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The optimal control problem Problem formulation

Problem formulation

min
(y,u)∈Y×U

J(y, u) =
1
2
||y− yQ||2L2(0,T;H) +

κ

2
||u||2U (∗)

subject to

〈ẏ(t), ϕ〉V?,V + 〈∇y(t),∇ϕ〉H = 〈(Bu + f )(t), ϕ〉V?,V (ϕ ∈ V = H1
0(Ω))

〈y(0), ϕ〉H = 〈y◦, ϕ〉H (ϕ ∈ H = L2(Ω))

and

εu(t) + (Iy)(t) ≤ ub(t)

with U = L2(0,T;Rm) and B : U → L2(0,T; H), I : L2(0,T; H)→ U given by

(Bu)(t, x) =

m∑
i=1

ui(t)χi(x), (Iy)(t) =

( ∫
supp(χi)

y(t, x)dx
)
.
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The optimal control problem Existence and uniqueness

Existence and uniqueness

THEOREM. Assume that the closed, convex and bounded set

Xad = {(y, u) ∈ Y × U | ẏ−∆y = Bu + f & y(0) = y◦ & εu + Iy ≤ ub}

is nonempty. Then there exists a unique solution (ȳ, ū) to (∗).
Further, there is a unique pair of Lagrange multipliers (p̄, λ̄) such that

˙̄y(t) + 〈∇ȳ(t),∇·〉H − (Bū + f )(t) = 0
y(0)− y◦ = 0

− ˙̄p(t) + 〈∇p̄(t),∇·〉H + (I?λ̄)(t) + (ȳ− yQ)(t) = 0
p̄(T) = 0 (∗∗)

κū(t)− (B?p)(t) + ελ̄(t) = 0

λ̄(t)− χAb(y,p)

(
1
ε
B?p +

κ

ε
Iy− κ

ε2 ub

)
= 0
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Solution methods Primal-dual active set strategy (PDASS)

Primal-dual active set strategy

Algorithm (Primal-dual active set strategy)

Require: Initial state-adjoint state pair (y0, p0) ∈ Y × Y .
1: Set k = 0
2: repeat
3: Calculate active set Ab(yk, pk)
4: Solve the primal-dual system (∗∗) to get (yk+1, pk+1)
5: Set k = k + 1
6: until Ab(yk, pk) = Ab(yk−1, pk−1)
7: Return ū = u(yk, pk).
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Solution methods Proper orthogonal decomposition (POD)

Proper orthogonal decomposition (POD)

Problem: After elimination of u, λ, the discrete linear system (∗∗) is still of the
dimension 2NtNx.

Idea: For `� Nx, find an optimal finite element basis (ψ1, ..., ψ`) such that the
corresponding Galerkin solution y` is close to ȳ.

THEOREM. Let yFE ∈ C1(0,T;RNx ) an FE solution to the state equation. Consider
the operators Y : L2(0,T;R)→ RNx and Y? : RNx → L2(0,T;R)),

Yφ = 〈φ, yFE〉L2(0,T;R) ∈ RNx , Y?φ = 〈φ, yFE(·)〉H ∈ L2(0,T;R).

Let ψ` = (ψ1, ..., ψ`) eigenvectors to YY? : RNx → RNx corresponding to the `
largest eigenvalues. Then ψ` solves the minimization problem

min
i=1,...,`
〈φi,φj〉H=δij

∥∥∥∥yFE −
∑̀
i=1

〈yFE, φi〉Hφi︸ ︷︷ ︸
=y`

∥∥∥∥2

H
.

Martin Gubisch, Stefan Volkwein (University of Konstanz) OCIP 2013, TU München March 11 5 / 10



Solution methods Reduced order modeling (ROM)

Reduced order modeling (ROM)

Algorithm (Reduced order modeling)

Require: `� Nx, initial control guess u` ∈ U, desired exactness ε
1: repeat
2: Calculate full-order state solution yFE = y(u`)
3: Calculate POD basis ψ = ψ(yFE)
4: Apply PDASS on the reduced system (∗∗) to get u` = u(ψ)
5: until Aposti(u`) < ε
6: Return ū = u`
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Numerical experiments Numerical example

Numerical example
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Fig. 1. The desired state yQ ∈ L2(0, T; H) and the upper mixed control-state bound ub, interpreted
as a pure pointwise state constraint.
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Numerical experiments Numerical example

Numerical example
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Fig. 2. The optimal state solution ȳ ∈ Y satisfying the state constraints.
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Numerical experiments Numerical example

Numerical example
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Fig. 3. The optimal control term Bū ∈ L2(0, T; H) controlling the state equation.
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Numerical experiments Numerical results

Numerical results
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Fig. 4. The ROM errors of the control u` for different POD basis ranks `, the error bound provided
by the a posteriori error estimator and the singular values (squares of the eigenvalues) of the operator
YY? which can be used as a costless error indicator.
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Numerical experiments Numerical effort

Numerical effort
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Numerical effort for the reduced order model

Calculate error bound
Solve linear system
Assemble linear system
Solve eigenvalue problem
Calculate Snapshots

Process Time # Total

Assemble full system 0.66 sec 9× 5.97 sec
Solve full system 22.27 sec 9× 200.43 sec
Total 206.40 sec

Solve full snapshots equations 0.11 sec 2× 0.21 sec
Solve eigenvalue problem 0.42 sec 2× 0.84 sec
Assemble ROM system 0.53 sec 17× 9.01 sec
Solve ROM system 0.45 sec 17× 7.72 sec
Evaluate error estimator 0.11 sec 2× 0.23 sec
Total 18.01 sec

Tab. 1. The calculation times for solving the optimization problem with and
without model reduction. With 25 POD elements, the ROM problem has to be
solved two times; solvings of two eigenvalue problems are required in addition to
update the POD basis. Nevertheless, 91.27% of the calculation time is spared in
total.

Fig. 5. The numerical effort of the single algorithm processes for solving the
ROM problem on an Intel(R) Core(TM) i5 2.40GHz processor.
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