Universitat Kaiserslautern WS 2001/02
Fachbereich Mathematik
Dr. Cristian—Aurelian Coclici

Numerical Methods for Partial Differential Equations

Tutorial 2

Exercise 4: Let u € L*°(IR" x [0,00)) be a weak solution of the Cauchy problem
with the conservation laws

g—?(x,t) -1-; aii (fz(u(m,t))) = 0, (z,t) € R" x(0,00), (1)
u(z,0) = wup(z), z€R"

ie. for all p € Cj(R™ x [0,00)):

/ <ua—‘0 + ifi(u) gg‘i) (2.0) dz dt + /uo(x)ga(x, 0) dz = 0.

R"X(0,00) - R™

Prove that, if u is continuously differentiable, then it satisfies the problem (1) in
the classical sense. Furthermore, any weak (distributional) solution u is a classical
solution of (1) in any domain Q C IR" X (0, 00) where u is C".

Exercise 5: Consider the initial value problem

u+v?u, = 0 for (z,t) € Q:=1R x (0,00),
0 for z <0,
1 for z>0.

u(z,0) = wuo(z) := {

a) Determine the solution u(z,t) in Q; := {(z,t) € Q : <0 or z > t}. Calcu-
late a weak solution u(x,t) containing a rarefaction wave in 2\ €.
x
Indication: Seek the weak solution in the form u(z,t) = U(;), (z,t) € Q\
with an appropriate function v € C*(0, 1].

b) Construct a weak solution as a shock solution in 2.

Indication: The shock solution has to satisfy the Rankine-Hugoniot condition.

¢) Prove that the family of functions {u, defined by

}0<a<1’

(0, z<3a?t t>0,

, so?t<z<a’t t>0,
Ug (2, 1) 1= <
t<z <t t>0,

»—lﬁ‘ Q

, 0<t<Lz,

\
represents an infinite set of weak solutions, each of them containing a shock and
a rarefaction wave. Construct this family by using the methods presented in the
lecture.



