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Motivation and Outline

Minimization with Inequality Constraints

Minimiere I(x):x2

20|
@ “Problem”: min {f(x)=X2 : —oo < X < o0} o\
@ Optimality condition: /(x;) =0 with f/(x) = 2x 10
@ Solution: x; =0 °
o o f(x)=0
55 0 5
x-Achse
@ Problem: min {f(x)=x2:1<x<3} R
Minimiere f(x)=x" mit x aus [1,3]
@ Lagrange functional: 9
L(X, ta, p) = F(X) + Ha(1 = X) + pp(x = 3) T
@ Optimality condition: "
10
Fog) sty \ [ O
ua(1-x5) =[ 0o | & F(x)(x—x5)>0vxe[1,3] °
125 —3) 0 —_— 0
2(x=1)
_§5
@ Solution: x3 =1, us =2, u5=0
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Motivation and Outline

Outline of Lecture 2

@ Quadratic Programming (QP) Problems
@ Extensions to Nonlinear PDE Constrained Optimization
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Q ic P ing (QP) F

Quadratic Programming (QP) Problems J

Topics:
@ Linear-quadratic optimal control problems
@ POD-Galerkin schemes for first-order optimality system
@ A-priori and a-posteriori error analysis
@ Basis updates
@ Regularized state constraints
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Q ic F ing (QP) F Abstract Linear-Quadratic Optimal Control Problem

Linear-Quadratic, Time-Variant Optimal Control Problem

@ Quadratic programming (QP) problem:

. 1 K [t
min J0) = 5 Iv() =vali+5 [ lu)ifat

x=(y,u)

subject to the linear evolution problem

%(y(f)>¢>H+ a(ty(t), @) = ((f+2u)(1), @)y v Ve eV ae.in (f, 1]
with y(%,) = y, in H and to bilateral control constraints
UE Uag = {U€W|ug(t) <TU(T) < up(t) a.e.in [f, 1]}
State: y(f) € V — H with Hilbert spaces V, H
Control (Hilbert) space: % = [2(1,, f; U) with U=RMN, U = [2(Q) or U= L3(T)
Input/control: u e %,y (boundary or distributed control)
Bilinear form: a(t;-,-) continuous and a(t;¢,9) > nll¢l2 — nllel%

Control operator: 2 : % — [(t,,1; V') linear, bounded
Applicable also for elliptic control problems «ahibacher/v: 12, Tonn/Urban/V: 11, Tréltzsch/\V:09)

Stefan Volkwein ing in PDE ined imization PDE Cor i Optimization 5/32




Q ic P ing (QP) F Abstract Linear-Quadratic Optimal Control Problem

First-Order Necessary and Sufficient Optimality Conditions

@ Quadratic programming (QP) problem:

. 1 K [
min J() = 5 IV ~valfi+ 5 [ luhiat

x=(y.u

s.t. %(y(f),(p),.,—i—a(f; y(1),0) = ((f+2uU)(1), @)y y Vo € V a.e. in (f,1]
y(t.)=v.inH and ug(t) <u(t) < up(t), telt,t]

@ Optimal state y, optimal control U € %qg = {U|Uag < U< Up N [fo, ]}
@ Adjoint/dual equation:

d _ _ \ _ _
— g7 P, ) +a(tie,p(f)) =0ve € Vae.inll,t), P(t)=y(f)-yad
@ Variational inequality:
t
/f f(rcCl(f) —(#p)(1),u(t)— D(T))Udf >0 YUE g v

@ Reduced cost: J(u) = J(§ +.7u,u) with J(U) = kU~ B*P e % . i.e..
(@, u(t) ~TU(H)) g =0 VUE o
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(=1 ic F ing (QP) F POD Reduced-Order Modeling for QP P

POD Galerkin for the State Variable

@ Particular solution: y € W(f,, ) solves y(f.) = y. in H and

d . 5 .
7 V(D) e+ a(tiy(1),0) = (f(1). @)y, V@€V a.e.in (fo,1]
@ POD space: V! =span{y;,...,w} C V
@ POD control-to-state mapping: .7 : % — W(t,, 1), w! = #‘u solves w'(t,) =0in H
and
d " / .
E<W‘(f), Vip+a(tw! (h),v) = (BU)(H),v)yy YyeViae. in (f,t]
= 2! linear and bounded
@ POD state: y! = §+.7u
@ Previous theorem with a-priori results for the state:
a) y!(0) =y, in H, i.e., no POD error in the initial condition
2
B) (= ullw, 1) < ,Z/lf(U)
1>

) |17 =" 2w Wit try) — O fOF £— o0
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(=1 ic F ing (QP) F POD Reduced-Order Modeling for QP P

POD Galerkin for the Dual Variable (Balancing POD)

@ Adjoint/dual equation:

— 2P, 9+ alti9,p(D) =0Vp € V ae. I [f, 1), P) = V(H) ~ e
@ Terminal condition: p(t) = y(t;) — ya = (¥ + 2 U) (1) — ya = V(tr) — Ya + (L U)(t)
@ Particular solution: p € W(t,, t;) solves

LB, 0 taltie ph) =0Vp e Vae. nih.t), Blh)=9(H) - Va

@ Dual solution operator: o7 : % — W(t,, 1), v = &/ u solves

d

—g\v)eptalfiev(f))=0vpeVae in[h,f), v(t)=(Lu)t)

@ POD dual solution operator: o7 : % — W(t,, 1), vt = o7‘u solves
d ) ) ) /
*E<V[(f)7W>H+O(7‘¢ y, V(1) =0vy e Viae. in[t,t), Vi(t)=(Lu)t)eV

= same POD basis for state and adjoint variable
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(=1 ic F ing (QP) F POD Reduced-Order Modeling for QP P

POD A-Priori Analysis for the Dual Variable

@ Continuous variant of POD: for £ € {1,...,d} solve

£t {4
min . /7]yt = X 04 wix v

2
; jdf st (Wit CX (wy) =8, 1<ij<t (PY)
k=17t i=i

Theorem (Hinze/V.' 08, Troltzsch/ V.09, Gubisch/V. 13)
X=V., ¥ =span{ykK(t)|t € [t., 1], 1 <k < @}
a) Snapshotsy! =.7u, y2 =wu, p=p+au,pl =p+u:
" ) 2 2
P =P lwt, 4y < Cn <Z7Li+ Iy} = 2V 2t vy +1VF ygnyHL?(foﬁff;V’))
i>¢
b) Snapshotsy! =.7u, y2 = a/u, y3 = (L)t y* = (u), all in [2(t,, 1; V):

)12
P =P llwt 1) < C2 XA

i>l
©) If.7T, SUeH (.1 V) forall e %, then lim | — o' || (5w, ) = O
oo W(ts,

In particular, Jim lp(T) — P (T)| W(t.t;) =0 forany e«
(—yoo
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(=1 ic F ing (QP) F POD Reduced-Order Modeling for QP P

POD Approximation of the Variational Inequality

@ Variational inequality:
ot
/f ' (xU(t)— (#Z*P)(t),u(t) — D(f))UdT >0 YUE g "))

@ Optimal POD solutions: T € %,q. ¥* =y +.7(T, p* = p+ ‘T’
@ POD variational inequality:

/rff (kT (1) = (BB (1), u(t) =T (1)), dt >0 YU €E Uaqg 5
@ A-priori analysis: choose u= T’ in (VI), u=Uin V1Y and add
1
0< [ (x(@-T)(1) — (#"(P—FN(1).U'(1) ~ U(), ot

= —xla- 1P - [ (@ BB, T - TNyt

<l )l 24, ) 10Tl
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(=1 ic F ing (QP) F POD Reduced-Order Modeling for QP P

Convergence Result for the POD Suboptimal Control

@ Continuous variant of POD: for ¢ € {1,...,d} solve

man/

dt st {witoy CX, (W, w)y =8, 1<ij<t (PL)

i~ X kv

Theorem (Hinze/V.' 08, Troltzsch/V.09, Gubisch/V. 13)
X=V.,¥v= span{yk(f)|f€ [fo, ], 1<k < @}
a) Snapshots y' = .70, y2 = /U, y3 = (ST)s, y* = (F0), allin 12(1,, 1; V):

_ 2
18— 0wty < Co X A

i>l

b) If 7L, /T e H' (1,1 V) for all G 2. then im [[G— T4, =0
[—00
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Q ic F ing (QP) F A-P iori Error Analysi

Perturbation Anolysis (Malanowski/Buskens/Maurer'97)

@ Variational inequality:

/T':f (kT(t) - (Z*B)(1),u(t) — U(H)),dt >0 VU E Uy v
@ Misfit in the variational inequality: suboptimal & € %44

/: (KD‘(I‘) — (BB (1), u(t) - D’(T))Udfzo YU € Uag

with pf = p+ T’
@ Perturbation analysis: there exists a perturbation ¢¢ € # satisfying

t .
/f ' (kT (1) = (BB ) (D) + L (1), u(t) — T (1) ydt >0 VYU € Uog o)
@ A-posteriori analysis: choose u= T in (VI), u=Tin (VI[) and add
t
KT < [ {(# /(T - )+ (T (D - BN ydf
since pf —p = o7/ (U' —0)

. - 1. .
@ Estimate for the control: ||T— Tf||,, < - 16401,
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Q ic P ing (QP) F A-P iori Error Analysi

Convergence Result for the Perturbation

@ Estimate for the control: [|T—Tf||,, < 1 111¢Y| 4, and pf = p+ /T
— (kT ()~ (2D )(1) if Ua(t) < T () < up(t)
@ Computation of {': ¢(1) ={ —min (0, kT (1) — (#*B')(1))  If T'(1) = Ua(})
—max (0,kT (1) - (B*B')(1) I T(t) = Up(t)
i.e., ¢'=¢(U") = a-posteriori error analysis for suboptimal o'

Theorem (Tréltzsch/ V.09, Gubisch/V. 13)
X =V, ¥ =span{yX(1)|t e[t 1], 1< k< @}
a) Snapshots y' =.70, y2 = /U, y3 = (ST)s, y* = (L T), all in L2(,, 1 V):

2
182 < CY A

>t

0) If 7Ty /U H (f, 1 V) for all Ge % then m ||, =0
L
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Q ic P ing (QP) F A-P iori Error Analysi

Algorithm with POD A-Posteriori Analysis

@ Estimate for the control: ||T—T'||,, < 1(¢Y,, and pf = p+ Tt
— (kT ()~ (2"B")(1) if ua(f) < () < up(f)
@ Computation of 't ¢/() ={ —min (0,xT () - (B*B') (1)) i T(F) = Ua(1)

—max (0,kT () — (2*B') (1)) if T() = up(t)

Algorithmus 1 (Optimal control with a-posteriori error estimation)

(1) Choose /. and POD basis {1//, 1 for the Galerkin approximation of the LQ problem;
(2) Determine the reduced-order model for the LQ problem;
(3) Calculate suboptimal control T € %.4. €.9., by a semismooth Newton method;
(4) Compute perturbation ¢! = ¢/(T');
(5) IF ||| /x > TOL AND ¢ < {1, THEN
Enlarge ¢ and go back to (2);
ELSE
Stop;
ENDIF

@ Applicable for balanced-truncation (vossen/v:12) Or reduced-basis method onn/uman/v:1m
@ Error estimation between high- and low-dimensional discretization Gubisch/Neitzen
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(=1 ic F ing (QP) F ical

Numerical Example: Problem Formulation and Optimal Control studinger 12, studinger/v: 13)

@ Consider:
. _ 1 412 1 T 5

man(y,u)fﬁ/Q}y(ff)fy \ dx+m/0 '/r{u\ dxdt

sty +01ay=0in@ ¥4+ Y

on ' 100
—05<u<2onx=(0,f)xl

=uony, y(0) =y, inQ=(0,1)?

@ Method & Discretization: semismsnooth Newton & implizit Euler, finite elements

Course of the FE optimal onirol ',

%20 40 .

x=1 o ‘
2 2 n
2 a . 4
2 ? \ 15 : « r 1 A‘* ‘ N
" W
1 ) 1 | ' . / o
| hs
[} 05 0 05 o - s 45 ,ﬂ
-1 0 -1 0 -1 -
1 1 1 1 1 1 |
05 s s 05 (] 05 o 0] TS

00

x-ais tme axis x-ais me ais it eais imais
% =0 % =1 *=l =t
2 2 ,
e i
) : s
2 W 15 2 " I P
. f 18 | e “ s
Y | 1 I
15 17 o o
0 | 05 16 42 ' '
15 N “ 1’%"
-1 0 1 - 1 m o s
! \/ ! \/‘ 14 i B ' !
05 0 05 ] 05 W 2 15 W
5 05 5 > -

xeais 00 imeads weais 00 imoads yais ineas s ineas
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Q ic P ing (QP) F

Numerical Example: POD Error Analysis studinger 12, studinger/V:13)

Cousct ey, st vt s PODss e

decay of normalized eigen values on semiog scale, Varian eigs

3 W
indexi

A-posteriori error:

_ 1 —
|T—Tlq < ;Hd(ué)ﬂ% =: €ape

E 15
i
s
E in
o o5

Course of e FE opina conl .

reais 00 s

50

o8 @ s
xais 00 pneais

¢ oh_of fape oh_ot fape
‘ £ape o - ] €ape [ ot (]
5 | 131000 91.107] 1.32 651071 5.6-107] 116
20 | 59-107! 32.107] 1.84 75103 73.1073 1.03
60 | 141072 12.10-2 117 83.1075  83.1075 1.00
70 | 121072 1.1.10-2 1.10 30-10°5  30.10°5 1.00
90 | 11.102 97.10°3 113 37.1006  37.107¢ 1.00
Problem: optimal FE control T is unknown = POD basis update
stefan Volkwein ing in PDE ined PDE Cor Optimization
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hs
g
s

aeais 00 yneas

2 19
s

15 i
s

| is

5 1

rwis 00 ieas

16 /32



Q ic F ing (QP) F Optimality-System POD (OSPOD)

Optimality-System POD (OS-POD) unisch/v:08)

@ Original problem: minJ(u) = J(y(u), u) 8.1 U € Zyq
@ POD-Galerkin approximation:
minJ (u) = J(Y (u),u) st UE Uy D)
@ OSPOD-Problem:
y=y(u), yi=y(ufori<i<e

min _Z(u) = J(y*(u),u) s.t. oty , P o)
avi= [y y(dt =2y 1<i<e O
— more complex than the original problem
@ Numerical realization: operator splitting
e choose an inifial control u® and a corresponding POD basis {y?}._,
e improve the POD basis by applying a few gradient projection steps for (ﬁgspod>

@ compute an approximate solution to D) by Algorithm 1
@ Efficient combination with a-posteriori error estimator (crimm13, cGrimm/Guoisch/v: 14, v:11)
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Q ic P ing (QP) F Combination of OS-POD with A-Posteriori Error Analysis

Algorithm for A-Posteriori Error with OS-POD (rimm‘13, Grimm/cubisch/v/ 14, v 11)

@ OS-POD-Problem:
y=yU), yi=wy(u)forl<i<e
min_Zf(u) = J(y'(u),u) s.t. /ff<

fo

(pés od)
y(h), widx y()df = Ay, 1<i<t i

Algorithmus 1 (Optimal control with a-posteriori error estimation)

(1) Choose initial control U® and number of basis elements ¢ < fnqy:
(2) Perform k OS-POD gradient steps to get uk and {y;(u¥)}f_;:
(3) Determine the reduced-order model for the LQ problem;
(4) Calculate suboptimal control T € %4y, €.9.. by a semismooth Newton method;
(5) Compute perturbation £¢ = ¢/(T');
(&) IF ||£")| 4 /% > TOL AND £ < {1, THEN
Enlarge ¢ and go back to (3);
ELSE
Stop;
ENDIF

@ Algorithm: apply a few gradient steps for (f-‘f)spod) and continue with fixed POD basis

@ Stopping criterium: ||| 4 /x = ZAVNSEWN G
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Quadratic Programming (QP) Problems Numerical example

OS-POD for linear-quadratic, control constrained control @rimm13, Grimm/Guboisch/v: 14, v/ 11)

@ Consider:
. 1 q12 T 1 o
man(y,u)_é/ﬂ}y(h)—y | dx+ 55 A /I_|u\ dxdt

ady ¥ _ v inO— 2
,%er_uonz,y(O)_ycan_(OJ)

—0<u<lonx=(0t)xl

st y;+0.1Ay =0in

@ Method & Discretization: semismsnooth Newton & implizit Euler, finite elements

k=0 k=1 k=2 with Usg
required ¢ 35 40 13 13

CPU 110.77sec | 147.14sec  18.39sec | 11.48sec
1% /ou 3.43.10°° 1.14.10- 282103 [ 1.94.10°3
ey, 3.15-107% | 9.53.10"% 2.62-1073 | 1.93.10°°
el 2.45.10°% | 7.73-10° 2.15.10% | 1.59.10°3
el 159.1072 | 3.10-10°% 7551074 | 1.92.104
e’ 5.75-10°3 112108 2.73.10% | 6.97-10°°
k=0 k=1 k=2 with Urg

E™]/o, | 2.50-1072 | 1.45-102 2.27-10% | 1.59-10-
el 2.06-1072 | 1.19-1072 2.07-10°% | 1.59.10°3

e, 1.65-102 | 9.65-10°% 1.67-10% | 1.30-10°3

el 259.1072 | 6.34-10°% 6.42.107% | 6.91.10°°

e’ 9.34.10°3 | 2.29.10°% 232.107% | 2.51.10°®
different uq 96 67 15 16(2233)
different uy, 63 38 6 4(3891)
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Q ic P ing (QP) F Numerical

Convergence of the POD basis (&rimm*13, Grimm/Gubisch/V: 14, Kunisch/Miiller 14)

@ First four POD basis functions generated from u=0:

22

==

Z

Z

.

2
7

%
)

,
A
2
7
=

R
NNY)

Z
z

<

!
=

@ First four POD basis functions generated from the optimal control T

@ First four POD basis functions generated after k =2 OS-POD gradient steps:

SRR
ERRRNRN
SOEAREERRY

SRR

SRR

R R R

RVRRLES
5
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Q ic P ing (QP) F L i ization for Mixed Control-State Constraints

Problem with Mixed Control-State Constraints reitzschos)

@ (Abstract) linear-quadratic problem:

. 1 K [
min, J0) = 5 Iyt - valli + 5 [ luhifat

x=(y.u)
s.t. %<y(7‘)7fp>H+ a(ty(1),e) = ((F+2u)(1),@)y v Ve € Vae. in (f, 1]

y(f)=YoinH and ug(f) <eu(t)+(Fy)(F) <up(t), t€[t, 1]
@ Control space: % = [2(t,,1; U) with U =RM
N,
Input/control operator: (Zu)(t,x) = Zu ui(H e, (%)
=1

State operator: (Zy)(f) = (Jo, y(F,X) dX/|QU)1<i<n,
State constraints: ¢ — 0
Particular solution: § € W(f,,f) solves y(t,) =y, in H and

d . % ;
V(D) @)+ altiy(t),0) = (f(1). 0)v,y Vo eV a.e.in (fo,1]
Control-to-state mapping: .77 : % — W(f,, 1), w = .2 u solves w(f,) =0in H and

%(W(fL@HJrO(T: w(f),@) = ((BU)(1), )y v VeeVae in(f,fi]

@ Inequality constraints: vo(1) := (Ug — 2 ) (1)< (eu+ £ 7u)(t) <(Up — FY) =: V(1)
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[s! ic P ing (QP) F A-P iori Error Analysis for Mixed Control-State Constraints

Formulation as a Control Constrained Problem

Solution representation: u+— y(u) =y +.%u

Inequality constraints: vo(1) := (ug— FY)(1)< (eu+ 2L u)(t) <(up — FY) =: vp(T)
Transformation of variables: v := Zuwith . Z = e+ .., ie. y =)+ Su=y+.7F v
Transformed, linear-quadratic problem:

man(y+5&7 v,.Z7 )= +g F |

st ve Vog={V|va(t) < V(1) < vp(t) for t € [1, 1]}
= form of the previous linear-quadratic optimal control problem
Variational inequality:

<w = ZVY(1) — BB(1), V() — v(f)>%20 YV e Vog

POD Galerkin scheme: additional analysis for #! ~ .7

@ A-posteriori error estimate uoscnv1a: [|TU— T|| < +1|.F || (o) 16°]| with computable ¢

@ Convergence result @uiscnv1ay: || S]] — 0 for £ — oo
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(QP) F ical Example

Numerical Example: POD basis update afanasiev/Hinze'01, Gubisch/V: 14)

@ Optimal control problem: heat equation, control space = L2(O,3;]R10), e=le-5

optimal control

‘;\“\\w\\\\\\\\\\\\\\\\\\\\\\\“
]

5

divection = 0o time ¢

Optimal control

Row error and Aposti error bound

optimal state

WY
S
R
R
R
TR

direction = 00 time ¢

Optimal state

Rou exror and Aposti exror bound

Rom error and Aposti error bound

Dosteron bomd

x ROM error

5 10 15 3 40 45 50

20 25 30
Pod basis ra £
POD basis with u=1

Rom errar and Aposti error bound

10
R postcrion bound —
ROM
Singulir values

10°

107 107
107 5 10 15 20 25 30 35 40 45 5 10 15 20 25 30 35 40 45 107 5 10 15 20 25 30 35 40 45
Tond basia s £ Pod busis rank £ Pod busis o £
POD basis update POD basis with u=T POD basis update (e =1e-3)
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Q ic F ing (QP) F State constraints

State and Control Constrained Linear-Quadratic Optimal Control Problem

@ Quadratic programming (QP) problem:

mianf] t 2 Krfur%lr
in () = 5 1V() ~ Yl + 5 [, U

subject to the linear evolution problem
i), @) +a(ty()(1), @) = (F+BuU)(1).0) Ve e Vin (T, #]
with y(1,) = y, and to bilateral control constraints
UE Ugg = {V € U | Ua(t) < V(1) < Up(t)in [to, 1]}
ye {ze [2(Q)|va(t,x) < z(1,x) < yp(t,x) In Q)

@ Lavrentiev regularization: ¢ >0 and x = (y, u)

1 K [T o [fr
0w = 5 1Y) ~ Vol + 5 [, NI at+ 5 [T Iw(hlfeg)at
(y,w)e {(z, V) e Lz(@) € LZ(Q)|ya(f7x) <ev(t,x)+z(t,x) < yp(t,x)in @}

@ Regular Lagrange multipliers msizschos): formulation as a control constrained problem

@ A-posteriori error cubisch'14: €xtension of the analysis from the control-constrained
case =0OS-POD also applicable
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[s! ic Pl ing (QP) F N ical Example

Numerical Example: State and Control Constraints cubisch 14, crimm/Gubisch/V: 14)

@ Two-dimensional heat equation
@ Distributed control
@ Semismooth Newton method

ar

L ‘(«("'\'i\\“
VAL
Pl

N
ATATRRSTINY
AN
AT
:A’//»X’/l/‘/""l,m““\‘\“‘\&\\\\\\\ﬂ\

@ First four POD basis functions generated from the optimal control T:

@ First four POD basis functions generated after three O

0
%S (TR
DN R
OIS A
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Quadratic Pi ing (QP) F Li on Red d-Order Models for QP Problems
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Extensions to Nonlinear PDE Constrained Optimization J

Topics:
@ Inexact sequential quadratic programming (SQP)
@ A-posteriori error analysis
@ Trust-region POD
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ined Optimizati Inexact

PDE C;

Sequential Quadratic Programming (SQP)

@ Infinite dimensional optimization:
P

minJ(x) s.t. e(x)=0, g(x) <0
@ Lagrange functional for (P): .Z(x,p,q) = J(x) +{e(x),p) + (9(x),q)
@ (Local) SQP method: at z, = (xx, Pk, Qx) solve
. 1
{ MIN L4205 + 5 L2 (%.X5) -
s.t. e(xk) + €' (x)xs =0, g(xk) + g (Xk)Xs <O

@ KKT system for equality constraints: solution x5 to (@P¥) is characterized by

( Du(z) € (X) )@_( 3{;(555) )

&/ (x) 0

Ax D2 = by

PDE Cor i Optimization 28 /32

Stefan Volkwein ing in PDE ined



PDE C: i Optimizati Inexact ial Qi ic Prog ing (inexact SQP)

Inexact SQP by Using POD or RB

@ KKT system: solution X5 to (QP") is characterized by
Lo(2z) € (%) Xs \ __ [ (@)
e'(Xk) 0 Ps e(xk)
—— N———

Ay T by

@ KKT system: inexact solve of A,Zs = by by discretization
@ Discretization: (POD or RB or BT or...) model reduction
AlZ5 = bl eR", n=n()

@ Convergence of (local) SQP method: 2§ reduced-order solutfion

1A« 225 — byl = (12" (2)119), aell,2]

with prolongation &
@ Rate of convergence: superlinear (1 < g < 2), quadratic (g =2)
@ Control of reduced-order approach:
1A 225 — by = |25 — 2Z5]| ~ || ()|
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Convergence Result

@ Variables in optimal control: x = (y,u)., y = y(u)
@ KKT system: z, = (xk, k). Xk = (Vi Uk)

Ly(z)  Lyul2) ‘ ey (X)* Ys ~Zy(2)
Luy(z)  ZLuu(Z) QU(gk)* us | = —“u(z)

ey(x)  eulx) | Ps —e(xk)

@ Suboptimal solution to KKT system: z§ = (¥, U5, 05%)
@ Prolongation 7: Z§ — 22§ = (5, U, Ps) with
ey(X)Vs = —e(x) — eu(x)Ts

&y ()" Ps = —Zy(2) = L (2)V — Lyu(2) T
— a-posteriori error computable

Theorem (Kahlbacher/V. 12)

Second-order sufficient optimality implies

Jim 2+ PZs=7 if ||AcPZ5— byl ~|Ts — Us| < TOL
o
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Multilevel Approach with Reduced-Order Models

@ Convergence criterium: || Ay %z — by || ~ || s — Tj|| < TOL
@ A-posteriori error qrsitzsch/v:09):
1T — Tl ~ || Loy (2) Vs + Luu(2) Us + €u(Xk)*Bs + ZLu(2e) |

==Lt
with [|Z)| = 0 for £ — e
Convergence of ||Z’||: no rate, basis dependent tinze/v:08)
POD basis: combination with Optimality-System POD wvetzdort 15)
Combination with FE adaptivity: (Clever/Lang/Ulbrich/Ziems)
Reduced approach: minJ(u) = J(y(u), u)
QP problem: for given iterate Uk solve

ming¥(us) = J(U) + F ()05 + 5 I (UF) (U5, Uy)
@ Globalization by inexact trust-region: inexact cost qu ~ gk and inexact solution of
) A 5 1~
min g (Us) = J(U¥) + Jp(uF)us + > () (us,us) st llusll < Ax

@ Convergence criterium: Carter condition [|J/(u¥) — Jy(u¥)|| < ¢ [|J5(u¥)|| with ¢ € (0, 1)
@ Trust-region POD: (Arian/Fahl/Sachs’00, Schu/Sachs’12) and (Rogg’14)
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