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1. Introduction

Optimal control problems for partial differential equation are often hard to
tackle numerically because their discretization leads to very large scale opti-
mization problems. Therefore, different techniques of model reduction were
developed to approximate these problems by smaller ones that are tractable
with less effort.

Balanced truncation [2, 65, 80] is one well studied model reduction tech-
nique for state-space systems. This method utilizes the solutions to two Lya-
punov equations, the so-called controllability and observability Gramians.
The balanced truncation method is based on transforming the state-space
system into a balanced form so that its controllability and observability
Gramians become diagonal and equal. Moreover, the states that are difficult
to reach or to observe, are truncated. The advantage of this method is that it
preserves the asymptotic stability in the reduced-order system. Furthermore,
a-priori error bounds are available. Recently, the theory of balanced trunca-
tion model reduction was extended to descriptor systems; see, e.g., [49] and
[21].

Recently the application of reduced-order models to linear time varying
and nonlinear systems, in particular to nonlinear control systems, has received
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an increasing amount of attention. The reduced-order approach is based on
projecting the dynamical system onto subspaces consisting of basis elements
that contain characteristics of the expected solution. This is in contrast to,
e.g., finite element techniques (see, e.g., [7], where the basis elements of the
subspaces do not relate to the physical properties of the system that they ap-
proximate. The reduced basis (RB) method, as developed in [19, 55] and [32],
is one such reduced-order method, where the basis elements correspond to the
dynamics of expected control regimes. Let us refer to the [14, 23, 50, 54] for
the successful use of reduced basis method in PDE constrained optimization
problems. Currently, Proper orthogonal decomposition (POD) is probably the
mostly used and most successful model reduction technique for nonlinear op-
timal control problems, where the basis functions contain information from
the solutions of the dynamical system at pre-specified time-instances, so-
called snapshots; see, e.g., [8, 31, 68, 76]. Due to a possible linear dependence
or almost linear dependence the snapshots themselves are not appropriate as
a basis. Hence a singular value decomposition is carried out and the leading
generalized eigenfunctions are chosen as a basis, referred to as the POD ba-
sis. POD is successfully used in a variety of fields including fluid dynamics,
coherent structures [1, 3] and inverse problems [6]. Moreover in [5] POD is
successfully applied to compute reduced-order controllers. The relationship
between POD and balancing was considered in [45, 62, 78]. An error analysis
for nonlinear dynamical systems in finite dimensions were carried out in [59)
and a missing point estimation in models described by POD was studied in
[4].

Reduced order models are used in PDE-constrained optimization in var-
ious ways; see, e.g., [28, 64] for a survey. In optimal control problems it is
sometimes necessary to compute a feedback control law instead of a fixed opti-
mal control. In the implementation of these feedback laws models of reduced-
order can play an important and very useful role, see [5, 44, 47, 60]. Another
useful application is the use in optimization problems, where a PDE solver
is part of the function evaluation. Obviously, thinking of a gradient evalu-
ation or even a step-size rule in the optimization algorithm, an expensive
function evaluation leads to an enormous amount of computing time. Here,
the reduced-order model can replace the system given by a PDE in the ob-
jective function. It is quite common that a PDE can be replaced by a five- or
ten-dimensional system of ordinary differential equations. This results com-
putationally in a very fast method for optimization compared to the effort
for the computation of a single solution of a PDE. There is a large amount
of literature in engineering applications in this regard, we mention only the
papers [48, 51]. Recent applications can also be found in finance using the
RB model [57] and the POD model [63, 66] in the context of calibration for
models in option pricing.

In the present work we use POD for deriving low order models of dy-
namical systems. These low order models then serve as surrogates for the dy-
namical system in the optimization process. We consider a linear-quadratic
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optimal control problem in an abstract setting and prove error estimates for
the POD Galerkin approximations of the optimal control. This is achieved by
combining techniques from [11, 12, 25] and [39, 40]. For nonlinear problems
we refer the reader to [28, 56, 64]. However, unless the snapshots are generat-
ing a sufficiently rich state space or are computed from the exact (unknown)
optimal controls, it is not a-priorly clear how far the optimal solution of the
POD problem is from the exact one. On the other hand, the POD method is a
universal tool that is applicable also to problems with time-dependent coeffi-
cients or to nonlinear equations. Moreover, by generating snapshots from the
real (large) model, a space is constructed that inhibits the main and relevant
physical properties of the state system. This, and its ease of use makes POD
very competitive in practical use, despite of a certain heuristic flavor. In this
work, we review results for a POD a-posteriori analysis; see, e.g., [72] and
[20, 34, 35, 69, 70, 75, 77]. We use a fairly standard perturbation method to
deduce how far the suboptimal control, computed on the basis of the POD
model, is from the (unknown) exact one. This idea turned out to be very
efficient in our examples. It is able to compensate for the lack of a priori
analysis for POD methods. Let us also refer to the papers [13, 18, 50], where
a-posteriori error bounds are computed for linear-quadratic optimal control
problems approximated by the reduced basis method.

The manuscript is organized in the following manner: In Section 2 we
introduce the method of POD in real, separable Hilbert spaces and discuss its
relationship to the singular value decomposition. We distinguish between two
versions of the POD method: the discrete and the continuous one. Reduced-
order modelling with POD is carried out in Section 3. The error between
the exact solution and its POD approximation is investigated by an a-priori
error analysis. In Section 4 we study quadratic optimal control problems gov-
erned by linear evolution problems and bilateral inequality constraints. These
problems are infinite dimensional, convex optimization problems. Their op-
timal solutions are characterised by first-order optimality conditions. POD
Galerkin discretizations of the optimality conditions are introduced and anal-
ysed. By an a-priori error analysis the error of the exact optimal control and
its POD suboptimal approximation is estimated. For the error control in the
numerical realisations we make use of an a-posteriori error analysis, which
turns out to be very efficient in our numerical examples, which are presented
in Section 5.

2. The POD method

Throughout we suppose that X is a real Hilbert space endowed with the
inner product (-,-)x and the associated induced norm || - ||x = (-, >§</2
Furthermore, we assume that X is separable, i.e., X has a countable dense
subset. This implies that X posesses a countable orthonormal basis; see, e.g.,
[61, p. 47]. For the POD method in complex Hilbert spaces we refer to [74],

for instance.
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2.1. The discrete variant of the POD method

For fixed n,p € N let the so-called snapshots y¥,... ,y*¥ € X be given for
1 <k < gp. To avoid a trivial case we suppose that at least one of the y}“’s is
nonzero. Then, we introduce the finite dimensional, linear subspace

V”:span{yﬂlgjgnandlgkgp}CX (2.1)
with dimension d” € {1,...,np} < co. We call the set V" snapshot subspace.

Remark 2.1. Later we will focus on the following application: Let 0 < ¢ <
ty < ...<t, <T bea given time grid in the interval [0, T']. To simplify of the
presentation, the time grid is assumed to be equidistant with step-size At =
T/(n—1), ie., t; = (j — 1)At. For nonequidistant grids we refer the reader
to [40, 41]. Suppose that we have trajectories y* € C([0,T]; X), 1 < k < p.
Here, the Banach space C([0,T]; X) contains all functions ¢ : [0,T] — X,
which are continuous on [0,77]; see, e.g., [71, p. 142]. Let the snapshots be
given as y;“ = y*(t;) € X or yf ~ y*(t;) € X. In Sections 3 and 4 we will
choose trajectories as solutions to evolution problems. %

In Section 2.3 we consider the case, where the number n is varied. There-
fore, we emphasize this dependence by using the super index n. We distinguish
two cases:

1) The separable Hilbert space X has finite dimension m. Then, X is iso-
morphic to R™; see, e.g., [61, p. 47]. We set I = {1,...,m}. Clearly, we
have d™ < min(np, m).

2) Since X is separable, each orthonormal basis of X has countably many
elements. In this case X is isomorphic to the set £2 of sequences {z; }ien
of real numbers which satisfy Y .o, |z;]* < oo; see [61, p. 47, for in-
stance. Then, we define J = N.

The method of POD consists in choosing an orthonormal set {t;}¢_, in X
such that for every ¢ € {1,...,d"} the mean square error between the ngp
elements yf and their corresponding ¢-th partial Fourier sum is minimized
on average:

© n l
mind S aluk = 37 whov |

¢
k=1j=1 i=1 X P)

s.t. {’(/Jl}le C X and <’(/Ji,wj>X = 6@‘, 1<4,5 < Z’

where the af’s denote positive weighting parameters. Here, the symbol 4;;
denotes the Kronecker symbol satisfying d;; = 1 and d;; = 0 for ¢+ # j. An
optimal solution {)7'}_, to (P%) is called a POD basis of rank £, which can
be extended to a complete orthonormal basis {1; };cg in the Hilbert space X.
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holds for any set {1;}f_; C X satisfying (¢;,%;)x = &;;. Thus, (PY) is
equivalent with the maximization problem

© n 4
max > 3ol > (ki) A

k=1j=1  i=1 (P5)
s.t. {d)l}le C X and <wiv1/)j>x = 51']', 1<4,5 < /.

Suppose that {1;}icq is a complete orthonormal basis in X. Since X is sep-
arable, any yf €X,1<j<nand1<k< g, can be written as

vi =Y (k) (2.3)
i€d
and the (probably infinite) sum converges for all snapshots (even for all ele-
ments in X). Thus, the POD basis {17} -1 of rank ¢ maximizes the absolute
values of the first ¢ Fourier coefficients ( Y5, ¥i) x for all np snapshots yJ
an average sense. Let us recall the following definition for linear operators in
Banach spaces.

Definition 2.2. Let By, By be two real Banach spaces. The operator T : By —
Bs is called a linear, bounded operator if these conditions are satisfied:
1) T(au+ Bv) =aTu+ BTv for alla, B €R and u, v € By.
2) There exists a constant ¢ > 0 such that ||[Tulls, < c|lulls, for all u €
B.
The set of all linear, bounded operators from By to By is denoted by L(B1, Ba)
which is a Banach space equipped with the operator norm [61, pp. 69-70]

||T||L(f51,'32): sup ||7—UH@;2 for T € L(B1,By).

Hu‘ 31:1
If By = By holds, we briefly write £L(B1) instead of L(B1,Bs). The dual
mapping T’ : By — B} of an operator T € L(B1,Bs) is defined as
(T'fu)py 5, = (f, Tu)g, 5, for all (u, f) € By x By,

where, for instance, (-, ~>r5/1731 denotes the dual pairing of the space By with
its dual space B} = L(B1,R).
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Let 31 and Hs denote two real Hilbert spaces. For a given T € L(H;, Hs)
the adjoint operator T* : Ho — Hj is uniquely defined by

(T v, u)g, = (v, Tu)ge, = (Tu,v)g, forall (u,v) € Hy x Ha.
Let J; : H; — K., i = 1,2, denote the Riesz isomorphisms satisfying
(u,v)g¢, = (i, )90 g, for all v € H;.

Then, we have the representation 7* = J, 7" Jo; see [71, p. 186]. Moreover,
(T*)* = T for every T € L(Hy,Hsz). If T = T* holds, T is said to be
selfadjoint. The operator T € L(Hy, Hs) is called nonnegative if (Tu, u)gc, >
0 for all u € H;. Finally, T € L£L(H;,H>) is called compact if for every bounded
sequence {uy, fneny C Hy the sequence {T up tnen C Ho contains a convergent
subsequence.

Now we turn to (P%) and (P%). We make use of the following lemma.

Lemma 2.3. Let X be a (separable) real Hilbert space and y¥, ..., yk € X are
given snapshots for 1 < k < p. Define the linear operator R™ : X — X as
follows:

& n
RU=3 > o (by))yy forveX (2.4)
k=1j=1
with positive weights of,...,ay. Then, R™ is a compact, nonnegative and

selfadjoint operator.

Proof. Tt is clear that R"™ is a linear operator. From

© n
IR™ I <23 el i) yjll forw e X

k=1 j=1

and the Cauchy-Schwarz inequality [61, p. 38]

(0. 0)x| < llelixllglly  for ¢, € X

we conclude that R" is bounded. Since R™ € V™ holds for all ¢ € X, the
range of R™ is finite dimensional. Thus, R" is a finite rank operator which
is compact; see [61, p. 199]. Next we show that R™ is nonnegative. For that
purpose we choose an arbitrary element ¢ € X and consider

(<] n
(R™Mp, ) x =Y > _af (o) (wh, 0 ZZ@ (W,yh): =
k=1 j=1 k=1 j=1
Thus, R™ is nonnegative. For any 1, ¥ € X we derive

© n
(R™", ) = D> o (0,yf)  (yh, o ZZa W,y Wh v

k=1j=1 k=1j=1
= (R",¢)x = (¥, R"Y) x
Thus, R™ is selfadjoint. O
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Next we recall some important results from the spectral theory of oper-
ators (on infinite dimensional spaces). We begin with the following definition;
see [61, Section VI.3].

Definition 2.4. Let H be a real Hilbert space and T € L(H).

1) A complex number \ belongs to the resolvent set p(T) if \T — T is a
bijection with a bounded inverse. Here, T € L(H) stands for the identity
operator. If X & p(T), then X is an element of the spectrum o(T) of T.

2) Let u # 0 be a vector with Tu = Mu for some A € C. Then, u is said
to be an eigenvector of T. We call \ the corresponding eigenvalue. If A
is an eigenvalue, then XZ — T is not injective. This implies A € o(T).
The set of all eigenvalues is called the point spectrum of T .

We will make use of the next two essential theorems for compact oper-
ators; see [61, p. 203].

Theorem 2.5 (Riesz-Schauder). Let H be a real Hilbert space and T : H — H
a linear, compact operator. Then the spectrum o(T) is a discrete set having
no limit points except perhaps 0. Furthermore, the space of eigenvectors cor-
responding to each nonzero A € o(T) is finite dimensional.

Theorem 2.6 (Hilbert-Schmidt). Let H be a real separable Hilbert space and
T : H — H a linear, compact, selfadjoint operator. Then, there is a se-
quence of eigenvalues {\;}icg and of an associated complete orthonormal ba-
sis {w;}icg C X satisfying

T = N; and X, — 0 as i — oo.

Since X is a separable real Hilbert space and R™ : X — X is a linear,
compact, nonnegative, selfadjoint operator (see Lemma 2.3), we can utilize
Theorems 2.5 and 2.6: there exist a complete countable orthonormal basis
{¥"}ieg and a corresponding sequence of real eigenvalues {\7};cq satisfying

R = NP AT > 0> Agn > Agnyp = ... = 0. (2.5)

The spectrum of R™ is a pure point spectrum except for possibly 0. Each
nonzero eigenvalue of R™ has finite multiplicity and 0 is the only possible
accumulation point of the spectrum of R™.

Remark 2.7. From (2.4), (2.5) and ||| x = 1 we infer that

© n © n
SN ol (i) = <Zzay <y§,¢f>xy§,zz?>x

k=1j=1 k=1j=1 (2.6)
= (R™"M M) = AP for any i € J.
In particular, it follows that
e n .
ZZ@?@?W%X:O for all ¢ > d™. (2.7)

k=1j=1
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Since {¢I'}ics is a complete orthonormal basis and ||yf|| x < oo holds for
1<k<p,1<j<n, we derive from (2.6) and (2.7) that

© n © n
SN a1 =S S whdn)

k=1j=1 k=1j=1 veld (2 8)
d" :
D)D) ILATR T P 1Y
ved k=1 j=1 ied i=1

By (2.8) the (probably infinite) sum >°, ., A is bounded. It follows from (2.2)
that the objective of (PY) can be written as

¢
ZA" 3 e 29)

k=1j=1 i=1

ZZ

Z (ki)
=1

which we will use in the proof of Theorem 2.8. O
Now we can formulate the main result for (P%) and (P%).

Theorem 2.8. Let X be a separable real Hilbert space, y¥,...,y* € X for
1 <k<gpand R": X — X be defined by (2.4). Suppose that {\"}icq
and {1 }ic7 denote the nonnegative eigenvalues and associated orthonormal
eigenfunctions of R" satisfyz'ng (2.5). Then, for every ¢ € {1,...,d"} the
first € eigenfunctions {7 }_, solve (PY) and (PZ) Moreover, the value of
the cost evaluated at the optzmal solution {1/}" _, satisfies

ZZ Z<yﬁw" w“

k=1j=1 =

Z AR (2.10)

and
n

© L L
PIDILID I RTINED PPU (2.11)
1=1

k=1j=1  i=1

Proof. We prove the claim for (P%) by finite induction over £ € {1,...,d"}.

1) The base case: Let £ = 1 and 1 € X with [|¢)||x = 1. Since {¢"},eg is
a complete orthonormal basis in X, we have the representation

b= (P x Oy (2.12)

ved
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Inserting this expression for v in the objective of ( ) we find that

S b =S (i X i i)

k=1 =1 k=1 j=1 ved

=30 S (0 ) 05 ) )

k=1 j=1 ved peld

—ZZa SO (G 00 (W ) (0, 00 (0 )

k=1j=1 ved ped
B (<Zza T VT (0 ) ).
ved pel k=1j=1
Utilizing (2.4), (2.5) and ||¢"||x = 1 we find that

© n
S ar et =Y (<A:ws,¢:>x<¢,ws>x<¢, wz>X)

k=1j=1 ved pel
an Tn\2
= Z /\V <w’ wl/>X
vel
From A} > A" for all v € J and (2.6) we infer that
\n Tny\ 2 \n Tny 2 \n \n
Z)‘u <¢a¢v>X S )‘1 Z <¢a¢u>X - >‘1 HwHQX - )‘1
veld ved

£ n 9
_ § § n /, k gn
- O[j <yj » Y1 >X’
k=1 j=1

i.e., Y7 solves (PL) for £ =1 and (2.11) holds. This gives the base case.
Notice that (2.9) and (2.11) imply (2.10).
2) The induction hypothesis: Now we suppose that

for any £ € {1,...,d" — 1} the set {¢!'}’_, C X solve (P%)
L ¢ (2.13)
it 330 00 = oA
k=1j=1  i=1
3) The induction step: We consider
n 41

IR ) SITD BRI

k=1 j=1 =1 (pﬁJrl)
st {gsHit] € X and (g, ) = 035, 1 <45 <L+ 1.
By (2.13) the elements {¢!'}¢_, maximize the term

© n V4
SN > kv

k=1j=1 i=1
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Thus, (P4H1) is equivalent with
© n
2
max} > oy, )y
k=1 =1 (2.14)
st.veXand ¢y =1, (®,97)x =0, 1 <i</

Let » € X be given satisfying ||¢]|x = 1 and (zb,z/;;’);{ =0 for i =
., 0. Then, using the representation (2.12) and (¢, ¥?")x = 0 for

i=1...,¢, we derive as above
o
§j APy o) = SN, = DAL (6,9
k=1j=1 vel v>L

From A7, > AZ for all v > ¢+ 1 and (2.6) we conclude that

© n
ZZO‘;}@?’ 2 <)‘1’+1Z ﬂ’d’n </\£+1Z 7/17/1n

k=1 j=1 V>0 ved
P n )
- 9 - . -
= M4 [l = At = Zza?@jﬂl’ﬂﬁx
k=1 j=1

Thus, )y, solves (2.14), which implies that {31 is a solution to
(P4 and

© n +1 9 +1
n k Tn _ An
2D efd Wil =3 N

=15=1 i=1 i=1

Again, (2.9) and (2.11) imply (2.10).
(]

Remark 2.9. Theorem 2.8 can also be proved by using the theory of nonlin-
ear programming; see [31, 74], for instance. In this case (P%) is considered as
an equality constrained optimization problem. Applying a Lagrangian frame-
work it turns out that (2.5) are first-order necessary optimality conditions
for (P%). O

For the application of POD to concrete problems the choice of ¢ is cer-
tainly of central importance for applying POD. It appears that no general
a-priori rules are available. Rather the choice of ¢ is based on heuristic con-
siderations combined with observing the ratio of the modeled to the “total
energy” contained in the snapshots y¥, ...,y 1 <k < p, which is expressed
by

Utilizing (2.8) we have
£ 3n
Zi:l )\i
n n 2
Y1 21 o Il

£(0) =
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i.e., the computation of the eigenvalues {Xi};-i:é 41 1s not necessary. This is
utilized in numerical implementations when iterative eigenvalue solver are
applied like, e.g., the Lanczos method; see [2, Chapter 10], for instance.

In the following we will discuss three examples which illustrate that
POD is strongly related to the singular value decomposition of matrices.

Remark 2.10 (POD in Euclidean space R™; see [38]). Suppose that X = R™
with m € N and p = 1 hold. Then we have n snapshot vectors yi,...,yn
and introduce the rectangular matrix Y = [y1|... |y,] € R™*" with rank
d"™ < min(m,n). Choosing o =1 for 1 < j < n problem (P%) has the form

mlnz Hy] yj 7/12) il g (2.15)

s.t. {wi}izl C R™ and ’(/Ji %‘ = (Sij, 1<4,5< g,

where || - ||gm stands for the Euclidean norm in R™ and “T” denotes the
transpose of a given vector (or matrix). From

(R"w)i:(z T)y;). ZZYZMF YYTy), ¢eR™

Jj=1 j=11=1
for each component 1 < ¢ < m we infer that (2.5) leads to the symmetric
m X m eigenvalue problem
VY Tr = AP0, AP > > A > My = ... = A, = 0. (2.16)

Recall that (2.16) can be solved by utilizing the singular value decomposition
(SVD) [52]: There exist real numbers 7 > 65 > ... > ¢4, > 0 and orthog-
onal matrices ¥ € R™*™ with column vectors {¢?}™, and ® € R"*" with
column vectors {¢?}" | such that

Yo = < 107 8 ) =¥ e R™*", (2.17)
where D = diag (67, ...,5%,) € R and the zeros in (2 17) denote matrices
of appropriate dlmenswns Moreover the vectors {1/1” ', and {gzﬁ" ~_, satisty

Yo =" and Y Y =at¢r fori=1,...,d". (2.18)

They are eigenvectors of YY T and Y 'Y, respectively, with eigenvalues 5\" =
(6?2 >0,i=1,...,d". The vectors {¢}1" ;. .1 and {QI}7_yn,y (ifd" <m
respectively d™ < n) are eigenvectors of YYT and Y'Y with elgenvalue 0.
Consequently, in the case n < m one can determine the POD basis of rank £ as
follows: Compute the eigenvectors @7, ..., (5? € R™ by solving the symmetric
n X n eigenvalue problem

YTY(%L =\'g? fori=1,....0
and set, by (2.18),
1

¢i:()\ )1/2Y¢ fori=1,... 0.
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For historical reasons this method of determing the POD-basis is sometimes
called the method of snapshots; see [68]. On the other hand, if m < n holds,
we can obtain the POD basis by solving the m x m eigenvalue problem (2.16).
If the matrix Y is badly scaled, we should avoid to build the matrix product
YYT (or YTY). In this case the SVD turns out to be more stable for the
numerical computation of the POD basis of rank /. O

Remark 2.11 (POD in R™ with weighted inner product). As in Remark 2.10
we choose X = R™ with m € R™ and p = 1. Let W &€ R™*™ be a given
symmetric, positive definite matrix. We supply R™ with the weighted inner
product

(W, D)y =0 Wi = (¢, W) = (Wi, ) for v, € R™.
Then, problem (PY) has the form

mlnz Z Wi, Vi) w

s.t. {7/%‘}1':1 C Rm and <w17¢J>W = 51'3'7 1 S Z,j S f

As in Remark 2.10 we introduce the matrix Y = [y |... | yn] € R™*™ with
rank d"” < min(m,n). Moreover, we define the diagonal matrix D = diag (a7,
ay) € R™" We find that

i
w

(R”w)l = (ZO[? <yJ7 w yﬂ) ZZZQ;LKleV’QZJVY;j
Jj=1 j=11=1v=1

= (YDY W), for¢p € R™,

for each component 1 < i < m. Consequently, (2.5) leads to the eigenvalue
problem

YDY TWHP = NP2, NP> o> N > My =...= A =0, (2.19)
Since W is symmetric and positive definite, W possesses an eigenvalue de-
composition of the form W = QBQT, where B = diag (81, ..., 3m) contains

the eigenvalues 51 > ... > B, > 0 of W and Q € R™*™ is an orthogonal
matrix. We define

W' = Qdiag (87,...,8.,)Q" forreR.
Note that (W")~™! = W=" and W"+* = W"W?* for r, s € R. Moreover, we
have
(W, Py = (W2, W2y, for o, ) €R™
and [[¢¥|lw = ||[W'/2¢||gm for ¢ € R™. Analogously, the matrix D'/? is
defined. Inserting ¢ = W1/2¢? in (2.19), multiplying (2.19) by W'/2 from
the left and setting Y = Wi/2y pi/2 yield the symmetric m x m eigenvalue
problem
YYTyr = Amgr, 1<i</.

Note that

Y'Y = DV2y TWy DYV/? e RMX", (2.20)
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Thus, the POD basis {17 }¢_, of rank £ can also be computed by the methods

of snapshots as follows: First solve the symmetric n X n eigenvalue problem
VTIVer =Agp, 1<i</( and (¢',¢)),, =0dij, 1<i,j <L

i K

Then we set (by using the SVD of )

n — n 1 — S n 1 n .

=W 1/2% _ 7LW 1/2Y¢i _ anD1/2¢“ 1<i<d. (2'21)
Note that

@87y = (W) TW} = 575 (¢>”) DY2YTWYDY2 g =,

=yTY
for 1 <4,j < . Thus, the POD basis {@?}le of rank ¢ is orthonormal in R™
with respect to the inner product (-, -)y. We observe from (2.20) and (2.21)
that the computation of W1/2 and W~'/2 is not required. For applications,
where W is not just a diagonal matrix, the method of snapshots turns out

to be more attractive with respect to the computational costs even if m > n
holds. O

Remark 2.12 (POD in R™ with multiple snapshots). Let us discuss the more
general case p = 2 in the setting of Remark 2.11. The extension for o > 2
is straightforward. We introduce the matrix Y = [yi |... |yt [v3] ... [y2] €
R™*("9) with rank d” < min(m,ng). Then we find

R™Mp = Z( (i )y uj + <yg,¢>wy?)

ﬁ_/
—:DeR(np) X (np)

Hence, (2.5) corresponds to the eigenvalue problem

YDY "W = NipP, AP > o> Ny > N = ... = AL =0, (2.22)
Setting ¥ = W1/2¢! in (2.22) and multiplying by W'/? from the left yield
WYy DY TW2gr = Anypr, (2.23)

Let Y = W2y D1/2 ¢ Rmx(ne), Ubing WT =W aswellas DT = D we infer
from (2.23) that the POD basis {¢)7'}¢_, of rank £ is given by the symmetric
m X m eigenvalue problem

YYT(/J? = A 1<i</l and f,g[;;‘)Rm =0, 1<i,j<(
and ¥ = W=1/2¢". Note that
VTV = D2y Twy DY/2 e R(re)x(np)

Thus, the POD basis of rank ¢ can also be computed by the methods of snap-
shots as follows: First solve the symmetric (np) x (ngp) eigenvalue problem

VIVl =Ny, 1<i <l and (¢}, ]),,, =0ij, 1<i,j <L
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Then we set (by SVD)

_ 1 ~ 1 ~
w’? — W71/2¢? _ ﬁ W71/2Y¢;L — ? YD1/2¢;1

for 1 <i</. O

2.2. The continuous variant of the POD method

As in Remark 2.1 tet 0 < t; <ty < ... < t, < T be a given time grid in
the interval [0,T] with equidistant with step-size At = T/(n — 1), i.e., t; =
(4 — 1)At. Suppose that we have trajectories y* € C([0,7]; X), 1 < k < g.
Let the snapshots be given as yf = y*(t;) € X or yf ~ y*(t;) € X. Then,
the snapshot subspace V" introduced in (2.1) depends on the chosen time
instances {t;}}_;. Consequently, the POD basis {47}, of rank £ as well
as the corresponding eigenvalues {)\;’ ;—1 depend also on the time instances
(which has already been indicated by the superindex n). Moreover, we have
not discussed so far what is the motivation to introduce the positive weights
{aj}}_; in (P%). For this reason we proceed by investigating the following
two questions:

e How to choose good time instances for the snapshots?
e What are appropriate positive weights {a? G=1?

To address these two questions we will introduce a continuous version of
POD. In Section 2.1 we have introduced the operator R™ in (2.4). By {¢"}icg
and {X?}ieg we have denoted the eigenfunctions and eigenvalues for R™ sat-
isfying (2.5). Moreover, we have set d” = dim V" for the dimension of the
snapshot set. Let us now introduce the snapshot set by

V:span{yk(t)\te [0,7] and 1 Sk‘gp} cX

with dimension d < oco. For any ¢ < d we are interested in determining a
POD basis of rank ¢ which minimizes the mean square error between the
trajectories y* and the corresponding /-th partial Fourier sums on average in
the time interval [0, T7:

(P°)
s.t. {7/11}1:1 C X and <w171/)J>X = 51’]’7 1 S Z,j § é

An optimal solution {¢;}¢_; to (P?) is called a POD basis of rank £. Analo-
gous to (P!) we can — 1nstead of (P%) — consider the problem

maXZ/ 1), 1) % B

st {Yi}i_y C X and (¢, ;) = 6i5, 1 <i,5 < L.
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A solution to (P*) and to (P?) can be characterized by an eigenvalue problem
for the linear integral operator R : X — X given as

[ T
Ro=3" [ 6hO.)x s @ forve X (224)
k=1

For the given real Hilbert space X we denote by L?(0,T; X) the Hilbert space
of square integrable functions ¢t — ¢(t) € X so that [71, p. 143]

e the mapping ¢t — ¢(t) is measurable for ¢ € [0,T] and
T ) 1/2
el = ([ le®lia)” <o

Recall that ¢ : [0,7] — X is called measurable if there exists a sequence
{@n}nen of step functions ¢, : [0,7] — X satisfying ¢(t) = lim,— 0 ©n(t)
for almost all ¢ € [0, T]. The standard inner product on L?(0,T; X) is given
by

T
<<P71/)>L2(0,T;X) = /o (p(t), d(t)) x dt  for ¢, € L*(0,T; X).

Lemma 2.13. Let X be a (separable) real Hilbert space and y* € L?(0,T; X),
1 <k < @, be given snapshot trajectories. Then, the operator R introduced
in (2.24) is compact, nonnegative and selfadjoint.

Proof. First we write R as a product of an operator and its Hilbert space

adjoint. For that purpose let us define the linear operator ) : L2(0, T; R®) —
X by

L T
Yo=3. / oh(tyt(tydt for o= (¢',...,¢") € L*(0, T;RY).  (2.25)
k=1"0

Utilizing the Cauchy-Schwarz inequality [61, p. 38] and y* € L2(0,T; X) for
1 < k < p we infer that

T P
Vol x < Z/o |¢k(t>“|yk(t)||x dt < Z ||¢k||L2(0,T)||yk||L2(O,T;X)
k=1 k=1

o ) 12 , )
§(2|¢k||L2<O,T>) (Zny’“(t)nX)
k=1 k=1

=Cy |9l p2(0,7rey forany ¢ € L*(0,T;R®),

1/2

where we set Cy = (3%F_; ||y’“(7§)||§()1/2 < o0. Hence, the operator ) is
bounded. Its Hilbert space adjoint * : X — L?(0,T;R¥) satisfies

VU, 0) 120 7oy = (0, V) x for ¢ € X and ¢ € L*(0,T;R?).



16 M. Gubisch and S. Volkwein

Since we derive

V", 8 a0 ripey = (V) x = <w,Z / ok (1) )dt>X

P
> / O Odt = (1 ) 1cke0r®) 1 1
for 1 € X and ¢ € L?(0,T;R®), the adjoint operator is given by
W, yl(t)>X
(YV*)(t) = for ¢ € X and t € [0,T] a.e.,

<¢7 yp(t»X

where ‘a.e.” stands for ‘almost everywhere’. From (2.4) and

<w?y1(')>X © T
(YY) =Y ; -y / (W () x o (8) At for ¢ € X
_ 0
(W57 ()) i

we infer that R = YY* holds. Since the operator ) is bounded, its adjoint and
therefore R = YY* are bounded operators. To prove that R is compact, we
show that V* is compact. Let {xn}nen C X be sequence converging weakly
to an element y € X, i.e.,

lim <de)>x = <Xm¢>x for all ¢ € X.

n—oo

This implies that

<Xn7y1(t)>X <me1(t)>x
Tim (V*xn)(t) = : = : = () ®)
(s 9°(8)) x (X 97 (1) x

for t € [0,T] a.e. Thus, the sequence {Y*xp }nen converges weakly to Y*x in
L?(0,T;R®). Consequently, R = YY* is compact. From

© T
_ k k
(R ) = <; | woronato dt’“’>x
© T 9
_ Z/ (0, () [P dt > 0 forall ¥ € X
k=170

we infer that R is nonnegative. Finally, we have R* = (YY*)* = R, i.e. the
operator R is selfadjoint. (I
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Remark 2.14. It follows from the proof of Lemma 2.13 that = Y*) :
L?(0,T;R®) — L%(0,T;R¥) is compact as well. We find that

35 0600 (0) 0 5) s
(Ko)(t) = ; , ¢ € L*(0,T;R®).
3 i 530,57 (0) () ds
The compactness of K can also be shown as follow: Notice that the kernel
function
rin(s,t) = (¥"(s), 4" (t)) x, (s,t) €[0,T] x [0,T] and 1 < i,k < p,

belongs to L2(0,T) x L?(0,T). Here, we shortly write L2(0,T) for L*(0, T; R).
Then, it follows from [79, pp. 197 and 277] that the linear integral operator
Kir : L?(0,T) — L*(0,T) defined by

Kir(t) = /0 ri(s,t)o(s)ds, ¢ € L2(07T),

is a compact operator. This implies, that the operator Zle Kk is compact
for 1 <i < p as well. O

In the next theorem we formulate how the solution to (P¢) and (P?)
can be found.

Theorem 2.15. Let X be a separable real Hilbert space and y* € L*(0,T; X)
are given trajectories for 1 < k < . Suppose that the linear operator R
is defined by (2.24). Then, the exist nonnegative eigenvalues {\;}iey and
associated orthonomal eigenfunctions {1;};cq satisfying

R’(ZJI:;\Z’(ZJ“ 5\122;\d>5\d+1::0 (226)
For every ¢ € {1,...,d} the first ¢ eigenfunctions {1;}_, solve (P*) and
(PY). Moreover, the value of the objectives evaluated at the optimal solution

{4p; Y., satisfies

& T L ~ 2 d B
Z/ Hy’“(t)—z<y’“(t)7¢¢>xwi L= >N (2.27)
k=170 i=1 i=+1
and . o N .
Z/O Do W), dt = A, (2.28)
k=1 i=1 i=1
respectively.

Proof. The existence of sequences {); };cy of eigenvalues and {t; };cq of asso-
ciated eigenfunctions satisfying (2.26) follows from Lemma 2.13, Theorem 2.5
and Theorem 2.6. Analogous to the proof of Theorem 2.8 in Section 2.1 one
can show that {1;}{_, solves (P*) as well as (P*) and that (2.27) respectively
(2.28) are valid. O
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Remark 2.16. Similar to (2.6) we have

© T
> [ el - ZA (2.20)
k=1

In fact,
Z/ t), %) x y"(t)dt  for every i € J.

Taking the inner product with ;, using (2.26) and summing over i we get
d

d
ZZ/ cdt = > (Rabi, i) = ) A

=1 k=1 =1

1
Expanding each y*(¢) € X in terms of {1;};cq for each 1 < k < p we have

d
V0 =3 0 (0D v

and hence
d
> [ Wl - >3 [ W ia= Y5
k=1i=1 i=1
which is (2.29). O

Remark 2.17 (Singular value decomposition). Suppose that y* € L%(0,T; X)
holds. By Theorem 2.15 there exist nonnegative eigenvalues {)\; };c7 and as-
sociated orthonomal eigenfunctions {v; };cq satisfying (2.26). From K = Y*)
it follows that there is a sequence {@; };cg such that

Kd: = Mdi, 1.l

We set Rf = {s € R|s >0} and 5; = 5\3/2. The sequence {G;, ¢;,1; }icg in
RS x L2(0,T;R?) x X can be interpreted as a singular value decomposition
of the mapping Y : L?(0,T;R®) — X introduced in (2.25). In fact, we have

Voi =i, Vb = Gii, i€
Since &; > 0 holds for 1 =1...,d, we have ¢; = Y¢;/o; fori=1,....d. ¢
2.3. Perturbation analysis for the POD basis
The eigenvalues {\"};cq satisfying (2. 5) depend on the time grid {¢;}7_,

11 A, the value of the cost in (P/)
evaluated at the solution {wzn i—1 for n = oo. Clearly, n — oo is equivalent
with At =T/(n—1) — 0.

In general the spectrum o(7T) of an operator T € £(X) does not depend
continuously on 7. This is an essential difference to the finite dimensional
case. For the compact and selfadjoint operator R we have o(R) = {\;}ies.
Suppose that for £ € N we have A, > Agy; so that we can seperate the
spectrum as follows: o(R) = 8 U8} with 8 = {A1,..., A\;} and 8, = o(R) \
8¢. Then, 8, N8, = (). Moreover, setting V* = span {1/11,...71/14} we have

this section we investigate the sum Z
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X =V¢® (VYL where the linear space (V¢)* stands for the X-orthogonal
complement of V. Let us assume that

. n_ _
nh_{go IR R”L(X) 0 (2.30)

holds. Then it follows from the perturbation theory of the spectrum of linear
operators [36, pp. 212-214] that the space V! = span {¢7,..., 47} is iso-
morphic to V* if n is sufficiently large. Furthermore, the change of a finite
set of eigenvalues of R is small provided ||R™ — R||¢(x) is sufficiently small.
Summarizing, the behavior of the spectrum is much the same as in the finite
dimensional case if we can ensure (2.30). Therefore, we start this section by
investigating the convergence of R™ — R in the operator norm.
Recall that the Sobolev space H'(0,T; X) is given by

H'0,T;X) ={p e L*(0,T; X) | ¢, € L*(0,T; X)},

where ; denotes the weak derivative of . The space H'(0,T; X) is a Hilbert
space with the inner product

T
<<Pa ¢>H1(0,T;X) = /0 <<p(t), ¢(t)>x + <‘Pt(t)a d)t(t»x dt for p, ¢ € Hl(O,T; X)

and the induced norm ||| g1(0,7;x) = {(¢. §0>}q{12(0,T;X)‘
Let us choose the trapezoidal weights

n T e L ogoci<n—t1an= L (2.31)
ot = oy = or n — o, = . .
L9 -1 % "1 == T 9 1)
For this choice we observe that for every ¢ € X the element R"y is a
trapezoidal approximation for R. We will make use of the following lemma.

Lemma 2.18. Suppose that X is a (separable) real Hilbert space and that the
snapshot trajectories y* belong to H'(0,T;X) for 1 < k < p. Then, (2.30)
holds true.

Proof. For an arbitrary ¢ € X with ||| x = 1 we define F : [0,7] — X by

Z‘O: V) y*(t) for t €[0,T).
k=1

It follows that

noloeti
Rap = /OT F(t)dt = ;/ﬁj F(t)dt,

n n—1
R =Y a;F(t;) = % > (F(ty) + F(tje).
=1

Jj=1

(2.32)

Then, we infer from ||¢||x = 1 that

FOIZ < (Zy ||X>. (2.33)
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Now we show that F belongs to H'(0,T; X) and its norm is bounded inde-
pendently of 1. Recall that y* € H'(0,T; X) imply that y* € C(]0,7]; X)
holds for 1 < k < p. Using (2.33) we have

T © 2
2 2
1F1 7207, x) < /0 (Z |ka([O,T];X)> dt < G
k=1

with Cy =T(3"%_, ||yk'||2c([0)T];X))2. Moreover, F € H*(0,T; X) with

=D Wr®). V) x " () + @), )y yr () faa te[0,T],

k=1

where ‘f.a.a.” stands for 'for almost all’. Thus, we derive

2
T / (Zny Mxlot @) de <o

with Cp = 4377, ||yk||20([0,T];X) i ||Z/£||%2(0,T;X) < oo. Consequently,

T 1/2
||F|H1<0,T;X)=( / |F<t>||§(+||Ft<t>§(dt) <o @231

with the constant C3 = (C} + C3)/2, which is independent of 1. To evaluate
R™p we notice that

/:M F(t)dt = 3 / o (Pt + /tt Fy(s) ds) di

J 1 [li+e t
+35 /t (F(tﬁl)—&- /t Fi(s) ds)dt
J +1

.7 (2.35)
=5 (F(t;) + F(tj+1))

+% /:H (/tt Fi(s) d8+/tt Ft(g)ds)dt.

i+l i+

Utilizing (2.32) and (2.35) we obtain

1R™¢ =R =

g

_ (5 e+ Pt - [ rar)|

tit1 [ZEE

K 1
Fi(s) dsdtH + 3

Fi(s) dsdtH
X

[ZEE
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From the Cauchy-Schwarz inequality [61, p. 38] we deduce that

n—1 tit1 t n—1 tit1 t
Z / / Fi(s) dsdtH < Z/ / Fi(s)ds|| dt
=117t tj X =174 tj X
n—1 tit1 t 2 1/2
<VALY. (/ / Ft(s)dsH dt)
j=1 tj tj X
(2.36)
n—1 tit1 t 2 1/2
<vE Y ([ ([ Imelas) )
j=1 tj tj
n—1 tit1 t ) 1/2
cary ([ IRk asat) < VB Iy
j=1 J J
Analogously, we derive
n—1 tit1 t
> / / Fy(s) dsdtH < TVAL|Fll g 0.1:x)- (2.37)
=1 11/%; tj+1 X
From (2.34), (2.36) and (2.37) it follows that
Cy
R™"p —R < —
|| ,(/) w“X — \/ﬁ’
where C; = C5T3/2 is independent of n and 1. Consequently,
IR™ — RH,C(X) = sup [R™)—RyY|x =30
ol x=1
which gives the claim. O

Now we follow [40, Section 3.2]. We suppose that y* € H'(0,T; X) for
1 <k < . Thus y* € C([0,T]; X) holds, which implies that

P n T
n 2 2
Yol )l Z/O ly* Ol x dt asn — cc. (2.38)
k=1

k=1 j=1
Combining (2.38) with (2.8) and (2.29) we find

dr d
25\? — Z A\ asmn — 00. (2.39)
i=1 i=1
Now choose and fix B B
¢ such that Ay # Apy1. (2.40)

Then, by spectral analysis of compact operators and Lemma 2.18 it follows
that

AP =\ for1<i</lasn— oo (2.41)
Combining (2.39) and (2.41) we derive
d d



22 M. Gubisch and S. Volkwein

Especially, if Ay > Ay > -+ > A, is satisfied, we conclude from (2.40) and
Lemma 2.18 that lim,, o ||V — ¢;||x =0 for i = 1,...,¢. Summarizing the
following theorem has been shown.

Theorem 2.19. Let X be a separable real Hilbert space, the weighting pa-
rameters {a'}7_; be given by (2.31) and y* € HY(0,T;X) for 1 <k < p.
Let {(Y1, AP Yieg and {(1i, \i) }ieg be eigenvector-eigenvalue pairs satisfying
(2.5) and (2.26), respectively. Suppose that £ € N is fived such that (2.40)
holds. Then we have

lim [A} —A\i| =0 for1<i</,

n— oo

and

dm d
. in Y .
DR ED ppt
i=0+1 i=0+1
In particular, if Ay > Ay > -+ > g holds, then we even have

lim [|¢]" — ]|y =0 for1<i<U.
n—oo

Remark 2.20. Theorem 2.19 gives an answer to the two questions posed at
the beginning of Section 2.2: The time instances {t;}”_; and the associated
positive weights {a}7_; should be chosen such that R" is a quadrature
approximation of R and [|R" —R|| ¢ (x) is small (for reasonable n). A different
strategy is applied in [43], where the time instances {¢;}}]_; are chosen by
an optimization approach. Clearly, other choices for the weights {a }/_; are
also possible provided (2.30) is guaranteed. For instance, we can choose the
Simpson weights. O

3. Reduced-order modelling for evolution problems

In this section we utilize the POD method to derive low-dimensional models
for evolution problems. For that purpose the POD basis of rank ¢ serves as
test and ansatz functions in a POD Galerkin approximation. The a-priori
error of the POD Galerkin scheme is investigated. It turns out that the re-
sulting error bounds depend on the number of POD basis functions. Let
us refer, e.g., to [20, 22, 30, 39, 40, 41, 63] and [33], where POD Galerkin
schemes for parabolic equations and elliptic equations are studied. Moreover,
we would like to mention the recent papers [9] and [67], where improved rates
of convergence results are derived.

3.1. The abstract evolution problem

In this subsection we introduce our abstract evolution problem which will
be under consideration in Sections 3 and 4. Let V' and H be real, separable
Hilbert spaces and suppose that V is dense in H with compact embedding.
By (-,-)m and (-,-)v we denote the inner products in H and V, respectively.
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Let T > 0 the final time. For ¢ € [0, 7] we define a time-dependent symmetric
bilinear form a(t;-,-) : V x V — R satisfying

la(t; 0, 9)| < v llelly 9l Vo € V ace. in [0,T], (3.1a)
2 2 .

a(t; o, ) 2 m llelly — 2 llely Vo eV ae. in [0,T] (3.1b)
for constants 7, 1 > 0 and 72 > 0 which do not depend on ¢. In (3.1), the
abbreviation “a.e.” stands for “almost everywhere”. By identifying H with its
dual H' it follows that V — H = H' — V' each embedding being continuous

and dense. Here, V'’ denotes the dual space of V. Recall that the function
space (see [10, pp. 472-479] and [71, pp. 146-148], for instance)

W(0,T) ={p € L*(0,T;V) | ¢, € L*(0,T;V")}

is a Hilbert space endowed with the inner product

T
<%@W@ﬂ=A ((8), (1)) + (oe(t), du(t))y dt for o, & € W(0,T)

and the induced norm |[[¢[lwo,r) = (¢, >1 ?0 7). Furthermore, wW(0,T) is

continuously embedded into the space C([0,T]; H). Hence, ¢(0) and (T)
are meaningful in H for an element ¢ € W(0,T). The integration by parts
formula reads

T T T
| oot [ o000 dt= 5 [ o000,

= o(T)¢(T) = ¢(0)¢(0)

for ¢, ¢ € W(0,T), where (-,-)y+ v stands for the dual pairing between V'
and its dual space V’. Moreover, we have the formula

d
<80t(t)a¢>vgv T a

Since we will consider optimal control problems in Section 4, we already
introduce the evolution problem with an input term. We suppose that for
N, € N the input space U = L?(0,T;R"+) is chosen. In particular, we
identify U with its dual space U’. For u € U, y, € H and f € L?(0,T;V")
we consider the linear evolution problem

S0, @) +altsy(). 9) = (] + Bu)D), @)y
Yo € V a.e. in (0,7, (3.2)
©(0), )i = (Yo V)i Vo € H,

where B : U — L?(0,T; V") is a continuous, linear (control or input) operator.

(p(t), d)y  for (p,¢) € W(0,T) xV and fa.a. t € [0,T].

Remark 3.1. Notice that the techniques presented in this work can be adapted
for problems, where the input space U is given by L?(0,T; L?(D)) for some
open and bounded domain D C R« for an N, € N. O
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Theorem 3.2. Fort € [0,T] leta(t;-, ) : VXV — R be a time-dependent sym-
metric bilinear form satisfying (3.1). Then, for everyu € U, f € L*(0,T;V")
and yo € H there is a unique weak solution y € W(0,T) satisfying (3.2) and

Whw oy < € (el + 120 vy + Il (3.3)

for a constant C > 0 which is independent of u, yo and f. If f € L*(0,T; H),
a(t;-,-) = a(-,-) (independent of t) and yo € V hold, we even have y €
L>(0,T;V)NHY0,T; H). Here, L>°(0,T;V) stands for the Banach space of
all measurable functions ¢ : [0,T] — V with esssup,c(o 1y l9(t)|lv < oo (see
[71, p. 143], for instance).

Proof. For a proof of the existence of a unique solution we refer to [10, pp. 512-
520]. The a-priori error estimate follows from standard variational techniques
and energy estimates. The regularity result follows from [10, pp. 532-533] and
[17, pp. 360-364]. O

Remark 3.3. We split the solution to (3.2) in one part, which depends on
the fixed initial condition y, and right-hand f, and another part depending
linearly on the input variable u. Let § € W(0,T) be the unique solution to

S0, P +alt1(0),0) = FWphry VoV e in (0,T],
7(0) = yo in H.

We define the subspace
Wo(0,T) = {p € W(0,T)|¢(0) =0in H}

endowed with the topology of W (0,T). Let us now introduce the linear solu-
tion operator S : U — Wy(0,T): for w € U the function y = Su € Wy(0,T)
is the unique solution to

S 1), @)+ altsy(t),9) = (Bu)(D) @hyy Vo€V ae.in (0,7]

From y € Wy(0,T) we infer y(¢;) = 0 in H. The boundedness of S follows
from (3.3). Now, the solution to (3.2) can be expressed as y = § + Su. O

3.2. The POD method for the evolution problem

Let w € U, f € L?(0,T;V’) and 3y, € H be given and y = § + Su. To
keep the notation simple we apply only a spatial discretization with POD
basis functions, but no time integration by, e.g., the implicit Euler method.
Therefore, we utilize the continuous version of the POD method introduced
in Section 2.2. In this section we distinguish two choices for X: X = H
and X = V. It turns out that the choice for X leads to different rate of
convergence results. We suppose that the snapshots *, k= 1,..., p, belong
to L2(0,T;V). Later, we will present different rate of convergence results for
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appropriate choices of the y*’s. Let us introduce the following notations:

P T
Ry =3 [ o O)y v 0 for y € V,
k=170
P T
Rirv =Y [ (w00 0) e forpeH.  (3.4)
k=170
Moreover, we set Ky = R, and Ky = R}%. In Remark 2.17 we have intro-

duced the singular value decomposmon of the operator ) defined by (2.25).
To distinguish the two choices for the Hilbert space X we denote by the
sequence {(a), ¢, ¢Y ) ey CRE x V x L2(0,T;R®) of triples the singular
value decomposition for X =V, i.e., we have that

Ry =N, Kvel =N'¢), of =\, i€l

Furthermore, let the sequence {(of, ! ¢H) feﬂ C R{ x H x L*(0,T;R®)
in satisfy

Ruvf = \NIpH, Kpol = ol off = \/AF, icd. (3.5)

The relationship between the singular values o and o) is investigated in
the next lemma, which is taken from [67].

Lemma 3.4. Suppose that the snapshots y* € L?(0,T;V), k=1,...,p. Then
we have:

1) For alli € I with ol >0 we have v € V.

2) of =0 for all i > d with some d € N if and only if c¥ = 0 for all
i >d, i.e., we have dg = dy if the rank of Ry is finite.

3) af >0 for alli €7 if and only if o >0 for alli € J.

Proof. We argue similarly as in the proof of Lemma 3.1 in [67].
1) Let o > 0 hold. Then, it follows that A¥ > 0. We infer from y* €
L?(0,T;V) that Ry € V for any ¢ € H. Hence, we infer from (3.5)
and that ¥1 = RygyH /A\F c V.
2) Assume that o} = 0 for all ¢ > d with some d € N. Then, we deduce
from (2.27) that

d
= Z W), Y)Y forevery k=1,...,¢. (3.6)

i=

—

T

Wit y* (), v* (1) dt
0

(Z/O <wf,y’f<t>>H<yk<t>,w2”>vdt)¢y, jeo

= x>
HM& i Mas
Lo —
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we conclude that that the range of Ry is at most d, which implies that
M =0 for all i > d. Analogously, we deduce from of =0 for all i > d
that the range of Ry is at most d.

3) The claim follows directly from part 2).

Let us define the two POD subspaces
Vi=span {yy,....,9  } ¢V, H=span{yf,... v} cV CH,

where H® C V follows from part 1) of Lemma 3.4. Moreover, we introduce the
orthogonal projection operators 73}; :V - H' C V and 776 Vs Vtcv
as follows:
vt = Pl for any p € V' iff v solves min | —w’|,
wteH!

¢ ¢ ¢ ¢ (3.7)
v' =Py forany p €V iff v° solves min |[j¢ —w"||, .
wleVvt

It follows from the first-order optimality conditions that v* = Pf;cp satisfies

<U27¢1H>v = <<)07wzf[>Va 1 S Z S E (38)
Writing v¢ € H? in the form v’ = Z§:1 vf f we derive from (3.8) that the
vector v¥ = (vi,...,v))T € R’ satisfies the linear system

< ;{7¢{{>VV§:<<P,¢{{>\/7 ]-Slg‘g

14
=1

J

For the operator 73€ we have the explicit representation

4
Pro=> (o0 )y o) for peV.

i=1

Since the linear operators ’P€ and Pf; are orthogonal projections, we have

IPEN vy = P4 llcqvy = 1. As {#) }ieg is a complete orthonormal basis in
V', we have
T
lim [ |lw(t) — PLw(t)|;dt =0 for all w € L2(0,T; V). (3.9)
{—o0 [

Next we review an essential result from [67, Theorem 5.2], which we
will use in our a-priori error analysis for the choice X = H. Recall that
YH € V holds for 1 <4 < d and the image of P belongs to V. Consequenlty,
|lwH — PLyH||v is well-defined for 1 <i < d.

Theorem 3.5. Suppose that y* € L2(0,T;V) for 1 <k < p. Then,

© T dy

2 2
3 / Iy () = PhyE @7 dt = 3 A [ - PhyuH .
k=170 i=041

Here, dy is the rank of the operator Ry, which may be infinite. Moreover,
Péyk converges to y* in L2(0,T;V) as £ tends to oo for each k € {1,...,p}.
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Proof. We sketch the proof. For more details we refer the reader to [67].
Suppose that 1 < ¢ < dyg and 1 < ¢, < oo hold. Then, )\ZH > 0 for
1 <i</{ Let Zy : V — V denote the identity operator. As Zy — 772 is
an orthonormal projection on V, we conclude ||Z — Pg||lz() = 1. Further-
more, y* € Lz(O,T; V') holds for each k € {1,... p}. Thus, (3.9) implies that
Pé"yk — y®in L?(0,T;V) as £, — oo for each k. Hence, we obtain

> [l PR e~ PEv )l
dv
<Z/ () — Pyt = S A 5 0as £y oo,

i=lo+1

where, dy is the rank of the operator Ry, which may be infinite. This implies,
that (Zv — P§)Piy® converges to (Zy — Pg)y* in L2(0,T;V) as Lo — oo
for each k. Hence,

[ T 9
3 / 1% () — Pl (o)) dt
k=170
:ZlgxlmZ/ (Tv — PL)PEy ()3, at

Now, we apply the following result [67, Lemma 5.1]:

(3.10)

© T
3 / 1T - PPy )] dt ZAVW PLeYIl.  (311)
k=1

Combining (3.10) and (3.11) we get the error formula:
o T )
> [ It - P ol ar
k=1

2 2
= lim ZAV 168 =P v = DA 1) = Pally-

— 00
b i€d

(3.12)

From ||Zy — P |lcovy = 1, ) |y =1 foralli € Jand ;.5 A < oo we infer
that sum on the right-hand side in (3.12) is finite. Now, the claim follows by
arguments from the Hilbert-Schmidt theory. ]

We will also need the following result, which follows from the continuous
embedding V' < H . For a proof we refer to [67, Proposition 5.5].

Lemma 3.6. Let y* € L(0,T;V) for each k € {1,..., 0} and \F >0 for all
1 € 3. Then,

Jim | — Pholly =0 forallp €V,
— 00
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3.3. The POD Galerkin approximation

After the computation of a POD basis of rank ¢ we are interested in deriv-
ing a low-dimensional approximation for the evolution problem (3.2). In the
context of Section 2.2 we choose p = 1, y!' = Su and compute a POD basis
{1 }i_, of rank £ by solving (P?) with ¢; = ¢} for X =V and v; = ¢ for
X = H. Then, we define the subspace X* = span {t1,...,9}, i.e., X* = V*
for X =V and X¢ = H' for X = H. Now we approximate the state variable
y by the Galerkin expansion

4
Yt =9t + Y _yit)i €V ae in [0,7] (3.13)

i=1

with coefficient functions y¢ : [0,7] — R. We introduce the vector-valued
coefficient function

vi=(vi,....¥0) : [0,T] - R".

Since §(0) = y, holds, we suppose that y*(0) = 0. Then, y*(0) = y, is valid,
i.e., the POD state matches exactly the initial condition. Inserting (3.13) into
(3.2) and using the test space in V* for 1 < i < £ we obtain the following
POD Galerkin scheme for (3.2): y* € W(0,T) solves

S0, 0+ alty (10,0) = (7 + Bu)(D), ¥y Y € X' e,

y4(0) = 0.

(3.14)

We call (3.14) a low dimensional or reduced-order model for (3.2).

Proposition 3.7. Let all assumptions of Theorem 3.2 be satisfied and the POD
basis of rank £ be computed as desribed at the beginning of Section 3.1. Then,
there exists a unique solution y* € HY(0,T;V) < W(0,T) solving (3.14).

Proof. Choosing 1 = 9;, 1 <14 < ¢, and applying (3.13) we infer from (3.14)
that the coefficient vector y* satisfies

M () + Af(t)y(t) = F(t) ae. in [0,T], y*(0) =0, (3.15)
where we have set
M= (i, 05) ) € R AN = ((alts i, 1)) € R,
FO() = (((f + Bu)(t) = §e(): i)y o — alt; §(1), ¢3)) € RS

with ¢; = ¢} for X = V and ¢; = ¢ for X = H. Since (3.15) is a
linear ordinary differential equation system the existence of a unique y* €
H'(0,T;R") follows by standard arguments. O

(3.16)

Remark 3.8. 1) Suppose § # 0. In contrast to [29, 72], for instance, the
POD approximation does admit values y*(t) in X*, but (y* —9)(t) € X*
holds. The benefit of this approach is that y*(0) = 5, — and not y*(0) =
’Pf;yo or y*(0) = Péyo. This improves the approximation quality of the
POD basis which is illustrated in our numerical tests.
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2) We proceed analogously to Remark 3.3 and introduce the linear and
bounded solution operator S¢ : U — Wy(0,T): for u € U the function
w’ = Su € W(0,T) satisfies w’(0) = 0 and

d
3 (W) 0) g +albw' (1), 9) = (Bu)(t), )y, Vo € X' ae.

Then, the solution to (3.14) is given by y* = § + S‘u. Analogous to the
proof of (3.3) we derive that there exists a positive constant Cy which
does not depend on £ or u so that

¢
IS U”W(O,T) < Cllully-
Thus, S* is bounded uniformly with respect to . O
To investigate the convergence of the error y — y¢ we make use of the

following two inequalities:

1) Gronwall’s inequality: For T > 0 let v : [0,7] — R be a nonnegative,
differentiable function satisfying

V() < p(t)v(t) + x(t) for all t € [0,T],

where ¢ and x are real-valued, nonnegative, integrable functions on
[0,T]. Then

t t
v(t) < exp (/ o(s) ds) (U(O) +/ x(8) ds) forallt €[0,7]. (3.17)
0 0
In particular, if
v <pvin [0,T] and »(0)=0
hold, then v =0 in [0, 7.
2) Young’s inequality: For every a,b € R and for every € > 0 we have
bl Y
-2 0 2
Theorem 3.9. Let u € U be chosen arbitrarily so that Su # 0.

1) To compute a POD basis {1;}¢_, of rank £ we choose p = 1 and y* =
Su. Then, y = § + Su and y* = i + S*u satisfies the a-priori error
estimate

¢ 2
ly" — y”W(o,T)

dy 2 :
2 2 N +Cly _PéytIHLz(o,T;v/) if X =V,
i=0+1 (3.18)
< S0 e H 2
2_%1/\1 195" = Prilly

2 .
+Ch Hytl - ,PﬁlytluL?(o,T;vf) if X = H,

where the constant Cy depends on the terminal time T' and the constants
Y, Y1, Y2 introduced in (3.1).
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2) Suppose that Su € HY(0,T;V) holds true. If we set p = 2 and compute
a POD basis of rank ¢ using the trajectories y* = Su and y*> = (Su)y,
it follows that

dv
) Cs ‘—%1 AV for X =V,
I1y* = yllw oy < o i (3.19)
Cs XZIIAZH loff = Puvilly,  for X =H,
=+

for a constant Cy which depends on v, vy1, vz, and T.
3) If St belongs to HY(0,T;V) for every @ € U and if \# > 0 for alli € J,
then we have
li - st =0. 2
et [§—8 ||L(U,W(O,T)) 0 (3.20)

Proof. 1) For almost all ¢ € [0,7] we make use of the decomposition

y'(t) = y(t) = §(t) + (S‘u)(t) — §(t) — (Su)(t)
= (S'u)(t) — P ((Su)(®)) + P ((Su)(t)) — (Su)(t)  (3.21)
= 0(t) + o' (1),
where P! = P{, for X =V, P = P§ for X = H, 9(t) = (Stu)(t) —

PU(Su)(t)) € X and o“(t) = P*((Su)(t)) — (Su)(t). From y'(t) =
(Su)(t) and (2.27) we infer that

2 2 2
||Q£||W(O,T) = Hyl - 7D\e/yl(t)||L2(0,T;V) + ||?Jt1 - ,P\l;ytl(t)HLz(O,T;V’)
(3.22)

dv
2
E X+ lly; - Péyytl(t)||L2(0,T;V’)
i=0+1

in case of X = V, where dy stands for rank of Ry . For the choice
X = H we derive from Theorem 3.5 that

du
2 2 2
e lwor = D M =Pavfily + Iyl — Pyt )l 20107 (3:23)
i=+1

Here, di denotes for rank of Ry . Using (3.2), (3.14), and
O8(t) =y = g(t) = PH((Su)(1) = y'(t) — y(t) + (Su)(t) — P*((Su)(t))
we derive that
S0 (1)) g+ s 9(0), ) = (W 0) — POy 0), )y
+a(ty'(t) = Ply(t) (3.24)

for all ¢ € X* and for almost all ¢ € [0, T]. From choosing ¢ = 9¥*(t),
(3.1b) and (3.20) we find

d 2 2 2 1 2
T 9“1 + 7 19 (D)l — 292 19° (D)l < - i (t) = Pyi ()]l



POD for Linear-Quadratic Optimal Control 31

From (3.17) — setting v(t) = [|[9(t)[|% > 0, p(t) = v2 > 0, x(t) =
llyt(t) — Peyt1||%2(07T;V,) >0 - and 9¢(0) = 0 it follows that

19° )13 < e1 1w — P9 1520 7y Tor almost all £ € [0,7]

with ¢; = exp(72T), so that

2

272 1 2
< — ||’l9€HL2(O,T;H) + = llyt — 73[?/3||L2(0,T;V/)
! 71

e 2
19N 2 0,75y < (3.25)
2
<y - ,ngtlHL?(O,T;V’)
with ¢ = max(2v.Tc1,1/v1)/71. Moreover, we conclude from (3.1a),
(3.18) and (3.25) that

012 RTRATE: 1 ¢, 12
194 L2 0,707) < ) 19120077y + 3 ly; — P ytl||L2(07T;V') (3.26)
2

<csly — Péytlnm(o,T;V/)
with ¢3 = max(ycz, 1)/2. Combining (3.21), (3.22), (3.25) and (3.26) we
obtain (3.18) with C; = 2max(1, ¢z, c3).
2) The claim follows directly from
2 2
[(Su)e — PZ(Su)t”m(o,T;V) = [ly* - szQHL%O,T;V)
dv

> A if X =V,
i=0+1

- L H H ¢ I H 2 .
,;1&- [ —PeypH|y if X = H.
=L+

3) Using St € HY(0,T;V) for any % € U, Remark 2.9 and applying the
proof of Proposition 4.4 in [72] we infer that there exists a constant Cs
which is independent of ¢ satisfying

|S -8 sup (S —8°

il =1 illwion

HL(U,W(O,T)) =

T

~ ~ 2 ~ ~ 2 £—00

<es s [0 = PO + 150 ~ PO at =T 0
il ,;=1J0

with § = Su. By assumption, the elements §(t) and ¢;(¢t) belong to

L?(0,T;V). Now the claim follows for X =V from (3.9) and for X = H

from Lemma 3.6.
O

Remark 3.10. 1) Note that the a-priori error estimates (3.18) and (3.19)
depend an the arbitrarily chosen, but fixed control u € U, which is also
utilized to compute the POD basis. Moreover, these a-priori estimates
do not involve errors by the POD discretization of the initial condition
Yo — in contrast to the error analysis presented in [29, 39, 40, 63, 72], for
instance. Further, let us mention that the a-priori error analysis holds
for T < co.
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2) From (3.20) we infer

~ —
il = 0

y+ St~ Y- SQHW(O,T) =< HS o SZHL(U,W(O,T)
for any u € U.

3) For the numerical realization we have to utilize also a time integration
method like, e.g., the implicit Euler or the Crank-Nicolson method.
We refer the reader to [39, 40, 41], where different time discretization
schemes are considered. Moreover, in [46, 63] also a finite element dis-
cretization of the ansatz space V is incorporated in the a-priori error
analysis. O

Example 3.11. Accurate approximation results are achieved if the subspace
spanned by the snapshots is (approximatively) of low dimension. Let T > 0,
Q=(0,2) CRand Q = (0,T) x Q. We set f(t,z) = e (n? — 1)sin(rz) for
(t,x) € Q and yo(x) = sin(nzx) for x € Q. Let H = L*(Q), V = H}(Q) and

alt: . 6) = / J(@)¢ (@) dx for o, ¢ €V,

i.e., the bilinear form a is independent of ¢. Finally, we choose u = 0. Then,
the exact solution to (3.2) is given by y(t,x) = e~ !sin(rx) spans the oned-
imensional space {a®) | a € R} with ¢(x) = sin(nrx). Choosing the space
X = H, this implies that all eigenvalues of the operator Ry introduced in
(3.4) except of the first one are zero and ¢y = ¢ € V is the single POD el-
ement corresponding to a nontrivial eigenvalue of Ry . Further, the reduced
order model of the rank-1 POD-Galerkin ansatz

T+ [0 5 v (8) = (F(8), )y for ¢ € (0,7,
vH0) = (Yo, Y1)

has the solution y!(¢) = e~*, so both the projection

(Ply) (tvw) = <y(t)a¢1>xwl($), (t,$) S @7

of the state y on the POD-Galerkin space and the reduced-order solution
y*(t) = y(t)y1 coincide with the exact solution y. In the latter case, this is
due to the fact that the data functions f and y, as well as all time derivative
snapshots y(t) are already elements of span(v1), so no projection error occurs
here, cp. the a priori error bounds given in (3.19). In the case X =V, we get

the same results with v (x) = sin(rz)/v/1 + 72 and y'(t) = V1 + 727t O

Utilizing the techniques as in the proof of Theorem 6.5 in [67] one can
derive an a-priori error bound without including the time derivatives into the
snapshot subspace. In the next proposition we formulate the a-priori error
estimate.

Proposition 3.12. Let y, € V and u € U be chosen arbitrarily so that Su # 0.
To compute a POD basis {;}¢_, of rank { we choose p = 1 and y' = Su.
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Then, y = § + Su and y* = § + Su satisfies the a-priori error estimate

dv, 2 .
2 C 3 NI =Pl X =Y,
¢ i=0+1
ly" — y||L2(0,T;V) < ' du ) (3:27)
¢ > ARy if X =H,
i=0+1
where the constant C depends on the terminal time T and the constants v, 1,
2 introduced in (3.1). Moreover, P* : H — V* is the orthogonal projection
given as follows:

vt =Py for any ¢ € H iff v'solves min |lp —w'||,.
wteVe

In particular, we have y* — y in L2(0,T;V) as { — oc.

4. The linear-quadratic optimal control problem

In this section we apply a POD Galerkin approximation to linear-quadratic
optimal control problems. Linear-quadratic problems are interesting in sev-
eral respects: in particular, they occur in each level of a sequential quadratic
programming (SQP) methods; see, e.g., [53]. In contrast to methods of bal-
anced truncation type, the POD method is somehow lacking a reliable a-priori
error analysis. Unless its snapshots are generating a sufficiently rich state
space, it is not a-priorly clear how far the optimal solution of the POD prob-
lem is from the exact one. On the other hand, the POD method is a universal
tool that is applicable also to problems with time-dependent coefficients or
to nonlinear equations. By generating snapshots from the real (large) model,
a space is constructed that inhibits the main and relevant physical properties
of the state system. This, and its ease of use makes POD very competitive in
practical use, despite of certain heuristic.

Here we prove convergence and derive a-priori error estimates for the
optimal control problem. The error estimates rely on the (unrealistic) as-
sumption that the POD basis is computed from the (exact) optimal solution.
However, these estimates are utilized to develop an a-posteriori error analysis
for the POD Galerkin appproximation of the optimal control problem. Using
a perturbation method [16] we deduce how far the suboptimal control, com-
puted by the POD Galerkin approximation, is from the (unknown) exact one.
This idea turned out to be very efficient in our numerical examples. Thus, we
are able to compensate for the lack of an a-priori error analysis for the POD
method.

4.1. Problem formulation

In this section we introduce our optimal control problem, which is an con-
strained optimization problem in a Hilbert space. The objective is a quadratic
function. The evolution problem (3.2) serves as an equality constraint. More-
over, bilateral control bounds lead to inequality constraints in the minimiza-
tion. For the readers convenience we recall (3.2) here. Let U = L?(0, T; RMN)
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denote the control space with N, € N. For u € U, yo € H and f €
L2(0,T; V') we consider the state equation

S, @) +altsyl), ¢) = (] + Bu)D), 9y

VYo € V a.e. in (0,7, (4.1)
(¥(0), ) gy = (Yo, )iy Vo € H,

where B : U — L?(0,T;V') is a continuous, linear operator. Due to Theo-
rem 3.2 there exists a unique solution y € W(0,T) to (4.1).
We introduce the Hilbert space

X =W(0,T)xU
endowed with the natural product topology, i.e., with the inner product
<x7£.>X = <yag>W(0,T) + <u7ﬂ’>U fOl" T = (y,u), LE = (:Ij,’[l,) € X
and the norm |[z]|x = ([l .7 + wl|3)/? for @ = (y,u) € X

Assumption 1. For t € [0,T] let a(t;-, ) : V x V — R be a time-dependent
symmetric bilinear form satisfying (3.1). Moreover, f € L?>(0,T;V"), yo € H
and B € L(U, L*(0,T;V")) holds.

In Remark 3.3 we have introduced the particular solution § € W(0,T)
as well as the linear, bounded solution operator S. Then, the solution to (4.1)
can be expressed as y = § + Su. By X,q4 we denote the closed, convex and
bounded set of admissible solutions for the optimization problem as

Xoa = {(§ + Su,u) € X |ug <u<uy in R™ ace. in [0,7]},

where ug = (Ug1,- -+, Ua,Ny )y Ub = (Ub1, -, Up N, ) € U satisfy ug; < uyp,; for
1<i< N, ae.in [0,7T]. Since uq,; < up; holds for 1 <14 < N, we infer from

Theorem 3.2 that the set X,q is nonempty.
The quadratic objective J : X — R is given by

T
o 2 aQ 2 g 2
T@) =2 [ 1) = a1t + G (D) —wally + 5 Il (42
for z = (y,u) € X, where (yg,ya) € L*(0,T; H) x H are given desired states.
Furthermore, 0g, 0q > 0 and ¢ > 0. Of course, more general cost functionals
can be treated analogously.

Now the quadratic programming problem is given by

min J(z) subject to (s.t.) x € Xaq. (P)

From = = (y,u) € X,q we infer that y = §+Su holds. Hence, y is a dependent
variable. We call u the control and y the state. In this way, (P) becomes an
optimal control problem. Utilizing the relationship y = y + Su we define a
so-called reduced cost functional J:U—=R by

J(u) = J(§ + Su,u) forueU.
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Moreover, the set of admissible controls is given as
Uy = {u € U|ua <u<up,in R™ a.e. in [O,T]},

which is convex, closed and bounded in U. Then, we consider the reduced
optimal control problem:

minJ(u) s.t. u € Uny. (P)

Clearly, if @ is the optimal solution to (P), then = (§+Su, @) is the optimal
solution to (P). On the other hand, if Z = (¢, @) is the solution to (P), then

~

@ solves (P).

Example 4.1. We introduce an example for (P) and discuss the presented
theory for this application. Let Q@ C R?, d € {1,2,3}, be an open and bounded
domain with Lipschitz-continuous boundary I' = 9Q. For T > 0 we set
Q= (0,T)x Qand ¥ = (0,T) x I'. We choose H = L*(Q2) and V = H}(Q)
endowed with the usual inner products

<so,w>H:/Qde, <so,w>V:/Qsoz/1+Vso'wdw

and their induced norms, respectively. Let x; € H, 1 <11 < m, denote given
control shape functions. Then, for given control u € U, initial condition
Yo € H and inhomogeneity f € L?(0,T;H) we consider the linear heat
equation

ye(t, ) — Ay(t,x) = f(t, ) + Zui(t)Xi(m)a a.e. in Q,

4.3
y(t,xz) =0, a.e. in X, (4.3)

y(Ov (13) = yo(w)a a.e. in ).

We introduce the time-independent, symmetric bilinear form

a(%w)=/QV<p-V¢dsc for o, € V

and the bounded, linear operator B: U — L%(0,T; H) < L*(0,T;V’) as
(Bu)(t,x) = Zuz(t)xz(m) for (t,x) € Q a.e. and u € U.
i=1

Hence, we have v =91 = 79 = 1 in (3.1). It follows that the weak formula-
tion of (4.3) can be expressed in the form (3.2). Moreover, the unique weak
solution to (4.3) belongs to the space L>°(0,T; V) provided y, € V holds. ¢
4.2. Existence of a unique optimal solution

We suppose the following hypothesis for the objective.

Assumption 2. In (4.2) the desired states (yg,yq) belong to L*(0,T; H) x H.
Furthermore, 0g,0q > 0 and o > 0 are satisfied.

Let us review the following result for quadratic optimization problems
in Hilbert spaces; see [71, pp. 50-51].
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Theorem 4.2. Suppose that U and H are given Hilbert spaces with norms ||- ||y
and || - ||g¢, respectively. Furthermore, let Uag C U be non-empty, bounded,
closed, convex and zq € H, k > 0. The mapping G : U — H is assumed to
be a linear and continuous operator. Then there exists an optimal control %
solving

. 1 o2 Ry e 1.4)

min J(u) = g [|Gu — zall3c + 5 llully: (4.

If kK > 0 holds or if G is injective, then u is uniquely determined.

Remark 4.3. In the proof of Theorem 4.2 it is only used that 7 is continuous
and convex. Therefore, the existence of an optimal control follows for general
convex, continuous cost functionals J : U — R with a Hilbert space U. ¢

Next we can use Theorem 4.2 to obtain an existence result for the op-

~

timal control problem (P), which imply the existence of an optimal solution
to (P).
Theorem 4.4. Let Assumptions 1 and 2 be valid. Moreover, let the bilateral

control constraints uq,up € U satisfy u, < up componentwise in R™ a.e. in
[0,T]. Then, (P) has a unique optimal solution .

Proof. Let us choose the Hilbert spaces 3 = L?(0,T;H) x H and U = U.
Moreover, £ : W(0,T) — L?(0,T; H) is the canonical embedding operator,
which is linear and bounded. We define the operator & : W(0,7) — H by
Exp = (T) for p € W(0,T). Since W(0,T) is continuously embedded into
C([0,T); H), the linear operator & is continuous. Finally, we set

_ [ Voeé&sS o vPala-9)
Q(\/%&‘g)eﬂ(u,ﬂf), d<@(yQ_Q(T))>efH (4.5)

and Uag = Usg. Then, (P) and (4.4) coincide. Consequently, the claim follows
from Theorem 4.2 and o > 0. d

Next we consider the case that u, = —0o or/and u, = +00. In this case
Usq is not bounded. However, we have the following result [71, p. 52].

Theorem 4.5. Let Assumptions 1 and 2 be satisfied. If uq, = —oo or/and
up = +00, problem (P) admits a unique solution.

Proof. We utilize the setting of the proof of Theorem 4.4. By assumption
there exists an element ug € Uyg. For u € U with ||ul|3, > 2J(ug)/c we have

o 1 o o ~
J(w) = T () = 5 1Gu = zall3e + 5 ullty = 5 Jullfy > Fuo).

Thus, the minimization of J over U,q is equivalent with the minimization of
J over the bounded, convex and closed set

2J(u
Uadﬂ{ue U’ ul)? < ((70)}.

Now the claim follows from Theorem 4.2. O
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4.3. First-order necessary optimality conditions
In (4.4) we have introduced the quadratic programming problem
. 1 2 [ O 2
min T(u) = 3 60— zall3 + 5 Jull (1.6

Existence of a unique solution has been investigated in Section 4.2. In this
section we characterize the solution to (4.6) by first-order optimality condi-
tions, which are essential to prove convergence and rate of convergence results
for the POD approximations in Section 4.4. To derive first-order conditions
we require the notion of derivatives in function spaces. Therefore, we recall
the following definition [71, pp. 56-57].

Definition 4.6. Suppose that By and By are real Banach spaces, W C By be
an open subset and F : W D By — Bs a given mapping. The directional
derivative of F at a point u € U in the direction h € Bo is defined by

DF(u;h) := g%é(f(u + eh) — F(u))

provided the limit exists in Bo. Suppose that the directional derivative ex-
ists for all h € By and there is a linear, continuous operator T : U — By
satisfying

DF(u;h) =Th for all h € U.
Then, F is said to be Gateaux-differentiable at u and T is the Gateaux
derivative of F at u. We write T = F'(u).

Remark 4.7. Let H be a real Hilbert space and F : H — R be Gdteauz-
differentiable at u € 3. Then, its Gateaux derivative F'(u) at u belongs to
H' = L(H,R). Due to Riesz theorem there exists a unique element VF(u) €
H satisfying

(VF(u),v)qc = (F'(u),v) g0 g forall v e IH.
We call VF(u) the (Gédteauz) gradient of F at . O

Theorem 4.8. Let U be a real Hilbert space and U,y be convex subset. Suppose
that 4 € Uag s a solution to (4.6)

min J (u).

wEUag

Then the following variational inequality holds

(VI (u),u — )y >0 for all u € Uyg, (4.7
where the gradient of J is given by

VJ (@) =G*(Gu — zq) + ou  foru e U.
If u € Uag solves (4.7), then @ is a solution to (4.6).

Proof. Since J is Gateaux-differentiable and convex in U, the result follows
directly from [71, pp. 63-63]. O
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Inequality (4.7) is a first-order necessary and sufficient condition for
(4.6), which can be expressed as

(Gu — 24, Gu — Gu) g + (ou,u — w)y >0 for all u € Uyg. (4.8)
Next we study (4.8) for (P). Utilizing the setting from (4.5) we obtain

(G — 24, G0) 4
=0Q (St —(yo = 9),S(u—1) 20 7.
+ oo ((Su)(T) = (yo — (1)), (S(u—u))(T)) 4
= 0Q (S8, 8(u = 1)) 120 7.y + 00 (SU)(T), (S(u —w)(T)) g
—0Q (e = 9,S(u— 1)) 12 .1y — 00 (Yo — 9(T), (S(u—w))(T)) y-

Let us define the two linear, bounded operators © : Wy(0,7) — Wy (0,T)
and Z: L*(0,T; H) x H — Wy(0,T) by

T
(O0, Doy wato.t) = / (0 (), (1)) 5 dt + (000 (T), &(T)) 11
(4.9)

T
(B2, 0wy 0,1y wo0,1) = /o (0g2q (1), ¢(1)) y At + (oaza, d(T)) 4

for ¢, ¢ € Wp(0,T) and z = (2, 2z0) € L?(0,T; H) x H. Then, we find

<gﬂ — Rd; g17>:}(
= <@(Sﬂ) - E(yQ - Zj, Yya — y(T)),S(’LL - ﬁ)>Wo(0,T)/,Wo(O,T) (410)
= <Sl@8ﬂ7 u— ﬂ>U - <8/E(yQ - ga Yya — g(T))7 u— ﬂ>U'

Let us define the linear A : U — W(0,T) as follows: for given u € U
the function p = Au € W(0,T) is the unique solution to

_% (p(t),0) g +alt;p(t), 0) = —oq (Su)(t), p)y Vo €V ae.,
S

p(T) = —oq (Su)(T) in H.

(4.11)

Tt follows from (3.1) and Su € W(0,T) that the operator A is well-defined
and bounded.

Lemma 4.9. Let Assumption 1 be satisfied and u,v € U. We set y = Su €
Wo(0,T), w=Sv e Wy(0,T), and p=Av € W(0,T). Then,

/0 <(BU)(t),p(t)>V/,th:_/O o (w(t),y(t)) g dt — oo (w(T),y(T)) -
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Proof. We derive from y = Su, p = Au, y € Wy(0,T) and integration by
parts

/O ((Bu)(t), p() v+ v/ dt:/o {ge(), p())yr v + alt;y(), p(t)) dt
T
=/0 (), y())y v +alt;p(t),y(t) dt + (p(T), y(T)) 4

= - / o (w(t), y(1) y dt — o (w(T), 4(T))
which is the claim. O

We define p € W(0,T) as the unique solution to

d A ~ ~
T (D), ) +alt; p(t), @) = 0 (Yo(t) = §(t), @)y Yo eV ae., (
p(T) = oq (yo — 4(T)) in H.
Then, for every u € U the function p = p + Au is the unique solution to

— 0, 9)y + a0, 9) = 00 walt) ~ (D), ¥y Ve €V ac,

p(T) = oq (yo —y(T)) in H
with y = §j + Su. Moreover, we have the following result.

Lemma 4.10. Let Assumption 1 be satisfied. Then, B'A = -80S € L(U),
where linear and bounded operator © has been defined in (4.9). Moreover,
B'p=S8E(yg — §,ya —4(T)), where p is the solution to (4.12).

4.12)

Proof. Let u,v € U be chosen arbitrarily. We set y = Su € Wy(0,T) and
w = 8Sv € Wy(0,T). Recall that we identify U with its dual space U’. From
the integration by parts formula and Lemma 4.9 we infer that

(8'08v,u),; = <®SU7SU>WO(O,T)’,WO(O,T) = (@w,y>W0(07T),)WO(O7T)
T
- / oo (w(t), Y1)y At + o0 (w(T), y(T))

= —(Bu, D) 12 (0.10v7). L2 0,mv) = — (W, B'p)y = —(B'Av, u)y.
Since u,v € U are chosen arbitrarily, we have B’ A = §'©S. Further, we find
<S/E(yQ -9,y — g)(T)),u>U = <E(yQ - ﬁ),yg - Q(T)),SU>WU(0’T)/’WO(0$T)

T
= / 00 (o — 3(1), y(®) y At + 00 (yo — 3(T), y(T))

/0 (P, y(B)) g + alt; B, y(1)) dt + (B(T), y(T))

T

Il
S

T
(e(8), () g + alty(t), p(E)) dt = / (Bu)(£), 5(1))y y dt



40 M. Gubisch and S. Volkwein

which gives the claim. (]
We infer from (4.10) and Lemma 4.10 that
(Gt — 24, GV)gc = —(B'(p+ Au), u — u)y,.
This implies the following variational inequality for (P)
(G — 24, Gu — GU) g + 0 (U, u — Uy
= (ou—B'(p+ Au),u—1u); >0 forall u € Uyg.
Summarizing we have proved the following result.
Theorem 4.11. Suppose that Assumptions 1 and 2 hold. Then, (y,u) is a

solution to (P) if and only if (g,u) satisfy together with the adjoint variable
p the first-order optimality system

y=9+8u, p=p+Au, u,<u<u (4.13a)
(ou—B'p,u—1u)yy; >0 forallu € Ung. (4.13b)
Remark 4.12. By using a Lagrangian framework it follows from Theorem 4.11

and [71] that the variational inequality (4.13b) is equivalent to the existence
of two functions fi,, iy € U satisfying fiq, iy > 0,

ot —B'p+ iy — fia =0

and the complementarity condition

fia(t) " (ua(t) — a(t)) = fip(t) " (a(t) —up(t)) =0 fa.a. te[0,T).
Thus, (4.13) is equivalent to the system

y=y+Su, p=p+Au, ou—Bp+a—f.=0,

Ug S U< up, 0= fig, 0= fip, (4.14)

fa(t) " (ua(t) = a(t)) = fp(t) T (@(t) — up(t)) = 0 ae. in [0, 7).
Utilizing a complementarity function it can be shown that (4.14) is equivalent
with
y=9+8u, p=p+Au, ocu—Bp+i—f.=0, us<u<u,
flg = max (07 fia + (0 — ua))7 [lp = max (0, iy + n(a — ub)), (4.15)
where n > 0 is an arbitrary real number. The max-and min-operations are
interpreted componentwise in the pointwise everywhere sense. %

The gradient V.J : U — U of the reduced cost functional J is given by

VJ(u) =ocu—Bp, welU,
where p = p + Au holdsAtrue; see, e.g., [26]. Thus, a first-order sufficient
optimality condition for (P) is given by the variational inequality
(ou—B'p,u—u)y,; >0 forall u€ U, (4.16)

with p = p + Aa.

~

Problem (P) can be solved numerically by a primal-dual active set strat-
egy with the choice n = ¢. In this case the method is equivalent to a locally
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superlinearly convergent semi-smooth Newton algorithm applied to (4.15);
see [24, 26, 73]. In Algorithm 4.1 we formulate the method in the context
of our application. In Section 5 we compare Algorithm 4.1 with the Banach
fixed point iteration as well as with the projected gradient method [37, 53].

Algorithm 4.1 (Primal-dual active set strategy)

Require: Starting value (u”, \°) and maximal iteration number K pay.
1: Set k =0. For i =1,...,m determine the active sets

Al =t e [0,T) | oul + NF < ugi ae.},
‘A]gi = {t € [O7T] ‘ 0'“2g + )\iC > Up; a.e.}
and the inactive set J¥ = [0, T]\A¥ with AF = AF, UAF..
2: repeat
3:  Compute the solution (y,p,u) to the optimality system

Uqi on AX |
y=9+Su, p=p+Au, ui=19 u on Ak, (1<i<m)
(B'p);/o on I¥
4 Set (yFHL uF T pE ) = (y,u,p), NPT = B'pF Tl —gub*t and k = k+1.
5:  Compute the active and inactive sets according to step 1.
6: until (A¥, = A"7! and Af, = AFY) or k = kpax.

4.4. The POD Galerkin approximation for (P)

In this subsection we introduce the POD Galerkin schemes for the variational
inequality (4.16) using a POD Galerkin approximation for the state and dual
variables. Moreover, we study the convergence of the POD discretizations,
where we make use of the analysis in [29, 39, 40, 41, 67, 72]. For a general
introduction we also refer the reader to the survey paper [28].

In Section 3.3 we have introduced a POD Galerkin scheme for the state
equation (4.1). Suppose that {t;}¢_, be a POD basis of rank ¢ computed
from (P?) with 1; = ¥} in case of X = V and v; = ¥/ in case of X = H.
We set X¢ = span {11,...,%} C V. Let the linear and bounded projection
operator P* denote P{, for X =V and PY; for X = H; see (3.7).

Recall the POD Galerkin ansatz (3.13) for the state variable. Analo-
gously, we approximate the adjoint variable p = p + Au by the Galerkin
expansion

¢
pi(t) =p(t)+ Y _pi(t)i €V for t €[0,T) (4.17)
i=1
with coefficient functions pf : [0,7] — R and with p from (4.12). Let the
vector-valued coefficient function given by

p’ = (pf,...,p{) : [0,7] = R*
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If we assume that p/(T) = —oqy’(T) holds, then we infer from p(T) =
oa(ya — 9(T)) and (4.17) that
p(T) = p(T -%mE:m o (ya —y'(T)).

This motivates the following POD scheme for the approximation of p = p+.Au
is given as follows: p* € W(0,T) satisfies

d
=5 P, ¥)y + altip' (), 9) = 00 (o — ¥ ) (1), ¥}y Vv € X  ae,
p!(T) = —oay"(T)
(4.18)
It follows by similar arguments as for (3.14) that there is a unique solution
pt e W(0,7T).

Remark 4.13. Recall that we have introduced the linear and bounded solu-
tion operator S* : U — W(0,T) as an approximation for the state solution
operator S; see Remark 3.8-2). Analogously, we define an approximation of
the adjoint solution operator A as follows: Let A* : U — W (0, T) denote the
solution operator to

4 (W' (1), ) + alt;w' (t),v) = —a1 (S‘u) (1), ), Y € X' aee.,

Cdt
W(T) = —o3(S'u)(T).
Then p’ = p + A’y is the unique solution to (4.18). O

Lemma 4.14. Let Assumption 1 on page 34 be satisfied and u,v € U. We set
y' = Stu € Wy(0,7), w* = S € Wy(0,T), and p* = A'v € W(0,T). Then,

T T
/0 (Bu) (1), p (D) v dt = — / o' (£), 4 (1)) g dt— oo (W' (T), ' (T)) .

Moreover, B'A* = —(S8°)'08* € L(U), where linear and bounded operator ©
has been defined in (4.9).

Proof. Since the POD basis for the state and adjoint coincide, the claim
follows by the same arguments used to prove Lemmas 4.9 and 4.10. (]

Theorem 4.15. Suppose that Assumptions 1 and 2 hold. Let X = V and
u € U be arbitrarily given so that Su, Au € H*(0,T;V)\ {0}.
1) To compute a POD basis {1;}i_, of rank ¢ we choose p = 4, y* = Su,
2 = (Su)s, v® = Au and y* = (Au);. Then, p = p+ Au and p* =
P+ Alu satisfies the a-priori error estimate

dy
C AV fX =V,
Vi 2 i:%—l ’ ¥
1" = plw o < i , (4.19)
CELWWW—thM ifX=H

for a constant C which depends on vy, v1, v2, T, 0q and 0¢.
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2) If S and Aa belong to H*(0,T; V) for every @ € U and if N# > 0 for
all i € J, then we have

. ¢ -

}Hgo A - A ||L:(U,W(O,T)) =0. (4.20)

Proof. Analogous to (3.21) we have p‘(t) — p(t) = 0°(t) + p’(t) for almost

all t € [0,T] with 0°(t) = (Au)(t) — P*(Au)(t)) and p*(t) = P*(Au)(t)) —

(Au)(t). Here, P* = P{, for X =V and P* = P4, for X = H. Now, the proof

of the claims follows by similar arguments as the proofs of Theorem 3.9,

Proposition 4.7 in [29], Proposition 4.6 in [72] and Theorem 6.3 in [67]. To
estimate the terminal term 6¢(T') we use observe that

16°D)[ ;= [[P* ((Au)(T)) = (A"w) (D),
< oa( [P ((Sw)(D)) ~ (SW(D)||,; + [(Sw)(T) = (Sw)(D)]] ;)
oo ([P ((Sw)(1) = (ST + [w(@) = "D ;)

m( HP‘(Su) — (S“)Hc([o,T] m T ly - yeHC([O,T];H))

‘TQCE( ||7)Z(Su) - (Su)HHl(QT;V) +ly - yZHW(O,T))

with an embedding constant C'r. The first term on the right-hand can be han-
dled by (2.27), the second term is estimated in Theorem 3.9. Finally, (4.20)
follows from (3.20) and the fact that the operator S* is bounded uniformly
with respect to £. (I

INIA

IN

Remark 4.16. 1) The inclusion of adjoint information into the snapshot en-
semble improves the approximation quality also for nonlinear problems;
see [15].

2) Analogous to Remark 3.10-2) the a-priori estimate (4.19) holds for an
arbitrarily chosen, but fixed control w € U. Furthermore, (4.20) implies
that

. ~ 0~ . ~
Jim [+ A% = p = Adil|yy, g 7y =0
for any uw € U.
3) We can also extend the results in Proposition 3.12 for the adjoint equa-
tion and get an a-priori error estimate choosing p = 2, y' = Su and
y? = Au. O

~

The POD Galerkin approximation for (P) is as follows:
min J*(u) s.t. w € Usg, (P

where the cost is defined by J¢(u) = J(§j + Stu,u) for u € U. Let @’ be the
solution to (PY). Then, a first-order sufficient optimality condition is given
by the variational inequality

<0-a£ _ B’ﬁe,u — f/)U >0 for all u € Uy, (4.21)
where ]5@ = ﬁg —+ Aeﬂé holds.
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Theorem 4.17. Suppose that Assumptions 1 and 2 hold. Let uw € U be arbi-
trarily given so that Su, Au € H*(0,T;V)\ {0}.

1) To compute a POD basis {;}¢_, of rank £ we choose p = 4, y' = Su,
= (Su)¢, v® = Au and y* = (Au);. Then, the optimal solution i to

(P) and the associated POD suboptimal solution @' to (PY) satisfy
lim Hu — uHU =0 (4.22)

£— 00
for X =V and X = H.
2) If an optimal POD basis of rank is computed by choosing p = 4, y' =
Si, y? = (Su)t, y* = Au and y* = (Au);, then we have

¢ dEV: A if X =1V,
o ;5
Hﬁz 717’HU < Cl_defjl (4.23)
2 .
— > Al =Pyl if X =H,
0 j=0+1

where the constant C' depends on vy, v1, v2, T, oq, o0g and the norm
1Bl|.2(z2(0,m:v),0) -

Proof. Choosing u = @’ in (4.16) and u = @ in (4.21) we get the variational
inequality
0<(o(a—a")—B{p-p")a" —a),. (4.24)

Utilizing Lemma 4.14 and (O, ©)w, 0,7y, wy0,r) > 0 for all o € Wy(0,T)
we infer from (4.24) that

JoA— — _ _ 2
(B A4 — B Au,u* — ), — o ||ua—a°|;
= (BAY ! — a) + B'(AL — Aya,a’ — a), — o |lu—a’|,
< (08 (a—at), 8 (@ — )y, + 1B/ (A" — Ayl lla’ —aly, - o la—al;

\ /\

0 onee - 2
< IB'(A" = Ayallylla® —ally - o fla — [l
Consequently,
o 1 _
o~ ally < IB'(A° ~ Ayl
Now (4.22) and (4.23) follow from (4.20) and (4.19), respectively. O

In Algorithm 4.2 we formulate a discrete version of the primal-dual
active set method (see Algorithm 4.1) which is utilized to solve (P*) in Sec-
tion 5.

4.5. POD a-posteriori error analysis

In [72] a POD a-posteriori error estimates are presented which can be applied
to our optimal control problem as well. Based on a perturbation method [16]
it is deduced how far the suboptimal control @‘ is from the (unknown) exact
optimal control @. Thus, our goal is to estimate the norm ||@ — @‘|| without
the knowledge of the optimal solution . In general, @‘ # @ holds, so that
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Algorithm 4.2 (POD discretized primal-dual active set strategy)

Require: POD basis {¢;}¢_,, starting value (u‘0, \**) and maximal iteration
number kmax.
1: Set k = 0, determine the active sets

Ak — {te[0,T] |0uf€ + AP <y a.e.},
Apr = {t € [0,T] | ou® + X (1) > upi(t) }
and the inactive sets J¢% = [0, 7] \ A% with A% = A%k U ALk

2: repeat
3. Determine the solution (y¢,u%,p?) to the optimality system

Ug on A’;Z,
v =g+ St pt=p+ A%, uf =< on A¥,

B'pt/o  on I
Set (yORHL bR+l pbht1)y = (€ gl pl) NOR+L = Brpbhtl _ gy b+l
and k =k + 1.

5:  Compute the active and inactive sets according to step 1.
6: until (A% = A%k—! and AF = .Ai’k_l) or k = kmax.

e

u’ does not satisfy the variational inequality (4.16). However, there exists a
function ¢¢ € U such that

(o~ B3+ Cu— i)y 20 Vo€ Ui, (4.25)

with p’ = p + Aa’. Therefore, @’ satisfies the optimality condition of the
perturbed parabolic optimal control problem

min J(u) = J(§ + Su,u) + (¢4, u)y,

u€Uyy

with “perturbation” ¢¢. The smaller ¢¢ is, the closer @’ is to @. Next we
estimate |4 — @‘||y in terms of ||¢¢||y. By Lemma 4.10 we have

B(p— ') - BA(— i) - -SOS(a—a) ~SOG ~5)  (42)

with ¢ = ¢ 4+ Sa’. Choosing v = @‘ in (4.16), v = @ in (4.25) and using
(4.26) we obtain

0< (—o(@—a")+B(p—p)+ ¢ a—a'),
= o'l + (SO ~g).a )y, +("a )y
= —o|l@—wllf; = (O =), 7= T w0y wo0r) + (¢ 8=y
= —cla—aly + (¢ at - )y < —olla—aly + Iy lla - ally.

Hence, we get the a-posteriori error estimation

1
. ¢
=y < = 16l
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Theorem 4.18. Suppose that Assumptions 1 and 2 hold. Let uw € U be arbi-
trarily given so that Su, Au € HY(0,T;V)\ {0}. To compute a POD basis
{4 }i_, of rank £ we choose p = 4, y' = Su, y* = (Su)i, y*> = Au and
y* = (Au);. Define the function ¢* € U by
—min(0,£(t)) a.e. in AL, = {t € [0, T][a(t) = uai(t) },
Cf(t) = { max(0, (1)) a.e. in Af; = {t e [0,7)|at(t) = ubi(t)},

— &) a.e. in [0,T]\ (AL UAL),
where £ = ou® — B'(p+ Au’) in U. Then, the a-posteriori error estimate
L 1
1@ —ally < p 1< - (4.27)
HU =0.

In particular, lim ||CZ
£— 00

Proof. Estimate (4.27) has already be shown. We proceed by constructing the
function ¢*. Here we adapt the lines of the proof of Proposition 3.2 in [72] to
our optimal control problem. Suppose that we know @¢ and 3¢ = p+.Au’. The
goal is to determine (¢ € U satisfying (4.25). We distinguish three different
cases.

e Case u!(t) = wu,i(t) for fixed t € [0,7] and i € {1,...,N,}: Then,
wi(t) — al(t) = ui(t) — uqi(t) > 0 for all u € Uyg. Hence, ¢f(t) has to
satisfy

(ou’ = B'p"),(t) + ¢/ (t) > 0. (4.28)

Setting ¢f(t) = — min(0, (ca’ — B'p);(t)) the value (! (t) satisfies (4.28).

e Case uf(t) = upi(t) for fixed t € [0,7] and i € {1,..., N, }: Now, u;(t) —
af(t) = u(t) — upi(t) < 0 for all u € U,q. Analogously to the first case

we define (! (t) = max(0, (cu’ — B'p*);(t)) to ensure (4.28).

o Case uq(t) < uf(t) < upi(t) for fixed t € [0,7] and i € {1,...,N,}:
Consequently, (ou’ —B'p%);(t)+¢f(t) = 0 holds so that (! (t) = —(cu’ —
B'p%)i(t) guarantees (4.28).

It remains to prove that ¢* tends to zero for £ — co. Here we follow adapt

the proof of Theorem 4.11 in [72]. By Theorem 4.17-1), the sequence {i*}scn

converges to @ in U. Since the linear operator B’ A is bounded and p¢ = p+.Aa*
holds, {B'p’}¢en tends to B'p = B’ At as well. Hence, there exist subsequences

{ﬂék}keN and {B/ﬁé’“}ng satisfying
(B'p™)(t) = (B'p)i(t)

fa.a. t € [0,7] and for 1 <14 < N,,. Next we consider the active and inactive
sets for u.
o Lette; = {t € [O,T] |uai(t) < ’ljl(t) < ubi(t)} fori e {1, o ,Nu}. For
ko = ko(t) € N sufficiently large, ﬂf’“ () € (uqi(t), upi(t)) for all k& > ko
and f.a.a. t € J;. Thus, (cu’* — B'p);(t) = 0 for all k > ko(t) in J; a.e.
This implies

lim @ (t) = a;(t) and lim
—00 k—o0

C(t) =0 Vk > ko(t) and fa.a. t € J;. (4.29)

X3
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e Suppose that t € Ag; = {t € [0,T] | uai(t) = @;(¢)} for i € {1,..., Ny}
From (ou; — B'p);(t) > 0 in A, a.e. we deduce

klim ¢ (t) = —min(0, (0@’ — B'pY)i(t)) =0 faa.t e Ay
— 00

e Suppose that t € Ap; = {t € [0,T] | upi(t) = @;(t)}. Analogously to the
second case we find
lim ¢*(t) =0 faa.te Ay (4.30)
k— o0
Combining (4.29)-(4.30) we conclude that limy,_,o, ¢/* = 0 a.e. in [0,7] and
for 1 < i < N,. Utilizing the dominated convergence theorem [61, p. 24] we
have
li tell =0.
Jim {|¢* ],
Since all subsequences contain a subsequence converging to zero, the claim
follows from a standard argument. O

Remark 4.19. 1) Theorem 4.18 shows that ||¢¢||y tends to zero as ¢ goes
to infinity. Thus, ||¢‘|| is smaller than any tolerance ¢ > 0 provided
that ¢ is taken sufficiently large. Motivated by this result we set up Al-
gorithm 4.3. Note that the approximation quality of the POD Galerkin
scheme is improved by only increasing the number of POD basis ele-
ments: A rank-¢ POD basis can be extended to a rank-(¢ + 1) POD
basis by adding a new eigenfunction and keeping all the old ones. Espe-
cially, the system matrices and projected data functions can be extended
by the new element, they do not have to be reconstructed in all compo-
nents. Another approach is to update the POD basis in the optimization
process; see, e.g., [1, 3, 42].

2) We infer from Proposition 3.12 and Remark 4.16-3) that Theorem 4.18
holds still true if we take p = 2, y' = Su and y? = Au.

3) In [69] POD a-posteriori error estimates are tested numerically for a
linear-quadratic optimal control problem. It turns out that in certain
cases a change of the POD basis is required in order to improve the
approximation quality of the POD scheme; see also [42, 75], for instance.

4) Let us refer to [34], where POD a-posteriori error estimates are combined
with an sequential quadratic programming method in order to solve
a nonlinear PDE constrained optimal control problem. Furthermore,
the presented analysis for linear-quadratic problems can be extended to
semilinear optimal control problems by a second-order analysis; see in

[35]. 0

5. Numerical experiments

In this section we present numerical test examples to illustrate our theoretical
findings. The programs are written in MATLAB utilizing the PARTIAL DIF-
FERENTIAL EQUATION TOOLBOX for the computation of the finite element
(FE) discretization. For the temporal integration the implicit Euler method
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Algorithm 4.3 (POD reduced-order method with a-posteriori estimator)

Require: Initial control u®¢ € U, initial number ¢ for the POD ansatz func-
tions, a maximal number £,,x > ¢ of POD ansatz functions, and a stop-
ping tolerance € > 0.
Determine ¢, p, y' = Su%, y? = Au’.
Compute a POD basis {1; fg{ choosing y' and 32. Set £ = 1.
repeat
Establish the POD Galerkin discretization using {1; }¢_;.
Call Algorithm 4.2 to compute suboptimal control @.
Determine ¢* according to Theorem 4.15 and compute €zpe = |||t /0
if €xpe < € Or £ = fpmay then
Return ¢ and suboptimal control @ and STOP.
end if
Set £ =0+ 1.
cuntil £ > Onax

—
= O

is applied based on the equidistant time grid t; = (j —1)At, j =1,...,n and
At=T/(n—1).

Run 5.1 (POD for the heat equation). Let us apply the setting of Exam-
ple 4.1. We choose the final time T' = 3, the spatial domain Q = (0,2) C R,
the Hilbert spaces H = L?(Q), V = H} (), the source term f(t,x) = t* — x>
for (¢,x) € Q and the discontinuous initial value y. () = X(0.5,1.0) = X(1,1.5)
for x € Q, where, e.g., X(0.5,1) denotes the characteristic function on the
subdomain (0.5,1) C Q, x(0.5,1)(z) = 1 for € (0.5,1) and x(0.5,1)(x) = 0
otherwise. We consider a discretization of the controlled linear heat equation

m

wt) — Aylta) = flt.a)+ > wlty@), ac inQ,
=l _ (5.1)

y(t,x) =0, a.e. in X,

y(0,x) = yo(x), a.e. in Q.

To obtain an accurate approximation of the exact solution we choose n = 4000
so that At ~ 7.5-107% holds. For the FE discretization we choose m = 500
spatial grid points and the equidistant mesh size h = 2/(m + 1) ~ 4 - 1073.
Thus, the FE error — measured in the H-norm — is of the order 10~%. In the
left graphic of Figure 5.1, the FE solution y" to the state equation (4.3) is
visualized. To compute a POD basis {1;}{_, of rank ¢ we utilize the multiple
discrete snapshots y]1 =yh(t;) for 1 < j <mnaswelly? = 0 and y]2 = (y"(t;)—
y"(t;—1)/At, j =2,...,n, ie., we include the temporal difference quotients.
We choose X = H and utilize the (stable) singular value decomposition to
determine the POD basis of rank ¢; compare Remark 2.12. We address this
issue in a more detail in Run 5.4. Since the snapshots are FE functions, the
POD basis elements are also FE functions. In the right plot of Figure 5.1,
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FIGURE 5.1. Run 5.1: The FE solution y" (left) and the
residuals corresponding to the POD basis rank ¢ (right).

the projection and reduced-order error given by

2

n l 1/2
PROJ Error(¢) = (Zaj Hyh(tj) — Z <yh(tj)7¢i>H i ) )
j i=1

H
Jj=1

" 2\ 2
ROM Error(¢) = <Zaj Hyh(tj) - Z/(%‘)HH)
j=1

are plotted for different POD basis ranks £. The chosen trapezoidal weights
a; have been introduced in (2.31). We observe that both errors decay rapidly
and coincide until the accuracy 10712, which is already significant smaller
than the FE discretisation error. This numerical results reflects the a-priori
error estimates of Theorem 3.9. O

Run 5.2 (POD for a convection dominated parabolic problem). To present a
more challenging situation, we study a convection-reaction-diffusion equation
with a source term which is close to be singular: Let T', Q, y,, H and V be
given as in Run 5.1. The time-independent bilinear form a corresponding to

Yt (ta {B) — N2Yza (t7 .’1})
+mys(t, @) +noy(t, @) = f(t,x) + (Bu)(t, @), ae. inQ,
y(t,

2) (5.2)
y(0,z)

, a.e. in X,

Il
< o

o(x), a.e. in Q.
is given by

a(e,p) =m (@ )y +m (¢, o)y +n0 (b @)y forp,¢p V.

We choose the diffusivity no = 0.025, the velocity 7 = 1.0 that determines the
speed in which the initial profile y, is shifted to the boundary and the reac-
tion rate 79 = —0.001. Finally, f(t,#) = P(1%;) cos(rz) for (t,x) € Q, where
(P2)(t) = min(+1, max(—I, z(t))) restricts the image of z on a bounded inter-
val. In this situation, the state solution y develops a jump at ¢t = 1 for [ — oo;

see the left plot of Figure 5.2. The right plot of Figure 5.2 demonstrates that
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FIGURE 5.2. Run 5.2: The FE solution y" (left) and the
residuals corresponding the POD basis rank ¢ (right).

in this case, the decay of the reconstruction residuals and the decay of the
errors are much slower. The manifold dynamics of the state solution require
an inconvenient large number of POD basis elements. Since the supports of
these ansatz functions in general cover the whole domain 2, the correspond-
ing system matrices M and A of the reduced model (compare (3.16)) are
not sparse in contrast to the matrices arising in the finite element Galerkin
framework, so the model order reduction cannot be provided efficiently for
this example if a good accuracy of the solution function y¢ is required. %

Run 5.3 (True and exact approximation error). Let us consider the setting of
Run 5.1 again. The exact solution to (4.3) does not possess a representation
by elementary functions. Hence, the presented reconstruction and reduction
errors actually are the residuals with respect to a high-order finite element
solution y”. To compute an approximation y of the exact solution ye, we
apply a Crank-Nicolson method (with Rannacher smoothing [58]) ensuring
|y = YealL2(0,7;r) = O(AL? 4 h?) =~ 107°. In the context of model reduction,
such a state is sometimes called the “true” solution. To compute the FE
state ¢y we apply the implicit Euler method. In the left plot of Figure 5.3
we compare the true solution with the associated POD approximation for
different values n = Nt € {64,128, 256, ...,8192} of the time integration and
for the spatial mesh size h = 4 - 1073, For the norm we apply a discrete
L?(0,T; H)-norm as in Run 5.1. Let us mention that we compute for every
n a corresponding FE solution y”. We observe that the residuals ignore the
errors arising by the application of time and space discretization schemes for
the full-order model. The errors decay below the discretization error 1075,
If these discretization errors are taken into account, the residuals stagnate
at the level of the full-order model accuracy instead of decaying to zero;
see the right plot of Figure 5.3. Due to the implicit Euler method we have
19" = yeallL20,m51) = O(At 4 h?) with h = 4-1073. In particular, from
n € {64,128,256,...,8192} it follows that At > 3-10* > h? = 1.6 - 107°.
Therefore, the spatial error is dominated by the time error for all values of
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FIGURE 5.3. Run 5.3: The ROM errors with respect to the
true solution (left) and the exact one (right).

n. We can observe that the exact residuals do not decay below a limit of the
order At. One can observe that for fixed POD basis rank ¢, the residuals with
respect to the true solution increase if the high-order accuracy is improved
by enlarging n, since the reduced order model has to approximate a more
complex system in this case, where the residuals with respect to the exact
solution decrease due to the lower limit of stagnation At =3/(n — 1). O

Run 5.4 (Different strategies for the POD basis computation). Let Y € R™*"
denote the matrix of snapshots in the discrete setting, W = ({(¢;, ¢;)x) €
R™*™ he the (sparse) spatial weight matrix arising from the finite element
basis {;}7, and D = Atdiag(3,1,...,1,1) € R"*" be the trapezoidal time
integration matrix fitting to implicit Euler discretization. As it is stated in
Remark 2.11, the POD basis {v; le of rank ¢ can be determined by provid-
ing an eigenvalue decomposition of the matrix YY T = W12y Dy Tw1/2 ¢
R™*™ one of YTY = DY2YTWY D2 € R*™™_ or a singular value decom-
position of Y = W12y DV2 € R™*", Since n > m in Runs 5.1-5.3, the
first variant is the cheepest one from a computational point of view. In case
of multiple space dimensions or if a second-order time integration scheme
such as some Crank-Nicolson technique is applied, the situation is converse.
On the other hand, a singular value decomposition is more accurate than
an eigenvalue decomposition if the POD elements corresponding to eigen-
values/singular values which are close to zero are taken into account: Since
A\ = 02 holds for all eigenvalues \; and singular values o;, the singular values
are able to decay to machine precision, where the eigenvalues stagnate signif-
icantly above. This is illustrated in the left graphic of Figure 5.4. Indeed, for
¢ > 20 the EIG-ROM system matrices become singular due to the numerical
errors in the eigenfunctions and the reduced order system is ill-posed in this
case while the SVD-ROM model remains stable. In the right plot of Figure 5.4
POD elements are constructed with respect to different scalar products and
the resulting ROM errors are compared: | - || g-residuals for X = H (denoted
by POD(H)), ||-||v-residuals for X = V (denoted by POD(V)), || ||y -residuals
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FIGURE 5.4. Run 5.4: Singular values o; using the SVD
(SVD Vals) or the eigenvalue decomposition (EIG Vals) and
the associated ROM errors (SVD error and EIG Error, re-
spectively) (left); ROM errors for different the choices for X,
the error norm and the snapshot ensembles (right).

for X = H (denoted by POD(H,V)), which also works quite well, the consid-
eration of time derivatives in the snapshot sample (denoted by POD(H,dt))
which allows to apply the a priori error estimate given in (3.19) and the
corresponding sums of singular values (denoted by SV(H,dt)) corresponding
to the unused eigenfunctions in the latter case which indeed nearly coincide
with the ROM errors. In many applications, the quality of the reduced order
model does not vary significantly if the weights matrix W refers to the space
X = H or X =V and if time derivatives of the used snapshots are taken
into account or not. Especially, the ROM residual decays with the same order
as the sum over the remaining singular values, ||y — yZHW(QT) ~ Z;’i“_l o
independent of the chosen geometrical framework.

Run 5.5 (Iterative methods for the optimal control problem). In this nu-
merical test we consider solution techniques for the linear-quadratic optimal
control problem (P). We define the weights 0 = 1, o0 = 0, the desired state
yo(t,x) =t(1—(z—1)?) for (¢, x) € Q, the desired final state yo = 0 (which is
redundant due to og = 0, of course), the upper and lower bounds u, = 0.25,
up = 0.75, the control operator (Bu) (¢, ) = u1(t)xq, (€)+- - -+u10(t) X0, (),
where {Q;]i = 1,...,10} is a uniform partition of Q (especially, (B*p);(t) =
Jo xi(2)p(t, ) de holds) and initial control u,(t) = 1.
1) Banach fized point method: The first-order necessary and sufficient opti-
mality conditions (4.13) can be refurmaleted as the equivalent fixpoint

problem
u = P(i (B’Au - B’ﬁ)) =: F(u),

where P(u) = min(max(u, ug),up) is the orthogonal projection on the
set of admissible points U,q. The optimal control @ € U can therefore
be determined by the Banach fixpoint iteration up11 = F(ux) (K > 0)
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FIGURE 5.5. Residuals of the Banach fixpoint iteration
(left) and the projected gradient method (right) for different
regularization parameters o.

with arbitrary initialization ug € U,q provided that F' is a contraction.
Since P is Lipschitz-continuous with respect to the Lipschitz constant
1, we get

|F(u) = F()|y < lu—v|, forallu,vel,

I1B"All.c )
o
so the contraction of F' is guaranteed if the regularization parameter
o is sufficiently large. Except of matrix multiplications, each iteration
step requires the forward solving of the state equation for g(u) = Su
and the backwards solving of the adjoint equation for p(g) = Au. As
it can be observed in the left plot of Figure 5.5, the iteration indeed
does not converge if o is smaller than some critical calue o, ~ 0.02.
Furthermore, the convergence speed of the iteration loop tends to zero
for o | 0,. We therefore can make use of this method if the control
term ||ul|3/2 in the objective functional J models a control cost such
as the required energy and hence shall be small. On the other hand, if
we just penalize the objective functional to enforce the strict convexity
property and are interested in the case o — 0 (the resulting controls
usually are of “bang-bang”-type in this case, i.e. u(t) € {uq,up} for
almost all ¢ € [0, T]), we shall apply some other optimization technique.
Projected gradient method: A suitable steepest descent method for the
control-constrained optimization problem is the projected gradient al-
gorithm; see, [37], for instance. Here, the next iteration point is given
by the formula ug41 = P(ug + sgdy), where d, = —VJ(u) = —oug +
B'(Auy, + p) is the direction of the steepest descent of J in the cur-
rent iteration point up and s; > 0 is chosen by Algorithm 5.1. This
procedure is globally convergent. However, as before, the convergence
speed becomes extremely slow for ¢ — 0. In addition, if the step size
condition J(uy, + sV dy,) < J(uy) — ¢/s9) ldi |l is just fulfilled for very
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Algorithm 5.1 (Backtracking strategy)

Require: Maximal number jmax of iterations and parameter ¢ € (0, 1).

Set s =1 and j =1.

1
2: while J(uy, + 59 dy,) > J(up) — ¢/s9) ||di || and j < jmax do
3:
4
5

Set sU*TD = 5) /2 and j = j + 1.

: end while
. return s = s(9)

roquired steps for Active Set Strategy

# invalid indices(i)

FIGURE 5.6. Run 5.5: The number of grid points, where
the previous and the actual active sets differ for different
regularization parameters o.

small step sizes s), many evaluations of the reduced objective func-
tional are required to test whether J(uy 4+ s dy) < J(ug) —es9 ||y
is satisfied. Here, each evaluation requires to solve the state equation.
Therefore, also the single iteration steps may become quite expensive.
The right plot of Figure 5.5 demonstrates that also the projected gra-
dient method cannot deal with small regularizations. In contrast to the
Banach iteration, the residuals decay for arbitrarily small values of o,
but the numerical effort explodes if o tends to zero.

3) Primal-dual active set strategy: This method — see Algorithm 4.1 for the

infinite-dimensional case and Algorithm 4.2 for the POD discretization
— solves the state and the adjoint equation simultaneously within the
implicit linear scheme

i1 (6) = a1+ g (O (8) + X (1) = (B A ) 1)

f.a.a. t € [0, 7). Since this technique is equivalent to a semismooth New-
ton procedure [24] locally superlinear convergence rates are provided.
Further, the algorithm is able to deal with smaller regularizations than
the other two methods presented: Reasonable computation times are
provided for all o > o, &~ 0.0002, see Figure 5.6. For parameters below
this critical value, the bang-bang-control u oscillates between u, and
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FIGURE 5.7. Run 5.6: The optimal FE control Bu" (left)
and the optimal FE state 5" (right).

up at the boundary grid points of the active sets. Notice that both the
critical o, and the error between the exact solution and the suboptimal
final iteration depend on the number of discretization points. The nu-
merical effort of the simultaneous solving operations in each iteration
step is significantly larger than the single solution since the initial condi-
tion for the state and the final condition for the adjoint state prevent to
iteratively solve n times a system of dimension 2m; instead, all time and
space values (y(t;,z;), p(t;,x;)) are determined by solving a linear sys-
tem of the dimension 2nm. Here, the model order reduction techniques
come into play which will lead to formidable calculation time reduc-
tions (or even make an execution of the primal-dual active set strategy
just possible). In the following, we will make use of this optimization
procedure. O

Run 5.6 (Different Galerkin expansions). In this run we compare the modified
POD Galerkin expansions (3.13) for the state variable and (4.17) for the dual
variable with the standard Galerkin approximations:

L L
=Y yiws, P =) pit) forte[0,T].  (53)
=1 i=1

We choose the same setting as in Run 5.5. Let ¢ = 0.1. In Figures 5.7 and
5.8 we plot the optimal FE solution components (3", %", p", \*) obtained
by using the primal-dual active set strategy. We observe that the support
of the multiplier BA" coincides with the active set for the control variable
Bu". Further, the relation @" = P(B'p" /o) can be observed. As it is stated
in Remark 3.8-1) the advantage of the modified Galerkin ansatz is that the
ROM errors do not include the projection of the initial value on the POD
space. Figure 5.9 illustrates the impact of homogenization, where we not only
plot the ROM errors, but also the a-posteriori error estimate for different /;
compare Section 4.5. First we see that the ROM errors and the a-posteriori
error estimate nearly coincide in all scenarios. In the left plot of Figure 5.9
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FI1GURE 5.9. Run 5.6: The ROM errors for the standard and

the modified POD ansatz for initial control guesses uy = 1

(left) and ug = u” (right).

the POD basis is computed from snapshots of the state equation taking the
control guess ug = 1. One observes that the dynamics of the corresponding
homogeneous snapshots in the modified ansatz are not sufficient to decrease
the control error below a level of 10~2 while the standard Galerkin ansatz,
exploiting also the dynamics of the initial value and the inhomogeneity, in-
duces a higher dimensional POD space and leads to an error order below
1076, In the right plot of Figure 5.9 the optimal FE control 4" creates the
snapshots. Here, the modified Galerkin ansatz pays: The approximation error
in the standard Galerkin ansatz is dominated by the projection error of the
initial value y, on the POD Galerkin ansatz space. This example also shows
that good approximations of the reduced order model are just guaranteed
in the case that the snapshots which build up the POD basis include the
dynamics of the optimal state solution; otherwise, enlarging the POD basis
rank does not necessarily improve the accuracy of the results. Algorithm 4.3
proposes a solution for this problem: Here, basis updates are provided if the a
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FIGURE 5.10. Run 5.6: The first POD basis elements for the
modified (left) and the standard (right) Galerkin expansion.

posteriori error estimator presented in Theorem 4.18 indicate that the control
error does not decay in the current POD model. Figure 5.9 shows that these
error bounds are sharp. Indeed, if the algorithm is initialized with the control
guess uo, = 1 and a single basis update is provided, i.e., a new POD basis is
calculated with respect to the achieved suboptimal POD control uf“‘a". This
new POD basis coincides with the POD basis associated with the best (but
usually unknown) control guess #". Thus, the resulting error decay by en-
larging ¢ is the same one as in the right graphic of Figure 5.9. In Figure 5.10
the first POD basis functions are presented for the modified and standard
Galerkin expansions. Consequently, the reconstruction of the initial condition
Yo with the standard Galerkin ansatz works quite well as it is demonstrated
in Figure 5.11 — especially, due to the shape of the POD basis functions, no
oscillations at the jump points occur as can be observed by trigonometric
Fourier approximations, for instance. For the modified POD Galerkin ansatz
it is neither required nor possible to build up the initial value y, accurately.
But this is not needed, because the initial condition is explicitly included in
the initial condition; see (3.13). If the model data is perturbed by noise, the
improvement of homogenization is even significantly stronger. For the follow-
ing simulation, we add random data onto the initial value y,. The controls
gained by the modified model then reach the optimal precision 10~3 with 29
POD basis functions, where even 50 basis elements are not sufficient in the
standard ansatz to decrease the error below a level of 1071, see Figure 5.12.
We observe that the noise in the initial value is inherited to the POD basis
elements of the modified Galerkin ansatz; despite of this perturbation, their
shape does not differ much from those of the POD basis for the unperturbed
initial conditions standard Galerkin ansatz. This is different for the standard
POD Galerkin ansatz; compare Figures 5.10 and 5.13. O
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FIGURE 5.11. Run 5.6: The reconstruction error \Ilfyo =
Zle (Yo, i) i ; for the initial condition y, for the modified
(left) and the standard (right) POD Galerkin expansions.
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FIGURE 5.12. Run 5.6: The optimal state solution for per-
turbed initial data (left) and the ROM errors for the two
POD ansatzes (right).
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FIGURE 5.13. Run 5.6: The first POD basis elements for the
modified (left) and the standard (right) Galerkin expansion
in case of the perturbed initial condition.
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