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Motivation

Motivation 1: Parameter identification

@ Model equations:
—div(cVu)+ - Vu+au=f in Q cR?
c@—f—qu:g,v onlfTy CTr=00 (%)

on
u=gp onlp=T\Ty

@ Problem: estimate parameters (e.g., ¢, 8 or a) in (*) from given
(perturbed) measurements uy for the solution u on (parts of) I'

@ Mathematical formulation: (oo-dim.) optimization problem
min/a lu—ugl?ds +k|p||> st (p,u) solves () and p € Paq
r

s.t. — subject to

@ Numerical strategy: combine optimization methods with fast (local)
rate of convergence and POD model reduction for the PDEs
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Motivation

Motivation 2: Optimal control of time-dependent problems

@ Model problem:

.1 5 k[T 5
min= [ |y(T)—yr|*dx+ = |ul® dxdt
2 Ja 2 Jo Jr
yve—Ay+f(y) =0 inQ=(0,T)xQ

s.t. ylr =u onX=(0,T)xTl
y(0) =y, onQCR
@ Adjoint system:

—pe—Ap+f'(y)*p=0, plr=0, p(T)=yr—y(T)

@ Optimizer: second-order algorithms like SQP or Newton methods

@ Challenge: large-scale « fast/real-time optimizer
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Motivation

Motivation 3: Closed-loop control for time-dependent PDEs

@ Open-loop control:

x(6)=r(t,x(t),u(t))
input u(t) —| x(0)=x,€R* — output y(t) = Cx(t) + Du(t)

(after spatial discretization)

@ Closed-loop control: determine F with

u(t) = F(t,y(t)) (feedback law)

@ Linear case: LQR and LQG design

@ Nonlinear case: Hamilton-Jacobi-Bellman equation
ve(t,yo) + H(vy(t,¥0), %) =0 in (0, T) x R?
@ Strategy: /-dim. spatial approximation by POD model reduction
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Outline

Outline

Introduction to model reduction

Balanced truncation method

Reduced-basis method

Proper orthogonal decomposition (POD)

@ Burgers equation
@ Navier-Stokes equations
@ energy transport

Reduced-order modeling (ROM)

@ heat flow
@ \-w systems
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Introduction

Introduction

@ Linear system (state-space):

x(t) = Ax(t) + Bu(t), t>0, x(0)=x
y(t) = Cx(t) + Du(t)
x(t) € R" state, u(t) € R™ control, y(t) € RP output/measurement
@ Laplace transform: x — [ e™tx(t) dt

sx(s) — x(0) = Ax(s) + Bu(s)
y(s) = Cx(s) + Du(s)
)_

= y(s) = (C(sl = A)"'B+ D)u(s) + C(sl — A)'x
@ Transfer function for x, = 0: u(s) — y(s) = G(s)u(s) with

G(s)=C(sl —A)'B+D
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Introduction

Reduced-order model (ROM)

@ Transfer function for x, = 0: u(s) — y(s) = G(s)u(s) with
G(s)=C(sl —A)'B+D
@ Reduced-order model (ROM) of order ¢ < n:
v'(s) = Gi(s)u(s) with Gi(s) = Co(sl — A) 1B+ D
@ Error bound: y(s) = G(s)u(s) und y“(s) = Gu(s)u(s)

l
=y =yl <G =G [luf

@ Goal of model reduction: ROM with ‘ |G — G|| < tol‘
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Introduction

Methods

@ Linear dynamical systems:

o balanced truncation
@ moment matching

@ Nonlinear dynamical systems:

@ linearize and balanced truncation/moment matching
o reduced-basis method
s proper orthogonal decomposition (POD)

@ Extension: find x € R"” solving
F(x;p)=0 inR"

x(t)+ F(x(t);pn) =0 inR"

with parameter 1 € D C R*
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Balanced truncation

Balanced truncation method

@ Linear system:

-
—~
~
~
Il

Ax(t) + Bu(t), t>0, x(0)=x
y(t) = Cx(t) + Du(t)

x(t) € R" state, u(t) € R™ control, y(t) € RP output/measurement

@ Transformation of the state space: x — x = 7 x, multiply (*) by 7

x(t) = TAT 'x(t) + TBu(t), t>0, x(0)=7x
y(t) = CT *x(t) + Du(t)

@ Transformed matrices:
(A,B,C,D)— (A,B,C,D)= (TAT ', TB,CT ',D)
@ Balanced realization: utilize appropriate 7
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Balanced truncation
Balanced realization

@ Balanced realization: find appropriate 7°

@ Controllability: (A, B) controllable <
X(t) = Ax(t) + Bu(t)
for any xo, x there exists u(t) such that < x(0) = x,
x(T)=xr

& AW, + W.AT + BBT =0 (Lyapunov eq.), W, positive definite
@ W, = controllability Gramian

@ Observability: (A, C) observable <
u(t), y(t) known = x(0) = x, computable

& ATW, + W,A+ CTC =0 (Lyapunov eq.), W, positive definite

@ W, = observability Gramian
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Balanced truncation

Hankel singular values

@ Balancing: state space transformation
— components ordered w.r.t. decay controllability & observability

@ Observability Gramian W,: ATW, + W,A+CTC =0
@ Controllability Gramian W.: AW, + W.AT + BBT =0
@ Balancing: find 7 satisfying
g1 (A,B,C)=(TAT ', TB,CT™Y)

We =W, = . AT WotWoA+CTC=0

o AW AW AT+BBT=0
n

@ Hankel singular values: 01 > ... >0, >0

@ Balanced Realization: transformation

(A,B,C,D)— (TAT ', TB,CT *,D)
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Balanced truncation
Model reduction by balanced truncation

@ Hankel singular values:
0; < 1 = i-th component of x(t) = 7 x(t) small influence
® Truncation: Tx ~ Tyx*, Ty = [Twe, - - -, Tee] with o411 < tol
@ ROM of order £ < n: x‘(t) € R
x'(t) = Aox(t) + Beu(t), t>0, x“(0)=Tx
y(t) = Cox“(t) + Du(t)
Wlth Ag = 7?[;@71;nAIZ’1;]:1:gy B@ - 7325712178! CZ = CVZ’]_inllﬁ
@ Error bound:
IG—Gll <2 > o; with G=Cy(sl —A)) "B+ D

i=0+1

n

=y =y <2ful X o
i=0+1
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Balanced truncation
Extensions of balanced truncation

@ Descriptor systems:
Ex(t) = Ax(t)+ Bu(t), t>0, x(0)=x
y(t) = Cx(t) + Du(t)

— Multi body systems
— semi-discretized PDEs

@ Time-dependent matrices:

X1 = Akx + Brug, k>0, xp =X
vk = Cixi + Dy

@ Systems of 2nd order: structure preserving
Mx(t) + Dx(t) + Sx(t) = Bu(t), t>0
y(t) = Cx(t)
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Balanced truncation

MATLAB Control System Toolbox

@ Routine 1yap: solver for Lyapunov equation AT X + XA+ Q =0
@ Routine balreal: balanced realization
@ Routine minreal: minimal realization

@ Routine modred: ROM computation
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Balanced truncation

Advantages/disadvantages of balanced truncation

@ Advantages:

& including system properties

@ explicit error bounds

¢ algorithms available

@ applications for sparse matrices

@ Disadvantages:

¢ only linear systems
@ increasing CPU due to linearization & time-dependent matrices

@ Literature:

o K. Zhou, J.C. Doyle, K. Glover: Robust and Optimal Control,
Prentice Hall, New Jersey 07458, 1996

@ P. Benner, V. Mehrmann, D.C. Sorensen (eds.): Dimension
Reduction of Large-Scale Systems, Lecture Notes in
Computational Science and Engineering, Vol. 45,
Springer-Verlag, 2005
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Reduced-basis method

Reduced basis method

@ Linear model problem:
—Au+pu=FfinQCR} u=00nT, D=I0,Lmax

@ Discretisation:
(A + ;1,/) uh=F (*)

©® GridinD: 0=p1 < p2 <...< g = fmax

@ Reduced-order space:

¢
Vo = {uz = Z ciul(ui)
i=1

@ ROM of order £: u® € V* satisfying

¢ € R, ul(p;) solves (x) for p = u,-}

(VSAV + pV] Vo)ut = VT F, Ve =[ul(p), ..., uP(ue)]
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Reduced-basis method
Error bounds and extensions

@ Error: / sufficiently large and certain p;'s

uf (1) — v ()] < /1 + cLptmax ||u"(0)]| e=2¢/2 for all p e D

@ Extensions:

o D C R¥ with k > 1
@ certain nonlinear problems

—Au+g(u;p) = h(p) inQcCR3
@ time-dependent problems
u — Au+g(u;p) = h(p) in (0, T)x QCR3

— interpolation in D = D x [0, T]
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Reduced-basis method

Advantages/disadvantages of the reduced basis method

@ Advantages:

reduction based on simulation (data driven)
nonlinear problems

parameter- and time-dependent problems
error bounds for specific interpolation in D

¢ © ¢ ¢

@ Disadvantages:

@ not structure preserving
@ no system theoretical results
@ costly interpolation for k > 1

@ Literature:

M.A. Grepl, Y. Maday, N.C. Nguyen, A.T. Patera: Efficient
reduced-basis treatment of nonaffine and nonlinear partial
differential equations, to appear in Mathematical Modelling
and Numerical Analysis (M2AN)
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Proper orthogonal decomposition

o Given: y1,...,y, € R™, set V =span{yi,...,yn} CR™
@ Goal: Find £ < dim V orthonormal vectors {1;}*_; in R™ minimizing

14

J(th1, .. ) = Z Hy, - Z (v i) i i
=1 =1

— min!

=

with the Euclidean norm ||ly|| = /y Ty

@ Constrained optimization:

. . 1 ifi=j
min J(¢1,...,%¢) subject to w,-T¢J- = { 0 othervsjzise
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Necessary optimality conditions (Part 1)

@ Lagrange functional:

¢
L(tp1, .. ytbe, Many oo dee) = J(aba, - 2be) + Z i (W] 0 — 65)

ij=1
with the Kronecker symbol ¢;; = 1 for i = j and 4;; = 0 otherwise
@ Optimality conditions:

oL
;i
oL ..
— (1, e, M1, Ae) =0ER fori,j=1,...,¢
OAjj

(wl,...,wg,All,...,)\gg):OERm fOI‘I.:].,...,g
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Necessary optimality conditions (Part 2)

L1y s, Mty - -5 Aee) = J(n, - -y 1be) + Z X (0] b5 — 6y)

ij=1
oL | a
) e - Zy, Tbi) = ity and A = 0 for i #
oL -
v 0 & v¢=4

@ Setting \; = X and Y = [y1,...,¥n] € R™" we have
YYTpi =Ny fori=1,....¢

i.e., necessary optimality conditions are given by a symmetric m x m
eigenvalue problem

@ Here: necessary optimality conditions are already sufficient.
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Computation of the POD basis (Part 1)

@ Optimality conditions: YY Ta; = \jp; for i =1,...,¢

@ Solution by SVD for Y e R™*". d =rank Y, 01 > ... > 04 >0,

U=lu,...,um) € R™™und V = [wi,..., vy € R™" orthogonal
with
D 0
T _ _ mxn
U YV( 0 O)ZER
where D = diag (071, ...,04) € R¥?. Moreover, for 1 <i < d

YV,':O','U,', YTU,':U,'V,', YYTU,':O',?U,', YTYV,'IO',?V,'

@ POD basis: 1 = u;and \j =0? >0fori=1,...,0 <d=dimV
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Computation of the POD basis (Part 2)

@ Data ensemble: V =span {y1,...,¥n} CR™ and d =dimV

POD basis of rank ¢: ¥; = u; and )\,-:J,-z >0fori=1,...,4<d
@ Three choices to compute the );'s

SVD for Y € R™". Yv; = o;u;

EVD for YYT e R™™. YY Ty = o2y, (if m < n)

EVD for YTY e R™" YTyy, = a,-zv,- and u; = O%_Yv,- (if m > n)
@ Error formula for the POD basis of rank £:

5 d
:Z)\,

i=0+1

n 14
) = Y = X 0 i) ws
j=1 i=1
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Computation of the POD basis (Part 3)

@ Error formula for the POD basis of rank ¢:

I, e) = ZHy, yfw

Z)\

i=0+1
o YYTuhy = \abi, 1< i< £ and YY Ty = El (v 1)) sive
j=

n

T n
A=Al = (YYTy) g = (Z (yfw;)y,) vi=> |yl

Jj=1 Jj=1

d
°y = Z (yJ-T/lZJ,')/l/J,', i=1,...,m, and ¥ ¢; = &; imply

n d d
S IDNVLTED oY

i=1 j=1 i=0+1 i=0+1
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Properties of the POD basis

@ Uncorrelated POD coefficients:

Zaj yja y;ﬂ/&)*é:k)\

@ Optimality of the POD basis:

4 n 4 n
ZZO‘J'KYJ" ZZO‘AYJ,

i=1 j=1

where {;}_, orthonormal with respect to (-, )
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Snapshot POD for dynamical systems

@ Nonlinear dynamical system:

y(t) = f(t,y(t)) for t € (0, T) and y(0)=yo
with continuous f and given y,
@ Timegrid: 0<th <t <...t, <T,d0tj=tj—tji_1for2<;<n
@ Available or known snapshots: y; = y(tj), 1 <j<n
@ Snapshot ensemble: ¥V =span {y1,...,yn}, d =dimV <n
@ POD basis of rank ¢ < d: with weights o; > 0

mmZaJHyJ yJ, V)i

s.t. <’¢,‘,’¢j> = 5,J

@ Inner product: (u,v) = [quvdx or (u,v) = [ouv+ Vu-Vvdx
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Computation of the POD basis

@ EVD for linear and symmetric R” in ODE space:
n
R"u; :Zaj (Ui, y;) i :0,-2u,- (YYTu; =o?u;)
j=1
and set \; = 02, ¥ = u;
@ EVD for linear and symmetric "= ((¢y (yj, yi))) in R™

’CnV,':O',?V,' (YTYV,':UI?V,')

n
and set \; = 0%, ) = \/—1/\— PRy (Vi)jyj
=

@ Error formula for the POD basis of rank 4:

n ¢ , ;
ZO‘J'HYJ_Z<)G,¢;>1/J; = Z i

j=1 i=1 i={+1
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POD for A\-w systems [Miiller/V.]

@ PDEs: s = u? + v?, As) =1—5s, w(s) =—Fs

()=(28 380+ (5a)

@ Homogeneous boundary conditions:

u=v=0 or @*@*
T on  dn
@ Initial conditions: uo(x1,x2) = x2 — 0.5, vo(x1,x2) = (x1 — 0.5)/2

uforpeLand 100 ulorf2 and <100 ulorf=3 and <100 ulorf=dand <100

O @K d

Stefan Volkwein POD for Nonlinear Systems




POD basis for A\-w systems

@ Offsets: (x) =2 3 u(tj,x) or i =0
j=1

@ Snapshots: j(x) = u(tj,x) —u(x) for 1 <j <n

@ POD eigenvalue problem: (u,v) = [, uvdx

Kvi=Avj, 1 <i<{,  with Kj :/ 0;(x) i (x) dx
Q

@ POD basis computation: 1; = \/—1)\— Doy (i)

Decay of the first eigenvalues Decay of the first eigenvalues
o o
10° ~=— 10 —
10° Seell p . 10 R »
. —B=1 T~ - —p=1
10 N 10
10 ---p=15 Sl 10 ---p=15 R
- —p=2 - - p=2
B=3 B=3
107 107
1 10 20 30 40 50 1 10 20 30 40 50
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Numerical example: Burgers equation

Eigenvalues of the correlation matrix K=I(t)u(t)Jzq 5
. :
Ve —vyxtwx=f inQ=(0T)xQ ‘ ‘
= 95.753%
y(0=y(,1)=0  on(0,T) : ’
. A=
y0,)=yo iInQ=(02m)CR 10 s ]
® A A+ = 99.998%
® yo(x) = sin(x) and v = 0.01 10 e 4
® 1258 finite elements
B
6 4
e Time integration with Matlab's ode15s o
® Snapshots V = span {y(t1), ..., y(t100)}
o
10 1 2 3 a 5 6 7 8
i~ais
" v N Saluton of the Burgers squation
: X
. 10
B o 0s
: E
K ) o 06
-2 | 7 04
-
- “10 o 02
o p N g o B T
xeaxis g o
v v -
. N 4 02
10 2 B oa
s
o o 2 08
s “10
10 f o8
15 0
2 ~ 4 6 - 2 . 4 6 o
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Numerical example: Navier

ut + uux + vuy + px = vAu  in Q =
vt + uvx + wy + py = VAV in Q
ux +vy =0 in Q

ev=5.10"3
® 3 X 4804 finite elements (Femlab)
o Time integration with Matlab's ode15s

® Snapshots V(u) = span {u(t), ..

- u(tar)}

kes equation

0, Ty xQ .

Time=3 Surface: velocity field (u)

and V(v) = span {v(t1),...,v(t1)} ) X
v o T T
v, Eigenvalues of K=U(t).u(t)[z g, and K=V MOz gy
04 10°
* U 99.74%
03 + vi96.18%
0z
s
10 E|
0.1 E
o os B s =
10 *
04
0s s
10"
02
01
107
o 1 2 3 4 5 6 7 8 9
o iaxis
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Numerical example: Energy transport (Boussinesq)

ut + uux + vuy + px = vAu in Q 28
vt + uvx + vy + py = vAv + 36 in Q
ux +vy =0 in Q :
Ot + ubx + vl = Al in Q

ea=10%p3=1"2v=10""*
® 4 x 3512 finite elements (Femlab)
e Time integration with Matlab's ode15s

® Snapshots at tj, ..., ty; for u, v and 6

) 05 . 5 2 25 3 5

Eigenvalues of K=u(t).u(t)[}7

()12 Und K=W(E). ()12

D20 Eigenvalues of the correlation matrix K=(T(t), T(t)[2,

Y@

10° 10
~ U 97.83% E
+  v:95.98% !
10—1% A\,=.99.72% B
i
I
10—2% A= 99.84% ]
10" I
+ wr:E ® A A, A = 99.90% B
f
I .
10"% 1] ® 4
i
I
107! 107l
1 2 3 5 6 7 8 1 2 3 4 3 7 8
i-axis i—axis
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Reduced-order modeling (ROM)

® Heat equation (for instance):

yi — Ay = inQ=(0,T)xQ
=g onY=(0,T)xTl
y(0) = yo in Q

@ Variational formulation:
/yt(t)so+Vy(t)-V<deZ / f(t)sodX+/g(t)<pds Vo
Q Q r
@ FE discretization: y™(t) € V™ =span {®1,...,¢m}

/yt’"(t)go—l—Vy'"(t)-V(pdx:/f(t)gpdx—i—/g(t)gods Yo e VT
Q Q r
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ROM for heat equation

@ Timegrid: 0<th <t <...t, <T,d0tj=tj—tji_1for2<j<n
@ FE snapshots: y; = y™(tj)) € V™, 1< <n
@ Inner product: (u,v) = [quvdx or (u,v) = [, uv+ Vu-Vvdx
@ Sizes: # FE's > # time instances, i.e., m > n
@ Computation of the correlation £": aj = =
PR/ Z Yi Yiiler, ox) = (%YTMY)U
k,l=1

with Mjj = (@}, ¢i) (mass or stiffness matrix)
@ ROM for heat equation: y/(t) € V¥ =span {¢1,...,¢%,} C V™

/ny(t)w +VY(0)- Vidx = [

Q

f(t) dx—i—/g(t)wds vy € VE
r
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FE-solution at the terminal time

Domain Q and triangular mesh
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Heat flow in a block (Part 2)

FE space V™ = span {¢1,...,¢om}, m = 1844

Time grid: T=5,n=126, 0t = L5, t; = (j — 1)0t, 1 < j < n

m
Snapshots: y/" = Z Yivei, 1<j<n

Inner product: (u,v) = fQ uvdx or (u, v) fQ uv + Vu - Vvdx

Computation of the correlation matrix (m > n): K" = %YTMY
with M = (((¢j, #i)))

EVD for K": (%YT/\/IY) vi = Ajv; and ¢ =

M:

n\/A_, (v,)JyJ evym

Jj=1
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Heat flow in a block (Part 3)

@ Decay of the first eigenvalues:

fQ uv dx left plot

<U7 V> = .
Jquv+Vu-Vvdx right plot

o Dacay rate of the first eigenvalues for X=H First eigenvalues A for X=V/
10 . 10°
107" &
. 10
107
<10 10° .
107 *
107 -
-
10
| -
107 > B ry 5 10 1 2 3 4 5
Kk Kk

@ Approximation property, e.g., for £ =5

n 5
1
E ] AR ST |
j=1 i:l

126

Z/\ <2-10°°
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Heat flow in a block (Part 4)

@ ROM: ¢ =5 POD basis functions
@ FE-/POD-solution and error:

FE-solution at the terminal time

095

09

085

0

y-axis -1-05 X-axis y-axis -1
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=)l

05 X-axis
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ROM for A\-w systems

(]

Inner product: (u,v) = [, uvdx
POD Galerkin ansatz:

(]

ug(t, x) = 0(x) + éuﬁ(t)tﬂj(X)a ve(t, x) = v(x) + ivé(t)@(x)

(]

Reduced-order model (ROM):
¢ insert ansatz into PDEs
o multiply by POD basis functions v); respectively ¢;
o integrate over Q

@ Numerical results:
o relative error of u for B=1.5
10
\/\/\/\/Mm
() —u(t)|)? 10 b, D
i llue NN :
lu(t)]I?
1=10
----I1=15
- - -1=25
10710 1=50 4
o 10 20 {o} 40

50
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Relative POD errors for A-w systems

n
o Offsets: up(x) =13 u(tj, x)
j=1

@ Relative POD errors:

0=0 | 0=uw || 0=0 | 0=uy |
¢ =10 ][ 0.005890 | 0.005945 |[ ¢ =40 || 0.577442 | 0.460188
¢ =15 || 0.000350 | 0.000335 || £ =45 || 0.898613 | 0.297619
¢ =50 || 0.000009 | 0.000009 || ¢ =50 || 0.071035 | 0.001774
> g lue(t)—un(t)
Eral(u) == for 3 = 1.5 (left) and 8 = 2 (right)

n
2o llun ()12
=
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