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The optimal control problem Optimization problem formulation

The general optimal control problem

We consider the following convex optimization problem in Hilbert space:

min  J(y, u) subject to E(y,u) =0, y € Yoq, u € Upg
(y,u)€EYXU

@ Y state space, U control space (both Hilbert spaces)

@ J convex cost functional

@ F state equation (parabolic pde)

@ Y,g € Y and U,y C U both nonempty, closed and convex, U,g bounded.
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The optimal control problem Optimization problem formulation

The cost functional

1 1 1
J0,m) = 51y = vel B, + 5 IY(T) = yalBg + 5 llu — wolBi

e O C R’ open and bounded domain, d € {1,2,3}

e © =(0,7T) time interval, T > 0

o O = O x ) time-space cylinder

Ho := L*(Q), Ha = L2(Q), He = L2(O)"

<'7'>HQ = <‘7Q'a '>L2(Q)7 (-, '>HQ = (oq-, '>L2(Q)v s (s '>H@ = Z%‘v '>£2(e)
og € L2(Q), oq € L®(), K1, ..., km € R nonnegative weights

yo € L*(0), ya € L*(Q), ue € L2(O)™ (given) desired states and controls
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The optimal control problem Optimization problem formulation

The state equation

m

%y(nx) —oAy(t,x) = ft,x)+ Y w(t)yi(x) faa. (1,x)€Q
yit,x) = 0 - faa. (t,x) € © x 00
¥(0,x) = yo(x) faa. x e

o f€L%Q), yo € LAY, 0 >0, u; € L2(O)

o (V,H,V*) is the Gelfand triple H}(Q) — L£2(2) — H(Q)*
eyeY:={peL}O,V)|p € LPOV)} —CO,L%Q))
@ Yy :={p € Y |y(0) = yo} is the space of admissible states

@ X1,..., Xm € L£L*(Q) denote the control-shape functions
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The optimal control problem Optimization problem formulation

The control constraints

For the control functions u, ..., u,, we claim the box constraints
I/la7i(t) < ui(t) < I/lh7i(l‘) faa.te @,
i.e., the set of admissible control components is

Una := {u € L2(©)" | u € [uy, up) ae. in O}.

Notice that the set of admissible control-state pairs
Xad = Yaa X Ung

is nonempty, closed and convex.
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The optimal control problem The formal Lagrange principle

The Lagrange function

The corresponding Lagrange functional
Z:YxUxLOV) =R, (y,u,p)— ZL(y,u,p)

is defined as

ZL(y,u,p) =J(y,u) + E(y,u)p

1 1
- 5/0Q|y—yg|2 awn) + 3 [ oaly(T) ol
Q
+1§m:fi/|u—u@ |* dt
2 l 1 1 i
= e

~

() B

Q
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The optimal control problem The formal Lagrange principle

Necessary first-order optimality conditions

The variational inequalities

0
gyf(y*,u*,p*)(y—y*) >0 forall y € Yuq,

a * * *
aui-f(y ) (i —u

>0 for all u; € Uyg.

hold in an optimal point (y*, u*, p*) € X,a X L>(Q).

Additionally, the side-condition holds in (y*, u*, p*):

0 * k% * k)
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The optimal control problem The formal Lagrange principle

The adjoint equation

The first variational inequality is equivalent to

0
gyf(y*,u*,p*)j) =0 forally € Yy :={p € Y | ¢(0) = 0}.

By calculus of variation, we derive that p* itself is a solution to a parabolic PDE:

—%p(l, x) —oAp(t,x) = —op(t,x)(y*(t,x) — yo(t,x)) ae.inQ
p(t,x) = 0 a.e.in © x 01
p(T,x) = —oqx)*(T,x) —yalx)) a.e.in Q

Since the solution operator to this backwards heat equation is the adjoint solution
operator to the state equation, the Lagrange multiplier p* is called the adjoint state.
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The optimal control problem The formal Lagrange principle

The projection condition

The second variational inequality is equivalent to

m m
— Z / X;p*ﬁ[ d(x, l) =+ Z Ki /(Mz* — M(—)ﬁ,')ljt[ dr
i=1 0 i=1 o

> 0.

w=u; —u;

Hence, the components of u* fulfill the projection conditions

1

ui () = P (). ()] (H /Xi(x)P*(t,x) dx + ue,i(t)>.
)

Since p* = §*y* and y* = Su* hold, u* can be determined as the single fixpoint of

1
ui = Pl (ﬁ / Xi (%) (S*Su) (x) dx + u@ﬂ-)
Q

Universitat
Konstanz

Martin Gubisch (University of Konstanz) PhD Summer School RBM, Ulm October 27 10/29



The optimal control problem Existence and uniqueness

Existence and uniqueness

Let S : u — y(u) the solution operator for the state equation, i.e.

E(y,u) =0 = y = Su.
The optimization problem then can be replaced by the reduced problem

: 1 2 1 2 1 2
min F () i= 3115w vollk, + S 1(80)(T) — vl + 5 lu —welfi,

Since S is affine linear and continuous and U,q4 is nonempty, closed and convex, this
quadratic optimization problem has a solution.

Under the assumption that the regularization parameters Ky, ..., Kk, are strictly
positive, this solution is unique.
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Numerical solution algorithms Method of steepest descent
Projected gradient method (PGM)
ALGORITHM: Let u, € U, any non-optimal admissible control.

Task: Find a direction d, € L*(©)™, ||d,||z2(e)» = 1, and a stepsize s, > 0 such that

Ung1 = Ppy ) (Un + Sudy) < .

In this context, < means that (u,),cn converges at least linearly towards u*.

We choose d,, as the negative gradient d, :== —V % (u,) (Taylor & Cauchy-Schwarz).
An efficient stepsize is s,(N*) := ZNL where N* is the minimal N € N such that the

ARMIJO condition holds:

1
E(P[u,,,ub] (un +S(N)dn)) — f(un) S _72S(N) | ‘P[Mmub] (un —|—S(N)dn) — un\ |£2(@)m.
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Numerical solution algorithms Primal-dual active set strategy

Primal-dual active set strategy

The projection condition
* 1 *
= Pun ([ 0" (3) -+ e )
Q

1
= (1 — xq, _XB)<K /Xz( P *(x)dx+u@,i) + XaUa,i + XBUb,i

can be written as

where x;s denotes the indicator function

(x) = 1 xeM
XM= 0 x ¢M
and the active sets A;, B; are

Ai::{tee)

Xi(xX)p* (¢, x dx+u@,()<ua7,v(t)};

Bi:—{té@

X, t X dx + ueg l( ) > Mby,‘(t)}. Universitat
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algorithms Primal-dual active set strategy

Primal-dual active set strategy

The optimality system then is given as the semilinear coupled parabolic system

(& —oB)y —Xxm = f
(_% - O'A)p +ooy = 09y
(1= Xxa — x5) (-,% J xip dx) fui = (L= xa — xp)ue,i
Q

+Xa;Ua,i + XB;Ub,i
ALGORITHM: Let (p,, yu, u,) given.

QA;.’“:—{ze@l fx, X)pa(t, X) dX+”Oz()<”a»i(t)};
B! ;:{

t€@| fx, X)pa(t, x) dx+uol()>u;,,,<(t)};

Q if A" = A7 and B;?+1 = B! finish
else (p,11, Vut1, Uny1) := the solution of the pde system
o ni=n+ 1 Universitdt
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al solution algorithms Numerical experiments

Shape functions, initial control and control constraints

o4 % o4
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cal solution al

ithms Numerical experiments

Optimal control components with and without restrictions
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Numerical solution algorithms  [ESNIRISHEIESHIEIN

Optimal and desired control and state
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Optimality System Proper Orthogonal Decomposition USRI EONIESYEIE]

The reduced order model

In the following, we consider the non-discretized, unconstraint optimization problem

lm
min J(y, u) /Iy Yol” d(x, 1) EZ / dr

subject to
y(t) +Ay(t) = f(t) + Bu(t)
Ve 2 ®
with A — —o A and (Bu)(f) = éxi(x)u;(t).

A POD basis ¢ = (1, ..., 9;) for y is given by the eigenvectors belonging to the /
largest eigenvalues of

VYV* i H = H, YY) = /<y(l)7w>yy(t) dr.
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Optimality System Proper Orthogonal Decomposition USRI EONIESYEIE]

The reduced order model

The reduced model reads as

min 3 (6)(y,1) = %2 [ (5(0) M()y(0)) ~ 205101, 70(0) + livo 0] e

(C]
m
oy

i=1

\
?
—N
&

subject to
[ MO AU = 100 + B0 ®)
M()y(0) = yo(¥)
where
M) = (i ¢)n) € R, AW) = (¢, Ah)n) € R,
f(w) = (<fv wi>7'[) S ﬁz(@,RlXI)’ B(¢) e (<Xia ¢j> ) Rlxm
Yo) = (e, vwn) € L2(O,R™), yo(¥) = (o, ¥i)n) € R
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Optimality System Proper Orthogonal Decomposition USRI EONIESYEIE]

Implementation for (P!)

ALGORITHM: Let u,, an admissible control.
@ Solve the full PDE E(y, u,) = 0 to get the corresponding state y".
@ Compute a POD basis (1) for y".
@ Solve (P') with a globalized SQP method (Sequential Quadratic Programming, a
Newton method) to get a better control ), ;.

Qn=n+1

@ Since the expensive optimization is done for the small system, this approach
needs less effort than solving (P).

o Disadvantage: If the dynamics of y, differ much from those of the optimal state
y*, the POD basis (1)) is not very efficient.

o This weakness can be eliminated by choosing (¢/}') in a way such that the goal of
minimizing J is respected.
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Optimality System Proper Orthogonal Decompositior The POD optimality system

The POD optimality system

mi?p Iy, u, ) == 1) (y,u)

subject to
E(y)(y,u) = M(¥)y (1) + A(¥)y (1) — £() (1) —B()u(t) = 0
M(@)y(0) = yo(¥)
E(y,u) = y(t) + Ay(t) — f(t) — Bu(t) = 0
Y(O) = Yo
YV = A\
(Wi vp)u = &
(PZOS—POD)

To derive necessary first-order conditions, we use the Lagrange framework. Let

2= (.00, M u) €Z = H'(O,R) x W(O) x ¥ x R x L2(©,R™)
g = (617177#,77) €& = »CZ(G,RI) X ,62(97]}) X \Ij] X Rl. Universitat H
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[T SR SV S ORTIRERRB DI ISl Lagrange functional & necessary first-order conditions

Lagrange functional & necessary first-order conditions

Define the Lagrange functional ¥ : Z x Z — R as

ZL(2,6) = Iy, u,¥) + (E(W)(y, u), q) 20,y + (E(y,u),P) £2(0,v+),22(0,V)
1

!
QY = M e+ D ([l — 1)
i=1 i=1
The necessary first-order conditions for an optimal point (z, £) are:

° Z,(z,&) = 0 which implies

~M(¥)q(1) + A()q(1) = —og(E(¥)y(2) — yo(¢)(2)) + final condition;
e Z(z,£) = 0 which implies

I
—p(t) +Ap(t) = Z@’(I)v wi)wi + (y(t), ¥;i)3 i + final condition;

i=1 Universitat
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Optimality System Proper Orthogonal Decomposition Lagrange functional & necessary first-order conditions

Lagrange functional & necessary first-order conditions

® 2\(z,€) = 0 which implies the “complementary slackness condition”
(Wi, iy = 0;
° Zy(z,€) = 0 which implies

1
0= (YY" - Ald)- u,H+22 RUNEY)
i=1

i=1

+ [ 500 MU, )50 — yolt, ) a

(C]

+ /<Q(t), (M(9, ) + M(-, )y (1) + (A, ) + A(, 9))y(0)

e — B(-)u(t))gn dt
l
Z = Ad)s pi)e + 20 hiyami + iy, ¥ ,4), ) me e
i=1 Universitat :
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Optimality System Proper Orthogonal Decomposition Lagrange functional & necessary first-order conditions

Lagrange functional & necessary first-order conditions

@ Hereby, we set M(v), ¢) := ((Ui, ¢j)n), A(Y, ) = ((¢i,Adj)v+,v) and
B(¢) = ({xi, 1))

Together with the complementary slackness, this implies

1
ni = —§<gi(y,w, U, q), V)1
(YY* = XNId)pi = =2m9; — gy, ¥, u, q).

e Finally, .%,(z,£) = 0 which implies

m

> riui(t) = B (1)q(t) + B*p(1);
i=1
in case of constraint optimization, here the fun begins.
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Optimality System Proper Orthogonal Decomposition Operator splitting ansatz

Optimality system

We do not solve the single equations in the resulting optimality system

~M()q(t) + A(Y)q(r) = —oo(M(¥)y(t) — yo(¥)(1)) + final cond.
—p(t) +Ap(t) = (1), pa)rthi + (¥(), ¥i) i + final cond.
no= —3&iy, ¥ u,9),q)n-n
Hi = (yy* Ai Id) (2771¢1 + gi(}/a wa u, Q))
Y owiui(t) = B'(Y)q(t) + B*p(t),

simultaniously, but use the operator splitting ansatz z; = z;(y, ¥, u) := (', u) and
2= (y ) ¢7 A)

@ The optimization subproblem (P') within (Phg pop) determines z; = z}(z2) for
fixed z, with SQP.

@ The remaining minimization with respect to z; is done with the Gradient
Method; this requires the expensive solutions of the full system. Hereby, the
Gradient Method requires one forward and one backward solve of E(y,u) =
and the update of the POD basis requires one forward solve.

Universitat
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Optimality System Proper Orthogonal Decomposition Operator splitting ansatz

Splitting optimization algorithm

~M(¥)q(t) + A(Y)q(r) = —oo(M(¥)y(t) —yo(¥)(1)) + final cond.
—p(t) +Ap(t) = D (1), pi)athi + (¥(), ¥i) 3 pi + final cond.
nmo= —5 i, 9); Q) H H
Hi = (y -\ Id) (27711/}1 + gi(Yﬁ wa u, LI))
Sorau(t) = B'(Y)g(t) + B p(1),

ALGORITHM: Let a POD basis v" given.

@ Solve (P): minJ(y")(y"*!, &) s.t. B(¥)(y"*1, 1) = 0, y"*1(0) = yo (v")
by SQP. Hereby, ¢" ! is determined, too.

o Sol\l/e E(y" ") = 0, y(0) = yp, and calculate n/*', /"' to determine

n+

prrl

@ Choose direction —V.%# (u,) = (%B'(@Df)q"“(t) + B*p"*1(t)) in a gradient step
to get a new control u"*!.

@ Determine a new POD basis 1" ! by solving E(y"*!,u"*!) = 0, y(0) = yo and
setn:=n+ 1.
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Optimality System Proper Orthogonal Decomposition The next steps

The next steps

We postulate additional mixed control-state box constraints

! m

a <y yiOvi+eY uw()<b
i= i=
To-Do-List:
e Existence of optimal solutions to (Phg pop)?
o Existence of Lagrange multipliers?
@ A-posteriori error estimates?

@ Behavior for e — 0 (pure state constraints)?
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