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Why grid coupling 7

fast, inaccurate

Overview

Introduction to LB schemes and their analysis
Paradigmatic model: D1P3 (advection-diffusion)

Coupling condition & Coupling algorithm

Grid coupling for the D2P9 model (Stokes flow)
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Numerical tests (convergence study, error snapshots)

slow, precise

A Consistent Grid Coupling Method for LB Schemes

M. Rheinlander

1



Lattice-Boltzmann Schemes

TARGET PROBLEM
IBVP for PDE
macr oscopic quantities

LB ALGORITHM
%

popul ations: FS (n, i)

mesoscopic primary variables

e Velocity space: S C {—1,0,1}¢ (DdPb model on cubic grid b

e Moments: M := > u(s)Fs
sES

— macroscopic quantities

e | BGK equation on a cubic space grid with mesh size h:

= #S)

Fs(n+1,i+s) = (1 —w)Fs(n, i)+ wEs(n,i) + hQQS(n, i)

e Equilibrium Egs = & (Mo (n, 1), ...)

e Indices: t,, = nh”, x; = ih

(diffusive scaling)
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Analysis of LB Algorithms

Regular expansion w.r.t. to mesh size h (Junk et al.):

Fo(n,i) = fOnh%in) + hf(nh%ih) + K2 P (nh?ih) + ...

. . convergence C
[ Macroscopic quantltlesj - approximation result for

(populations |

e;egaﬁlsir) n insertinto LBE, BC,CC, | oo ey |
P truncated expansion stability
'
[ prediction function | ————————~—+ consstency analysis
» design of new

agorithms
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An Exemplary LB Model: D1P3

u(0,-) = ug

Ou + adyu — vdu=q

y

\

S
&(U)

vV

{_1707 1} = {@707@}
wU + hOswgalU

171 1
= 3(5—2)
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An Exemplary LB Model: D1P3

¢ . _
w(0, ) = ug S = {-1,0,1} ={5,0,s}
— ¢ E(U)= wU + hfswgalU
2, _
Oiu + aldzu — voiu=q v = %(%_%)
e Macroscopic quantities:  u(t, x) , f(t,z) = |a— (v+ 55)05] ult,z)

£

o 0" & 15% asymptotic order: = WU , fs(l) = Owgsf
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An Exemplary LB Model: D1P3

¢ . _
w(0, ) = ug S = {-1,0,1} ={5,0,s}
— ¢ E(U)= wU + hfswgalU
2, _
Oiu + aldzu — voiu=q v = %(%_%)
e Macroscopic quantities:  u(t, x) , f(t,z) = |la— v+ 55)05] ult,z)

0 .= Wl fiY = Owgs f

o 0" & 15% asymptotic order:
e Prediction function: fo(t,z) = fs(o)(t,x) + hf§1>(t,:z:)

o Approximation result:  Fy(n,7) = f,(nh?,ih) + O(h?)
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An Exemplary LB Model: D1P3

( _ —
u(0, ) = uo 5 = - L01=16.0.9)
— ¢ E(U)= wsU + hOswgsalU
2, _

Oiu + adzu — voiu=q v = %(%_%)

e Macroscopic quantities:  u(t, x) , f(t,z) = |a— v+ 55)0s] ult,z)

o 0" & 15% asymptotic order: fs(o) = WU, fs(l) = Owgsf

e Prediction function: fo(t,z) = fs(o)(t,x) + hf§1>(t,:z:)

o Approximation result:  Fy(n,7) = f,(nh?,ih) + O(h?)

(

U(n,i) = > Fs(n,i) = u(nh?ih) 4+ O(h?) 0% moment
seES
= : —1 : 2 2 i
F(n,i) := h™ ) sFsn,i) = f(nh?ih)+ O(h*) 1% moment
\ seS
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The Coupling Condition

known empty
coarse: Gy, Gg Go

e
S
A
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The Coupling Condition

O O O @ee e e ® O O

| | | S — — | | | | known  empty

0 \ n =~ L coarse: Gg, Go Gg
Ky —<>@— Ko i fine: Kg, Ko Kg
Gy —@<0— Gg

Direct exchange of populations ?  — varywithh =  ®: 15 order CC
Grid transformation of populations —  overlap of subgrids

1) equilibrium /non-equilibrium part: (Filippova, Hanel, Krafczyk, Chopard)
ii) preservation of moments (not yet published)
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The Coupling Condition

— | | | known empty
\ n =~ L coarse: Gg, Gg Gg
K. " fine: Ko, Ko Ka

Direct exchange of populations ?  —  varywith A =  ®: 15 order CC
Grid transformation of populations —  overlap of subgrids

1) equilibrium /non-equilibrium part: (Filippova, Hanel, Krafczyk, Chopard)
ii) preservation of moments (not yet published)

Idea: equate quantities varying with h? (moments) «+ continuity of u, f

implicit cond.: Y Gy = > Ky, L35Gy = 2> s K,
seS seS nsES 77SES
- Ge — Ko = Ko+ Ko —Go—Gg 1 -1
explicit cond.: =
G@ —l_ TK@ — TK@ _I_ G@ 1 r
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The Coupling Algorithm

refinement factor r € N

fine grid-size: 7

fine time-step: 7*

=
=

coarse grid-size:  rn
coarse time-step: r%n?

=

linear interpolation in time at coarse grid interface for intermediate time steps

b

0 0 @i131:5:950 O
6 0 0 ¢iiiiidio om
oooooooklr:z
O 00 @yiis:020 Om
oooooool;i

O-————-O0——F6——=F6

o @
D
D

global TimeStep:
collide & propagate on coarse-grid

repeat 2 times
collide & propagate on fine-grid
fill empty fine-grid interface-pops
end
fill empty coarse-grid interface-pops
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o—

00o/11) start: all populations known

-+ g Gx@) 0o—006—006—006—00—0 =)
PR (M A \V \V AV \V \V ) (M >
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01/11) collide & propagate on coarse-grid

|

+  oumg C== — o=

1 ommg == 6—00—006—00—00—0 0uup o)
PR () A2 AV AV AV AV AV A2 (M >
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02/11) interpolate known coarse-grid interface-pops

|

+  oumg C== — o=

+ 0 0

T @ e

T @ @

1 ommg == 6—00—006—00—00—0 0uup o)
PR () A2 AV AV AV AV AV A2 (M >
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03/11) 1: collide & propagate on fine-grid

A
+  oumg C== — o=
i 0 @
i 0 @

1 ommg =) 0—00—00—00—00—0¢ umf o9
N (M A AV AV \¢ AV AV ) (M >
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04/11) 1: fill empty fine-grid interface-pops

|

— Gmmg G — =t
+ 0 0

+ 0 0

+  omm G==@ 6—006—00—00—00—0 Ouuf Qm—
- () A2 \Vi \Vi \Vi \Vi \Vi A2 (M >
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05/11) 2: collide & propagate on fine-grid

+  oumg C== — o=

1 ommg =) 0—00—00—00—00—0¢ umf o9
N (M A AV AV \¢ AV AV ) (M >
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08/11) 2: fill empty fine-grid interface-pops

- g Guu — oy

1 ommg =) 0—00—00—00—00—0¢ umf o9
e () A2 AV AV AV AV AV A2 (M >

A Consistent Grid Coupling Method for LB Schemes M. Rheinlander 18



07/11) 3: collide & propagate on fine-grid

+  oumg C== — o=

1 ommg =) 0—00—00—00—00—0¢ umf o9
N (M A AV AV \¢ AV AV ) (M >
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08/11) 3: fill empty fine-grid interface-pops

- g Guu — oy

1 ommg =) 0—00—00—00—00—0¢ umf o9
e () A2 AV AV AV AV AV A2 (M >
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09/11) 4: collide & propagate on fine-grid

L omm =0 ¢—006—00¢—00—0 0—0 =x9 g

X
X
X
X
X

/N

1 ommg == 6—00—006—00—00—0 0uup o)
N
U

) ) () >
Y /

&
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10/11) 4: fill empty fine-grid interface-pops

1 o Guump ¢—00—00—00—0 0—0 e=mf g

1 ommg =) 0—00—00—00—00—0¢ umf o9
e () A2 AV AV AV AV AV A2 (M >
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11/11) fill empty coarse-grid interface-pops

1 ommg =@ ¢—00—00—00—0 00 umf G

X
X
X
X
X

/N

1 ommg == 6—00—006—00—00—0 0uup o)
N
U

) ) () >
Y /

&
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’U,(t, CIZ) — e—367r vt

(D) q (¢ 2) € [052] x [0;1],
v = 0.005

Init.:  F4(0,7) = wsuo(th)
o0—0—"0© 0690

sin(67x)

same for (II)

‘|'h\6)3stO

(IT) <

L e e e e e e e e e e e e e e ey S S )

D1P3 Model: Numerical Tests

ru(t, x) = cos(2mw(x — at))
q(t,x) = 4n°v cos(2m(x — at))
\ v =0.001, a=1.333

(th) +h” 7(1— 0s?) W, go(ih)

"~

log(error)

.. . . .| = — reference lines
—6 - - - - - g g g
10 .

—%— Oth moment: 2.0070 |- - - -
—©— 1st moment: 1.9855 |: - -

1072 log(coarse grid size)
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.i::::[ —%— Oth moment: 2.1003 |: :: 1
1| —o— 1st moment: 2.0887 | ]
— — reference lines

1072 log(coarse grid size) 10~
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D1P3 Model: Error Snapshots for (I) (t=0.1, 160 It.)

x 102 error of Oth moment error of 1st moment
4 T T T T 0-06 H
20 . ‘
0.02¢F -}
%0@ """ 7 1 : S o 0 NN A
\ - /CS : _
® : —0.02F L
2l P | | L | | | |
= : | | —0.04Q™
—a ‘ ‘ : ‘ —0.06 : ' — ‘
0) xX—axis 1 o X—axis 1
cos instead of sin:
x 10—3 error of Oth moment error of 1st moment
4 " " " " 0.06
0.04F @ v R R
@ ‘ ‘ : :
0.02
]
—0.02 4 ] ] ]
-0.04F SN R SRR &
—0.06 : : : :
0] 0.2 0.4 0.6 0.8 1
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D2P9 Model for Stokes Flow: Macroscopic Quantities
v —vAv = —Vp Es(p,v) =3ws(p+3s-v) E J E

V-v=0 v(0,-) = vg V:%(%—%)
p pp = gh!
Vg oy = Sg
vy Po, = Sy
Op = P — %T&Bvx Wop = 332Ch_1
oy = p— %Tayvy Poy = sih_l
Opy = —%T(ay’ux + 0,vy) Popy = sgcsyh_1
¢ = 2T(T — D) (82vy + 20,0,v,) oy = (sxsz — 1s,)h"
¢y = §T(T — %)(85’095 + 20,9,vy) Koy = (spsy — %Sy)h_2
(LSS _%T(T2 — T+ %)8968@1(8:6”@/ + Oyvs) | py = (sisz - %(Si + Sz) + %)h_g
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D2P9 Model: Grid Coupling

New features: 1) hanging interface nodes of fine grid, 2) corner nodes
1 . . . .
() @) O @) @) @) @) O (@) (@)
0.8p (@) O (@) (@) (@) (@) O (@) O
¢ ¢ @ @ o o o0 o o © type of interface node | equalized moments
06 XXX x®x® O O O - -
bl rxxxx o O horizontal (|| x-axis) | Vi, Vi, 2y, Xay, @y, ¥
04b O xxxxxxxxx® O O O vertical (|| y-axis) Vi, Vyy By Doy, Py U
¢ OSIIIIIIS @ 9 ° corner Vi, Vi, 2y 20y, 2y, ¥
0.2k R X X X X X X X X X Q& O O O
X X X X X X X X X X X
() B XX ®XQ® XX O (@) (@)
0d S : 5—6—0—=©
0] 0.2 0.4 0.6 0.8 1
regular interface nodes: convex/concave corner:
O ’ O o O O
O 3% } O \%
O O O

6 empty (unknown) populations = 6 conditions (physically only 4 for Stokes !)
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D2P9 Model
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