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Introduction and Outline

Open and Closed Loop Control

@ Open loop control:
input u(t) — — state x(1) e R’
@ Closed loop control: determine mapping .# such that
u(t) = Z(t,x(1)) (feedback law)
@ Linear-quadratic case: LAR and LQG design
@ Nonlinear case: Hamilton-Jacobi-Bellman (HJB) equations
Vi(1,X) + H(Vxv(t,x),x) =0 for (t,x) € (f,, 1) x R
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Introduction and Outline

Outline of Lecture 3

@ Static Output Feedback Synthesis
@ Hamilton-Jacobi-Bellman (HJB) Based Feedback Design
@ POD based Model Predictive Control
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Static Output Feedback (SOF) Synthesis (eiotritz/v:06)
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Static Output Feedback Matrix-Riccati Equation

Linear-Quadratic Regulator (LQR) Design

@ Linear dynamical system in R¢:
X(1) = Ax(1) + Bu(f) for t >0, x() =
with state x(1) € RY, control u(t) € R" and A € R, B¢ R

@ Cost: J(x,u) = /T " X(H)Tex(t) + u(h T Ru(t)dt

with Q e R™*¢, @ = 0and R e R*"v, R~ Q
@ Goal: (full state) feedback law u(t) = Fx(t) with F € RNux¢
@ Solution: F = —R~1BTP with P=PT e R**!
ATP+PA+Q-PBR'BTP=0 (Matrix Riccati)

@ Problem: offen only partial state measurement available
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Static Output Feedback Feedback

5 Static Output Feedback Design

@ Linear dynamical system in R¢:
Xx(1) = Ax(1) + Bu(t) + Byw(t) for t >0, x(t,)=x
y() =Cx()

with A € R, Be RN, By e R*Mw, C e R*! and

x(H) eRY, u()eR™, y(f)eRY, w(t)eR™

@ Feedback law: u(t) = Fy(t) with F € RMu>"Ny

@ Solution: F given by nonconvex semidefinite programming

mintrace(LBB]) st. H(F,L,V)=0& V ~0eR>’

i A(F)TL+LA(F)+C(F)T C(F )
with H(F,L,V) = ( ( >A(;T\</+)$A((F))+I (F) ) € R2X!
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Static Output Feedback Numerical Example

Static Output Feedback Controller Design (Leibfritz/V."06)

Nonlinear heat equation:

Vi =kAv4av in Qx (fo,1)
av ;
~A=5=0 onmyx(f,f),j=1235
av
—A 5 =aa(v—Ca+Ua(h) +eao(v* ~ cf) ON Ty x (fo, )
—l%:&(v—?ﬂrﬂ/(f)) onr;x(f,t),j=6,7,8
v(t) =Vve inQ
Domain Q and boundary parts T i=1,...8
1 \‘ )
o9 : Control: u(t) e R?, ny =2
e
08 firstcontol nput Ty
07 N Measurement: y(1) e R3, n, =3
ﬂos\ 1 (T) = V(O7 Ug 7‘)
Bos : y2(f) = v(0.0;1)
os ya(t) = v(2/3,1/2;1)
03
02 Goal: u(t) = Fy(t), F e R?*3
0.1
02
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Static Output Feedback idefinite P

Variational Form for the Nonlinear Heat Equation

@ Nonlinear heat equation:

=kAv+av in Q x (f, 1)
—-A9% =0 onr;x (t,t), j=1,2,3,5
—A 9% =ay(v—Ca+ (1)) +e40(v* - c5) on Iy x (o, 1f)
A% =a(v—2&+0(t) onr;x(t,t), j=6,7.8

@ Variational form: for all ¢ € H'(Q)
/Q vi(Ne+xVv(1)- Vo —av(t)edx = K/ WM pgs=x /QL
r

= %/r (aacq +84C7021)(p — (aaVv(t) +840v4(f))<p —aay(Heds

V|

3h (pds

4
+ / aBp— av(He— al()pds
FeUM7Ug

>R
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Static Output Feedback idefinite P

5 Static Output Feedback Design

@ Dynamical system in RV: spatial discretization (e.g., FE or FD) and linearization
x(1) = Ax(t) + Bu(f) + Byw(t) for f >0, x(t) =X
y(t) = Cx(1)

@ Goal: feedback law u(t) = Fy(t) with F € R?*3

@ Solution: F given by

mintrace(LB1B]) st. H(F,L,V)=0& V>0 (SDP)
; A(F)T L+LA(F)+C(F)T C(F
with H(F,L,V) = ( ( )A(;)T é:@\((p ))+/ Q) ) c R2NxN

@ Problem: N = # FE or FD unknowns (!)
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Static Output Feedback Model-Order Reduction

Reduced-Order Modeling with POD

@ Snapshots generation: Compute solution y of nonlinear heat equation with FE or FD
attimeinstances f, <H <... <t <

@ Snapshots: y; = y(}) e H=L?(Q) fori=1,...,n
n
@ POD: 2"y = Ly With Z = ¥ o4(-,¥j) Y,
j=1

@ Reduced-Order Modeling: Galerkin ansatz for nonlinear heat equation with yy,..., y

X(1) = Ax(H) 4+ G (x(1)) + B u(t) + Biw(t), x(t.)=x!

y(t) = C'x(t)

u(t)= Fly(t), F eRr>3
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Static Output Feedback Model-Order Reduction

Feedback Synthesis

@ Reduction in the variable x, not in y and u

@ Linearize and set up the SDP problem
= (is the size of the SDP problem
= 5=1¢ < 3796 FD unknowns

@ Solve SDP by Interior-point trust-region method (Leibfritz/Mostafa)
@ Plug in the computed feedback law into the FD modell (closed-loop)
x(1) = Ax(t)+ G(x(1))+B F[Cx(f) +Byw(t), x(f,) =X
N——
=Fly(H=u(f)
y(t) = Cx(1)
u(ty= Fly(t)=F'Cx(t)
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Static Output Feedback Numerical Example

Numerical Example
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HJB Based Feedback Design «unisch/v./xie'0s)

- =
POD in Feedback Strategies

DA



HJB Based Feedback Design

Hamilton-Jacobi-Bellman Equation

@ Dynamical system in R’

y(t) = F(y(H),u(t)) fort>t, M
y(to) =yo
@ Admissible controls; u € L2(t,, T R™), u(t) € UcC R™

@ Cost: .
minJ(u; fo,yo):/r L(y(1), u(t))e+at

with y = y(u) solution to (1) and u >0
@ Euler's method: y;, 1 = y;+ hF(y;,y;) forj>0
@ Discrete cost:

In(Uite,yo) = B (Lo, to) + X P [L(y; 1) +L(v; 1) )
j=1

@ Discrete minimal value function:
Vh(Ye) = iNf{Jn(Unito, Vo) : Un € 7"}
with " = {up = {ug, tn,...} | Yy € U}
@ Discrete HJB equation: for all y, € R and g = e #"
Vn(¥) = INF {BIL(Yor U)+BL(Yo+ NF(¥o, ), ] + V(Yo + NF(yo, 1)}
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HJB Based Feedback Design

Optimal Feedback Design

@ Discrete HJB equation: for all y, e R and g = e #h

Vn(¥) = INf {BIL(Yor U)+BL(Yo+ NF(¥o, ), )]+ BVn(¥e + NF(yo, )}
@ Define
Sh(Ye) :Grugerpiﬂ{%[L(VwU)+I3L(yo+hF(y07U)7U)]+ﬁV(yo+hF(VmU))}
@ Optimal feedback: Uy = Su(y}). i.e..
Vn(Ye) = Jn(Upite,ve)s Vi =¥j +hF(ySa(v7)) forj =0, yg =vs
@ But: (discrete) HJB is difficult task for ¢ > 9...
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HJB Based Feedback Design

Numerical Startegy

Optimal control of evolution problems:

mind(y,u) s.t. y(f) =F(y(f),u(f)) for f >0, y(0) =vy., ue %
Galerkin approximation with y,... yp:

minJ(y,u) s.t. y(f)=F(y(t),u(t)) fort>0, y(f.) =v., ue U
Trapezoidal sum for J and Euler’s method
Discrete HJB equation: g = e #", for all y, € R’

V(o) = LQL{%(L(YOVUHI?L(VO +hF(ye,u),u)) +BVa(Yo + hF(yo, u)) }

Utilize T, = [Cl] ,b]] X...X [G[,b{] CR!
Rectlinear partition of T}, with vortices y;,..., yy € R
Compute piecewise (-linear v,’§ :Th — R with

vE(vi) = inf {3(L(y;, u) +BL(y;+hF(y;,u),u) +BVE(yi+hF(yi,u) ), =1,

Fixed point method with

e nested iteration (h=0.2, h/4, h/16)
e parallelization

Current research: Alla (Hamburg) & Falcone (Rome)
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HJB Based Feedback Design

Boundary Control of Burgers” equation

Consider :
; ! 2 2\ o—ut
minJ(y.0) = 5 [~ ([ wtx0Rax+ B u(n)) e dr,
subject to the Burgers equation

Yi—Vyxx+Yyyx =0 in Q
vyx(-,0) =u in (0,00)
(1) =0 in (0,e0)

y(0,)=vo in Q

and control constraints

U= {ue 12,.(0,0) : u(t)e U=1[0,1]for t e (o,oo)}
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HJB Based Feedback Design

Numerical Results

Discretization: ¢ = 4 PODs; grid size for T c R": 24x 16 x4x 4

Semi-implicit FE solution of the Burgers equation Semi-implicit solution of the Burgers equation (with opt. control)

¥

Semi—implicit solution of the Burgers equation (with opt. control)
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POD Based Model Predictive Control (aia/v:14)
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Asymptotic Stability of POD Based Model Predictive Control

Model Predictive Control or Receding horizon Control @rine/Pannek 11, Rawlings/Mayne'09)

@ Infinite horizon problem:
minJ(u; to, ¥o) = /fmé(y[ujmyol(f),u(f))dT st U€Ugg(t)={ug<v<upin[t,=)}

where (¢, v) = (|l — yal> + A [[V[?)/2 and y = yju . y.) solves
y(t)=Z(y(1),u(t)) fort e (f,e),  y(t)=Vo (©)
@ Goal: find state feedback u(t) = u(y (1)) € Usg () so that optimal state is given by
y(t) = Z(y(1),u(y(t)) for t € (fo,0),  y(t) =Vyo
@ Model predictive control algorithm: finite horizon NAt with N > 2

1: forn=0,1,2,...do
2: Measure the state y(f,) of the system at f, = nAft.
3:  Sett, =ty tN =14+ NAt, y, = y(t,) and compute solution TV to

N ) )
minIN(u; 1, v.) = /r (Wuty (D u®)dt st ue UNy(f) = {ua < v < upin [, 1]}

where y = yiy 1, v, Solves (x) on [f,, fn]
Define feedback law uN(t; 1., y.) = GNV(1), t € (t., 1, + Af].

Use u= u’\’(‘) to compute y by solving (x) on [fn, fhe1].
end for

SN
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Asymptotic Stability of POD Based Model Predictive Control

Model Predictive Control or Receding Horizon Control @rine/Pannek’11, Rawlings/Mayne 09)

@ Goal: find state feedback u(t) = u(y(t)) € Usg(t.) so that optimal state is given by
y(t) = Z(y(1),u(y(h)) fort € (fo,20),  y(t) =Vyo
@ Value functions:

V(o) = it Juity) = nf [ e (D,u(h) at

UeUgg(h) veloa(t) /1
3 w
Wity = inf Muty) = inf [ 6yurya(hum)at
ueUly(fo) ueUly(fo) /1o

@ Asymptotic stability: y, equilibrium, i.e., #(y.,u(y.))=0

as t— e and
Yiu() b.ye] (1) = V|| = O strictly decreasin {
V1), o ye] (F) = el 9 Y a5 [lye = val =0
@ Relaxed dynamic programming principle: there is aN € (0, 1] satisfying
VN(fm Vo) > VN(fo +Af, Y[uN(A)A’rO,yO](TO +Af)) + aNf(yoa.uN(YO))) M
= asymptotic stability of the feedback law uN

@ Computation of N and oV @rinerameicin: decay of the state, exponential
controllability and (simple) feedback law u = —Ky with K >0

@ Reduced-order approach: control state projection error of reduced-order model

Stefan Volkwein POD in Feedback Strategies 21/23



Asymptotic Stability of POD Based Model Predictive Control

Numerical example io/v:12)

@ Dynamical system: (6,p) =(0.1,11)

Vi— 0y +yx+p(Y —y)=u inQ
y(Ov):y(L):O in (TO7°°)
y(t) = Vo inQ=(0,1)cR

@ Equilibrium and cost: y, =0, ((y,u) = 5 (HyH +0'HUHL2(Q )
@ Results: N=10 and K =2.46, speed-up 13-14 in the control-constrained case

U (%) |
——ue[-03,0] |

¢ 01, d
05 . R
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) N t N 0 o
Perturbation

MPC with N=3 MPC with N =10 optimal horizon for given ROM error

uncontrolled solution
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Asymptotic Stability of POD Based Model Predictive Control Literature on Nonlinear PDE Constrained Optimization
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