<1
j=1

Equivalently, the row matrix <X 1 Xoo ... Xg) (or its transpose) has norm at most 1. The

ball %Zh is symmetric about the origin and also satisfies the conditions of Proposition 14.1.

Example 14.3. For two variables, g = 2, the commutability index of B$P(2) is at least %

2
Let
1 1 0 1 0 1
= \/§<0 —1) and  C% \@<1 0)

Evidently C = (Cy,C2) € BS". Suppose T = (T}, T») is a commuting tuple of size 2 + k which

dilates C'. Thus,
7 (G 9
J aj dj ’
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where a; is 2 X k and d; is k x k. Commutativity of the tuple T implies,

0 1 . . ay
(_1 0) = 0102 — 0201 = Q109 — Q201 = <a1 —a2> (a%> .

*

It follows that either the norm of (a3 — a2) or (a1 a2)* is at least one. In either case,

ajal + agay A I.
On the other hand, the (1,1) block entry of T + T% is
Iy + ara] + asas £ 21s.

Thus, for the tuple C' the smallest p for which there exists a tuple T' of commuting
operators with spectrum in B, such that C dilates to pT" is at least V2. In other words, the
commutability index of B$P(2) is at most % O

14.2.2. The min and mazx balls. Let %Ig“in denote the min ball (the unit ball B, with the
minimum operator system structure). Namely, X = (X1,...,X,) € %;ﬂin if

g
> aX; T
=1
for all unit vectors z € RY.

Lemma 14.4. For a tuple X of n x n symmetric matrices, the following are equivalent.

(i) X is in the min ball;
(i) By C Dp(1);
(iii) for each unit vector v € R™ the vector v*Xv = (v*Xjv,...,v* X v) € By;
(iv) X € D, (n) for every g-tuple A of symmetric 1 x 1 matrices for which Dy, , (1) 2 B,.

Proof. The equivalence of (i) and (ii) is immediate. The tuple X is in the min ball if and only
if for each pair of unit vectors z,v € B,

g
Z:Bj(v*va) <vv=1
j=1
and the equivalence of (i) and (iii) follows. Now suppose X is not in the min ball. In this case
there exists a € By such that X ¢ Dy (1) but of course Dy, (1) O B,. Thus (iv) implies (i). If
(iv) doesn’t hold, then there is a a € B, such that X ¢ Dy (1), but D, (1) D B,. This latter
inclusion implies a € B, and it follows that X is not in the min ball and (i) implies (iv). =

Remark 14.5. Note that ‘B‘gmn is not exactly a free spectrahedron since it is defined by
infinitely many linear matrix inequalities (LMIs). In a forthcoming paper we show using the
theory of matrix extreme points that in fact %I;m is not a free spectrahedron. 0

By comparison, the max ball, denoted B, is the set of g-tuples of symmetric matrices
X = (X1,...,Xy) such that X € Dy, for every d and g-tuple A of symmetric d x d matrices for
which Dr,, (1) O B,. Like the min ball, the max ball is not presented as a free spectrahedron
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since it is defined in terms of infinitely many LMIs. It is described by an LMI when g = 2. See
Subsection 14.2.3 below.

Proposition 14.6. The min and maz balls are polar dual in the following sense. A tuple
X € BF™ (resp. ‘Bgﬁn} if and only if

g
(14.1) Y XY =T

j=1
for every Y € ‘Bgﬁn (resp. B*). Moreover, if A is a g-tuple of symmetric d X d matrices
and if Dy, , (1) = By, then, for each n,

B, (n) CDr,(n) C ‘Bgﬁn(n).

Proof. Recall that Y € %I;i“ if and only if Dp, (1) 2 By, Thus X € B if and only if
X €Dy, forevery Y € ‘Bgﬁn. Conversely, X € B if and only if X € Dy, for every Y such
that By C Dr, (1) (equivalently Y € %gﬁ“).

Now suppose By = D, (1). By definition, if X € B7**, then X € Dr, since B; C D, (1).
On the other hand, if X € D, (n), then, for each unit vector v € R”,
I=vol = (0D _X; @A) @)=Y (0" X;v)4;.

J
Hence v*Xv € D, ,(1) C B,. By Lemma 14.4(iii), X is in the min ball. [ ]

Remark 14.7. The use of the term minimal in min ball refers not to the size of the spec-
trahedron itself, but rather by analogy to its use in the theory of operator spaces [Pau02]. In
particular, the min ball is defined, in a sense, in terms of a minimal number of positivity condi-
tions; whereas the max ball is defined in terms of the maximal number of positivity conditions
(essentially that it should be contained in every free spectrahedron which, at level 1, is the
unit ball). Proposition 14.6 is a version of the duality between the minimum and maximum
operator space structures on a normed vector space [Pau(2]. O

14.2.3. The spin ball and the canonical anticommutation relations. Fix a positive integer g.
The description of our fourth ball uses the canonical anticommutation relations (CAR)
[GaWgbh4, Der06]. A g-tuple p = (p1,...,pq) of symmetric matrices satisfies the CARs or is a
spin system [Pis03] if

PPk + prpj = 20 1.

One construction of such a system P = (Py,...,FP,), and the one adopted here, starts

(1 0 (o1
=40 1) 271 o)

For convenience let o9 = Ip. Given g > 2, each P; is a (g — 1)-fold tensor product of combina-

with the spin matrices,

tions of the 2 x 2 matrices o; for 0 < j < 2. In particular, each P; is a symmetric matrix of
size 2971, Define P, =01 ® 09 ® --- ® 0g and, for 2< j < g — 1,
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where o1 appears in the j-th (reading from the left) tensor; thus o2 appears j — 1 times and
oo appears g — j — 1 times. Finally, let P, denote the (g — 1)-fold tensor product o2 ® - - - ® 7.

The spin ball, denoted %Zpin, is the free spectrahedron determined by the tuple P. Thus,
X € By ifand only if Lp(X) = I P;®X; = Oifand only if 3°%_, X;® P; is a contraction
(cf. Lemma 14.8(iii)). Further relations between the three balls are explored in the following

subsection.

Here are some further observations on the spin ball. Let

(o1
57 \l21 0

Y =%, ={®% 0j :jx €{0,1,2,3}}.

In particular, the cardinality of ¥, is 49-1,

and let

Lemma 14.8. If X is a g-tuple of d x d symmetric matrices, then the matriz Z?:1 X; ® P;
has the following properties.

(i)

g g
Touw Q) XjeP)lou =) +X;oF
j=1 j=1
for each v € X with each sequence of £ assumed 2972 times;

(ii) the sets Zgi consisting of those elements u of ¥4 such that (I ®@wu)*( ?:1 X;P;)(I®u) =
+ 2?21 X; ® Pj have 2972 elements; each u € Z;t, other than the identity, is skew
symmetric,

(iif) >°; X; ® Pj is unitarily equivalent to — 3, X; @ Pj;

(iv) >, X;®P; has 2d eigenvalues (coming in d pairs of £ by item (iii) ) each with multiplicity
2972’.

(V) If O, X; @ P))T =0, then (3-, X; ® P))(I @ u)T' =0 for allu € X7 U,

Proof. We first prove

(14.2) o000 = 0;

for 0 < j,k < 3. Observe it may be assumed that 1 < j,k < 3. For such j, k, with s €
{1,2,3} ~ {j, k}, evidently ojo, = o,. Hence, o,0, = o (since j € {1,2,3} \ {k,s}) and
Equation (14.2) follows.

Equation (14.2) immediately implies u*Pyu = £P; for v € ¥, and 1 < k < g. Thus
(I@u) D, X;@Fl(I®u) = ?:1 +X; ® P; for some choice of signs. This proves the first
part of item (i). The rest of item (i) is established after the proof of item (ii).

Turning to the proof of item (ii), observe u € Z‘;r if and only if u*Pyu = P; for each
1 <k<g. When g =2, P, =0y and P» = 09. Evidently, 3] = {00} and ¥, = {03}. Now
suppose item (ii) holds for g. In this case, letting { P}, ..., P;} denote the CAR matrices for g,
the CAR matrices for g+ 1 are {qi,...,qg+1} where ¢ =01 ®1 and ¢; = 02 ® Pj_; for j > 1.
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g+1
and oo ® u € X ;. It follows that ¥, has at least 297! elements and all of these, except for

g+1- g+1
the identity are skew symmetric. Since v = o3 [ € X g+10 1t follows that vu € X g+l
u € E;Zrl and therefore ¥ | has at least 291 elements too. By induction, item (ii) holds.

If wisin E;, then IQuée X, and o3 @u € Yo Similarly, if u € ¥, then 01 @ u € E;_H
for each

Moreover, this argument shows there is a positive integer N, so that each sign arrangement is
taken either 0 of N, times.

We now use induction to show that every sign arrangement is assumed and thus complete
the proof of item (i). The result is evident for ¢ = 2. Now assume it is true for g. Let
r =03 ®o03® 1. Compute r*qir = 030103 ® (05103) = —q1, but

r'qj1r =050203 ® (03 ® I)Pj(03 @ 1)
=—02®(=Fj) = gj+1.
Thus the combinations of I ® u and 7*(/ ® u) for u € ¥, produce all sign combinations for
g+ 1

Item (iii) is an immediate consequence of item (ii).

To prove item (iv) - namely to see that each eigenvalue has multiplicity a multiple of 292
- observe if (3 X; ® P;)T' = AT, then the set {ul' : u € ¥}} is linearly independent. To verify

this last assertion, first note that if u,v € X, then uv € £%f. Further, each u € ¥} is skew
symmetric, except for the identity 1. In particular,

(1euw),I')=0

for u # 1. Hence, if Zuezj; cu(I @ w)I' = 0, then by multiplying by a v for which ¢, # 0, we
can assume c; (the constant corresponding to the identity 1) is not zero. Thus,

0= c(l®u)l,T)=cy|L|?

and a contradiction is obtained. To complete the proof, let m is the largest integer such
that there exists T'',...T™ such that {ul* : u € Z‘;, 1 < k < m} spans the eigenspace
corresponding to eigenvalue ), then the dimension of this space is m2972. We prove this
assertion using induction. Suppose 1 < k < m and S := {ul'V : u € E;r, 1 < j <k} is linearly
independent (and thus has dimension £29-2). Arguing by contradiction, suppose the A is in
the intersection of Sy and {ul'**1 : vy € E;}. From what is already been proved, the dimension
of the span of {uA : u € E;} is 2972 but this subspace is a subspace of both the span of S,
and the span of {uI'**! : u € X]}, contradicting the minimality of m. Hence the dimension of
the span of Sy is (k + 1)2972 and the proof is complete.

Item (v) is evident. [ ]

Lemma 14.9. The mapping from RY (in the Euclidean norm) to Myg—1(R) (in the operator
norm),

g
T Z x; P;
j=1

is an isometry. In particular, ‘szin(l) = B,.
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Proof. The result follows from (3_,_, z;Pj)? = (225 x?)[+zj<k(:vjxk —xpxj) PP, = (> :1:3)]
|

A consequence of Lemma 14.9 is that the tuple (Py,..., FPy) is in %gﬂn.

14.3. Inclusions and dilations. In this subsection we investigate inclusions between the
different types of balls introduced above.

Lemma 14.10. The norm of Z?:l P; ® Pj is g. Hence P is in the (topological) boundary of

g%f,pm. The norm of the block row matriz <P1 Pg) is /9. Thus P is in the boundary
of ﬁ%gh.

Proof. We prove a bit more. Let {ep,e;} denote the standard basis of R2. In particular,
ope; = ej, o1ej = (—1)Je; and o9ej = ej11 (modulo 2). For convenience, let h = g — 1. Given
a=(ai,...,ap) €Z8, let
2h
€a =€q; ® - RVeqy, €ER

v = Zea®ea.

aEZQ

and

Now we verify that, for 1 < j < g,
(14.3) P;® Pyy = 7.
Indeed, Pie, = (—1)“e, and hence P ® Piey, ® €q = €4 ® €4. For 2 < j < h,
Pieg = €a; @ -+ ® eq,

= 1@ ® ey 1110 (—1)%eq, ®ea,,, @ @ eq)

= (-1)rves,
where 8 = (aq1 +1,...,aj-1+1,aj,...,ap). Thus,

(P @ Pj)(ea ®eq) = €5 @ep

and the conclusion P; ® Pjy =« for 1 < j < h follows. The argument that P, ® Pyy = v is
similar.

It follows that (}_; P; ® Pj)y = g~ and hence the norm of 3 P; ® P; is at least g. Since
the norm of each P; is one, the norm of ) P; ® P; is at most g. The remainder of the lemma
is evident. ]

Corollary 14.11. The smallest p such that B7™ C pBP™ s p = g. In particular, the
estimate g in Proposition 1.1 is sharp.

Proof. Suppose By C pBP™. By Lemma 14.9, the tuple P coming from the CAR is in Bon
and by Lemma 14.10, P is in the boundary of ¢®8;"". Thus p > g. On the other hand, if
X e %gﬁn, then, since ’Brgnin satisfies the hypotheses of Proposition 14.1, X = gV*T'V, where

V' is an isometry and 7' is a commuting tuple of self adjoint matrices with spectrum in B,.
In particular, T € B3"" and thus éX € By too. Hence BY™ C ¢gBF™. Further, if the
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estimate in Proposition 14.1 were not sharp, the argument just given would produce a p < g
such that B1™ C pBP™", a contradiction. u

Theorem 14.12. The smallest p such that ‘th embeds into pB5P™ is NG

Proof. By Lemma 14.10, P is in the topological boundaries of ﬁ%gh and ¢®B3"™ Hence
P =9

To prove the converse inequality, we use complete positivity to show ’th C \/§‘szin.
We follow the solution [HKMI13] to the free spectrahedral inclusion problem as described in
Subsection 1.3.2. Let e; ; denote the (¢ +1) x (¢ + 1) matrix units. Letting A; = eqi+1 +e€i+1,1
fori =1,...,9, and A = (Ay,...,Ay), we have B" = Dy. Similarly, B — Dp. where
P = (P,...,P,). It thus suffices to show there is a unital completely positive map

1 .
P €1,i+1 +€i+1,1 — —P,; 1=1,...,9.

V9

Consider the following ansatz for the Choi matrix for v:

1 1 1
CL v A S B v
v
(14.4) Cp= |2
: S
1 p
2\/§9
Set
I PP --- PP
P P 15 15y
1. A I O 0 -7 D A & 1
29| )2l o
Pg PQ
PP o - I

It is clear that S = 0. Furthermore, the Schur complement of the top left block of Cy from
(14.4) is 0. Thus Cy is positive semidefinite. Furthermore, %I + gil = I, whence v is
unital. [ |

Proposition 14.13. The smallest p such that %;mn embeds into p%gh isp=./9.

Proof. The tuple P is in ‘Bgﬁn, but is, by Lemma 14.10, in the topological boundary of \/§‘th.
Thus p > /g. On the other hand, if X = (X3,...,X,)isin %E‘m, then each X is a contraction.

Hence the norm of the row matrix X = (X1 Xg) is at most |/g; i.e., X € %Zh. [ |

Proposition 14.14. A 2-tuple X is in the spin ball %;pin if and only if it dilates to a com-
muting 2-tuple T of symmetric matrices (an upper bound on the size of the matrices in T in
terms of g and d can be deduced from the proof) with joint spectrum in Bs.

Before giving the proof of Proposition 14.14 let us note a few consequences.

Corollary 14.15. ’B;pin = B> In particular, for a given 2-tuple A of d x d matrices,
By C Dy, (1) if and only if BP™ C Dr,. Finally, Y € B if and only if there exists a
positive integer pu such that'Y dilates to I, ® P.
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Proof. By Proposition 14.6, B2 C 8" Thus it remains to show if X € B then
X € B5?*. By Proposition 14.14, there exists a commuting pair 7' of symmetric matrices and
an isometry V such that X; = V*T;V and the joint spectrum of 7" is in By. It follows that
T € B85 and thus X € B85 too.

To prove second statement, note that, by definition of the max ball, if By C Dy, (1), then
BL*x C Dy,. The converse is automatic since B (1) = By. Thus the second part of the

corollary follows immediately from the first.

The final part of the corollary follows easily from [HKM-]. Here is a sketch. Let P denote
the span of {I, P,..., P;}. Suppose Y € BP® and let ) denote the span of {I,Y7,Ys}. By
Proposition 14.6 and what has already been proved, if X € ‘szin, then I > 23:1 X; ®Y]j.
Hence the unital mapping ¢ : P — ) defined by ¢(P;) = Y; is completely positive. The
dilation conclusion follows. Conversely, if Y dilates to I, @ P, then evidently Y is in B85 and
the proof is complete. [

Remark 14.16 (Matrix Ball Problem). Given a d x d monic linear pencil L for g = 2 consider
the problem of embedding the unit ball By into the spectrahedron .7, = Dr(1). Equivalently
(Corollary 14.15), consider embedding %;pin into Dy,. Both objects are free spectrahedra, so the
complete positivity machinery on embeddings of free spectrahedra applies (see Subsubsection
1.3.2 or [HKM13] for details). That is, Bo C .7, = Dr(1) is equivalent to an explicit LMI of
size 4d. O

The proof of Proposition 14.14 uses the following proposition.

Proposition 14.17. A tuple X € B (d) is an extreme point of BF"(d) if and only if it is
a commuting tuple and Z?:l X; ® Pj 1s unitary.

Proof. For notational ease, let A(z) = Z?:l Pjz;, with the dependence on g supressed. Ob-

serve that, by Lemma 14.8, a tuple X € %Zpin if and only if A(X)? < I. Equivalently, X is in
the spin ball if and only if L(X) := I — A, (X) > 0, where

AL(X) = A(X) & —A(X) = (A((‘)X ) A‘EX)> .

In the case of g = 2 and the tuple X = (X1, X3),

AK) = (g );)

and X is in the spin ball if and only if

I=AX)?=
= AX) (—(X1X2—X2X1) X2+ X2

X2+ X2 X1 X5 — X2X1>
Suppose this inequality holds. If v € R? and (X? + X2)y = ~, then evidently (X;X5 —
X5X1)y = 0. Let
H={yeR": (X]+X5)y =1}
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If # = R%, then X; and Xy commute. Hence, we may assume 7 is a proper subspace of R%.
Let C=RIcH.

Let &4 denote the nullspace of I F A(X). In particular, &, the nullspace of I — A(X)? is
the direct sum £, ® £_. Let {eg,e1} denote the standard basis for R%. If 7o € K and v € R?
and I' = Zjl.:o v; ® ej € &4, then, since (1 ® 03)A(z)(1 ® 03) = —A(x) (see Lemma 14.8),

AX)I®o3)l =F( ®o3)T,

and hence (I ® o3)I" lies in &%. It follows that I ® o3 leaves & invariant. Let () denote the
projection of R% onto K. If I' € &, then (I — Q) ® )T € H®R? C &. Hence (Q I)T € &.
Consequently, we can assume there is a nonzero I' € & N (K ® K). Write, as before I' =
Z}:o v; ® ej. To see that {vp,v1} spans a two dimensional space S (is a linearly independent
set), suppose not. In that case, I' = 7 ® e for vectors v € K and e € R2. Since o3 is skew
symmetric (as is X1 X9 — X2X)),

<[(X1X2 — X,X1) ® 03T, F> = (X1 X3 — X2X1)7,7) (03¢, €) = 0.

Thus, as I' = A(X)?T,

I711? llel® = [T
=(I,T)
= (A(X)’T,T)
=(Xi+ X3 ®e+ (X1X2 — XoX1)7 @ e,y @e)
= (X7 + X3)7,7) lle]l.

Since I = X7 + X3 it follows that (X? + X3)y =+ € H. Hence v = 0.

Both I" and (I ® 03)I' € &N (S @& S). On the other hand, if {T', (I ® 03)I'} don’t span
EN(SPS), then it is easily shown that this intersection contains an element of the form v ® e
and we obtain a contradiction as before. Thus &N (S & S) is spanned by {I', (I ® o3)I'}.

Define Y = (Y7,Y2) on S as follows. Let Z be a generic 4 x 4 matrix. We will choose Z so
that it has the form A(Y") and such that A(Z) is zero on &N (S®S). There are 16 free variables
in Z. Insuring Z has the proper form with Y; = Y;* consists of 2 + 2 - 4 = 10 homogeneous
equations. The condition ZT' = 0 is another 4 homogeneous equations. The form of Z and
ZT' = 0 implies Z(I ® 03)I' = 0 too. Hence we are left with 2 free variables and a choice of
Y # 0 exists. And A(Y)EN (S @ S) =0 for such a choice of Y.

Extend the definition of Y to all of R? by declaring Yi=0onS L Tt follows that Y # 0 and

at the same time A(Y") is 0 on & and hence on each of &r. With respect to the decomposition
of the space that A(X) acts upon as & © &- @ H,

I 0 0
AX)=|0 -1 o], AY)=
0 0o X’

o o o
oo o
<~ o o
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where X', Y’ are self-adjoint and X’ is a strict contraction. It follows, by choosing ¢ small
enough, that I + A(X + ¢Y) > 0 and thus X is not an extreme point of B3™". u

Proof of Proposition 14.14. If X in the spin ball %Zpin(d), then by Caratheodory’s Theorem
there exists an N, extreme points X', ... XV of B3"(d) and scalars 0 < t1,...,ty such that
Stj=1land X = > t;X7. Let T = ®X/ act on H = ®'R? and define V : R — H
by Vh = @©./tjh. Thus V is an isometry and it is evident that V*T'V = thXj = X. By
Proposition 14.17, T is a commuting tuple of symmetric matrices. [ |

14.3.1. An alternate proof of Proposition 14.14. An ad hoc proof of Proposition 14.14 is based
upon the Halmos dilation of a contraction matrix to a unitary matrix.

Lemma 14.18. Suppose u,v,a,b,d are n x n matrices and let

a b

If R is positive semidefinite, and

then a = d and b* = —b.
Proof. Note that U*R2U = R?, where U is the unitary matrix

1(1 I
U_2<—1 1)'

Using the functional calculus it follows that U*RU = R too. From this relation, direct com-
putation reveals

a—(b+b")+d=2a
a+(b—-0b")—d=2b
from which it follows that b +b* = 0 and a = d. [ |

(5 %)

Almost by definition, X € B5*™ means S is a a contraction. Let D = (I — S2)2, the defect of

S. By Lemma 14.18,
d e
D= .

In particular, e is skew symmetric, e* = —e. The operator

(e

Proof of Proposition 14.1/. Let
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is unitary and consequently
X?4+Yi4d* - =1
XY -YX+de+ed=0

Yd+ Xe+eX —dY =0
Xd—Ye—dX —eY =0.

X e Y d

XY +ed =YX +de Xd—eY—Ye—dX)_

(14.5)

Let

=

Compute, using (14.5),

T\Ty — ToTy =
1h2 = 220 (—eYJer—dX—Ye —ed— XY —de+YX

Likewise,

X2 —e24Y24 (g2 Xe+eX +Yd—-dY
T2 + T3 = =1
—eX —Xe+dY —Yd X?—e24Y24 2

15. PROBABILISTIC THEOREMS AND INTERPRETATIONS CONTINUED

This section follows up on Section 1.8, adding a few more probabilistic facts and summa-
rizing properties involving equipoints. We follow the conventions of Section 1.8. In particular,
for s,t € R with 0 = s 4+ t > 0 the equipoint e, is defined by

(15.1) PP (B < g ) = PYEH(9B > egy).

15.1. The nature of equipoints. Here are basic properties of equipoints versus medians.

Proposition 15.1. Various properties of the distributions Bin(0,p) and Beta(s,t) are:

(1) Bin and Beta: The equipoint exists and is unique.
(2) Bin: Given s, if e is an equipoint, then s is a median for Bin(d, es ).
(3) Bin: For even 0 and any integer 0 < k < %,

2 0
Py (6 =5+ k:) =Pry ) <6 =5- k> .

Also we have the symmetry

0 0

Proof. (1) Note that for fixed integer s, the function P,(& > s) is increasing from p = 0 to
p = 1. Likewise P,(& < s) is decreasing from p = 0 to p = 1. The graphs are continuous, so
must cross at a unique point, namely at e; ¢. Likewise, Pb(5+1’t)(53 < p) increases from 0 up to
1 while PP+ (B > p) decreases from 1 down to 0.
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(2) Fix 0, s, hence eg¢. Then by the definition of eq ¢, we have
(15.2) 1=2P. (& <s)+ P, (6 =5s).

If P, (6 <s)+ P, (& =5s) <3 then P, (6 > s) + P, (6 = s) < 3 which contradicts
(15.2). Thus s is a median.

(3) The symmetry is seen by switching the roles of heads and tails:
P,(6=5)=P_,(6=0—5).

Then note d — (3 + &) =

vl
|z
|

15.2. Monotonicity. For ? € R fixed recall the functions
(153) 8= PO e y)  and ()i PO (3 < 2)

based on the CDF of the Beta Distribution. The proof of one step monotonicity of these
functions claimed in Theorem 1.15 from Section 1.8 is proved below in Subsubsection 15.2.1.
A similar result with the CDF replaced by the PDF is established in Subsubsection 15.2.2.

15.2.1. Monotonicity of the CDF.

Proof of Theorem 1.15. (1) The claim is that ®(s) < ®(s+1) for 5,0 € 1N and 3 <s <0 —1.
Recall Lemma 12.2 which says that fs(o) defined in (12.1) when evaluated at the equipoint
is

S t
fs,t(as,t) =2 Iasyt <2; 1+ 2> -1

Using the conversion s = 5, we get ®(s)

monotonicity of fs(os;) when s >t which implies ® is one step monotone for s > t.
(2) We claim that ®(s) < ®(s+ 1) for 5,0 € R with 3 <s <? — 1.
Define F by

1
= M Proposition 12.8 gives two step

% s—1 t
. phet) (3 < &) Is (5,641 /x (I—=z)dx
F(o,s) = B<i) LD

r@o+1) Fo+1)  T({+1I(s)

for s +t =10. Now we show that for § <s <9 —1 we have F(d,541) > F(d,s), equivalently

F(d,s+1) -

F(d,s)
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We start by simplifying this quotient:

s+1
0

F(d,541) 0

(1 —z)"1dz T (t+1)T (s)

al 5

F(o 2
(0,5) F(t)F(s—l—l)/ 2711 —x)tda
0
541
0
(1 —z)"de
tJo
s [ '
/D 71— z)tdx
0
F,s+1
Thus w > 1 is equivalent to
F(d,s)
s+1 5
0 0
(15.4) t/ 2°(1— )" de > 5/ 21 (1 — ) d,
0 0
so it suffices to prove
= 1 o el t ° 1
(15.5) t/ (1 —x) da:Zﬁ/ 2 (1—1x) da:—t/ (1 —z)" dx.
3 0 0

As
(°(1— :L')t)/ = 52" (1 — 2)tde — (1 — ),
the right-hand side of (15.5) equals
5ot
kN
Letting n(z) := 2°(1 — )1, we see

n(z)=2""11—-2)"%(—20 +z +5),

5 5
so n(z) is increasing on [O, 01] and decreasing on [01, 1} Since 5 < 9 — 1, we have

5 s s+ 1
€|z —
0—1 [J ]

(15.6) 0(3) < (3.

Indeed, (15.6) is easily seen to be equivalent to
1\ ¢ 1 t—1
1+-) > |1+ ——
(1) =)

We can now apply a box inequality on the left-hand side of (15.5):

} . We claim that

which holds since s > t.

s+1
5) 5ot

5 1
t 2(1—z)tde >t = (f —,
[ raen g (5) =5

establishing (15.5). [ ]



86 J.W. HELTON, I. KLEP, S. MCCULLOUGH, AND M. SCHWEIGHOFER

Ideas in the paper [PR0O7] were very helpful in the proof above.

15.2.2. Monotonicity of the PDF. So far we have studied the CDF of the Beta Distribution.
However, the functions

(15.7) P, (6=5) and P:(6=5)

based on PDF’s of the Binomial distribution also have monotonicity properties for integer
0/2<s<0.

Proposition 15.2. Let 0 € N. For integer s > %, we have that

(1) Ps(6 =) is increasing; its minimum is Ps (& = [0/2]);
(2) Pe, (& = s) is increasing; its minimum is P, (& = [0/2]).

Proof. (2) By the definition of es¢, we have P, (6 =s5) = 2P, (6 <s5) — 1. Theorem 1.15
implies the required monotonicity.

(1) Recall .
S
P§(6—5)—<z>ﬁa:
Thus
Per(G=s+1) /54 1\* /t—1\"!
Py(& =) :< E ) ( t )
is > 1 iff

(15.8) <1+-i)52 <1+t;{1)t1.

Since s > t — 1, (15.8) holds, establishing the monotonicity of Ps (6 =s). |
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