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Motivation

Motivation 1: Parameter identification

@ Model equations:
—div(cVu)+ - Vu+au=f in Q cRY
C@+quzg/v onyCl=00 (%)

an
u=gp onlp=T\Ty

@ Problem: estimate parameters (e.g., ¢, 3, a or q) in (*) from given
(perturbed) measurements uy for the solution u on (parts of) I'

@ Mathematical formulation: (oo-dimensional) optimization problem
min/a lu—ugl?ds +k|p||> st (p,u) solves (x) and p € P.q
r

s.t. — subject to

@ Numerical strategy: combine optimization methods with fast (local)
rate of convergence and POD model reduction for the PDEs
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Motivation

Motivation 2: Optimal control of time-dependent problems

@ Model problem:

1 5 k[T 5
min= [ |y(T)—yr|“dx+ = |ul” dxdt
2 Ja 2Jo Jr
ve—Ay+f(y) =0 inQ=(0,T)xQ

s.t. ylr =u onX=(0,T)xTl
y(0) =y, onQCR
@ Adjoint system (for gradient computation):

—pe—Ap+f'(y)*p=0, plr=0, p(T)=yr—y(T)

@ Optimizer: second-order methods like SQP or (semismooth) Newton

@ Challenge: large-scale « fast/real-time optimizer
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Motivation

Motivation 3: Closed-loop control for time-dependent PDEs

@ Open-loop control:

x(6)=r(t,x(t),u(t))
input u(t) —| x(0)=x,€R* — output y(t) = Cx(t) + Du(t)

(after spatial discretization)

@ Closed-loop control: determine F with

u(t) = F(t,y(t)) (feedback law)

@ Linear case: LQR and LQG design

@ Nonlinear case: Hamilton-Jacobi-Bellman equation
ve(t,yo) + H(vy(t,¥0), %) =0 in (0, T) x R?
@ Strategy: /-dim. spatial approximation by, e.g., POD basis
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Outline

Outline of the first part of the lecture

@ Proper orthogonal decomposition (POD)

POD and singular value decomposition (SVD)

POD method for ordinary differential equations (ODEs)
Continuous POD method for ODEs

POD method for parabolic partial differential equations (PDEs)
POD method for elliptic PDEs

¢ © ¢ ¢ €

@ Reduced-order modeling (ROM)

@ ROM for ODEs and error estimation
o ROM for A-w systems
o Laser surface hardening

@ References
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POD method

POD method & SVD

o Given: y1,...,yn € R™, set V =span{yi,...,yn} CR™

@ Goal: Find ¢ < dimV orthonormal vectors {w,-}f:l in R™ minimizing

S, tbe) = ZHyJ Ty

with the Euclidean norm |ly|| = +/yTy

@ Constrained optimization:

. . 1 ifi=j
min J(¢1,...,%¢) subject to w,-T¢J- = { 0 othervsjzise
@ Equivalent problem: Find orthonormal i1, ..., 1, € R™ maximizing
n 4
o 2
J (wla' '-71/16) - ZZ {}/JT1/J:|
j=1 i=1
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POD method

Necessary optimality conditions (Part 1)

@ Lagrange functional:

¢
L(hr, . s, Mgy oo Aee) = J(01, - 0e) + Z i (bl ) — 65)

ij=1
with the Kronecker symbol ¢;; = 1 for i = j and 9;; = 0 otherwise
@ Optimality conditions:

oL
;i
oL ..
— (1, e, M1, ) =0ER fori,j=1,...,¢
O\jj

(wl,...,wg,All,...,)\gg):OERm fOI‘I.:].,...,g
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POD method

Necessary optimality conditions (Part 2)

ij=

4
° L(¢1,-",¢[,)\11,---,A[£):J(wl,---,wé)‘F Z )\U(¢,ij_5lj)
1

L n
° 581/}. =0 < ZYJ‘(YJ‘TU):') = Xithj and Ajj = 0 for i # j
i =
oL -
05)\’,1,*0 & Y Y= 0

@ Setting \; = X and Y = [y1,...,¥n] € R™" we have
YYTpi = Npi fori=1,....¢

i.e., necessary optimality conditions are given by a symmetric m x m
eigenvalue problem

@ Here: necessary optimality conditions are already sufficient.
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POD method

Computation of the POD basis (Part 1)

@ Optimality conditions: YY Ta; = \jp; for i =1,...,¢
@ Solution by SVD for Y e R™*". d =rank Y, 01 > ... > 04 >0,

U=lu,...,um) € R™™und V = [wi,..., vy € R™" orthogonal
with
D 0
T _ _ mxn
U YV( 0 O>Z€R
where D = diag (071, ...,04) € R¥?. Moreover, for 1 <i < d

YV,':O','U,', YTU,':U,'V,', YYTU,':O',?U,', YTYV,'IO',?V,'

@ POD basis: 1 = u;and \j =0? >0fori=1,...,0 <d=dimV
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POD method

Computation of the POD basis (Part 2)

@ Data ensemble: V =span {y1,...,¥n} CR™ and d =dimV

POD basis of rank ¢: ¥; = u; and )\,-:J,-z >0fori=1,...,4<d
@ Three choices to compute the );'s

SVD for Y € R™". Yv; = o;u;

EVD for YYT e R™™. YY Ty = o2y, (if m < n)

EVD for YTY e R™" YTyy, = a,-zv,- and u; = O%_Yv,- (if m > n)
@ Error formula for the POD basis of rank £:

5 d
:Z)\,

i=0+1

n 14
) = Y = X 0 i) ws
j=1 i=1
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POD method

Computation of the POD basis (Part 3)

@ Error formula for the POD basis of rank ¢:

I, e) = ZHy, yfw

Z)\

i=0+1
o YYTuhy = \abi, 1< i< £ and YY Ty = El (v 1)) sive
j=

n

T n
A=Al = (YYTy) g = (Z (yfw;)y,) vi=> |yl

Jj=1 Jj=1

d
°y = Z (yJ-T/lZJ,')/l/J,', i=1,...,m, and ¥ ¢; = &; imply

n d d
S IDNVLTED 3!

i=1 j=1 i=0+1 i=0+1
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POD method

POD method for ODEs

Nonlinear dynamical system in R™:
y(t) = f(t,y(t)) for t € (0, T) and y(0) =yo

with given yo € RN and f : [0, T] x R™ — R™

Timegrid: 0<ti <t <...t, <T,0tj=tj—ti_1for2<j<n

Available or known snapshots: y; = y(t;), 1 <j <n

Snapshot ensemble: V = span {y1,...,yn}, d =dimV <n
@ POD basis of rank ¢ < d: with weights o; > 0

n L
min Zaijj - Z (v i) i i
=

s.t. wiT’g/Jj = 5,1

i=1
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POD method
Computation of the POD basis

@ EVD for linear and symmetric R" in ODE space R™:
ZaJyJ , = oty (YYTuj = o?u;)

and set \; = 02, ¥; = u;
@ EVD for linear and symmetric K"= ((aj ijy;)) in R™:
K"vi = ot (YT Y = o2v)
n
and set \; = 0'1-2, P = \/_1>\_, Zlaj (V,')J-yj
j=

@ Error formula for the POD basis of rank ¢:

I HELOI D P!

Jj= i= =041
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POD method

Continuous POD method for ODEs [Henri/Yvon, Kunisch/V

@ Snapshots: y(t) for all t € [0, T]
@ Snapshot ensemble: V = {y(t)|t € [0, T]}, d =dimV < 0
@ POD basis of rank ¢ < d:

min [ o) - 5 076 v

i=1

2
dt st ¢l =45

@ Optimality conditions: EVP for linear, symmetric, compact R

.
Ry /0 (W y(1)) y(£)de = Ay for i € N

@ Error for the POD basis of rank ¢:
¢

/(,THH’-‘)—Z(w,-Ty(r)) wlfae= 3

i=1 i=0+1
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POD method

Relationship between 'discrete’ and continuous POD

@ Operators R" and R:
R = o (¢7y(1))y(t)

Ry = /O (W Ty (1) y (1) dt

@ Operator convergence of R” —R: y smooth and appropriate «;’s

n—oo

@ Perturbation theory [Kato]: (A7, 7)) — (A, ) for 1 <i </

@ Choice of the weights a;?: ensure convergence R" "> R
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POD method

POD method for parabolic PDEs

@ Heat equation (for instance):

ye— Ay = inQ=(0,T)xQ
%:g onX=(0,T)xTl
y(0) =yo in Q c RY

@ Variational formulation: for all ¢ € H}(Q)
/yf(t)soJrVy(t)-VstX :/ f(t)@der/g(t)sods
Q Q r
® FE discretization: y™(t) € V™ =span {¢1,...,¢m}

/y{"(t)(p—&—Vym(t)-Vapdx:/f(t)(pdx—&—/g(t)apdSVgoe VT
Q Q r
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POD method

POD basis computation

)

Timegrid: 0<ti <t <...t, <T,0tj=tj—ti_1for2<j<n

(]

FE snapshots: y; = y™(tj) € V™, 1< j<n

Inner product: (u,v) = [, uvdx or (u,v) = [, uv+ Vu-Vvdx

Sizes: # FE's > # time instances, i.e., m > n

(]

Computation of the correlation ": o = %

n
% <yjm7yim> = % Z Yikyjl<80/,90k> = (%YTMY)U
k,I=1

with Mj; = (¢}, i) (mass or stiffness matrix)
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POD method

Numerical example: Burgers equation

Eigenvalues of the correlation matrix K=I(t)u(t)Jzq 5
. :
Ve —vyxtwx=f inQ=(0T)xQ ‘ ‘
= 95.753%
y(0=y(,1)=0  on(0,T) : ’
. A=
Y0, ) = vo inQ = (0,27) CR 107 +A,= 99.984% ]
® A A+ = 99.998%
® yo(x) = sin(x) and v = 0.01 10 e 4
® 1258 finite elements
B
. ]
e Time integration with Matlab's ode15s o
® Snapshots V = span {y(t1), ..., y(t100)}
o
10 1 2 3 a 5 6 7 8
i~ais
" v N Solution of the Burgers squation
: X
. 10
. o 0s
: E
K ) o 06
: . ; 0s
- “10 o 0z
o p N g o B T
xeaxis g o
v v -
. N 4 02
10 2 B oa
s
o o 2 06
s
-10 o 1 0.8
e 20
2 ~ 4 6 - 2 . 4 6 o
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POD method

Numerical example: Navier kes equation

U +uux +vuy +px=vAu  inQ=(0,T)XQ . Time=3 Suface: velocity fisld ()
vt + uvx + wy + py = VAV in Q I 1.
ux +vy =0 in Q 05 14

ev=5.10"3

® 3 X 4804 finite elements (Femlab)

o Time integration with Matlab's ode15s

® Snapshots V(u) = span {u(t1), ..., u(t21)} o
02 02
and V(v) = span {v(t1),...,v(t1)} )
o 05 1 15 °
v, Eigenvalues of K=U(t).u(t)[z g, and K=V MOz gy
04 10° ! !
* U 99.74%
03 + vi96.18%
0z .
10 E|
£
01
o os B s =
10 *
04
0s 107
02
01
107
o 1 2 3 4 5 6 7 8 9

i—axis
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POD method

Numerical example: Energy transport (Boussinesq)

ut + uux + vuy + px = vAu in Q 28
vt + uvx + vy + py = vAv + 36 in Q
ux +vy =0 in Q :
Ot + ubx + vl = Al in Q

ea=10%p3=1"2v=10""*
® 4 x 3512 finite elements (Femlab)
e Time integration with Matlab's ode15s

® Snapshots at tj, ..., ty; for u, v and 6

) 05 . 5 2 25 3 5

Eigenvalues of K=u(t).u(t)[}7

()12 Und K=W(E). ()12

D20 Eigenvalues of the correlation matrix K=(T(t), T(t)[2,

Y@

10° 10
~ U 97.83% E
+  v:95.98% !
10—1% A\,=.99.72% B
i
I
10—2% A= 99.84% ]
10" I
+ wr:E ® A A, A = 99.90% B
f
I .
10"% 1] ® 4
i
I
107! 107l
1 2 3 5 6 7 8 1 2 3 4 3 7 8
i-axis i—axis
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POD method
POD for A\-w systems [Miiller/V.]

@ PDEs: s = u? + v?, As) =1—5s, w(s) =—Fs

()=(28 380+ (5a)

@ Homogeneous boundary conditions:

u=v=0 or @*@*
T on  dn
@ Initial conditions: uo(x1,x2) = x2 — 0.5, vo(x1,x2) = (x1 — 0.5)/2

uforpeLand 100 ulorf2 and <100 ulorf=3 and <100 ulorf=dand <100

O @K d
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POD method

POD basis for A\-w systems

@ Offsets: (x) =2 3 u(tj,x) or i =0
j=1

@ Snapshots: j(x) = u(tj,x) —u(x) for 1 <j <n

@ POD eigenvalue problem: (u,v) = [, uvdx

’CV,':/\V,', 1SIS€,

with ICU :/ flj(X)l/,\l,'(X)dX
Q

@ POD basis computation: v); = \/—1)\— Z};l aj(v);t;

Decay of the first eigenvalues Decay of the first eigenvalues
o o
10° = 10 —
10° Tl Tl 10° T--l E
. —B=1 T~ - —p=1
10 N 10
10 ---p=15 Sl 10 ---p=15 R
- —p=2 - p=2
B=3 B=3
107 107
1 10 20 30 40 50 1 10 20 30 40 50
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POD method

POD method for elliptic PDEs

@ Helmholtz equation (for instance): f € [fuin, fmax]

—Ap(f) = k*p(f) = q(f) in
8o oy
op(f f
P g(n) = 5((f)) on I'r

with p: Q — C, ¢ =343,8[2], w=2nf, k=2, o, =1,2[535]

c' m3

@ Variational formulation: for all ¢ € H}(Q; C)

IAZGR G e / plFYpds = [ alf)7 s

@ FE discretization: p™(f) € V™ =span{p1,...,¢m}

IRCGR PR TG e
Q

GRS /Q 4(F )z, dx
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POD method

Impedance identification [Hepberger/Acoustic Competence Center/V.]

Impedance

1500

1000

-500

-1000

20

250 300 400 450 500

350
frequency

Real sound pressure at positions x;

15

M SERNE &j«‘f\,wﬁ

250 300 350 200 450 500
frequency
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Decay of the normalized eigenvalues for X=L(Q)

5 10 15 20 25 30 35
i—axis

Imaginary sound pressure at positions x;

10,
0 - VJ\\@ S ~A
v
ok
—1!
S ‘
SOO 250 300 350 400 450 500

frequency




ROM for ODE system & error estimation

Initial value problem in R™:

y(t) = Ay(t) + f(t,y(t)) for t € (0, T] and y(0) =y
with given yo € RN and f : [0, T] x R™ — R™
Snapshots: y(t) € R™ for all t € [0, T]
POD basis of rank £ < m: 91,...,¢¥, € R™

¢ ¢
Galerkin ansatz: y*(t) = (UJJTy[(t)) =3 yf(t)wj
j=1 j=1
Galerkin projection of the ODE:

Tyl() = oT Ay (t) + o] F(t, Y (t)), te(0,T], i=1,....¢
by (0) = 4 yo, P=1,...,0
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POD Galerkin projection of the ODE

@ Galerkin projection of the ODE: f =0
ol (1) = o] Avi(2), te(0,T], i=1,....¢
¢y (0) =¥ v i=1,....0

@ Inserting Galerkin ansatz:

wl i () = zyf(r)wf v = ¥i()

4
Wl Ayt(t wT<Zy, Aw,)—Zyj?(tWij
j=1

@ ROM in R%: y* = (yf), A" = ((¥] AYy)). y5 = (4] yo)
7i(t) = Ay (1) for t € (0, T]
v (0) = y5
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Error analysis — Part 1

.
@ Goal: estimate/ ly(t) — y* ()3 dt
0

@ Orthogonal projector onto V* = span {¢;}¢_;:
¢

Pl => " (T¢hi) 1y forp € R™
j=1

= y(0) = P’y = Py(0)
@ POD basis:
¢

[ o - e v

i=1

“ae= [ o - Py s

@ Decomposition:

y(t) = y'(t) = y(t) = Ply(e) + Py (t) — y'(t) = o (t) + 0(1)

e(vey+ eve
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Error analysis — Part 2

@ Decomposition:

y(t) = y'(t) = y(t) — Py (t) + Ply(t) — yi(t) = o' (t) + 9'(¢)
@ Projector onto V* = span {¢;}f_;: P = zz: (W) i
j=1

@ Estimate for o%:
LN _ T Y 295 _ - )
| erae= [ ivo - Pyl at P
@ Differential equation for ¥*: for i € {1,...,£}
G0 () = o (Py(2) = v (1) = o] (#() = ¥ (8) + Py(2) — y (1))
=] (Ay(t) = Ay'(t) + P'y(t) = y(t))
= (A" (1) +9°(1) + Py (t) = y(t))
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Error analysis — Part 3

@ Differential equation for ¥*: for i € {1,...,¢}
D0 () = o] (A" (2) + 0 (1)) + PUy(t) — y(1))
o Summation: 9(t) = YL, ()i
9 ()T () = (1) T (A" (t) + 9 (1)) + Py (t) — ¥(1))

@ Estimation:

1d . .
L1 < (1)1 + 1 IR + 190 - (o))
@ Gronwall lemma: 9¥¢(0) = Pyp — y*(0) =0

(o)1 < (Il (€)1 + 17(t) = Py(e)2)

— c( i A+ ||y(t)—PZY(t)I\2)

i=0+1
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Error estimate for continuous POD

@ Error estimate (continuous POD method):

/ () — (D)2 de < 2 / 1o (B2 + 19°(e) |12 dt
0
<c( w10 - PR a)

=041

@ Remarks:

@ dependence on the decay of the eigenvalues );
@ dependence on the approximation quality for y(t)

@ Modified POD method:
T
min [ lyte) =Py o)+ o) - Py e s T =

T o)
@ Error estimate: / ly(t) — y*(t)I?dt < C Z Ai
0

i=0+1
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Extensions

o Full discrete method: t; = jAt, Y = y(t;)

! At

£
oT (M) = wTAYE 4 0T Y)Y, = eeam, P =10
I YE =]y, i=1,...,¢

® Discrete POD: \; = AP, ¢ = 97

@ Error estimate:

S0 () - HW(At+2M+zmy 'f)
j=1

i=0+1

_O<(At + Z </\ +/T|y'(t)w;|2dt)>

i=0+1

@ nonlinear parabolic PDEs and parameter-dependent elliptic systems
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ROM for \-w systems [Miiller/V]

@ Inner product: (u,v) = [, uvdx
@ POD Galerkin ansatz:

wi(t,x) = B(x) + gglw;(t)w,-(x), w(t,x) = () + S vi(D)8(x)

@ Reduced-order model (ROM):

o insert ansatz into PDEs
o multiply by POD basis functions v); respectively ¢;
o integrate over Q

@ Numerical results:

5 relative error of u for B=1.5
10

. ls(—u()? 10 L

Tu(o]

10" 1=50 | 1

o 10 20 30 a0 50
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Relative POD errors for A-w systems

n
o Offsets: up(x) =13 u(tj, x)
j=1

@ Relative POD errors:

0=0 | 0=uw || 0=0 | 0=uy |
¢ =10 ][ 0.005890 | 0.005945 |[ ¢ =40 || 0.577442 | 0.460188
¢ =15 || 0.000350 | 0.000335 || £ =45 || 0.898613 | 0.297619
¢ =50 || 0.000009 | 0.000009 || ¢ =50 || 0.071035 | 0.001774
> g lue(t)—un(t)
Eral(u) == for 3 = 1.5 (left) and 8 = 2 (right)

n
2o llun ()12
=
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Laser surface hardening [Hémberg/V.]

@ Motivation:

laser beam
workpiece

7z 11111‘1-"’-.’\"’\!!,11’J D

FrrLiiesss=—— \

@ Phase transition of steel:

ferrite ferrite
pearlite heating .. cooling pearlite
.. — austenite — ..
bainite bainite
martensite martensite
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Model equations

@ Energy balance and Fourier's law:

0c0: — kA = au—pla; inQ=(0,T)xQ
2 =0 auf © = (0, T) x 90
6(0,) = 6, in Q cRY

@ Phase transition of austenite:

a = f(6,a) inQ
a(0,) = 0 in Q

@ Intensity of the laser: u = u(t) € L?(0, T)
® Nonlinearity: ,(0,a) = max {aeq(#) — a,0}/7(6), 7(6) >0
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POD error

@ Measures for the error:

max su 91 X X )
i 0<J<N( p 19200 = Ore ()| o | i=1 PODwith derivatives
= W1
max ( sup |0/, X)|) i=2 POD without derivatives
0<j<N

X = [7(Q) X =H(Q)

7 VT WP T W
10 || 24.1% | 40.6% || 21.0% | 40.1%
25 || 1.6% | 26.9% || 4.0% | 24.6%

4 d
o Heuristic: £(¢) = 3" \; / S\ -100% > 94%
i=1 i=1

[(=10[(=15]¢=20 (=25
X =12(Q) || 943 | 984 | 995 | 998
5(12) X=HYQ) | 777 | 874 | 925 | 957
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