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Synthesis of LBM

Introduction

LBM setup and benchmark problem

LBM :  fi(n+1,54+¢;) = fi(n,3) = Ti(f)(n,3)

Moments: p = Zfi, U = Zcifi

Collison:
T (f)(n,3) = A(f — £°9)
A: linear mapping;

€9 equilibrium

_ c;: D2Q9, D3Qx
Navier- 875’11, +u-Vu+ Vp = VA’U,, Lattice:  cubic
Stokes: , Cid sive:

divu =0, u|i—g =1, ulgg=¢ oee
(0, H)
u =0 outflow
Ideal Consistency: 2™¢ order inflow
Require: suitable IC, BC .
—q u =20 &

(0,0)




Synthesis of LBM IC

Initial Condition: f;(0,7) = f%(p=1,1 =0)

1

Impulsive inflow: U, = y(1 —y), Vi =0

Consistency: 0" order accuracy

Numerical pressure and velocity at a monitor point in the wake:

pressure U v
6 0.4 0.5 H
4 0.2 ﬂ
2
0 0
0
) -0.2
-4 -0.4 -0.5
0 0.5 1 0 0.5 1 0 0.5 1
t t t




Synthesis of LBM

Initial Condition: f;(0,7) = f%(p=1,1 =0)

1

a(t)

Gradual inflow: U;p, = a(t)y(1 —y), Vin =0

Consistency : 2% order accuracy

0 0.2 0.4 0.6

Numerical pressure and velocity at a monitor point in the wake:

pressure u v
1 0.05 0.6
0.4
0.5 0 ﬂ ﬂ
0.2
0 -0.05
0
-o. -0.1
0.5 0 o2 “ u “
-1 -0.4
0 0.5 1 0 05 1 0 0.5 1
t t t




Synthesis of LBM Dirichlet BC
Boundary condition at rigid walls
Plane wall: bounce back at % link Curved wall: POP; or BF'L
Consistency: Velocity: 2™¢ order, Pressure: 15¢ order
error of velocity error of velocity
0.1
0.08
0.06 o BFL
0.04 * bounce back
0.02
0@
-0.02
0
impulsive inflow gradual inflow
80 J— — 80
60 = Sy - 60 } S~
40 | @ = < A_BS 40| B > S
20 | S ——— ~ 2 = >0 "=
50 100 150 200 150 22?6




Synthesis of LBM Outflow

Outflow conditions

e N. Thiirey et. al.(TH):
fz(n + 17j) — fieq(nvj) —+ fiiq(nvj) — fz*(nvj)
Analysis = S|uln =0

e Neumann condition(NBC):
fz(n + 17j0) — fzg“(najO + hcz) + QCgfz*ﬁ’(naj) &

Analysis => 2%(¢,z) = 0




Synthesis of LBM

Outflow

Outflow conditions

e Zero normal Stress condition(ZNS):

fa(n+1,3) = F5"(1,a(n,3)) — (2vA = I)(f — £))s,

filn +1,5) = F{'(1,a(n, 5)) — 4= (QUA(F = £9))s,

Analysis = (—pI 4 2vS[u|)n =0

fluid

C7

C3

Cs

6,7




Synthesis of LBM Numerical investigation

Unsteady flow with Re = 100

Comparison of Cy, C;, AP
C

NBC:

2.2 '
1.92 1.94 1.96 1.98 2 1.92 194 196 1.98 2 1.92 1.94 1.96 1.98 2
x 10* x 10* x 10*
Cd Cl AP

ZNS:

2 2.2
1.92 1.94 1.96 1.98 2 1.92 194 196 1.98 2 1.92 1.94 1.96 1.98 2
x 10* x 10* x 10*

Solid line: L/H = 5, dashed line: L/H = 3, dotted line: L/H = 2.

Dash-dotted line: reference values.




Synthesis of LBM Numerical investigation

Pressure and velocity along the central line

NBC ZNS

0 0
mon ok aw

o 100 =200 =300 400 o 100 =200 =300 400

o 100 20:230 300 a00 T o 100 20:230 300 a00
pressure pressure

=25
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o.s |
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~ - — o —
A\ - -
—o.s |
—a
o 100 =YeYs) =00 400 o 100 2(3$o =00 a400
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Analysis of LBM Numerical investigation

Boundary layers at outflow

pressure

0.16
0.14
0.12
0.1
0.087
0.06
0.04

0.02 -0.08 -0.8
390 395 400 405 390 395 400 405 390 395 400 405

Analysis is necessary!
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Analysis of LBM Introduction

Overview

e | B-algorithms produce unwanted numerical effects.

e To understand better disturbing phenomena like initial and boundary layers
— study model problems.

e Analytically tractable, exhibit similar features despite their simplicity.

e So far: mainly using regular expansions for the analysis of numerical algorithms/
parameter-depending ODEs/PDEs.

e Here: demonstration by two examples, how to apply irregular expansions.

e Concluding remarks about asymptotic expansions and convergence.

12



Analysis of LBM

Analysis of an Initial Layer

Initial Layer of p (Impulsive start)
6

Pressure
N

Aller Anfang ist nicht nur schwer,

0 sondern verlduft auch selten glatt.

0 0.5 1
Time

13



Analysis of LBM Part 1. Two-scale expansion for the resolution of an initial layer

The D1P2 Lattice-Boltzmann Equation (Model Problem)

e Velocity space: «—o—— Population functions: f1,fs : [0,7] x [0, L] — R

14



Analysis of LBM Part 1. Two-scale expansion for the resolution of an initial layer

The D1P2 Lattice-Boltzmann Equation (Model Problem)

e Velocity space: «—o—— Population functions: f1,fs : [0,7] x [0, L] — R

e Mass moment: u = f; +f5, 15 moment (flux): ¢ = ¢! (f2 — fl)

15



Analysis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

The D1P2 Lattice-Boltzmann Equation (Model Problem)

e Velocity space: «—o—— Population functions: f1,fs : [0,7] x [0, L] — R
e Mass moment: u = f; +f5, 15 moment (flux): ¢ = ¢! (f2 — fl)
e LB equation with diffusive scaling:

Ofi —e 10,1 = —e 2w [fl — %u}

Ofo + E_laxfg = —e_2w [fg — %U}
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Analysis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

The D1P2 Lattice-Boltzmann Equation (Model Problem)

e Velocity space: «—o—— Population functions: f1,fs : [0,7] x [0, L] — R
e Mass moment: u = f; +f5, 15 moment (flux): ¢ = 6_1('[:2 — fl)

e LB equation with diffusive scaling:

8tf1 — E_laxfl = —e_2w [fl — %U}

Oifo + E_laxfg = 2w [fg — %U}

e Linear transformation f{,fy <> u, ¢ leads to equivalent moment system:

Oru + ax¢ = 0
Od +e 20, u = —e *wo
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Analysis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

The D1P2 Lattice-Boltzmann Equation (Model Problem)

e Velocity space: «—o—— Population functions: f1,fs : [0,7] x [0, L] — R
e Mass moment: u = f; +f5, 15 moment (flux): ¢ = ¢! (f2 — fl)
e LB equation with diffusive scaling:

Ofi —e 10,1 = —e 2w [fl — %u}

Oifo + E_laxfg = 2w [fg — %U}

e Linear transformation f{,fy <> u, ¢ leads to equivalent moment system:

Oru + ax¢ = 0
Od +e 20, u = —e *wo

o Closed scalar equation in u:  €270%u + Oyu — 70%u = 0
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Analysis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

The D1P2 Lattice-Boltzmann Equation (Model Problem)

e Velocity space: «—o—— Population functions: f1,fs : [0,7] x [0, L] — R
e Mass moment: u = f; +f5, 15 moment (flux): ¢ = ¢! (f2 — fl)
e LB equation with diffusive scaling:

Ofi —e 10,1 = —e 2w [fl — %u}

Oifo + E_laxfg = 2w [fg — %U}

e Linear transformation f{,fy <> u, ¢ leads to equivalent moment system:

Oru + ax¢ = 0
Od +e 20, u = —e *wo

o Closed scalar equation in u:  €270%u + Oyu — 70%u = 0

e Boundary conditions:  fo(t,0) = —f1(¢,0) <  w(t,0) =0

19



Analysis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

The D1P2 Lattice-Boltzmann Equation (Model Problem)

e Velocity space: «—o—— Population functions: f1,fs : [0,7] x [0, L] — R
e Mass moment: u = f; +f5, 15 moment (flux): ¢ = ¢! (f2 — fl)
e LB equation with diffusive scaling:

Ofi —e 10,1 = —e 2w [fl — %u}

Ofo + E_laxfg = —e_2w [fg — %U}

e Linear transformation f{,fy <> u, ¢ leads to equivalent moment system:

Ouw + Oz = 0
0ip + e 20u = —e ‘wo
o Closed scalar equation in u:  €270%u + Oyu — 70%u = 0
e Boundary conditions:  fo(t,0) = —f1(¢,0) <  w(t,0) =0
e Initial conditions: f1(0,-), f2(0,-) < w(0,-), Ou(0,-) = —30.¢(0, )

20



Analysis of LBM Part 1. Two-scale expansion for the resolution of an initial layer
A Convergence Result
* Reformulated LB equation Target equation
EQ: 107U + Oyu — 7O*u = 0 1 [ EQ: Ov — 10%v =0
BC: w(-,00=0 A wu(,L)=0 ¢ BC: v(,0)=0 A v(,L)=0
IC: w(0,)=¢g A Ow(0,:)=nh ) LC v(0,-) =g

21



Analysis of LBM Part 1. Two-scale expansion for the resolution of an initial layer

A Convergence Result

: 0 :
¢ Reformulated LB equation ot Target equation

EQ: 10U + Opu — 7O?u = 0 1 [ EQ: O — 170*v =0

BC: w(-,00=0 A wu(,L)=0 BC: v(-,0)=0 A v(,L)=0
IC: w(0,)=9g A Owu(0,:)=nh ) LC v(0,-) =

~~
N\

e Theorem:
u in Cy([0, 00), £2(0, L))
u % O in Cy([0,00),L£2(0,L)) with 6 >0

22



Analysis of LBM Part 1. Two-scale expansion for the resolution of an initial layer

A Convergence Result

: 0 :
¢ Reformulated LB equation ot Target equation

EQ: 70U + Opu — 7O?u = 0 1 [ EQ: O — 170*v =0

BC: w(-,00=0 A wu(,L)=0 BC: v(-,0)=0 A v(,L)=0
IC: w(0,)=9g A Owu(0,:)=nh ) LC v(0,-) =

~~
N\

e Theorem:
u in Cy([0, 00), £2(0, L))
du =5 G in Cy([0,00),£2(0,L)) with 0> 0

e Compatible initialization: h = 0:v(0,-) = 70%0(0, ) = 792%g = 0 =0

23



Analysis of LBM Part 1. Two-scale expansion for the resolution of an initial layer

A Convergence Result

: 0 :
¢ Reformulated LB equation ot Target equation

) (

EQ: 70U + Opu — 7O?u = 0
BC: u(-,00=0 A wu(,L)=0
IC: u((), ) =g A 5tu(0, ) = h ) \ IC: v(O, ) —

EQ: O — 170*v =0

~~
N\

e Theorem:
u in Cy([0, 00), £2(0, L))
du =5 G in Cy([0,00),£2(0,L)) with 0> 0

e Compatible initialization: h = 0:v(0,-) = 70%0(0, ) = 792%g = 0 =0

e Fourier ansatz: u(t,z) = ;ae,n(t)sn(x), v(t,z) = ;an(t)sn(x)

BC: v(-,0)=0 A v(,L)=0

24



Analysis of LBM Part 1: Two-scale expansion for the resolution of an initial layer
The Fourier coefficient functions
€l0 ..
° Perturbed problem ~o Limit problem
EQ: é*r6.+6.+No.=0 EQ: o+ Xo=0
IC: 0.(0)=a A d.(0) =0 1C: d(0) =«
e Fourier coefficients = time evolution of single-mode solution of original PDE

0.5

-0.5

20 20

10 10

0 0

-10 -10

0t0
0t0

-20 -20

-30 -30

-40 -40}

-50 -

-50

Regular expansion:  o.(t) = ¢O(t) + 2 (#) + ...

Two-scale expansion: o.(t) = 0O (t/e?,t) + 2P (t/?,t) + ...

25



Analysis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

Regular Expansion
o.(t) = cOt) + 2@ (t) + *cW (1) . ..

e ODEs determining the asymptotic order functions:

0. c0) L\ = ¢ g(O)(o) — o ¢<0>(o) =
2 ¢2) 2@ = —7(0) ¢2(0)=0 ¢2)(0)=0
64:

26



Analysis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

Regular Expansion
o.(t) = cOt) + 2@ (t) + *cW (1) . ..

e ODEs determining the asymptotic order functions:

0. c0) L\ = ¢ ¢(9(0) = a ¢O0)=p
e2- (2 1A = _7(0) ¢2(0)=0 ¢2)(0)=0
64:

e ill-posed IVPs = failure of regular expansion!

27



Analysis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

Regular Expansion
o.(t) = cOt) + 2@ (t) + *cW (1) . ..

e ODEs determining the asymptotic order functions:

0. c0) L\ = ¢ ¢(9(0) = a ¢O0)=p
e2- (2 1A = _7(0) ¢2(0)=0 ¢2)(0)=0
64:

e ill-posed IVPs = failure of regular expansion!

e Way-out: 5 — 8. = 59 +¢283) 4 | with:
O =¢O@) A BB =c@0) A

o <(M(0) = ador, given = <9(0),¢2)(0),... a priori computable:
SO0 =-ar = O0)=ar = @) =-7a)

e \What about arbitrary 5 7 — Two-scale expansion.

28



Analysis

of LBM

Part 1: Two-scale expansion for the resolution of an initial layer

e As motivation consider %06:

Two-Scale Expansion
o.(t) =00t/ t) + o@D (t/, 1) + ra W (L)1) + ...

-~

-15

5

0

=51

10 [|

-20

-25

-30

0.05 0.1
(slow) time t

slow time t

0.15

=30

b)

(slow) time t

close-up

0.03

w
5_-10
-15
-20

-25

5

-5

fast time ¢ /¢’

0.6

Generally: ¢

(2k+2)

— 32 (0), (M) (0), $(2)

c(2R) _ 4(2k) gy #(2k—2)

29



Analysis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

Two-Scale Expansion
o.(t) =00t/ t) + o@D (t/, 1) + ra W (L)1) + ...

a
5 5 5

0 . . . . -

| . e
-5

ol Ay

e As motivation consider %06:

pes

-15

-20

-25

-30

slow time t

=30

0.02 0.03
(slow) time t

close-up

w
5_-10
-15
-20

-25

4

~
N~
\

<

0.6

fast time ¢ /¢’

Structure of order functions: o (2F)(£/e2.¢) = e=wt/< (2R (4 (2k) (¢
e Structure of order functions:  o*¥)(t/e?,t) = ¢ frb (t) + ¢77(1)

irregular

Generally: ¢(2k+2) — qé(Qk)(o), 6(2@(0), ¢(2k7)

c(2R) _ 4(2k) gy #(2k—2)



Analysis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

Two-Scale Expansion
o.(t) =00t/ t) + o@D (t/, 1) + ra W (L)1) + ...

~10 || 47
. . . s g
e As motivation consider %06: k%

S
\§'

<

slow time ¢ close-up fast time ¢ /¢’

Structure of order functions: 0B (¢/e2, 1) = e~«t/< $(20) (4 (2k) (¢
e Structure of order functions:  o*¥)(t/e?,t) = ¢ O (L) + ()

i VO
irregular regular

e Hierarchic ODE-system defining the asymptotic order functions:

FO 4 2¢O — g

0
€ ¢(0) =0
¢9(0) = a
, q;(z) — >\¢(2) —0 C:(z) 4 >\C(2) _ _TC-;(O)
€
q[5(2)(0) = Té(())(O) — 73 C(2)(O) _ —¢(2)(O)

Generally: ¢(2k+2) — ¢(2k)(0), é(2k>(0), ¢(2k7) C(2k) - ¢(2k’)(0)’ 5(2743—2) 31



Analysis and Synthesis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

Verification of the Two-Scale Expansion
0) o. < o

[ .

0.8

0.71

061

051

04y

031

0.2

0.8

0.7

\

: : : : : 5 :
0.02 0.025 0.03 0.035 0.04 0.045 0.05 0 0.002 0.004 0.006 0.008 0.01

e=0.17, =03, A = 47'71'2, Caution: Differentiating the expansion for o¢ does not directly yield the expansion for %ae 32



Analysis and Synthesis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

Verification of the Two-Scale Expansion
2) 0. = o403

1 .

/ ~
N\
091 8

0.8

R N

061
051

04y

0.2 : : : : :
o 0 002 004 006 008 01 012
€

at0e

0.8 —

07 s NS

: : : : .Y

: : : : S

: : : : e
0.6 —

5 _ :
0.02 0.025 0.03 0.035 0.04 0.045 0.05 0 0.002 0.004 0.006 0.008 0.01

e=0.17, T=0.3, A\ = 47'71'2, Caution: Differentiating the expansion for o¢ does not directly yield the expansion for %ae 33



Analysis and Synthesis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

Verification of the Two-Scale Expansion
4) o, < 004203 4 te

1
0.9}

0.8 =

0.71

061

051

04y

031

0.2 ' ' ' ' ' ' ' : ' '
o 0 002 004 006 008 01 012 0O 002 004 006 008 01 012 d
€

0.02 0.025 0.03 0.035 0.04 0.045 0.05 0 0.002 0.004 0.006 0.008 0.01

2

e =0.17, 7 = 0.3, A = 477w“, Caution: Differentiating the expansion for o¢ does not directly yield the expansion for %ae 34



Analysis and Synthesis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

Verification of the Two-Scale Expansion
6) O < o0 1 2502) 1 A5(4) 1 645(6)

o ) 0.02 0.04 0.06 0.08 0.1 0.12 0 0.02 0.04 0.06 0.08 0.1 0.12 i
€

a9«

6 . - . - . 6 . . .
002 0025 003 0035 004 0045 005 0 0.002 0004  0.006  0.008 0.01

2

e =0.17, 7 = 0.3, A = 477w“, Caution: Differentiating the expansion for o¢ does not directly yield the expansion for %ae 35



Analysis and Synthesis of LBM Part 1: Two-scale expansion for the resolution of an initial layer

MUltiple ScaleS Of the D1P3 LB-AlgOI’ithm (ongoing research)

e DI1P3 velocity space: «—e—— w = (%, %, %) s=(—1,0,1)

Initialization: F(0, x;) = cos(2mx;/L)w, (v = 0.01)
0.18 T T T T T T T T 0.18 T T T
"
[EY
S
. -
8
(e}
I
2o .
oLt . L
0 50 lO_O 150 2.00 250 300 350 400 450 0 5 . 10 15 20 0 0.2 .0.4 0.6 0.8 21
iteration n fast time t,, = nh slow time t,, = nh
Initialization: F(0, x;) = cos(2mx;/L)s, (v = 0.001)
0.8 L ]
0.6 i: ' .
0.4 :
0.2 : J
) 0 I | 1 |
02]] -'
I
-0.
-0.6 i
-0.8 :
; 5.0 1(.30 150 _1 1 2 3 4 5 6 7 _1 0.65 Ojl. O..15 0j2 0..25 Oj320..35
iteration n fast time t,, = nh slow time t,, = nh

periodic BC, 6 = 3, w = (Ov + 0.5) "1, red=20, blue=40, green=80 nodes 36



Analysis of LBM

Analysis of a Boundary Layer

cross-section of wg in z-dir.

through CM of obstacle
0.1

C’est surtout grace aux conditions de bord,

cross-section of ug in y-dir. qu’un schéma numérique est précis et fort.

through CM of obstacle Finalement, elles décident de son sort.

(Si Uon va lutiliser ou rejeter.)

0 10 20 30 40

Channel flow around obstacle
o: Bouzidi, *: Bounce-back

37



Analysis of LBM Part 2: Investigation of a numerical boundary layer

2
5-point stencil discretizing the 2nd derivative %

e Poisson problem: u(0) = ug, u(L) =wuy and v’ (z) = f(z) forx € (0,L)

e Discretization in the bulk:

*

5 a, b, C, b, al, u(z) = u”(z) + O(h?)

h2 L

a,u(x—2h)—|—bu(:c—h)—|—m;(rx)+bu(:c+h)+au(a:+2h)

x_1=—-h 29g=0 x1=h x9=2h x3=3h x4=4h x5 =>5h

06— @ ® o ® ®

e Difficulties at the boundary: ~—w —__ ~ —————~  *

N -
—

e Modified stencil in 1 (and anlogously in x_1) by extrapolation:

nearest-neighbor v_; = vy = h?b+a, o b, alvy = f(h)
linear v_1 =2vg—v; = h °b+2a, c - a, b, alvy = f(h)

»—\|Oo
NIO

38
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Analysis of LBM Part 2: Investigation of a numerical boundary layer

A little Experiment

Periodic Boundary Conditions Dirichlet Boundary Conditions
J EQ: 0*up = —4L—7"22 sin(2mx /L) EQ: 0%up = —4L—7"22 sin(2mx /L)

BC: up(0) =up(L) BC: up(0)=0 A up(L)=20
e Solution: up(z) = up(xr) = u(x) = sin(2rz/L)

e Numeric solution using the 5-point stencil

‘f‘ I 1 1 1 I 1 1 1
0 01 02 03 04 05 06 07 08 09 1

-0.02

0 Ol.l 0:2 0:3 0j4 0j5 0j6 Oj7 Oj8 0j9 1
error: vp — U Vs. T error: vp — U VS. T

® (onclusion: The figures suggest, that in the case of periodic boundary conditions the error can be described by
smooth functions . In contrast to vp the numeric solution of the nearest neighbor extrapolation scheme vp
reveals a strongly grid-dependent behavior (the unscaled error develops steeper and steeper jumps).

Furthermore the convergence order may be significantly impaired by the boundary conditions.

Addetional condition: >, vp ; = 0 to get expected solution. 39



Analysis of LBM Part 2: Investigation of a numerical boundary layer

Irregular Expansion

o Ansatz: ul® := (,&(0) + 3(0>) + h(aﬂ) + 3(1)) + ...+ A" (a(n) 4+ S(n))

. smooth, grid-independent functions ©(?, w1 ... restricted onto the grid
Wlth . . (0) (1)
(pure) grid functions s\°) s\%) .

40



Analysis

Part 2: Investigation of a numerical boundary layer

Irregular Expansion

o Ansatz: ul® := (,&(0) + 3(0>) + h(aﬂ) + 3(1)) + ...+ A" (a(n) 4+ S(n))

with {

e Residual: " = ﬁu[”]—g = 4

7]
%o
h—12[a—|—b, ¢, b, a]u[ln]
h—12[a, b, ¢, b, a ugn]
L[a, b, 2, a—l—b]ugs]_

smooth, grid-independent functions ©(?, w1 ... restricted onto the grid
(pure) grid functions s(®), (1) .

uo

f(h)

fih) i€ {2,..,N -2}
f(Nh — h)

ur,

41



Analysis

of LBM

Part 2: Investigation of a numerical boundary layer

Irregular Expansion

o Ansatz: ul® := (,&(0) + 3(0>) + h(a<1> + 3(1)) + ...+ A" (a(n) 4+ S(n))

with {

e Residual: " = ﬁu[”]—g = 4

e Perform Taylor expansion of u(*) up to the order n — k.

smooth, grid-independent functions ©(?, w1 ... restricted onto the grid
(pure) grid functions s(®), (1) .

\

uQ

f(h)

fGih) i€ {2,..,N -2}
F(Nh = h)

ur,

42



Analysis of LBM Part 2: Investigation of a numerical boundary layer

Irregular Expansion

o Ansatz: ul® := (,&(0) + 3(0>) + h(a<1> + 3(1)) + ...+ A" (a(n) 4+ S(n))

. smooth, grid-independent functions ©(?, w1 ... restricted onto the grid
Wlth . . (0) (1)
(pure) grid functions s\°) s\%) .

u - ug
Lla+b, & b aluf = f(h)
e Residual: r[" := Dyltl—¢ = Lla, b, & b, a M= fGh) e {2, N -2}
Lla, b, &, a+blulll  —  F(Nh—h)
B .

e Perform Taylor expansion of u(*) up to the order n — k.

e Requirement: 7™} = O(h™) = Defining equations for unknown u(?), 50 .
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Analysis of LBM Part 2: Investigation of a numerical boundary layer

Irregular Expansion

Ansatz: ul? = (”&(0) + 3(0)) + h(ﬂ(l) + 8(1)) + ...+ A" (f&(”) + 3(”))

with { smooth, grid-independent functions ©(?, w1 ... restricted onto the grid

(pure) grid functions s(®), (1) .

p

ol _
Lla+b, & b, aluf” -

Residual: r[® := Dylnl—¢ = h_12[“’ b, & b, al ugn] _
Lla, b, &, a+blulld -

| .

Perform Taylor expansion of u(F) up to the order n — k.

uo

f(h)

fih) i€ {2,..,N -2}
f(Nh — h)

ur,

Requirement: 7™l = O(h"™) = Defining equations for unknown 1(9) s .

BVPs demanded for u(9), (%) { u®(0) =uo A (L) =up A O%u =
’ @) =0 Au@(L)=0 A% =—Lu
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Analysis of LBM Part 2: Investigation of a numerical boundary layer

Irregular Expansion (continued)

( hs(()l) = 0
h—12[a—|—b, ¢, b, a]hsgl) = %%Gu(o)(O)
e Equations demanded for s(1): Lla, b, & b, al st = 0 ie{2,.,N-2}
Lla, b, & a+olhsly), = —}houO(L)
hsg\l,) = 0

[Az[] < [[A]l [|=]] 45



Analysis of LBM Part 2: Investigation of a numerical boundary layer

Irregular Expansion (continued)

p

{ 0
Lla+b, & b alhsy? = Fou®(0)
e Equations demanded for s(1): Lla, b, & b, al st = 0 ie{2,.,N-2}
Lla, b, & a+blhsy), = —thou®(L)
\ hsy - 0

e Dividing all equations by h: | Ds(t) = Lh~2 [Gu(o)(0)51 — 8u(0)(L)5N_1}

[Az[] < [[A]l [|=]] 46



Analysis of LBM Part 2: Investigation of a numerical boundary layer

Irregular Expansion (continued)

p

{ 0
Lla+b, & b alhsy? = Fou®(0)
e Equations demanded for s(1); ¢ Lla, b, & b, al st = 0 ie{2,.,N-2}
Lla, b, & a+blhsy), = —thou®(L)
\ hsy - 0

e Dividing all equations by h: | Ds() = L2 [au<0><o>51 ~ au<0>(L)5N_1}

e Problem: RHS becomes unbounded for h — 0 :?> s1) also unbounded?

Expnasion makes only sense, if grid functions are uniformly bounded w.r.t. Ah.

[Az[] < [[A]l [|=]] 4t



Analysis of LBM Part 2: Investigation of a numerical boundary layer

Irregular Expansion (continued)

p

{ 0
Lla+b, & b alhsy? = Fou®(0)
e Equations demanded for s(1); ¢ Lla, b, & b, al st = 0 ie{2,.,N-2}
Lla, b, & a+blhsy), = —thou®(L)
hsy - 0

e Dividing all equations by h: | Ds() = L2 [au<0><o>51 ~ au<0>(L)5N_1}

e Problem: RHS becomes unbounded for h — 0 :?> s1) also unbounded?

Expnasion makes only sense, if grid functions are uniformly bounded w.r.t. Ah.

e |D| 129, ~ in opposition to limsup||D~!|| < C' = no standard estimate

h—0

[Az[] < [[A]l [|=]] 48



Analysis of LBM Part 2: Investigation of a numerical boundary layer

Irregular Expansion (continued)

p

{ 0
Lla+b, & b alhsy? = Fou®(0)
e Equations demanded for s(1); ¢ Lla, b, & b, al st = 0 ie{2,.,N-2}
Lla, b, & a+blhsy), = —thou®(L)
\ hsy - 0

e Dividing all equations by h: | Ds() = L2 [au<0><o>51 ~ au<0>(L)5N_1}

e Problem: RHS becomes unbounded for h — 0 :?> s1) also unbounded?

Expnasion makes only sense, if grid functions are uniformly bounded w.r.t. Ah.
h—0

e ||D|| == oo in opposition to limsup|D~!|| < C' = no standard estimate
h—0

e However: Damping property yields boundedness of s(1).

[Az[] < [[A]l [|=]] 49



Analysis of LBM Part 2: Investigation of a numerical boundary layer

Irregular Expansion (continued)

p

{ 0
Lla+b, & b alhsy? = Fou®(0)
e Equations demanded for s(1); ¢ Lla, b, & b, al st = 0 ie{2,.,N-2}
Lla, b, & a+blhsy), = —thou®(L)
\ hsy - 0

e Dividing all equations by h: | Ds() = L2 [au<0><o>51 ~ au<0>(L)5N_1}

e Problem: RHS becomes unbounded for h — 0 :?> s1) also unbounded?

Expnasion makes only sense, if grid functions are uniformly bounded w.r.t. A.

e |D| 229, ~ in opposition to lim sup|[D~!|| < C' = no standard estimate

h—0

e However: Damping property yields boundedness of s(1).

e Convergence is established in spite of negative consistency order!

[Az[] < [[A]l [|=]] 50



Analysis of LBM Part 2: Investigation of a numerical boundary layer

Validation |

n'? asymptotic order function

Legend: < o [numeric solution — expansion up to previous order] /A"

- V -
tail of expansion

(0) (0) 1) @ 3)
1 0.05 1 0.05 0.06
08 : : o 08 - . op : : P G
4 . .\ D L 0.04 e s ¢ 2
0.05 0.05 - : .
06 06
-0.1 : : -0.1 Lo B P 00000000 Y
0.4 0.4 . EIE 002 (FREX A0
0.15 0.15 . - .
02 02 02 -0.2
oB §-025 oB &) -0.25 08
(5)
0.1 0.1
o o) o

-0.2

-0.4

-0.2 -0.6

-0.1

11 nodes
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Analysis of LBM Part 2: Investigation of a numerical boundary layer

Validation |l

n'? asymptotic order function

Legend: < o [numeric solution — expansion up to previous order] /A"

~"

tail of expansion

11 nodes

random polynomial: u(z) = —6.667z" + 5.8920 + 2.482° — 3.462% + 2.6923 + 9.7122 — 3.452 — 7.32
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of LBM

Approach to Convergence by
Asymptotics

—General Concept—
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Analysis of LBM Part 3: A few words about convergence & Retrospect

Asymptotic Expansions and Convergence

» €3 U
o Setting: e € (0,1]: Az=0, z=z2 €2
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Analysis of LBM

Part 3: A few words about convergence & Retrospect

Asymptotic Expansions and Convergence

o Setting: e € (0,1]: Az=0, z=2z2 €2

e Apz =0 not well posed — singular limit

%“O Z€3

‘.-" .!v‘: x%:
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Analysis of LBM Part 3: A few words about convergence & Retrospect

Asymptotic Expansions and Convergence

. ©3 A,
e Setting: c € (0,1]: Az=0, z=2z2 €2 R L Z,
. . . €92
e Apz =0 not well posed — singular limit
N Zel/

e Observation: z. —— z5 How to prove it? “l )/ \ -

1

ey ’an dyy lnlJ
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Analysis of LBM Part 3: A few words about convergence & Retrospect

Asymptotic Expansions and Convergence

. “ BN,
o Setting: e € (0,1]: Az=0, z=2z2 €2 R P Z,
. .. €9
e Apz =0 not well posed — singular limit
N \ Zel/
; —0 .
e Observation: z. — z5  How to prove it? - Z
1 [ Ze ﬁ% xL’”2J /iE Lnlj

e Approximate z. in X, = {special, ‘simply structured’ elements} C Z.
e.g. Z. = {grid functions}, X. = {restrictions of smooth functions onto grid}
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Analysis of LBM Part 3: A few words about convergence & Retrospect

Asymptotic Expansions and Convergence

. © J(J
o Setting: e € (0,1]: Az=0, z=2z2 €2 R P Z,
. . €9
e Apz =0 not well posed — singular limit
N \ Zel/
) —0 .
e Observation: z. —— z5 How to prove it? “l -
A : - 1

e Approximate z. in X, = {special, ‘simply structured’ elements} C Z.

e Simple dependenceon e e.g.: x. = x¢ = 7O fex® 4 4 g
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Analysis of LBM

Part 3: A few words about convergence & Retrospect

Asymptotic Expansions and Convergence

e Setting: e € (0,1]: A.z =0,

z2 =2z € Z,

e Apz =0 not well posed — singular limit

. e—0
e Observation: z. —— 2

How to prove it?

0

N
€3
N

€2

N\

€1

N

—

WA,
\ Zel/
21

e Approximate z. in X, = {special, ‘simply structured’ elements} C Z.

e Simple dependence on € e.g.: x.

e Minimize the residual: r. := A.x,

A~
— aan] = 33(0) —|—€x(1) 4+ .+ €ngj('n)
e.g.: rL’”‘] : AE:I:L”] = O(e")
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Analysis of LBM Part 3: A few words about convergence & Retrospect

Asymptotic Expansions and Convergence

0__ R
o Setting: e € (0,1]: Az=0, z=2z € Z R LN 2,
. .. €9
e Ayz =0 not well posed — singular limit X s z
_ 0 _
e Observation: z. — 25 How to prove it? “l )f \ -
A e 1

e Approximate z. in X, = {special, ‘simply structured’ elements} C Z.
e.g. Z. = {grid functions}, X. = {restrictions of smooth functions onto grid}

— 2
e Simple dependence on ¢ e.g.: z, =z = w—kex(l) + . 4z
e Minimize the residual: r. := A.x. e.g.: r g gt = O(e")
¢ |ze — 2] = H(A;lOAE)QZE— (Ae_loAG)ZEH
—0
= Lip,1|| A, — A2 || = Lip,, -l <% 0
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Analysis of LBM Part 3: A few words about Convergence & Restrospect

Asymptotic Expansions and Convergence (continued)

consistency

e Constructing approximate solution x. & computing residual r. — analysis
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Analysis of LBM Part 3: A few words about Convergence & Restrospect

Asymptotic Expansions and Convergence (continued)

consistency

e Constructing approximate solution x. & computing residual r. — analysis

e Estimating Lip ,—1 independently of ¢ — (coarse) stability analysis
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Analysis of LBM Part 3: A few words about Convergence & Restrospect

Asymptotic Expansions and Convergence (continued)

consistency

e Constructing approximate solution x. & computing residual r. — analysis

e Estimating Lip ,—1 independently of ¢ — (coarse) stability analysis

e Sometimes more careful stability analysis, e.g. for A, linear: z. — z. = A" 'r,

e—0

It may happen [|[A-lr || 22,0 but |AZH] |lrel] =— 0
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Analysis of LBM Part 3: A few words about Convergence & Restrospect

Asymptotic Expansions and Convergence (continued)

consistency

Constructing approximate solution x. & computing residual r. — analysis

Estimating Lip ,—1 independently of ¢ — (coarse) stability analysis

Sometimes more careful stability analysis, e.g. for A, linear: z. — z. = A" lr,

e—0

It may happen [|[A-lr || 22,0 but |AZH] |lrel] =— 0
Examples of application: convergence proofs for the D1P2- and D1P3-model
with different linear equilibria and periodic boundary conditions:

— LB-equation: L?-stability based on an energy estimate

— LB-algorithm: ¢°°-stability using structure & positivity of evolution operator
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Analysis of LBM Part 3: A few words about convergence & Retrospect

Brief Retrospect

e Relevance of irregular expansions for

— “continuous’ problems,
— discrete problems.

e Enables us to obtain complete understanding.
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Analysis

of LBM

Conveg. & Yummary
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Analysis and Synthesis of LBM

Convergence of LBM

General convergence result applies to:

e BGK, TRT, MRT models
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Analysis and Synthesis of LBM

Convergence of LBM

General convergence result applies to:

e BGK, TRT, MRT models

e 2D / 3D Stokes and Navier-Stokes
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Analysis and Synthesis of LBM

Convergence of LBM

General convergence result applies to:

e BGK, TRT, MRT models
e 2D / 3D Stokes and Navier-Stokes

e periodic domains
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Analysis and Synthesis of LBM

Convergence of LBM

General convergence result applies to:

BGK, TRT, MRT models
2D / 3D Stokes and Navier-Stokes
periodic domains

bounce back rule on specific bounded domains (3 link)
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Analysis and Synthesis of LBM

Convergence of LBM

Consistency

e uses regular asymptotic expansion
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Analysis and Synthesis of LBM

Convergence of LBM

Consistency

e uses regular asymptotic expansion

e requires smooth (Navier-)Stokes solutions
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Analysis and Synthesis of LBM

Convergence of LBM

Consistency

e uses regular asymptotic expansion
e requires smooth (Navier-)Stokes solutions

e requires compatible initialization or smooth start
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Analysis and Synthesis of LBM

Convergence of LBM

Consistency

uses regular asymptotic expansion
requires smooth (Navier-)Stokes solutions
requires compatible initialization or smooth start

boundary layers reduce order of expansion (2 links help a little)
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Analysis and Synthesis of LBM

Convergence of LBM

Stability

fin+1,5+¢)=Ffng)+ AU F(n,9)] - F(n,jg))

~"

linear part: f—JLf

e basis of left eigenvectors: v, JX = —\v]
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Analysis and Synthesis of LBM Convergence of LBM

Stability

fin+1,5+¢)=Ffng)+ AU F(n,9)] - F(n,jg))

~"

linear part: f—JLf

e basis of left eigenvectors: v, JX = —\v]

e orthonormality: v] Wwv,; = §;; with pd diagonal matrix W
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Analysis and Synthesis of LBM Convergence of LBM

Stability

fin+1,5+¢)=Ffng)+ AU F(n,9)] - F(n,jg))

~"

linear part: f—JLf

e basis of left eigenvectors: v, JX = —\v]
e orthonormality: v] Wwv,; = §;; with pd diagonal matrix W

e Stokes: Agi2,...,An € [0,2]
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Analysis and Synthesis of LBM Convergence of LBM

Stability

fin+1,5+¢)=Ffng)+ AU F(n,9)] - F(n,jg))

~"

linear part: f—JLf

e basis of left eigenvectors: v, JX = —\v]
e orthonormality: v] Wwv,; = §;; with pd diagonal matrix W
e Stokes: A\gio,...,An € [0,2]

e Navier-Stokes: Agio,...,Ax € (0,2) and 0 < h < hg
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Analysis and Synthesis of LBM

Convergence of LBM

Stability

fin+1,5+¢)=Ffng)+ AU F(n,9)] - F(n,jg))

~"

linear part: f—JLf

basis of left eigenvectors: v, J& = —\v]

orthonormality: v Ww,; = §;; with pd diagonal matrix W
Stokes: Agi2,...,An € [0, 2]

Navier-Stokes: Agio,...,An € (0,2) and 0 < h < hg

advantage of MRT: indication to set unused \'s to 1

79



Analysis and Synthesis of LBM Convergence of LBM

Convergence

e periodic domain, smooth start or compatible initialization

U—%Zi:fici

1

P33 <Zfz'—1>H = O(h”)

= O(Rh%),
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Analysis and Synthesis of LBM Convergence of LBM

Convergence

e periodic domain, smooth start or compatible initialization

U—%Zi:fici

1

P33 <Zfz'—1>H = O(h”)

= O(Rh%),

e periodic domain, pressure and stress initialization

= O(h%),
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Analysis and Synthesis of LBM Convergence of LBM

Convergence

e periodic domain, smooth start or compatible initialization

U—%Zi:fici

1

P33 <Zfz'—1>H = O(h”)

= O(Rh%),

e periodic domain, pressure and stress initialization

= O(h%),

e bounded domain (% link), pressure and stress initialization

1 1
U—Ezi:fici p—ﬁ(zi:fi—1>||=?

= O(h?),
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Analysis and Synthesis of LBM Summary

The asymptotic expansion method helps to:

e understand lattice Boltzmann algorithms

83



Analysis and Synthesis of LBM Summary

The asymptotic expansion method helps to:

e understand lattice Boltzmann algorithms

e analyze and explain regular and irregular behavior
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Analysis and Synthesis of LBM Summary

The asymptotic expansion method helps to:

e understand lattice Boltzmann algorithms

e analyze and explain regular and irregular behavior

e improve and design algorithms
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Analysis and Synthesis of LBM Summary

The asymptotic expansion method helps to:

e understand lattice Boltzmann algorithms

e analyze and explain regular and irregular behavior

e improve and design algorithms

e prove rigorous results
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