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Exercise 21:

Consider the sytem of ODEs
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where /\1, Ao < 0 and 1 (0) = 1,0, .1‘2(0) = T2,0-

a) Solve this system analytically.

b) Apply Euler’s method (by hand, NOT with a computer program!!!) and
compute analytically the approximation on an equidistant grid with step-

size h.

Hint: For & = Az~ x1 = xo+ hizo = xo(1 + hA)
Iro = ..
z; = 7

c) How do you have to choose the stepsize such that Euler’s method con-
verges?

d) Use Ay = —1, Ay = —1000 (this happens e.g. when modelling the kinetics
of chemical reactions). Which h should one choose? How much do the
solutions z1, zo change on a time interval of length A7

This phenomenon is called “stiffness” of the ODE.

Exercise 22:

The implicit Fuler method is given by
Y(x,t;h) = f(t+ h,z(t + h)).

Then u; 11 = u; + hf(ti+1,ui+1) (an implicit equation for u;y1).

Reconsider part b), ¢) and d) of Ex. 21 for this implicit method and draw your
conclusions.



Exercise 23: (Programming exercise)

Implement the extrapolated Euler method with adaptive order. Use a reason-
able tolerance TOL and h ~ 0.001 — 0.01. Apply it to

a) van der Pol’s equation:
i+x=e(l—2?)i
with e = 0.5, z(0) = 0.5, £(0) = 0 and tepq = 30.

¢ Plot the solution in phase-space (z, %).

e Plot the iterates of the Poincaré map for the transversal
{z =0,y > 0}.

b) the Lorenz equations:

j?l = —0x1+0Zy
.’JEQ = —21Z3+TTr1 — T2
."E3 = T1x9 — b$3

with b = §, o = 10, 7 = 28 and the initial values z1(0) = —8, z2(0) =8
and z3(0) =r — 1.

¢ Plot the projection of the solution onto the plane {z5 = 0}.
¢ Plot the projection of the solution onto the plane {z3 = 0}.



