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Motivation

Motivation 1: Parameter identification

@ Model equations (linear, for simplicity):

—div(cVu)+f-Vu+au=f in Q c RY
c%—kqu:g,v onlTyClr=00 (%)
u=gp onlp=T\Ty

@ Problem: estimate parameters (e.g., ¢, 3, a or q) in (*) from given
(perturbed) measurements uy for the solution u on (parts of) I

@ Mathematical formulation: (oco-dimensional) optimization problem
min/a lu—ugl?ds + & ||ul® st (u,p) solves (¥) and p € Maq
r

s.t. — subject to

@ Numerical strategy: combine optimization methods with fast (local)
rate of convergence and POD model reduction for the PDEs
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Motivation

Motivation 2: Optimal control of time-dependent problems

@ Model problem:

-
minl/ |y(T)—yT|2dx+E/ /|u|2dxdt
2 Jq 2 Jo Jr
ve—Ay+f(y) =0 inQ=(0,T)xQ

s.t. ylr =u onX=(0,T)xT
y(0) =y, onQCR
@ Adjoint system (for gradient computation):

—pt = Ap+f'(y)'p=0, plr=0, p(T)=yr—y(T)

@ Optimizer: second-order methods like SQP or (semismooth) Newton

@ Challenge: large-scale « fast/real-time optimization
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Motivation

Motivation 3: Closed-loop control for time-dependent PDEs

@ Open-loop control:

x(6)=F(t,x(t),u(t))
input u(t) —| x(0)=xo€R* — output y(t) = Cx(t) + Du(t)

(after spatial discretization)

@ Closed-loop control: determine F with

u(t) = F(t,y(t)) (feedback law)

@ Linear case: LQR and LQG design

@ Nonlinear case: Hamilton-Jacobi-Bellman eq. (v value function)
ve(t, ¥o) + H(vy(t,¥0),¥0) =0 in (0, T) x R
@ Strategy: /-dim. spatial approximation by, e.g., POD basis
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Motivation

Model reduction: POD basis containing characteristic information

0,5% der Matrixbasis —> 45% Information
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Motivation

Model reduction: POD basis containing characteristic information

0,5% der Matrixbasis —> 45% Information 1% der Matrixbasis —> 56% Information 5% der Matrixbasis —> 76% Information

10% der Matrixbasis —> 85% Information

B 7 "V llohlel -l |

Stefan Volkwein POD for PDE Constrained Optimization



Motivation

Model reduction: POD basis containing characteristic information

0,5% der Matrixbasis —> 45% Information 1% der Matrixbasis —> 56% Information 5% der Matrixbasis —> 76% Information

- ~m IIHY';“HII“H-I B el “’"‘llo“ii

10% der Matrixbasis —> 85% Information 20% der Matrixbasis —> 92% Information Originalbild
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Motivation

General outline of the lecture

1.) The Proper Orthogonal Decomposition (POD) method:

o What is a POD basis?
o How can we compute the basis numerically?
o Which theory is behind?

2.) Reduced-order modelling (ROM) with POD:

@ What is a POD reduced-order model?
o How can we derive a-priori error estimates?
@ Can we determine an improved ROM in an adaptive way?

3.) POD suboptimal control:

@ How do we apply the POD in PDE constrained optimization?
o Can we control the error?
o What can be done for feedback control?
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The POD method

® What is a POD basis?
@ How can we compute the basis numerically?

@ Which theory is behind?
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Outline

Outline of the first part: The POD method

@ POD and singular value decomposition (SVD)

@ POD method for ordinary differential equations (ODEs)
@ Continuous POD method for ODEs

POD method for partial differential equations (PDEs)

References
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POD and SVD

POD method & SVD [Kunisch/V.'99, V.'01, V."09]

o Given: yi,...,y, € R™; set V =span {y1,...,¥n} CR™

@ Goal: Find £ < dimV orthonormal vectors {1;}*_, in R™ minimizing

J(b1, .. 0) = Zn: Hy; - Z[: (v i) i i

j=1 i=1

with the Euclidean norm [ly|| = +/y Ty

@ Constrained optimization:

. . T, _J 1 ifi=j
min J(¢1,...,1¢) subject to ;¢ = { 0 otherwise
@ Equivalent problem: Find orthonormal ¢, ...,1, € R™ maximizing
n l m
o 2
Pl ) =SS Tl since yy = (57 i)
j=1 i=1 i=1
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POD and SVD

Necessary optimality conditions (Part 1)

@ Lagrange functional:

¢
Ly, s be, My ooy Aee) = J(W1, 5 1be) + Z X (¥ — 65)

ij=1
with the Kronecker symbol §;; =1 for i = j and §;; = 0 otherwise
@ Optimality conditions:

oL
aw_(?ﬁl,-~-,W7/\11,-~-,>\M)ZOER"’ fori=1,...,¢

oL
(1, b M1, Aw) =0€R  forij=1,....0
Y
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POD and SVD

Necessary optimality conditions (Part 2)

¢
O L(Y1, ..., 00, A1, Aee) = J(Y1, ... ) + 21 i (W] — 6)

=

L n
° gw. =0 & Zyj(ijd’i):Aiiwi and \; =0 for i #j
i =
oL T
oa/\ij_o & Y Yy =0

@ Setting A; = N\ and Y = [y1,...,¥,] € R™*" we have
YYTpi =Ny fori=1,....¢

i.e., necessary optimality conditions are given by a symmetric m x m
eigenvalue problem

@ Here: necessary optimality conditions are already sufficient
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POD and SVD

Computation of the POD basis (Part 1)

@ Optimality conditions: YY T4p; = \jopj for i =1,...,¢

@ Solution by SVD for Y e R™". d =rank Y, 01 >...> 04 >0,
U=lu,...,un] € R™*™und V = [v,..., v,] € R™" orthogonal
with

UTYV:(g 8>:Z€]R’”X"

where D = diag (o71,...,04) € R¥*9. Moreover, for 1 < i< d
YV,' = o;uj, YTU,' = 0oV, YYTU,' = 0’2Ll,'7 YTYV,' = O',-2V,'

i

@ POD basis: ¢ =u;and \; =02 >0fori=1,...,0 <d=dimV
with ¥V =span {y1,...,yn}
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POD and SVD

Computation of the POD basis (Part 2)

@ Data ensemble: V =span {yi,...,¥n} CR™ and d =dimV
POD basis of rank ¢: 1; = u; and )\,-:J,-z >0fori=1,...,4<d
@ Three choices to compute the );'s
SVD for Y € R™". Yv; = ou;
EVD for YYT € R™™. YY Ty = o2y, (if m < n)
EVD for YTY € R™"™ YTYvy;, =02y, and u; = %Yv,- (if m > n)

@ Essential error formula for the POD basis of rank ¢:

I, ) = Z Jvi - ij O v = >

i=0+1
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POD and SVD

Computation of the POD basis (Part 3)

@ Essential error formula for the POD basis of rank ¢:

n 4 > d
J(¢L---M/M)ZZ yj—Z(}’jTi/)iWi’ = Z Aj

j=1 i=1 i=0+1

° YY Ty =Ny, 1< i </t and YYTuhy = 3 (v i)y; give

j=1

n

T n
No= Al = (YYT) o = <Z (yfw;)y,) vi=Y |yl

j=t j=t

d
° y = Z (ijz/),-)w,-, i=1,...,m, and ¥ ¢; = 6; imply

ZHYJ Y el = Y
i=1 j=1 i=t+1 i=0+1
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POD for ODEs

Outline of the first part: The POD method

@ POD and SVD

@ POD method for ODEs

@ Continuous POD method for ODEs
POD method for PDEs
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POD for ODEs

POD method for ODEs

@ Nonlinear dynamical system in R™:

y(t) = f(t,y(t)) for t € (0, T) and y(0)=ys

with given yo € R™ and f : [0, T]| x R™ — R™

Timegrid:O§t1<t2<...tn§T,(Stj:tj—tj,lfor2§j§n

(]

Available or known snapshots: y; = y(t;), 1 <j<n

Snapshot ensemble: V = span {y1,...,ya}, d =dimV <n
@ POD basis of rank ¢ < d: with weights o; > 0

n 4
minZaijj — Z (v wi) i i

j=1 i=1

s.t. w,-T’(/Jj = (S,J
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POD for ODEs

Computation of the POD basis

@ EVD for linear and symmetric R"” in ODE space R™:
Zozjyj u, —O’ u; (YYTu = o?u;)

and set \; = 02, ¥ = u;
@ EVD for linear and symmetric K"= (( Ry ijy,-)) in R™:
IC"V,'ZU?V,' (YTYV,'ZO',?V,')
n
and set \; = a,~2, ;= ﬁj§1/aj(v;)jn

@ Error formula for the POD basis of rank ¢:

S-S 07 ol = 3

j=1 i=1 i=0+1
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Continuous POD

Outline of the first part: The POD method

@ POD and SVD

@ POD method for ODEs

@ Continuous POD method for ODEs
POD method for PDEs
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Continuous POD

Contin uous POD method [Kunisch/V.'02, Henri'04, V.'09, Chapelle et al.'11]

Snapshots: y(t) for all t € [0, T]
Snapshot ensemble: V = {y(t)|t € [0, T]}, d =dimV < 0
POD basis of rank ¢ < d:

min | o - f () wr) ¥

=

2
dt st /¢ =6

Optimality conditions: EVP for linear, symmetric, compact R

-
Rap; = /0 (W] y(t)) y(t)dt = A fori €N

@ Error for the POD basis of rank ¢:

T Vi ) J
/0 Hy(t)_Z(wiT}/(t)) oi|| dt = Z A

i=1 i=0+1

Stefan Volkwein POD for PDE Constrained Optimization



Continuous POD

Relationship between 'discrete’ and continuous POD

@ Operators R" and R:
R"p = Z% Ty())y(t)
Ry = / (W Ty()y(e)dt

@ Operator convergence of R"” — R: y smooth and appropriate «;'s

@ Perturbation theory [Kato'80]: (A7, 7)== (\;,¢;) for 1 < i < ¢

@ Choice of the weights a;?: ensure convergence R" == R

Stefan Volkwein POD for PDE Constrained Optimization



POD for PDEs

Outline of the first part: The POD method

@ POD and SVD

® POD method for ODEs

@ Continuous POD method for ODEs
POD method for PDEs
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POD for PDEs

POD method for PDEs

@ Heat equation (for instance):

ye— Ay =1 inQ=(0,T)xQ
Y —g onY=(0,T)xTl
y(0) =yo inQCR

@ Variational formulation: for V = H(Q), f.a.a. t € [0, T]
/yt(t)go—kVy(t) -V dx :/ f(t)pdx + /g(t)wds Yo eV
Q Q r
@ FE Galerkin: y™(t) € V™ =span {¢1,...,0om}, f.a.a. t €0, T]

/y["(t)(p—FVym(t)-thdx:/f(t)godx—&—/g(t)(pdngpe VT
Q Q r

Stefan Volkwein POD for PDE Constrained Optimization



POD for PDEs

POD basis computation

® Timegrid: 0<ty <t <...t,<T,0t=t—ti_1for2<j<n
@ FE snapshots: y; = y™(t;) € V™, 1<j<n

@ Inner product: (u,v) = [quvdxor (u,v) = [ouv+ Vu-Vvdx
@ Sizes: # FE's > # time instances, i.e., m > n

@ Computation of the correlation K": aj = O(dt) (1 < j < n)
Vi <yjmay/‘m> = VQiQ; Z Yik le<90l7$0k> = (DYTMYD),-J- =: ’CZ'
k,1=1
with Mij = (¢}, ¢i) (mass or stiffness matrix) and D = diag (/o)

@ POD basis: K"v; = \;v; and w,' = \/% YDv;
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POD for PDEs

Numerical example: Burgers equation

Eigenvalues of the correlation matrix K=(U(t).u(t)[Jz( 5y

Ye—vyatyx=f  mQ=0T)xQ ¥ ‘
= 95.753%
y(0=y(,1)=0  on(0,T) ! ’
(0, ) = vo in Q= (0,27) CR 107 1 #A,= 99.984%
b A +A,+A = 99.998%
® yo(x) = sin(x) and v = 0.01 10 ®
® 1258 finite elements
B
.
o Time integration with Matlab’s ode15s o
® Snapshots V = span {y(t1), ..., y(ti00)}
s
w0 1 2 3 4 5 6 7 8
i~axis
" w . Soluton of the Burgers equaton
d 1
N 10
B 0 0s
s
K ) o os
-6 -10 02
T G . 0
v [ °
15| 20 o
10 oa
N 10
o DJ\J os
o -10
10 o8
s 20
o B 3 g o B 3 G 3
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POD for PDEs

Numerical example: Energy transport (Boussinesq)

ug + uux + vuy + px = vAu in Q 28
vt + uvx + vy + py = vAv + 30 in Q
ux + vy =0 in Q :
0t + ubx + vOy, = alf in Q

ea=10"%p3=1"2 v =10"*
® 4 X 3512 finite elements (Femlab)
o Time integration with Matlab’s ode15s

® Snapshots at t1, ..., ty for u, v and 6

o 05 1 15 2 25 3 35

Eigenvalues of K=II(t),u(t)Jz g, und K=z gy Eigenvalues of the correlation matrix K=CT(t). T(t)Jz o,

10° 10
+ u97.83% E
«_ vi95.98% |
1071% ,=.99.72%
|
I
10 z% *A,= 99.84%
-
10 f
3 10'“% ® A AL HA= 99.90%
i
I -
10 ‘% ® .
|
- s
07 2 3 5 6 7 s 01 2 3 4 6 7 8
i~axis i—axis
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POD for PDEs

POD for A-w systems [Miiller/V. 06]

® PDEs: s = u? + v?, As)=1-s5,w(s)=—Ps

() =(28 3800 +(oar)

@ Homogeneous boundary conditions:

0 or ou Ov
=V = —_—— =
! on  0On

@ Initial condltlons Us(x1,%2) = xp — 0.5, vo(xl,x2) (x1 —0.5)/2

forpeLand 100 vuuznmn forp=3and 100

wiorl and =100
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POD for PDEs

POD basis for A\-w systems

u(tj, x) or u
1

0

o Offsets: b(x) =1
J

® Snapshots: #;(x) = u(tj,x) —t(x) for 1 <j <n
@ POD eigenvalue problem: (u,v) = [, uvdx

n

K'vi =MAvj, 1 <i</{, with IC,’-J’- = /aiq;j /Q j(x) i (x) dx

n
@ POD basis computation: ¢; = \1K >/ (vi);t;
=]

o Decay of the first eigenvalues

N Decay of the first eigenvalues
10° ~=— 10 —
10° Sl Tl 10° Sl Tl
. o [
10 N 107t 22 pors N
-] ok
p=3
107 107
T 10 20 30 a0 50 T 10 20 30 a0 50
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POD for PDEs

Elliptic-parabolic systems [tass/v.11]

@ Elliptic-parabolic systems: T =1, Q = (a, b)
ye =V -(aVy)=N(y,p,qip) =0 inQ@=(0,T)xQ

V- (@Vp) = N(y,p,q;ip) =0 inQ
-V - (Vq) + N(y,p,q;p) =0  inQ

Current Collector (Al}

Stefan Volkwein POD for PDE Constrained Optimization



POD for PDEs

Elliptic-parabolic systems [tass/v.11]

@ Elliptic-parabolic systems: T =1, Q = (a, b)

Ye—V-(aVy)=N(y,p,q;p) =0 in@=(0,T)xQ
-V - (@Vp) = N(y,p,q;ip) =0 inQ
~V (V) +N(y,p,qip) =0 in Q@

@ Parameter-dependent nonlinearity: = (u1, pu2) >0
Ny, p,q; 1) = pr2y/y sinh(u1(q — p — Iny))

@ Boundary conditions: yx(t,a) = y«(t, b) = p(t,a) = px(t, b) =0,
gx(t,a) =q(t,b) =0
@ Discretization: FE (2nd order) and implicit Euler method

@ Numerical solution method: (damped) Newton algorithm
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POD for PDEs

POD basis computation

@ POD criterium: £ < dim(span{y(t)|t € [0, T]})
T ‘
min [ 0~ X000 st (i) = 8y
@ Inner product: L2(Q) or H(Q) (+b.c.)
@ Solution to optimization problem:
ng,_fo ), ()dt_ AN i=1,....¢
(Kvi)( fo v,ds—)\v,( Y i=1,...,¢

° Relatlon via SVD. w, fo vi(t)y(t)dt//A;

Discrete variant: o = O(N; )
A ¢
min " a {|y(6) = D (v(8). ) i
j=1 i=1
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POD for PDEs

Compare: POD and SVD

Singular Values for POD Singular and Eigen Values for Y

10° :

T 10
< UY
-5
10 ) a O
% Q
‘U% 1070
B <
o % -
© 10 i g . .-
) LT L S
) o St
E: 10
10*15
-20 30|
10 10
20 40 60 80 100 20 40 60 80 100
# #

Stefan Volkwei

POD for PDE Constrained Opti




References

References

@ Antoulas, Chapelle, Heinkenschloss, Hinze, Petzold, Sachs...

@ Karhunen-Loéve Decomp., Principal Component Analysis, SVD,...

@ Kunisch/V."99: Control of Burgers' equation by a reduced order
approach using POD

@ Kunisch/V.'02: Galerkin POD methods for a general equation in
fluid dynamics

@ Lass/V.'11: POD Galerkin schemes for nonlinear elliptic-parabolic
systems

@ Miiller/V.'06: Model reduction by POD for lambda-omega systems
@ V.01 : Optimal control of a phase-field model using POD
@ V.'09: Model Reduction using POD. Lecture notes

Stefan Volkwein POD for PDE Constrained Optimization



	Motivation
	Outline
	POD and SVD
	POD for ODEs
	Continuous POD
	POD for PDEs
	References

