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Exercise 6: Let €>0. Use the method of characteristics for solving the problem
ut+uu, = 0 for (x,t) € R x (0,00),

1
u(z,0) = wuo(z) := o2 for z €.

Consider then the initial value problem with the Burgers equation, where

0 for z < —/,
1
ug(x) := o for —\/e <z < /e,

0 for z> /.
Calculate the solution in this case by using the Rankine-Hugoniot conditions.

Indication: The discontinuity curves in the second case are given by o4 (t) = £/t + €.

Exercise 7: Let u be a piecewise smooth, discontinuous weak solution of
0 0
S (fW) = 0 in Rx(0), (1)

with a strictly convex flux function f € C?(R). Let & := {(o(¢),t) |t > 0} be a

smooth curve in IR x [0,00) across which v is discontinuous. For (zg,t5) € X, let

Up 1= liné u(zo — €,10), Up = lir% u(zo + €,to) denote the one-sided limits of u on .
£ e—

Prove that the entropy condition
dx
[n(ue) = nlur)] - == < U(ue) = ¥(uy) (2)

is satisfied for some entropy pair (n(u), ¥(u)) with strictly convex entropy 7 (and
with W' = 5/ f') if and only if the condition u, > u, is fulfilled.

In addition, if the entropy condition (2) is satisfied for a given entropy pair (7, ¥),
then it is satisfied for any entropy pair (7, ¥) with " > 0.

Indication: For the entropy pair (7, ¥) and for fixed wu,, consider the functions
8, Egmwy : R — IR defined by

s(u) = LTI ) = Do) = )] - s(w) — [9(u) = B(u,)].

U — Uy
Check the relations:

!

S>0mR, Eu(m) <0, Eguu) =0, Egy(u) =0,
and prove the relations
Efpay(u) = (= u)(€ — u)s'(w'(() <0 for any u #u,,

with ¢ and ( situated between u and w,. The equivalence to be shown follows then
immediately.



