Optimality System Proper Orthogonal Decomposition
for Optimal Control Problems
with Control and State Constraints

Seminar INRIA
V.
Martin Gubisch
University of Konstanz
March 15, 2014
NI
Universitat = =
Konstanz it
AL
Martin Gubisch (University of Konstanz) CMAP, Ecole Polytechnique, Saclay (2015) March 15, 2014 1/23
Outline
@ The optimal control problem
© Model reduction
© Numerical experiments
@ References
NI
Universitat = =
Konstanz it
LNALALI

Martin Gubisch (University of Konstanz) CMAP, Ecole Polytechnique, Saclay (2015) March 15, 2014 2/23



The optimal control problem Problem formulation

Problem formulation

We consider the optimal control problem
- 1 2, Ou 2 Ow 2
min J(y,u,w) = [ SIy(0) = ya@O)llz + 7 @)z + 5 [Iw(e)|[zv. dr (OCP)
)
on the time interval © = [0, T] subject to the linear parabolic pde constraint
J(0), @yve v + (A1), @)y v = (Bu(t) +£(2), )+ v VpeV
(0), ) = (yo, ) Vo e H
and the control and state constraints
Ya(t) < ew(t)H(Zy)(1) <yo(t) & ualt) < ulr) < (1),

with the operators B : L*(©,RM) — [2(©,H) and Z : L*(©,H) — L*(©,RM),

Ny
— . . . — : i
(Bu)(t,x) = > wi(xi(x),  (Ty)i(r) = / ) (A
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The optimal control problem Transformation on pure box constraints

Transformation on pure box constraints

Introducing a transformed penalty w(t) = ew(t) + Zy(¢), we get the equivalent
transformed optimal control problem (TOCP)

. 3 1 N Uu (0}
minJ () = [ 31500 = Sa(Olfs + G o) + 7% lo(t) = Zy(o) o,
O

subject to the homogeneous pde
E(y,u) =y(t) + Ay(t) = Bu(r) =0 &  y(0)=0
and the explicit penalty and control constraints
Vo) Sw(t) <3p(t) & ua(t) < u(t) < up()

where Y4 = yi — Y, Yo = Ya — LY, y» = y» — Ly and y solves
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‘Well-posedness and optimality conditions

The optimal control problem

Well-posedness and optimality conditions
THEOREM. Assume that the closed, convex and bounded set
{,u,w) [y + Ay =Bu & y(0) =0 & u € [uq, up) & w € [Ja, I}

is nonempty. Then there exists a unique solution (y, &, @) to (TOCP).

Introducing the Langange function

g(yauawap) yau w +/ )>V’,th7
C]

we get the variational optimality conditions

%(%ﬁawap)y =0 Vy € Yhom;
Zu(y,u,0,p)(u— 1) =0 Vi € [ua, up);
fw(j},ﬁ,@,ﬁ)(w - (D) >0 Vo € [}A;(uj)b]' Universitit jﬁ (‘(*
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i
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Well-posedness and optimality conditions

Defining the active and inactive sets

As={t| 2:B°p <ua}y, Ap={t| ;B°p > ua}, = O\(A; U A}
Ay =t 2y <Ja}, ={t[Zy >}, = O\(A U A,
the following first-order optimality system (OS) is fulfilled:
() + Ay(t) = Bu(1) =0,  y(0) =0,
—p(1) + Ap(1) + Z(Z*(Zy(1) — (1)) + (3(1) = 3a(1)) =0, p(T) =0,
a(t) — 3-xi (B*p() — (Xa(Dua(t) + x5 (Dup (1)) = 0,
(1) = x; (NIY(1) = (Xa()3a (1) + x5, (0)36(1)) =
=
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The optimal control problem Primal-dual active set strategy

Primal-dual active set strategy (PDASS)

Algorithm (Primal-dual active set strategy)

Require: Initial state-adjoint state pair (y°, p°).
1: Setk=0
2: repeat
3:  Calculate the six active and inactive sets with respect to (y*, p*).
4:  Solve linear primal-dual system (OS) with these fix sets to get (y**1, pt+1)
50 Setk=k+1
6: until the current and the previous active and inactive sets coincide.
7: Return control & € L?(©, RM) and penalty w = 1 (w — Zy) € L*(©,R™).
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Proper orthogonal decomposition (POD)

Problem: After elimination of u, w, the discrete linear system (OS) is still of the
dimension 2N;N,.

Idea: For ¢/ < N,, find an optimal orthonormal system ¢ = (31, ..., %) € V* such
that the projection error of y on the space span(t)) is minimal:

mn | Hy(r) - ﬁ@@, sivr| o (POD)
2) i=1 v

$EVt ONB

Realization: Perform an eigenvalue decomposition of a compact, self-adjoint,
non-negative operator R : V — V which includes the dynamics of the state solution.

Challange: The optimal Galerkin ansatz requires the knowledge of the state solution
y which is not available. SN
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Proper axthogonal decomposin
Proper orthogonal decomposition (POD)

THEOREM. (Continuous version) Let y € C(0, T; V) be an arbitrary state and let
(\i, ¥i)ien be an eigenvalue decomposition of

R(y): V=V, R@e= / (1), p)vy(1) dr.
S

with \; > A4 foralli € N.

Then (1););en is a complete orthonormal system in V and the rank-¢ POD basis
Y = (a1, ...,10;) is a solution to (POD).

A priori estimate: The projection error of y on V* = span(z)) fulfills

oSl = 50

i=0+1 ==
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Proper orthogonal decomposition (POD)

Discrete POD: Let (71, ...,1y,) C O be a time discretization scheme with stepsize At
and let ¢ = (1, ..., on.) C V be a finite element basis with corresponding weights
matrix X = ((¢;, pj)v). Let Y € RN+ be the coefficient matrix of a state

t]rx ZYUSDZ

Then the coefficient matrix of a rank-¢ POD basis \p € RV** for yFF is given by the

discrete eigenvalue problem
AZYYTX1P1 = >\11|)l

and the [-th POD element in V™ = span() is represented by

N
Y= g
i=1

With Y¢ = YTXy € R**M the POD approximation yPOP of yFE is given by

=
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Reduced order model
Reduced order model (ROM)

© ROM components:
M = ({4, d5)n) € R and A = (At i)vs v) € RO
o B=((B,¢i)v+v) € RN and I = (Zyy) € R4,
o Ja(1) = ((ua(1), ¥i)m) € R".
©@ ROM system:

My(z) + Ay(1) —Bu(r) =0,  y(0) =0,
—Mp(7) + Ap(r) + Z (I' (Iy(r) — w(1))) + (My(r) — Ja(r)) =0,  p(T) =0,
u(t) — 2-x¢ (0B p(t) — (xi ()ua(r) + X5 (Dus(t)) = 0,
w(r) = x; (y(1) = (xa()3a (1) + x3(1)35(2)) = 0.
© ROM expansions:
0 4 =N
= ZYz(sz, pi(1) = ZPZU)% u =u, W'=w Universitit  PEFERE
I=1 I=1 i
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Reduced order mocel
Reduced order model (ROM)

A posteriori error bound: Let (u#, w) be any suboptimal control-penalty pair. Then
there exists some computable ¢ € L?(©, R x R"+) such that

/ o) = 0) o+ () = (1),

S.— / 1C(0)|Ene g A + C(AL + AX?).

min(o2, 02)

Let J(u,w) = J(y(u), u,w), then C is the negative gradient —(J,,, J,,) with cut-offs on
[u(h l/lb] X [}A’aaj’b]-

Similar results are available for nonlinear PDEs; then second-order information — the
smallest eigenvalue of the Hessian J” — is required (numerically expensive!).

— SQP (Sequential Quadratic Programming) & TR-POD (Trust Region POD).
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Reduced order model
Reduced order model (ROM)

Algorithm (Model reduction with iterative POD basis updates (IPOD))

Require: Initial control-penalty pair (u(o) , w0 ), POD basis rank ¢, desired exactness
€, maximal iteration number k..
1: Setk=20
2: repeat
3. Solve the full state equation for y*) and the full adjoint state equation for p).
4:  Solve the POD eigenvalue problem for the rank-/ basis ().

5:  Choose PDASS initialization (y,p) = (((y*), ) u), ({(p"®,4;)x)) and provide
the PDASS algorithm to solve the ROM system; get feedback (1), ().
Setk =k + 1

until Aposti(u®, w®)) < e or k > kpay.

A

8: Return control u®) € L2(©,RM) and penalty w®) = 1(w® — Ty) € L2(©,RM).
S
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Optimality system proper orthogonal decomposition
Optimality system proper orthogonal decomp. (OSPOD)

The optimal state required to determine the POD basis 1s known implicitly:

¢
> yithi = Sa
=1

2
Oy o) Oy o)
o Sl + 5l = 1 e,

y7u7w7’l/}

- 1
min J(y,u,w,w):/i
©

subject to the two state equations

y+ Ay = Bu, ¥(0) =0, (1)
M(¥)y + A()y = B()u, y(0) =0, (2)
the POD eigenvalue problem
RO — Ay = 0, ey = 1 3)
and the penalty and control constraints
Ja(t) Sw(t) <9u(r) & ualt) < u(r) <up(r). “REE %E%LH—
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Model reduction Optimality system proper orthogonal decomposition

A priori error estimates

If POD is provided with the snapshots y(u), we have the a priori error estimate

() — 50 Proyy < C@) (Zmuyo Pyl
[=04+1

/Hy Piwliar)

where P¢ : V — V¥ is the projection ¢ — Zle (D, V1) vy

With y, = 0 and the usage of the additional snapshots y(it), OS-POD admits decay
rates of the form

Iy () = ¥ () [ 720.0) < HMHU
S
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Optimality system proper orthogonal decomposition
Optimality system proper orthogonal decomp. (OSPOD)

The corresponding dual system is similar to the optimality equations above:

V4 V4
—p+Ap+ > v+ Y s v =0, (4)
=1 =1
. Oy ~
—Mp + Ap + g—le(Iy —w) + My — 34) =0, (5)
1
u——x;j(B*p+B'p) — (Xgua + xhur) =0, (©)
w—xily — (Xi¥a + x39) =0, (7)
R — Mgy + Ny, p,u,w, ) = 0. (8)

with some nonlinear term N arising by the -differential and the active sets

Az =A{1| 5. (B'p+B'p) < us}, Ay = {t| 5.(B*'p +B'p) > ug},

'AZ — {t | Iy < )A)a}a .Ai = {t | Iy > )A)b} =N
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Optimality system proper orthogonal decomposition

Optimality system proper orthogonal decomp. (OSPOD)

Algorithm (Optimality System POD (OSPOD))

Require: Initial control-penalty pair (u, w), POD basis rank /¢, desired exactness «.

1: repeat

2:  Solve the full state equation (1) for y.

3:  Solve the eigenvalue problem (3) for ).

4:  Solve the ROM problem (2), (5), (6), (7) for (y, p,u,w).

5:  Solve the “linearized eigenvalue problem” (8) for L.

6:  Solve the full adjoint equation (4) for p.

7. Provide a descent step in direction —o,u + B*p + BTp for u
8:  Provide a descent step in direction — % (w — Iy) for w.

9: until Aposti(u,w) < e.
10: Return control u € L?(©, RM) and penalty w = 1 (w — Iy) € L*(©,R™).

iversitat 33131 ‘:
Conclusion: POD & OSPOD
POD: Use a problem specific
Galerkin ansatz with respect to
some reference trajectory y.
OSPOD: Use the trajectory of the
optimal state y to get the optimal
Galerkin basis. oo [
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Numerical experiments

Numerical experiments: Run 1
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Numerical experiments: Run 2
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Numerical experiments Numerical experiments (Boundary control)

Calculation times

method DoF CPU time | efficiency
finite element system N, =500 | 860.75 sec 0.00%
initial basis ¢ =35 110.77 sec 86.98%

iterative basis updates ¢ =15 37.41 sec 95.60%
OS-POD basis selection | ¢ =13 18.39 sec 97.84%

optimal POD basis (=13 11.48 sec 98.65%
=
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