Universität Kaiserslautern WS 2001/02 Fachbereich Mathematik Dr. Cristian–Aurelian Coclici Dipl.–Phys. Martin Rheinländer

Numerical Methods for Partial Differential Equations Tutorial 4

Exercise 8 (Programming exercise):

Consider the following initial value problem for the linear advection equation ∂u ∂t + a ∂u ∂x = 0 for (x, t) ∈ IR × (0, ∞), a = const. ∈ IR,

u(x, 0) = u_0(x) := { 1 for x ≤ 0, 0 for x > 0.

Establish the exact solution. If we restrict the problem to x ∈ [α, β] ⊂ IR, then boundary conditions have to be required at x = α or x = β. Complete the initial value problem to an initial boundary value problem by prescribing boundary conditions in dependence on the sign of a. Note that the boundary and initial conditions should be compatible at (α, 0) and (β, 0).

For the numerical treatment of the IBVP on Ω := [α, β] × [0, T ] (T > 0), consider an uniform mesh of the form { (x_i, t^n) | x_i := iΔx, t^n := nΔt } , where Δx, Δt > 0, i ∈ I := {i_α, . . . i_β } and n ∈ {0, . . . N} with integer i_α and i_β and with N ∈ IN. Let λ:=Δt/Δx>0. Develop numerical codes for the approximate solution of the problem by using the following methods:

a) The one–sided upwind scheme:

v^0_i := u_0(x_i), i∈I, v^{n+1}_i = v^n_i − λ a { v^n_i −v^n_{i−1} if a > 0, v^n_{i+1} −v^n_i if a < 0, i∈I, n∈{1, .., N};

b) The Lax–Friedrichs method:

v^0_i := u_0(x_i), i∈I, v^{n+1}_i = 1 2 (v^n_{i−1} +v^n_{i+1}) − λ a 2 (v^n_{i+1} −v^n_{i−1}), i∈I, n∈{1, .., N}; c) The Lax–Wendroff method:

v^0_i := u_0(x_i), i∈I,

v^{n+1}_i = v^n_i − λ a 2 (v^n_{i+1} −v^n_{i−1}) + λ^2 a^2 2 (v^n_{i+1} −2v^n_i +v^n_{i−1}), i∈I, n∈{1, .., N}.