
Outline POD ROM Numerical examples

Error estimates for POD Galerkin schemes

Stefan Volkwein

Institute for Mathematics and Scientific Computing
University of Graz, Austria

PhD program in Mathematics for Technology
Catania, May 22, 2007

Stefan Volkwein Error estimates for POD Galerkin schemes



Outline POD ROM Numerical examples

Motivation

Burgers equation:

yt − νyxx + yyx = f in Q = (0, T ) × Ω

y(·, 0 = y(·, 1) = 0 on (0, T )

y(0, ·) = 0 in Ω = (0, 1) ⊂ R

exact solution y(t, x) = (x2 − x) sin(2πt) and f = yt − νyxx + yyx

FE with error < 10−10 and fine time grid with n = 5 · 211, δt = T
n

Snapshots at t i
1, . . . , t

i
ni

with δt i = 211−i δt, t i
j = jδt i , 1 ≤ i ≤ 11

Error: e(ni) = δt i
ni∑

j=1

∫

Ω

∣
∣yFE (t i

j , x) − y ℓ(t i
j , x)

∣
∣
2
dx

Implicit Euler: error O(δt) ⇒ e(ni) ≈ O(δt2
i ) = O

(
1
n2

i

)

Quotient: n2
i = 4n2

i−1 ⇒ e(ni−1)
e(ni )

≈ 4

i 1 2 3 4 5 6 7 8 9 10 11

e(ni−1)

e(ni )
3.11 3.55 3.77 3.88 3.94 3.96 3.97 3.98 3.98 3.96 3.92
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Outline

POD method: discrete and continuous version

Reduced-order modeling for ODE system

Error analysis

Numerical examples:

laser surface hardening
heat equation
parameter dependent elliptic PDEs
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POD method (discrete version)

Snapshots: y1, . . . , yn

Snapshot ensemble: V = span {y1, . . . , yn}, d = dimV ≤ n

Inner product: 〈· , ·〉, e.g., 〈u, v〉 = uT v for u, v ∈ R
N

POD basis of any rank ℓ ∈ {1, . . . , d}: with weights αj ≥ 0

min

n∑

j=1

αj

∥
∥
∥yj −

ℓ∑

i=1

〈yj , ψi 〉ψi

∥
∥
∥

2

s.t. 〈ψi , ψj〉 = δij

Constrained optimization:

min J(ψ1, . . . , ψℓ) s.t. 〈ψi , ψj〉 = δij =

{
1 if i = j

0 otherwise

s.t. — subject to
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Optimality conditions and computation of POD basis

EVP for linear and symmetric Rn:

Rnui =

n∑

j=1

αj 〈ui , yj〉yj = λiui

and set ψi = ui

EVP for linear, symmetric n × n-matrix Kn= ((〈yj , yi 〉)):

Knvi = λivi

and set ψi = 1√
λi

n∑

j=1

αj (vi )j yj (methods of snapshots)

Error for the POD basis of rank ℓ:

n∑

j=1

αj

∥
∥
∥yj −

ℓ∑

i=1

〈yj , ψi 〉ψi

∥
∥
∥

2

=
d∑

i=ℓ+1

λi
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Continuous POD in Hilbert spaces [Henri/Yvon, Kunisch/V., ...]

Snapshots: y(µ) for all µ ∈ I (I = [0,T ] or I = D)

Snapshot ensemble: V = {y(µ) |µ ∈ I}, d = dimV ≤ ∞

POD basis of rank ℓ < d :

min

∫

I

∥
∥
∥y(µ) −

ℓ∑

i=1

〈y(µ), ψi 〉ψi

∥
∥
∥

2

dµ s.t. 〈ψi , ψj〉 = δij

Optimality conditions: EVP for linear, symmetric, compact R

Rψ∞
i =

∫

I
〈ψ∞

i , y(µ)〉 y(µ)dµ = λ∞i ψ
∞
i for i ∈ N

Error for the POD basis of rank ℓ:

∫

I

∥
∥
∥y(µ) −

ℓ∑

i=1

〈y(µ), ψ∞
i 〉ψ∞

i

∥
∥
∥

2

dµ =

∞∑

i=ℓ+1

λ∞i
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Relationship between ’discrete’ and continuous POD

Operators Rn and R:

Rnψ =
n∑

j=1

αj 〈ψ, y(µj )〉y(µj)

Rψ =

∫

I
〈ψ, y(µ)〉y(µ)dµ

Operator convergence of Rn −R: y smooth and appropriate αj ’s

Perturbation theory [Kato]: (λi , ψi)
n→∞
−→ (λ∞i , ψ

∞
i ) for 1 ≤ i ≤ ℓ

Choice of the weights αj?: ensure convergence Rn n→∞
−→ R
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Reduced-order modelling for ODE system

Initial value problem in R
N :

ẏ(t) = Ay(t) + f (t, y(t)) for t ∈ (0,T ],

y(0) = y0

for y0 ∈ R
N and continuous f : [0,T ] × R

N → R
N

Snapshots: y(t) ∈ R
N for all t ∈ [0,T ]

Inner product: 〈u, v〉 = uT v (Euclidean product)

POD basis of rank ℓ ≤ N : ψ1, . . . , ψℓ ∈ R
N

Galerkin ansatz: y ℓ(t) =
ℓ∑

j=1

(
y ℓ(t)Tψj

)
ψj =

ℓ∑

j=1

yℓ
j (t)ψj

Galerkin projection of the ODE:

ψT
i ẏ ℓ(t) = ψT

i Ay ℓ(t) + ψT
i f (t, y ℓ(t)), t ∈ (0,T ], i = 1, . . . , ℓ

ψT
i y ℓ(0) = ψT

i y0, i = 1, . . . , ℓ
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POD Galerkin projection of the ODE

Galerkin projection of the ODE: f ≡ 0

ψT
i ẏ ℓ(t) = ψT

i Ay ℓ(t), t ∈ (0,T ], i = 1, . . . , ℓ

ψT
i y ℓ(0) = ψT

i y0 i = 1, . . . , ℓ

Inserting Galerkin ansatz:

ψT
i ẏ ℓ(t) =

ℓ∑

j=1

ẏℓ
j (t)ψ

T
i ψj = ẏℓ

i (t)

ψT
i Ay ℓ(t) = ψT

i

( ℓ∑

j=1

yℓ
j (t)Aψj

)

=

ℓ∑

j=1

yℓ
j (t)ψ

T
i Aψj

ROM in R
ℓ: yℓ = (yℓ

i ), Aℓ = ((ψT
i Aψj)), y ℓ

0 = (ψT
i y0)

ẏℓ(t) = Aℓy(t) for t ∈ (0,T ]

yℓ(0) = y ℓ
0
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Error analysis — Part 1

Goal: estimate

∫ T

0

‖y(t) − y ℓ(t)‖2
RN dt

Orthogonal projector onto V ℓ = span {ψi}
ℓ
i=1:

Pℓψ =

ℓ∑

j=1

(
ψTψi

)
ψi for ψ ∈ R

N

⇒ y ℓ(0) = Pℓy0 = Pℓy(0)

POD basis:
∫ T

0

∥
∥
∥y(t) −

ℓ∑

i=1

(
y(t)Tψi

)
ψi

∥
∥
∥

2

dt =

∫ T

0

∥
∥
∥y(t) − Pℓy(t)

∥
∥
∥

2

dt

Decomposition:

y(t) − y ℓ(t) = y(t) − Pℓy(t)
︸ ︷︷ ︸

∈(V ℓ)⊥

+Pℓy(t) − y ℓ(t)
︸ ︷︷ ︸

∈V ℓ

= ̺ℓ(t) + ϑℓ(t)
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Error analysis — Part 2

Decomposition:

y(t) − y ℓ(t) = y(t) − Pℓy(t) + Pℓy(t) − y ℓ(t) = ̺ℓ(t) + ϑℓ(t)

Projector onto V ℓ = span {ψi}
ℓ
i=1: Pℓψ =

ℓ∑

j=1

(
ψTψi

)
ψi

Estimate for ̺ℓ:
∫ T

0

‖̺ℓ(t)‖2 dt =

∫ T

0

‖y(t) − Pℓy(t)‖2 dt =

∞∑

i=ℓ+1

λ∞i

Differential equation for ϑℓ: for i ∈ {1, . . . , ℓ}

ψT
i ϑ̇

ℓ(t) = ψT
i

(
Pℓẏ(t) − ẏ ℓ(t)

)
= ψT

i

(
ẏ(t) − ẏ ℓ(t) + Pℓẏ(t) − ẏ (t)

)

= ψT
i

(
Ay(t) − Ay ℓ(t) + Pℓẏ (t) − ẏ(t)

)

= ψT
i

(
A(̺ℓ(t) + ϑℓ(t)) + Pℓẏ(t) − ẏ(t)

)
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Error analysis — Part 3

Differential equation for ϑℓ: for i ∈ {1, . . . , ℓ}

ψT
i ϑ̇

ℓ(t) = ψT
i

(
A(̺ℓ(t) + ϑℓ(t)) + Pℓẏ(t) − ẏ(t)

)

Summation: ϑℓ(t) =
∑ℓ

i=1 ci (t)ψi

ϑℓ(t)T ϑ̇ℓ(t) = ϑℓ(t)T
(
A(̺ℓ(t) + ϑℓ(t)) + Pℓẏ(t) − ẏ (t)

)

Estimation:

1

2

d

dt
‖ϑℓ(t)‖2 ≤ C

(

‖ϑℓ(t)‖2 + ‖̺ℓ(t)‖2 + ‖ẏ(t) − Pℓẏ (t)‖2
)

Gronwall lemma: ϑℓ(0) = Pℓy0 − y ℓ(0) = 0

‖ϑℓ(t)‖2 ≤ C
(

‖̺ℓ(t)‖2 + ‖ẏ(t) − Pℓẏ (t)‖2
)

= C
( ∞∑

i=ℓ+1

λ∞i + ‖ẏ(t) − Pℓẏ (t)‖2
)
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Error estimate for continuous POD

Error estimate (continuous POD method):
∫ T

0

‖y(t) − y ℓ(t)‖2 dt ≤ 2

∫ T

0

‖̺ℓ(t)‖2 + ‖ϑℓ(t)‖2 dt

≤ C
( ∞∑

i=ℓ+1

λ∞i +

∫ T

0

‖ẏ(t) − Pℓẏ(t)‖2 dt
)

Remarks:

dependence of the decay of the eigenvalues λi

dependence on the approximation quality for ẏ(t)

Modified POD method:

min

∫ T

0

∥
∥y(t)−Pℓy(t)

∥
∥

2
+
∥
∥ẏ(t) − Pℓẏ(t)

∥
∥

2
dt s.t. 〈ψi , ψj〉 = δij

Error estimate:

∫ T

0

‖y(t) − y ℓ(t)‖2 dt ≤ C

∞∑

i=ℓ+1

λ∞i
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Extensions

Full discrete method: tj = j∆t, Y ℓ
j ≈ y(tj )

ψT
i

(
Y ℓ

j −Y ℓ

j−1

∆t

)

= ψT
i AY ℓ

j + ψT
i f (t,Y ℓ

j ), j = 1, . . . ,m, i = 1, . . . , ℓ

ψT
i Y ℓ

0 = ψT
i y0, i = 1, . . . , ℓ

Discrete POD: λi = λn
i , ψi = ψn

i

Error estimate:

n∑

j=1

αj ‖y(tj) − Y ℓ
j ‖

2

RN ≤ C

(

(∆t)2 +

n∑

i=ℓ+1

λi +

n∑

j=1

αj

∣
∣ψT

i ẏ(tj)
∣
∣
2
)

= O

(

(∆t)2 +

∞∑

i=ℓ+1

(

λ∞i +

∫ T

0

∣
∣(ψ∞

i )T ẏ (t)
∣
∣
2
dt

))

Parameter-dependent elliptic systems
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Laser surface hardening [Hömberg/V.]

Motivation:

laser beam

moving direction

workpiece

heated zone

Phase transition of steel:

ferrite
pearlite
bainite
martensite







heating
−→ austenite

cooling
−→







ferrite
pearlite
bainite
martensite
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Model equations

Energy balance and Fourier’s law:







̺cpθt − k∆θ = αu − ̺Lat in Q = (0,T ) × Ω

∂θ
∂n

= 0 auf Σ = (0,T ) × ∂Ω

θ(0, ·) = θ◦ in Ω ⊂ R
d

Phase transition of austenite:
{

at = f (θ, a) in Q

a(0, ·) = 0 in Ω

Intensity of the laser: u = u(t) ∈ L2(0,T )

Nonlinearity: f+(θ, a) = max
{
aeq(θ) − a, 0

}
/τ(θ), τ(θ) > 0

Stefan Volkwein Error estimates for POD Galerkin schemes



Outline POD ROM Numerical examples

FE and POD temperatures at t = T
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POD error

Measures for the error:

Ψ
i

=

max
0≤j≤N

‖θ
j
ℓ
− θ

j
FE

‖
L∞(Ω)

max
0≤j≤N

‖θ
j
FE

‖
L∞(Ω)

with

(

i = 1 POD with DQ

i = 2 POD without DQ

X = L2(Ω) X = H1(Ω)
ℓ Ψ1 Ψ2 Ψ1 Ψ2

10 24.1% 40.6% 21.0% 40.1%
25 1.6% 26.9% 4.0% 24.6%

Heuristic: E(ℓ) =
ℓ∑

i=1

λi

/ d∑

i=1

λi · 100% ≥ 94%

ℓ = 10 ℓ = 15 ℓ = 20 ℓ = 25

E(ℓ), X = L2(Ω) 94.3 98.4 99.5 99.8
E(ℓ), X = H1(Ω) 77.7 87.4 92.5 95.7
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Heat equation

Model equations:

yt(t, x) − ∆y(t, x) = 0 for all (t, x) ∈ Q = (0,T ) × Ω

∂y
∂n

(t, x) = 0 for all (t, x) ∈ Σ1 = (0,T ) × Γ1

∂y
∂n

(t, x) = 100g(t, x) for all (t, x) ∈ Σ2 = (0,T ) × Γ2

y(0, x) = 0 for all x = (x , y , z) ∈ Ω ⊂ R
3

Boundary condition:

exp
(

−
[
(x − 0.7 cos(2πt))2 + (y − 0.7 sin(2πt))2

])
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FE and POD results

Computing the FE mesh and matrices 50.0 seconds
FE solve 49.9 seconds
Computing 15 POD basis functions 87.1 seconds
Computing the reduced-order model, ℓ = 15 < 2.0 seconds
POD solve, ℓ = 15 < 0.1 seconds

1 3 5 7 9 11 13 15
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

Decay of the norms

Number of POD basis functions

L2(H1(Ω)) error
L2(L2(Ω)) error
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Estimate the decay of the eigenvalues

Error estimate: ‖y ℓ − y‖2 ∼

∞∑

i=ℓ+1

λi

Ansatz: λi = λ1e
−α(i−1) for i ≥ 1

Error quotient:

‖y ℓ − y‖2

‖y ℓ+1 − y‖2
∼

∞∑

i=ℓ+1

λi

∞∑

i=ℓ+2

λi

=

∞∑

i=ℓ+1

e−α(i−1)

∞∑

i=ℓ+2

e−α(i−1)

=

∞∑

i=0

(
e−α

)i

∞∑

i=0

(
e−α

)i
− 1

= eα

Experimental order of decay:

EOD :=
1

ℓmax

ℓmax∑

ℓ=1

Q(ℓ)

with Q(ℓ) = ln ‖yℓ−y‖2

‖yℓ+1−y‖2 ∼ α
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Experimental order of decay

1 3 5 7 9 11 13 15

10
−6

10
−4

10
−2

10
0

Decay of the eigenvalues and estimated rates

i−axis

λ
i

λ
1
 e−α (i−1) for L 2(0,T;H1(Ω))

λ
1
 e−α (i−1) for L 2(0,T;L2(Ω))

◦ decay of the eigenvalues
+ estimated decay with error norm

‖u‖ =
( ∫ T

0

∫

Ω |u(t, x)|2 + |∇u(t, x)|2 dxdt
)1/2

∗ estimated decay with error norm ‖u‖ =
( ∫ T

0

∫

Ω

∣
∣u(t, x)

∣
∣
2
dxdt

)1/2
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Parameter-dependent systems

Model equations: β(x) =
(

x1
x2

)

−2∆u + β · ∇u + au = 1 in Ω = (0, 1) × (0, 1)

2 ∂u
∂n

+ 3
2 u = −1 on Γ

Snapshots: (FE) solutions {uj}
102
j=1 for aj = −51.5 + j

POD basis of rank ℓ:

min

102∑

j=1

∥
∥
∥uj −

ℓ∑

i=1

〈uj , ψi〉ψi

∥
∥
∥ s.t. 〈ψi , ψj〉 = δij (Pℓ)

with 〈ϕ, φ〉 =
∫

Ω
ϕφdx and ‖ϕ‖ =

√

〈ϕ,ϕ〉

Solution to (Pℓ): correlation matrix Kij = 〈ui , uj〉

Kvi = λivi , λ1 ≥ λ2 ≥ . . . ≥ λℓ, ψi = 1√
λi

102∑

j=1

(vi )juj
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Reduced-order modeling (ROM)

Ansatz: uℓ =
∑

i≤ℓ uℓ
i ψi and Galerkin projection

Error estimate:
∫
‖uℓ(a) − u(a)‖2 da ∼

∑

i>ℓ λi

Exponential decay of the eigenvalues: λi = λ1e
−η(i−1)

Experimental order of decay (EOD):

EOD := 1
ℓmax

ℓmax∑

ℓ=1

Q(ℓ) with Q(ℓ) = ln
R

‖uℓ(a)−u(a)‖2
da

R

‖uℓ+1(a)−u(a)‖2 da
∼ η

1 2 3 4 5
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i

i−axis
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