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The optimal control problem Problem formulation

Problem formulation

We consider the optimal control problem

min
y,u,w

J(y, u,w) =

∫
Θ

1
2
‖y(t)− yd(t)‖2

H +
σu

2
‖u(t)‖2

RNu +
σw

2
‖w(t)‖2

RNw dt (OCP)

on the time interval Θ = [0,T] subject to the linear parabolic pde constraint

〈ẏ(t), ϕ〉V?,V + 〈Ay(t), ϕ〉V?,V = 〈Bu(t), ϕ〉V?,V ∀ϕ ∈ V

〈y(0), ϕ〉H = 〈y◦, ϕ〉H ∀ϕ ∈ H

and the control and state constraints

ya(t) ≤ εw(t)+(Iy)(t) ≤ yb(t) & ua(t) ≤ u(t) ≤ ub(t),

with the operators B : L2(Θ,RNu)→ L2(Θ,H) and I : L2(Θ,H)→ L2(Θ,RNw),

(Bu)(t, x) =

Nu∑
i=1

ui(t)χi(x), (Iy)i(t) =

∫
Ω

πi(x) y(t, x)dx.
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The optimal control problem Transformation on pure box constraints

Transformation on pure box constraints

Introducing a transformed penalty ω(t) = εw(t) + Iy(t), we get the equivalent
transformed optimal control problem (TOCP)

min
y,u,ω

J̃(y, u, ω) =

∫
Θ

1
2
‖y(t)− ŷd(t)‖2

H +
σu

2
‖u(t)‖2

RNu +
σw

2ε2 ‖ω(t)− Iy(t)‖2
RNw dt

subject to the homogeneous pde

ẏ(t) +Ay(t) = Bu(t) & y(0) = 0

and the explicit penalty and control constraints

ŷa(t) ≤ ω(t) ≤ ŷb(t) & ua(t) ≤ u(t) ≤ ub(t)

where ŷd = yd − ŷ, ŷa = ya − I ŷ, ŷb = yb − I ŷ and ŷ solves

˙̂y(t) +Aŷ(t) = 0 & ŷ(0) = y◦.
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The optimal control problem Well-posedness and optimality conditions

Well-posedness and optimality conditions

THEOREM. Assume that the closed, convex and bounded set

{(y, u, ω) | ẏ +Ay = Bu & y(0) = 0 & u ∈ [ua, ub] & ω ∈ [ŷa, ŷb]}

is nonempty. Then there exists a unique solution (ȳ, ū, ω̄) to (TOCP).

Further, defining the active and inactive sets

Au
a = {t | 1

σu
B?p̄ < ua}, Au

b = {t | 1
σu
B?p̄ > ua}, Au

i = Θ\(Au
a ∪ Au

b)

Ay
a = {t | I ȳ < ŷa}, Ay

b = {t | I ȳ > ŷb}, Ay
i = Θ\(Ay

a ∪ A
y
b),

the following first-order optimality system (OS) is fulfilled:

˙̄y(t) +Ay(t)− Bū(t) = 0, ȳ(0) = 0,

− ˙̄p(t) +Ap(t) + σw
ε2 (I?(Iy(t)− ω(t))) + (y(t)− ŷd(t)) = 0, p̄(T) = 0,

ū(t)− 1
σu
χu

i (t)B?p̄(t)− (χu
a(t)ua(t) + χu

b(t)ub(t)) = 0,

ω̄(t)− χy
i (t)I ȳ(t)− (χy

a(t)ŷa(t) + χy
b(t)ŷb(t)) = 0.
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The optimal control problem Primal-dual active set strategy

Primal-dual active set strategy (PDASS)

Algorithm (Primal-dual active set strategy)

Require: Initial state-adjoint state pair (y0, p0).
1: Set k = 0
2: repeat
3: Calculate the six active and inactive sets with respect to (yk, pk).
4: Solve linear primal-dual system (OS) with these fix sets to get (yk+1, pk+1)
5: Set k = k + 1
6: until the current and the previous active and inactive sets coincide.
7: Return control ū ∈ L2(Θ,RNu) and penalty w̄ = 1

ε (ω − Iy) ∈ L2(Θ,RNw).
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Model reduction Proper orthogonal decomposition

Proper orthogonal decomposition (POD)

Problem: After elimination of u, ω, the discrete linear system (OS) is still of the
dimension 2NtNx.

Idea: For `� Nx, find an optimal orthonormal system ψ = (ψ1, ..., ψ`) ∈ V` such
that the projection error of ȳ on the space span(ψ) is minimal:

min
φ∈V` ONB

∫
Θ

∥∥∥∥ȳ(t)−
∑̀
i=1

〈ȳ(t), φi〉Vφi

∥∥∥∥2

V
dt. (POD)

Realization: Perform an eigenvalue decomposition of a compact, self-adjoint,
non-negative operatorR : V → V which includes the dynamics of the state solution.

Challange: The optimal Galerkin ansatz requires the knowledge of the state solution
ȳ which is not available.
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Model reduction Proper orthogonal decomposition

Proper orthogonal decomposition (POD)

THEOREM. (Continuous version) Let y ∈ C(0,T; V) be an arbitrary state and let
(λi, ψi)i∈N be an eigenvalue decomposition of

R(y) : V → V, R(y)ϕ =

∫
Θ

〈y(t), ϕ〉Vy(t) dt.

with λi ≥ λi+1 for all i ∈ N.

Then (ψi)i∈N is a complete orthonormal system in V and the rank-` POD basis
ψ` = (ψ1, ..., ψ`) is a solution to (POD).

A priori estimate: The projection error of y on V` = span(ψ) fulfills∫
Θ

∥∥∥∥y(t)−
∑̀
i=1

〈y(t), φi〉Vφi

∥∥∥∥2

V
=

∞∑
i=`+1

λi.
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Model reduction Proper orthogonal decomposition

Proper orthogonal decomposition (POD)

Discrete POD: Let (t1, ..., tNt ) ⊆ Θ be a time discretization scheme with stepsize ∆t
and let ϕ = (ϕ1, ..., ϕNx ) ⊆ V be a finite element basis with corresponding weights
matrix X = (〈ϕi, ϕj〉V). Let Y ∈ RNx×Nt be the coefficient matrix of a state

yFE(tj, x) =

Nx∑
i=1

Yijϕi(x).

Then the coefficient matrix of a rank-` POD basis ψ ∈ RNx×` for yFE is given by the
discrete eigenvalue problem

∆tYYTXψl = λlψl

and the l-th POD element in VNx = span(ϕ) is represented by

ψl =

Nx∑
i=1

ψilϕi.

With Y` = YTXψ ∈ R`×Nt , the POD approximation yPOD of yFE is given by

yPOD(tj, x) =
∑̀
l=1

Y`ljψl(x).
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Model reduction Reduced order model

Reduced order model (ROM)

1 ROM components:
M = (〈ψi, ψj〉H) ∈ R`×` and A = (〈Aψi, ψj〉V?,V) ∈ R`×`.

B = (〈B?
j , ψi〉V?,V) ∈ R`×Nu and I = (Ijψi) ∈ RNw×`.

ŷd(t) = (〈ŷd(t), ψi〉H) ∈ R`.

2 ROM system:

Mẏ(t) + Ay(t)− Bu(t) = 0, y(0) = 0,

−Mṗ(t) + Ap(t) + σw
ε2 (IT(Iy(t)−ω(t))) + (My(t)− ŷd(t)) = 0, p(T) = 0,

u(t)− 1
σu
χu

i (t)BTp(t)− (χu
i (t)ua(t) + χu

b(t)ub(t)) = 0,

ω(t)− χy
i (t)Iy(t)− (χy

a(t)ŷa(t) + χy
b(t)ŷb(t)) = 0.

3 ROM expansions:

y`(t) =
∑̀
l=1

yl(t)ψl, p`(t) =
∑̀
l=1

pl(t)ψl, u` = u, ω` = ω
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Model reduction Reduced order model

Reduced order model (ROM)

A posteriori error bound: Let (u, ω) be any suboptimal control-penalty pair. Then
there exists some computable ζ ∈ L2(Θ,RNu × RNw) such that∫

Θ

‖u(t)− ū(t)‖2
RNu + ‖ω(t)− ω̄(t)‖2

RNw dt

≤ 1
min(σ2

u , σ
2
w)

∫
Θ

‖ζ(t)‖2
RNu×RNw dt.

In our numerical tests, the evaluation of this error estimator is cheap (compared to the
effort of solving the optimization problem). Problems may arise here in case of
nonlinear pdes.

In many applications, the error bounds are sharp, i.e. the error bound has the same
order as the error itself.
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Model reduction Reduced order model

Reduced order model (ROM)

Algorithm (Model reduction with iterative POD basis updates (IPOD))

Require: Initial control-penalty pair (u(0), ω(0)), POD basis rank `, desired exactness
ε, maximal iteration number kmax.

1: Set k = 0
2: repeat
3: Solve the full state equation for y(k) and the full adjoint state equation for p(k).
4: Solve the POD eigenvalue problem for the rank-` basis ψ(k).
5: Choose PDASS initialization (y, p) = ((〈y(k), ψl〉H), (〈p(k), ψl〉H)) and provide

the PDASS algorithm to solve the ROM system; get feedback (u(k), ω(k)).
6: Set k = k + 1
7: until Aposti(u(k), ω(k)) < ε or k > kmax.
8: Return control u(k) ∈ L2(Θ,RNu) and penalty w(k) = 1

ε (ω(k) −Iy) ∈ L2(Θ,RNw).
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Model reduction Optimality system proper orthogonal decomposition

Optimality system proper orthogonal decomp. (OSPOD)

The optimal state required to determine the POD basis is known implicitly:

min
y,u,ω,ψ

J̃(y, u, ω, ψ) =

∫
Θ

1
2

∥∥∥∥∑̀
l=1

ylψl − ŷd

∥∥∥∥2

H
+
σu

2
‖u‖2

RNu +
σw

2ε2 ‖ω − I(ψ)y‖2
RNw dt

subject to the two state equations

ẏ +Ay = Bu, y(0) = 0, (1)
M(ψ)ẏ + A(ψ)y = B(ψ)u, y(0) = 0, (2)

the POD eigenvalue problem

R(y)ψl − λlψl = 0, ‖ψl‖2
V = 1 (3)

and the penalty and control constraints

ŷa(t) ≤ ω(t) ≤ ŷb(t) & ua(t) ≤ u(t) ≤ ub(t).
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Model reduction Optimality system proper orthogonal decomposition

Optimality system proper orthogonal decomp. (OSPOD)

The corresponding dual system is similar to the optimality equations above:

− ṗ +Ap +
∑̀
l=1

〈y, ψl〉Vµl +
∑̀
l=1

〈y, µl〉Vψl = 0, (4)

−Mṗ + Ap +
σw

ε2 IT(Iy− ω) + (My− ŷd) = 0, (5)

u− 1
σu
χu

i (B?p + BTp)− (χu
aua + χu

bub) = 0, (6)

ω − χy
i Iy− (χy

aŷa + χy
bŷb) = 0, (7)

R(y)µl − λlµl +N (y, p, u, ω, ψ) = 0. (8)

with some nonlinear term N arising by the ψ-differential and the active sets

Au
a = {t | 1

σu
(B?p̄ + BTp) < ua}, Au

b = {t | 1
σu

(B?p̄ + BTp) > ua},
Ay

a = {t | Iy < ŷa}, Ay
b = {t | Iy > ŷb}.
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Model reduction Optimality system proper orthogonal decomposition

Optimality system proper orthogonal decomp. (OSPOD)

Algorithm (Optimality System POD (OSPOD))

Require: Initial control-penalty pair (u, ω), POD basis rank `, desired exactness ε.
1: repeat
2: Solve the full state equation (1) for y.
3: Solve the eigenvalue problem (3) for ψ.
4: Solve the ROM problem (2), (5), (6), (7) for (y, p, u, ω).
5: Solve the “linearized eigenvalue problem” (8) for µ.
6: Solve the full adjoint equation (4) for p.
7: Provide a descent step in direction −σuu + B?p + BTp for u
8: Provide a descent step in direction −σw

ε2 (ω − Iy) for ω.
9: until Aposti(u, ω) < ε.

10: Return control u ∈ L2(Θ,RNu) and penalty w = 1
ε (ω − Iy) ∈ L2(Θ,RNw).
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Model reduction Conclusion: POD & OSPOD

Conclusion: POD & OSPOD

POD: Use a problem specific
Galerkin ansatz with respect to
some reference trajectory y.

OSPOD: Use the trajectory of the
optimal state ȳ to get the optimal
Galerkin basis.
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Numerical experiments Numerical experiments

Numerical experiments
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ȳ
(t
,
x
)

0

0.2

0.4

0.6

0.8

1

0

0.5

1

−10

−5

0

5

10

time t

optimal control

direction x

B
ū
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