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General outline of the lecture

1.) The Proper Orthogonal Decomposition (POD) method:

o What is a POD basis?
o How can we compute the basis numerically?
o Which theory is behind?

2.) Reduced-order modelling (ROM) with POD:

@ What is a POD reduced-order model?
o How can we derive a-priori error estimates?
@ Can we determine an improved ROM in an adaptive way?

3.) POD suboptimal control:

@ How do we apply the POD in PDE constrained optimization?
o Can we control the error?
o What can be done for feedback control?
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Reduced-Order Modelling (ROM)

@ What is a POD reduced-order model?
@ How can we derive a-priori error estimates?

@ Can we determine an improved ROM in an adaptive way?
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Outline

Outline of the second part: ROM

@ ROM and error estimation
@ Applications (A-w systems, laser surface hardening, battery)
@ Optimal snapshot locations

@ References
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ROM and error estimation

ROM and error estimation .o

@ Initial value problem in R™:
y(t) = Ay(t) + f(t, y(t)) for t € (0, T] and  y(0) = yo
with given yo € RV and f : [0, T] x R™ — R™
Snapshots: y(t) € R™ for all t € [0, T]
@ POD basis of rank £ < m: 4)1,...,9y € R™

@ Galerkin ansatz: y*(t) = f: (W] y (1) vy = XZ: v ()
j=1 Jj=1

Galerkin projection of the ODE:

Tyi(t) = wT AyL(t) + T F(t,y (1)), te(0,T], i=1,...,¢
by (0) = ¢ yo, i=1,....0
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ROM and error estimation

POD Galerkin projection of the ODE

@ Galerkin projection of the ODE: f = 0 (for simplicity)
Wy (e) = ol Ay'(e), te(0,T] i=1,....¢
¥y (0) =¥y i=1,...,0

@ Inserting Galerkin ansatz:

4
Wy (e) = ny(t)w,% = yi(t)

o Ayt(t wT(Zy, A¢,> Zyj (t)o] Ay

@ ROM in R": y* = (vf), A" = (] A¥))), v5 = (4] o)
yi(t) = Afy(t) for t€(0,T]
y'(0) = y§
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ROM and error estimation

Error analysis — Part 1

.
@ Goal: estimate/ ly(t) = y*(t)||3n dt
0

@ Orthogonal projector onto V¢ = span {¢;}¢_;:

4
Plp=>" (i) for p € R
j=1
= y*(0) = Plys = P'y(0)
@ POD basis:
T ¢ 2 T 2
| o= owmeal ae= [ vy ar

@ Decomposition:
y(t) = y'(t) = y(t) = P'y(t) + Py(t) — y“(t) = o' (t) + ¥'(t)

e(ve)L eve
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ROM and error estimation

Error analysis — Part 2

@ Decomposition:

y(t) = y'(t) = y(t) = Ply(t) + Ply(t) — y'(t) = o' (t) + V()
@ Projector onto V* = span {¢;}f_;: Pt = Ze: (T ei) i
j=1

@ Estimate for o':
/0 o ()| dt = /O A0 = PAOIFde = 3 o
@ Differential equation for ¥*: for i € {1,...,£}
GTO(E) = ] (Phy(t) — ¥ (1)) = & (y(t) — ¥ (t) + Py (t) — y(t))
=] (Ay(t) — Ay'(t) + P'y(t) — y(t))
=] (Al (1) +9(1)) + Py(t) — y(1))
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ROM and error estimation

Error analysis — Part 3

@ Differential equation for ¥*: for i € {1,...,¢}
D0 (8) = o (A" (2) +9°(8)) + P y(t) — y(1))
o Summation: 9(t) = Y0, ci(t)wi
9 (8) T (£) = 9°(6) T (A" () + 9(£) + Py (1) — 9(1))

] Estimation'
> SR < (I @I + 1 I + 15(e) - Py(e)IP)
@ Gronwall's lemma: 9¥¢(0) = Pfyy — y*(0) =0
[ (12 < € (Ile" @I + 9(8) = P(B)I?)

- c( ST+ ||y(t)—7>“ﬂt)\l2)

i=0+1
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ROM and error estimation

Error estimate for continuous POD

@ Error estimate (continuous POD method):

T T
| v =y @rac<2 [ eI+ o) d
0 0

<o Y w+ / I9(8) ~ P* (0 dt)

i=0+1

@ Remarks:

o dependence on the decay of the eigenvalues );
s dependence on the approximation quality for y(t)

@ Modified POD method:
T
min/o () =Pl @) + |7(t) = Piy(0)| de st ol =55

T m
@ Error estimate: / ly(t) — y“(t)||>dt < C Z \i
0

i=0+1
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ROM and error estimation

Extensions [Hémberg/V.'03, Kahlbacher/V."07, Kunisch/V.’01, Kunisch/V.'02, V."09]

@ Full discrete method: t; = jAt, YJ-/Z ~ y(t)

£_ _€
o (B2 ) =T AV, + 0T F(Y)), j=1,om, =10
T/),-TY()KZT/’/T)’Ov i=1,...,¢

@ Discrete POD: \; = A", ¢; = 97

@ Error estimate:

S g lly() — VI, < c((Ar)2 LY A Zajw(t,-)w,-"f)
j=1

i=6+1 j=1
= O((At)2 i ;:: (A,-Jr/OT ]y(g%fdt))

@ nonlinear parabolic PDEs and parameter-dependent elliptic systems
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Applications

Outline of the second part: ROM

@ ROM and error estimation

@ Applications (\-w systems, laser surface hardening, battery)
@ Optimal snapshot locations
@ References
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Applications

Application 1: A\-w systems [Mmiiler/V.'06]

@ Inner product: (u,v) = [, uvdx
@ POD Galerkin ansatz:

ug(t, x) = (X)+Z AQLIEE (f><)=V(><)+Z1 1(£)5(x)
@ Reduced-order model (ROM):

@ insert ansatz into PDEs

@ multiply by POD basis functions ; respectively ¢;
@ integrate over €2

@ Numerical results:

relative error of u for B=1.5
10

\,\/\/\/\/V\M
I -
||ue(t)7u(t)\|2 107 \/“,/”«m\—*r/"/’“*”i
t= or v
1=10
- - --1=15
- - -lI=25
10 *° =50 | {
o 10 21

50
t—axis
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Applications

Application 1: relative POD errors for A\-w systems

o Offsets: um(x) = > aju(ty, x)
j=1

@ Relative POD errors:

! [ =0 [ 0=un || [ 0=0 [ 0=un |
7 —10 || 0.005890 | 0.005945 |[ ¢ — 40 || 0.577442 | 0.460188
7—15 || 0.000350 | 0.000335 || ¢ =45 || 0.898613 | 0.297619
7 =150 || 0.000009 | 0.000009 || =50 || 0.071035 | 0.001774

> oy lue(t)—un(t) 1
Erei(u) = &= for 3 = 1.5 (left) and 3 = 2 (right)

n
> 0 lln(s)
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Applications

Application 2: laser surface hardening [Homberg/v.'03]

@ Motivation:

laser beam
workpiece

IIII’!‘LE‘M’J D

LIS <

@ Phase transition of steel:

ferrite ferrite
pearlite heating .. cooling pearlite
.. — austenite — ..
bainite bainite
martensite martensite
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Applications

Application 2: Model equations for laser surface hardening

@ Energy balance and Fourier's law:
0cplr — kA0 = au—pla; inQ=(0,T)xQ
o =0 auf ¥ = (0, T) x 6Q
0(0,) = 6, in Q c RY
@ Phase transition of austenite:
a = f(6,a) inQ

a(0,r) = 0 in Q
@ Intensity of the laser: v = u(t) € L?(0, T)
@ Nonlinearity: £, (0, a) = max {aeq(#) — a,0}/7(6), 7(6) >0
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Applications

Application 2: POD error

@ Measures for the error:

& (x) — ¢ )
PRgE (fé‘y’zl 009 = O ()] ‘h { i=1 POD with derivatives
w1

max sup |6 (x ) i=2 POD without derivatives
OSJSN(XE';{ re (]

X = [2(Q) X = H(Q)

7 U] V2 U] WP
10 [ 24.1% | 40.6% || 21.0% | 40.1%
25 | 1.6% | 26.9% || 4.0% | 24.6%

14 d
o Heuristic: £() = 3 /\,-/ S A -100% > 94%
i=1 i=1

y [¢=10[¢=15]¢=20] (=25
E(W), X =1012(Q) ]| 943 | 984 [ 995 | 99.8
 X=H(Q) [ 777 87.4 92.5 95.7
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Applications

Application 3: Elliptic-parabolic systems [Lass/v.11]

@ Elliptic-parabolic systems: T =1, Q = (a, b)

Ye—V-(aVy)=N(y,p,q;p) =0 in@=(0,T)xQ
-V - (@Vp) = N(y,p,q;p) =0  inQ
-V - (3Vq) +N(y,p,q;p) =0 inQ

@ Parameter-dependent nonlinearity: p = (p1,u2) >0
N(y,p,q; 1t) = p2v/y sinh(p1(q — p — Iny))

@ Boundary conditions: yx(t,a) = yx(t, b) = p(t,a) = px(t, b) =0,
qx(t,a) = q(t,b) =0
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Applications

Application 3: ROM with different POD bases for y, p, and g

@ Fine model:
ye =V - (aVy)=N(y,p,q;p) =0 in Q
-V - (aVp)—N(y,p,q;pn) =0 in Q (FM)
V-(sVq)+N(y,p,qip) =0 inQ

T i(t)pi ete.
N(F(t), B(t), G(t); 1) =
N (), p(t), q(t); p) =
N (), p(t), q(t); 1) =
@ ROM for (FM): y¥(t) = zf Pi(t)y) e [Off-/Online]
W) MW, (t) + W) S, W, p(t) — W N (y (£),p"(t),q"(t); ) =0
W) S W,p(t) — W N (v (1), p'(1), q“(t)i ) =0

WS Wag(t) + VN (v (1), p (1), g ()i ) = 0
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QI

t

~
-QI

t

) =
(t) -
P(t) —
&q(t) +



Applications

Application 3: Problems for the ROM

@ ROM for (FM): y/(t) = 21, 9i(t)y) etc.

M 9u(t) + Sg, 9(t) = Wy N(y“(t), p'(2), ¢"(t); 1) = 0
Se Vpb(t) = Wi N (v (1) p(2), 4" ()i ) = O
S a(t) + Vg N(y (1), p(2), ¢ ()i ) = 0
@ Problem 1: Imply the reconstruction error

IR ul ae=
i>0

the error relation
ly =112+ llp = P12+ llg = °I* = O(X ;. N)
@ Problem 2: evaluation of the nonlinear terms
Wy N (v (8), P (1), q"(2); ) etc.
is of complexity Neg > ¢
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Applications

Application 3: Problem 1 — A-priori error estimation

@ Problem 1: Imply the reconstruction error

/OT Hy(t) - iw(t)ﬂ/’/} bi

i=1

2
( dt=3"
i>0
the error relation
ly = y“I> +1lp =PI + llg — ¢“[I> = O (X5 i)
@ Theorem: There is a constant C > 0 such that
T 2 2 2
/O Iy (2) = y (DI + lp(t) = p () + llq(t) — q“(1)]|” dt
y 2 y 2
< C(IP" yo = YOI + 1P ye — yell")

+C(ZA,¥+ZA7+ZA;’>

i>ey i>ep i>09
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Applications

Application 3: Problem 2 — evaluation of W] N (y(t), p'(t), g“(t); 1)

Replace: F(t) = N(y'(t), p’(t), q(t); ) = S°1, ci(t)u; € RNVee,
Interpolation condition for 1 < k < m < Ngg:

(F(1),, = (Zc(t)u;)pk = a(t)(w),,. pee{L.... Nee)

i=1 i=1

Computation of c(t): (PTU)c(t) = PTF(t) € R™
——
mxXm
Complexity reduction: PTF(t) = N(PTy*(t), PTp(t), PTq(t); 1)
Choice for U (DEIM): POD basis for span{F(tj)}J/-Vz‘O.

(]

Theorem: error estimate for POD-DEIM compare [Chaturantabut/Sorensen’10]

Alternative: EIM compare [Grepl, Maday, Ohlberger, Patera, Tonn,...]
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Applications

Application 3: accuracy (a-priori analysis) for fixed parameter u

“Truth” solution: N, = 1000, N, = 100, 2" order elements
POD and EIM: fy = 12, fp = 10, €q = 10, éDE,M = eEIM =25
Average relative L? error (FEM and POD):

(]

[ ROM ROM-EIM ROM-DEIM

y | 1.6765 x 107 1.6763 x 107  1.6762 x 10~ 7
p | 28723 x 1077 2.7560 x 10~7  2.7467 x 10~
g | 9.7545 x 1078  0.4332x 1078  9.1929 x 108

o CPU time:

FEM POD EIM DEIM ROM  ROM-EIM  ROM-DEIM
1820 020 019 003 603 0.24 (=~ 1/75) 0.48
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Applications

Application 3: multiple parameters

@ Sample set: prsampre € {1,2} x {1,2}
@ Test set: urest € {0.5,1.5,2.5,3} x {0.5,1.5,2.5,3}
@ POD and EIM: Zy = 20, ZP =18, Eq =18, Lepg = Lo = 40
@ CPU time:
FEM POD EIM DEIM ROM ROM-EIM ROM-DEIM
~ 18 0.54 0.74 0.09 ~ 7.50 ~ 0.30 ~ 0.60
@ Average relative L2 error:
e A\/erage((reesltatsi\é?) L2 error

=2 a [ 8 10 1= 14 1e
Parameter sample
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Optimal snapshots

Outline of the second part: ROM

@ ROM and error estimation
@ Applications (A-w systems, laser surface hardening, battery)
@ Optimal snapshot locations

@ References
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Optimal snapshots

Acoustic application [Lass/v.17]

Domain Q and boundary parts Impedance Melamin 50mm
14 = 400
N
12 200
. o
o os —200
?;?N vl —400 1
~ r _ B
on N 600 NN RS E
—-800 LseemmT T 1
0.2 a7
Tr —1000f _.--"7" 1
—12
o 55 T asL 2 25 3 %60 250 300 350 200 450 500
1 frequency range in Hz

@ Helmholtz equation for frequencies f € [f,, fy]:

. 0 Zs onTl
—Apr — ki pr = qr in Q, ] o :{ pr/Zs "

0o WF E 0 on FN

@ Sound pressure pr: Q — C
@ Angular frequency wr = 27f, wave number kr = wr/c

@ source term gf(z) = c(f)e_50”2_zq”g for z = (z1,2) € Q
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Optimal snapshots

Computation of the POD basis (elliptic case)

)

Frequency grid: , <A <...<f, <1

Snapshots: p; = pg for f = f;

(]

Minimization problem:

min Q;
)i Q—C 4
Jj=1

s.t. <I/),',’(/)j> = (5,1

¢ 2
pi— Y (P, i) i
=1

=

First-order optimality conditions:

R = Abi, i=1,....¢ (YYT)
with Ry = Zaj<pj,w>pj:Q—>(C
=1

Reduced-order model (ROM):

(—Apf — kipf, i) = (qr,bi)  with pf = Zﬁw,
(Vb Vi) — (R2pt i) +b.c.
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Optimal snapshots

Optimal snapshot locations [Kunisch/v.'10, Lass/V.'17]

@ Given snapshots: pg with ; =199+, j =1,...,26

@ Goal: optimal choice of snapshot p; with f € [225,250]

250

. ¢ 250
min % 200 pr - przdf7 6 = fzoo prH2 df

fe[225,250]
where pf is computed using the POD basis {1;}%_; with
ijila_]<pﬂ7wl>pﬁ+O_é<p?7z/}l>p?:)\l,¢la l:157£
—_——

add snapshot pz

—=— Cost
Initial Cost
o.0a} Gradient

Optimal frequency:

cost/grad
o
o
N

0.01 1 ? — 24135

35 24 245 250
frequency
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Optimal snapshots

Adaptive POD basis computation

Add k frequencies per frequency interval:

1: Choose frequency grid F° = {f;}7_,, number ¢ of POD functions and
number m of frequency intervals;
2: fori=1,....mdo
Compute optimal frequencies {f;}

3 k
4 Set Fi = FilU{fi}k

5

6

j=1

j=1
Enlarge { = (¢ + 1;
: end for

Stefan Volkwein POD for PDE Constrained Optimization



Optimal snapshots

Numerical results

® Frequency grid: F% = {199 Jrj}fil C [200,225]

@ Additional frequency intervals: m =5, more precisely
[225, 250], [250, 275], [275,300], [300, 325], [325, 350]

@ Comparison of different strategies: 8 = 23;)500 |l prl? df

Snapshot strategy b 230500 lpr — pt||? df
Add {fl’} _ 0.0967
Add {f{, £} 0.0092
Add {224 + fgl etc. 0.0077
Add the mean values 0.1381
No additional snapshots 0.2804
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