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Exercise 11: Consider the initial value problem with the Burgers equation

@+2(f(u)) = 0 in IR x(0,00), (f(u) = u?/2)

ot oz
u(z,0) = wup(z), z€R.

Take an uniform mesh of the form {(z;,t")|z; = iAz, t" = nAt}Z.EZCZ, nenven With

Az >0, At>0 and A\:=At/Az. Let 2,41/ := (1+1/2)Ax for i € Z. Implement the

following numerical schemes in conservation form (set v = f;il/g *ug(z) dx for i€ Z;
n+1
the numerical fluxes ¥}, , = F(o}', 0] ;) ~ ~ :n f(u(zit1/2,t)) dt are indicated):

1. Naive scheme:
A 1
U?H— v — §(f(vzn—|—1) - f(U?A))a FN(Uiavi-l—l) = i(f(vi) + f(Uz‘+1));
2. Upwind schemes:
e { PO =) efe),  FY (0 000) = f(01),
' Z fv z—l—l) f(v}') (right), FRU(UZ':UH—I) = f(vit1);

3. Lax—Friedrichs scheme:

n v;_n_ +Uzn A n n 1 i
vt = %_5(10(“”1)—]0(“@—1))’ FY (v, vi1) = §(f(vi)+f(vi+l)) B +21)\ ;

4. Enquist—Osher scheme:
v?+1=U?—’\[(F(U?)Jrf_(v?ﬂ)) (£ @)+ £ 00) | FE0 (i, vi) = £ () 41 (vira),

where f*(u):=f(0)+ [, max{f'(s),0} ds, f~(u) := [;' min{f'(s),0} ds, u € R.

Check the equ1valent form of the numerical ﬂux
F(v;, vi1) = f(v:)+ f (min{vi1, 0. }) — f(min{v;, v.})
where v, denotes the zero of f’ in IR. Implement also this form of the scheme.

5. Godunov scheme:

U;H—l: vzn_)\ FG(U?aU?—H) FG( U;— l’v;n)
with
max f(s) if v; > v,
FC(v5,vi41) := Vi1 S
i Vit min  f(s) if v <wviyg.
v; <8<vi41



