Universität Kaiserslautern WS 2001/02 Fachbereich Mathematik Dr. Cristian–Aurelian Coclici Dipl.–Phys. Martin Rheinländer

Numerical Methods for Partial Differential Equations Tutorial 9

Exercise 15:

Let v^{n+1}_i = H(v^n_{i−ℓ}, . . . , v^n_i , . . . , v^n_{i+ℓ}), i ∈ ZZ, n = 1, 2, . . . be a finite difference scheme which can be written in the incremental form v^{n+1}_i = v^n_i + C(v^n_{i−ℓ+1}, . . . , v^n_{i+ℓ}) · (v^n_{i+1} − v^n_i ) − D(v^n_{i−ℓ}, . . . , v^n_{i+ℓ−1}) · (v^n_i − v^n_{i−1}), with bounded functions C, D : IR^{2ℓ} → IR. Prove that, if the incremental coefficients C^n_{i+1/2} := C(v^n_{i−ℓ+1}, . . . , v^n_{i+ℓ}), D^n_{i−1/2} := D(v^n_{i−ℓ}, . . . , v^n_{i+ℓ−1}) satisfy the relations

C^n_{i+1/2}, D^n_{i+1/2} ≥ 0 and C^n_{i+1/2} + D^n_{i+1/2} ≤ 1 for all i∈ZZ, n = 1, 2, . . . , then the scheme is TVD. Exercise 16:

Write the Lax–Friedrichs method in incremental form and show herewith that the method is L^∞–stable and TVD, in the case the CFL–condition is satisfied. Exercise 17:

Show that any ℓ^1–contracting numerical method is TVD. Exercise 18:

Show that the upwind schemes and the Lax–Friedrichs scheme are ℓ^1–contracting, provided the CFL–condition is satisfied.