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Motivation

@ Burgers equation:

Yt — Vyxx +yyx = f inQ=(0,T)xQ
y(,0=y(-,1)=0 on (0, T)
y(0,-) =0 inQ=(0,1) C R
@ exact solution y(t,x) = (x2 — x)sin(27t) and f = y; — Uy + Yy
@ FE with error < 107° and fine time grid with n =52, 6t = L
® Snapshots at t{,..., t; with t' = 211775¢, ¢] = jot', 1 < i <11

L} . . 2
o Error: e(n) =6t Y [o |yre(t], x) — y*(t], x)|” dx
j=1

@ Implicit Euler: error O(5t) = e(n;) ~ O(5t?) = O(#)
® Quotient: n? =4n? | = % ~4
L/ [T [ 2 [ 3 [ 4 [ 5 [ 6 [ 7 [ 8 [ o [ 10 [ 11 ]

o

":)1) || 3.11 | 3.55 | 3.77 | 3.88 | 3.94 | 3.96 | 3.97 | 3.98 | 3.98 | 3.96 | 3.92 |
i

<
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Outline

Outline

@ POD method: discrete and continuous version

® Reduced-order modeling for ODE system

Error analysis
@ Numerical examples:

o laser surface hardening
& heat equation
o parameter dependent elliptic PDEs
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POD

POD method (discrete version)

@ Snapshots: y1,...,¥n
@ Snapshot ensemble: ¥V =span {y1,...,¥n}, d =dimV <n
@ Inner product: (-,-), e.g., (u,v) = uTv for u,v € RV

@ POD basis of any rank £ € {1,...,d}: with weights aj > 0

n 4
min > oy 32 g ]|
=1 1

s.t. <’¢,‘,’¢j> = 5,'J‘

= i=
@ Constrained optimization:

1 ifi=j
0 otherwise

min J(¢1, ..., %0) st (Vi) =05 = {

s.t. — subject to
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POD

Optimality conditions and computation of POD basis

@ EVP for linear and symmetric R":

n
Ru; = Z o (Ui, Yy = Aiu;
=1
and set ¢; = u;
@ EVP for linear, symmetric n x n-matrix K"= (({yj, ¥i))):
K'vi = A\jv;i
and set ¢; = ‘/_1’\_’12:7:1 a;j (vi);y; (methods of snapshots)

@ Error for the POD basis of rank ¢:

iajH)’j - i<yja¢i>'¢iH2 = i Ai

j=1 i=1 i=0+1
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POD

Continuous POD in Hilbert spaces [Henri/Yvon, Kunisch/V

)

Snapshots: y(p) forall u € Z(Z =[0,T] or Z = D)
Snapshot ensemble: V = {y(u)|p €I}, d =dimV < oo
@ POD basis of rank ¢ < d:

min/IHy(u)—iW(u),waf i

Optimality conditions: EVP for linear, symmetric, compact R

(]

dM s.t. <wiij> = 5’]

(]

Ry = /I<¢?°,y(u)>y(u) dpu = Ay forieN

Error for the POD basis of rank ¢:

/Hy Z >¢°°‘2du: i AP

i=1 i=0+1

~
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POD

Relationship between 'discrete’ and continuous POD

@ Operators R" and R:

R = ZO‘J (0, y(1i))y (1)

Ry = /w, (1) dy

@ Operator convergence of R” —R: y smooth and appropriate «;’s
@ Perturbation theory [Kato]: (A, 4;) —= (A, 1) for 1 < j < ¢

@ Choice of the weights a;?: ensure convergence R" "= R
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ROM

Reduced-order modelling for ODE system

@ Initial value problem in R":
y(t) = Ay(t) + £(z, (1)) for ¢ € (0, T],
¥(0) = yo

for yo € RN and continuous f : [0, T] x RN — RN

Snapshots: y(t) € RN for all t € [0, T]

Inner product: (u,v) = uT v (Euclidean product)

POD basis of rank £ < N: 4y, ..., € RV

@ Galerkin ansatz: y(t) = XZ: (yg(t)T%)?bj _J'ZZ;L yf(t)%-

j=1
Galerkin projection of the ODE:

GT () = T AYH(E) + o] F(t, yi(t), te(0,T], i=1,....¢
& y*(0) =¥/ yo, i=1,....0

(]

(]

(]
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POD Galerkin projection of the ODE

@ Galerkin projection of the ODE: f =0
ol (1) = o] Avi(2), te(0,T], i=1,....¢
¢y (0) =¥ v i=1,....0

@ Inserting Galerkin ansatz:

wl i () = zyf(r)wf v = ¥i()

4
Wl Ayt(t wT<Zy, Aw,)—Zyj?(tWij
j=1

@ ROM in R%: y* = (yf), A" = ((¥] AYy)). y5 = (4] yo)
7i(t) = Ay (1) for t € (0, T]
v (0) = y5
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Error analysis — Part 1

.
@ Goal: estimate/ ly(t) — y*(t)||an dt
0

@ Orthogonal projector onto V* = span {¢;}¢_;:
‘

Pl =" (7)1 forip € RY
=1

= y(0) = P’y = Py(0)
@ POD basis:
¢

[ o - e v

i=1

“ae= [ o - Py s

@ Decomposition:

y(t) = y'(t) = y(t) = Ply(e) + Py (t) — y'(t) = o (t) + 0(1)

e(vey+ eve
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Error analysis — Part 2

@ Decomposition:

y(t) = y'(t) = y(t) — Py(t) + Ply(t) — vy (t) = o' (t) + 9“(2)
@ Projector onto V* = span {¢;}f_;: P = zz: (W) i
j=1

@ Estimate for o%:
/0 o' (1)]2 dt = /0 Iy(2) = Ply(t)[2de = Z I
@ Differential equation for ¥*: for i € {1,...,£}
Ol (t) = o] (Phy(t) — yi(t)) = ] (7(t) — ¥(t) + Py(t) — y(t))
=] (Ay(t) = Ay*(t) + P y(t) — y(1))
=] (A(e"(t) +0°(1)) + Py (t) — y(1))
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Error analysis — Part 3

@ Differential equation for ¥*: for i € {1,...,¢}
D0 () = o] (A" (2) + 0 (1)) + PUy(t) — y(1))
o Summation: 9(t) = YL, ()i
9 ()T () = (1) T (A" (t) + 9 (1)) + Py (t) — ¥(1))

@ Estimation:

1d . .
L1 < (1)1 + 1 IR + 190 - (o))
@ Gronwall lemma: 9¥¢(0) = Pyp — y*(0) =0

I (012 < (Il (€)1 + 17(t) = Py (e)2)

- c( f: A+ [y (t) - PZY(t)Hz)

i=0+1
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Error estimate for continuous POD

@ Error estimate (continuous POD method):
T T
| v —yi@iPac<2 [ e wR + 1ol at
00 T
<c( X w [ - PP )

=01 0

@ Remarks:

@ dependence of the decay of the eigenvalues \;
@ dependence on the approximation quality for y(t)

@ Modified POD method:
T
min/0 Hy(t)—sz(t)Hz—I—Hj/(t)—ng/(t)H2dt st (i) = 05

T o)
@ Error estimate: / ly(t) — y*(t)I?dt < C Z AFC
0 i=0+1
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Extensions

o Full discrete method: t; = jAt, Y = y(t;)

! At

£
oT (M) = wTAYE 4 0T Y)Y, = eeam, P =10
I YE =]y, i=1,...,¢

® Discrete POD: \; = AP, ¢ = 97

@ Error estimate:

Z%mm—m@<%m#+ZN+ZmWﬂwﬁ
=1

i=0+1 j=1

—O<(At)2+.§: (A?°+/o |(w7) Ty (t)| dt))

i=0+1

@ Parameter-dependent elliptic systems
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Numerical examples

Laser surface hardening [Hémberg/V.]

@ Motivation:

laser beam
workpiece

7z 11111‘1-"’-.’\"’\!!,11’J D

FrrLiiesss=—— \

@ Phase transition of steel:

ferrite ferrite
pearlite heating .. cooling pearlite
.. — austenite — ..
bainite bainite
martensite martensite
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Numerical examples
Model equations

@ Energy balance and Fourier's law:

0c0: — kA = au—pla; inQ=(0,T)xQ

2 =0 auf © = (0, T) x 90
0(0,) = 6, in Q c RY

@ Phase transition of austenite:
a = f(6,a) inQ
a(0,)) = 0 in Q

@ Intensity of the laser: u = u(t) € L?(0, T)
® Nonlinearity: ,(0,a) = max {aeq(#) — a,0}/7(6), 7(6) >0
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Numerical examples
POD error

@ Measures for the error:

: 2"3<XNH91 QIFE“Lw(m i=1 POD with DQ
V= with =2 POD without DQ
022y 19%e 100 (o) = withou
X =L%(Q) X = HY(Q)
L vl 2 vl Y2

10 || 24.1% | 40.6% | 21.0% | 40.1%
25 1.6% | 26.9% 4.0% | 24.6%

4 d
o Heuristic: £(¢) = 3" \; / S\ -100% > 94%

| [(=10[ (=15 (=20 (=25
X —12(Q) | 943 | 984 | 995 | 99.8
5(4) X=HQ) | 777 | 874 | 925 | 957
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Numerical examples

Heat equation

@ Model equations:

ye(t,x) — Ay(t,x) =0 for all (t,x) € @=(0,T) x Q
9 (t,x)=0 for all (t,x) € ¥; = (0, T) x Iy
9r(t,x) = 100g(t,x) for all (t,x) € Lo =(0,T) x I
y(0,x) =0 for all x = (x,y,z) € Q C R3

o Boundary condition:
ex x—07cos 27t)) (y — 0.7sin(27t))

P
o)
b )
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Numerical examples

FE and POD results

Computing the FE mesh and matrices 50.0 seconds
FE solve 49.9 seconds
Computing 15 POD basis functions 87.1 seconds
Computing the reduced-order model, £ = 15 || < 2.0 seconds
POD solve, £ =15 < 0.1 seconds

— L2(HY(@)) error
- - - L%(L%(Q)) error

5 7 9 11 13 15
Number of POD basis functions
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Numerical examples

Estimate the decay of the eigenvalues

o0
@ Error estimate: ||y — y||® ~ Z Ai
i=0+1

@ Ansatz: \; = Aje— U1 for j > 1

@ Error quotient:

f A io: e—ali-1) i(e*“)"

I =yl s s - =0 ="
/+1 _ 2 [e'e] - o0 . - > " =
1% yll . SN . 3 e—a(i—1) . (e*a)’ -1
=042 =042 i=0

@ Experimental order of decay:

EOD =

: gy
with Q(¢) =In Iy ™~
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Numerical examples

Experimental order of decay

Decay of the eigenvalues and estimated rates

10
® e
g
- -
1077 - 1
.+
- T
o - s 4
- -
10+ ° 1
°© o
°
° ' — —1 2 1
10° . A e « (=D for L 20, T;HY(Q)) 3
. o AeE ™D for L2(0,T;:L3(Q2))
1 3 5 7 9 11 13 is

i—axis

[¢]

decay of the eigenvalues
+ estimated decay with error norm

lull = (5 Jo lut 2 + |Vu(t,x)|2dxdt)1/2

1/2
* estimated decay with error norm ||u|| = (fOT Jo ‘u(t,x)|2dxdt)
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Numerical examples

Parameter-dependent systems

® Model equations: B(x) = ( % )

—2Au+3-Vu+au=1 in Q=(0,1) x (0,1)
2%+%u:—1 onl

@ Snapshots: (FE) solutions {u;};%] for a; = —51.5 4/
@ POD basis of rank ¢:

mmZHuJ (uj, ¥i) i

with (p,¢) = [ podx and [l¢]| = /{p, ¢)

@ Solution to (P?): correlation matrix Kj; = (u;, u;)

st (Wi, ) = 6 (P9)

102
Kvi=Aivi, M>2X2>...2N, 9= \%\— Zl(vi)juj
J:
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Numerical examples

Reduced-order modeling (ROM)

® Ansatz: u* =Y, , uft; and Galerkin projection
@ Error estimate: [ ||uf(a) — u(a)|[Pda~ 3,0, A
@ Exponential decay of the eigenvalues: \; = Aye~"7(1—1)

@ Experimental order of decay (EOD):

L
B max _ _ o Jle(a)—u(a)[* da
EOD := - [2::1 Q(f) with  Q(f) =In Frm—umEa ~
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Numerical examples
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