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Motivation

Motivation

@ Optimal control of evolution problems:
minJ(y,u) s.t.  y(t) = F(y(t),u(t)) for t > 0, y(0) = yo, u € Uag

@ Optimization methods
e First-order methods: gradient type methods
= per iteration nonlinear state and linear adjoint equations
e Second-order methods: SQP or Newton methods
= per iteration coupled linear state and linear adjoint equations

@ Spatial discretization by FE or FD
= large-scale problems and feedback-strategies not feasible

@ Model reduction by POD
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Outline

Outline

Suboptimal control:

@ nonlinear heat equation
& snapshot ensembles in control

Parameter identification: sampling with respect to the parameters

o reliable identification by nonlinear optimization
o bilevel optimization as an application

A-posteriori error analysis: choose number of POD basis elements

@ error measure via adjoint calculus
@ vary number of POD basis elements
s no change of POD basis in contrast to OS-POD [Kunisch/V.]

Static output feedback design (SOF)

References
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Nonlinear heat equation

Nonlinear heat equation [Diwoky/V.]

@ Model problem:

min J(y, u) /|yTx — z(x |2dx+[j/ /| (t,s)|* dsdt

subject to
ye(t, x) = kAy(t, x) for (t,x) € @ =(0,T) x Q
gi( s) = b(y(t,s)) + u(t.s) for (t,s) €E = (0, T)xT
¥(0,x) = yo(x) for x € Q C R

® Assumptions: T,3,k >0, z,y, € C(Q), b € C>(R) with b’ <0
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Nonlinear heat equation
Infinite-dimensional problem

@ Optimization variables: z = (y,u) € Z, Z function space

@ Equality constraints: e = (ey, &)

(er(2) / /yt (£, x)(£, %) + kVy(£, x) - Vio(t, ) dxdt

/ / )+ u(t,s)) p(t, s) dsdt

@ Infinite-dimensional optimization in function spaces:

e(z)

min J(z) subject to e(z) =0

@ Lagrange function: L(z, p) = J(z) + (e(z), p)

@ Optimality conditions: VL(z, p) =0 (Fréchet-derivatives)
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Nonlinear heat equation
First-order optimality conditions

o V,L(y,u, p) = 0: adjoint equation
—pt(t,x) kAp(t,x) for (t,x) e @ =(0,T) x Q

( ,s) = b'(y(t,s))p(t,s)  for (t,s) e =(0,T)xT

(T x)=—(y(T,x) —z(x)) forxeQ

o V,L(z,p) ~0: optimality condition Su = kp on ©

° V,L(z, p) = 0: state equation

ye(t,x) = kAy(t,x) for (t,x) € Q
%(t,s) = b(y(t,s)) + u(t,s) for (t,s) € ¥
y(0,x) = yo(x) for x e Q
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Nonlinear heat equation
SQP methods

@ SQP: sequentiel quadratic programming
@ Quadratic programming problem: L(z, p) = J(z) + (e(z), p)

min L(z",p") + L;(z", p")0z +  L.z(2", p") (62, 62)

Pn
subject to e(z") + €'(2")éz =0 Q")

@ First-order optimality conditions for (QP"): KKT system

(e ) (5) - (88”)

@ Convergence: locally quadratic rate in (2", p") (infinite-dimensional)
@ Globalization: modification of the Hessian and line-search methods
@ Alternative: trust-region methods
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Nonlinear heat equation

POD model reduction

@ Goal: POD Galerkin ansatz using £ POD basis functions
@ Snapshot POD: solve of heat equationfor0 < t; < ... <t, < T
@ Problems:

e unknown optimal control = good snapshot set?
o u= %p depends on p = POD approximation for p?

@ Strategy: iterate basis computation and include adjoint information
in the snapshot ensemble
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Nonlinear heat equation
Dynamic POD strategy [Hinze et al./Sachs et al.]

(1) Choose estimate u°; compute snapshots by solving state equation
with u = 1° and adjoint equation with y = y(u°); i :=0

(2) Determine ¢ POD basis functions and associated ROM of
infinite-dimensional optimization problem

(3) Compute solution u'** of optimization problem (e.g., by SQP)

i1 _ i
(4) fw(i)= % < TOL then stop (stopping criterium)
ul

(5) i:=1i+1; compute snapshots by solving state equation with control
u = u' and adjoint equation with y = y(u'); go back to (2)

Alternative: OS-POD, i.e., change of basis within the optimization via
optimality conditions
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Nonlinear heat equation

Numerical results

Data: yo(x1,Xx2) = 10x1x2, z(x1, x2) = 2+ 2|2x; — x|, b(y) = arctan(y), k = 8 = %, T =1, 185 FEs

. L+l — i | i o }
Recall: W(i) = T stopping criterium for dynamic POD strategy
u
| i | relative L? error for y relative L2 error for u | J(y, u) | w(i) |
0 4.4 12.0 0.358 1.00
1 1.0 8.1 0.360 0.13
2 0.9 6.8 0.361 0.08
[ PODopt | 05 I 5.7 [ 0358 | |
[FE | [ 0358 | |
POD FE
Compute snapshots M-flops 18
CPU time in s 3.3
Compute POD basis M-flops 0.44
CPU time in s 0.01
Solve with SQP M-flops 84
CPU time in s 22
total | M-flops 1.0 - 107 | 1.9 - 10° |

I
| cPutimeins [[ 25107 | 6.6-10° |
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Nonlinear heat equation
Suboptimal control

PDE:

Domin &

ye=Ay in(0,T)xQ

% =0 on (0,1) x 'y ‘
% =u(t)g on (0,1) x Iy ‘
y(0)=0 on Q C R3

Boundary condition at z = 0.5:

q(t,x) — e (x70.7505(271'1.‘))2 ‘

e (y—0.7sin(2m1)) ’

Cost functional:
Jy,u) =3 [oIy(T) = 1]7dx
T
+5 [y lu(t)?dt




Nonlinear heat equation
POD computation

@ Snapshot ensembles:

—h _h

Vi = span 4 {yh(t));, § L7 (G-0)

1 = span { (7"()), { ZOF e} )
P

V, = span { {p"(t))};, § =P (ti1)

2 = span {{p"(1)} { P02} )

V3:V1UV2

® E(0) =3, \i-100%:

[ ¢ [ E@ for V'] E(f) for VZ [ E(f) for V7 |

(=1 45.89 % 70.44 % 48.20 %
(=3 87.65 % 97.41 % 84.39 %
(=7 99.37 % 100.00 % 98.06 %
(=11 99.78 % 100.00 % 99.82 %
¢=15 99.80 % 100.00 % 99.90 %
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Nonlinear heat equation

Approximation of the control variable

» Comparison of the optimal controls Comparison of u"-u*®
| ozt S
o+~ . ,,/, .
ul v U Tor O \\\ .
I 15 1 1 u"—u™ for a7
0 u15 or wb i1 —o0.2l uh—ul® for wb i
__ufory 1 T h_,15 3
u's for ‘“? _ . ut-u for g
-0.5
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
t-axis t-axis
¢ LI —wufll for ff3 ey [ Mlu" — ufll for {97}y [ lu" — ufJl for {737 |
= 1 0.5100 0.5437 0.4672
= 3 0.3792 0.1200 0.1869
= 5 0.3506 0.0588 0.1201
= 9 0.3031 0.0585 0.0566
¢ =13 0.2057 0.0596 0.0555
lu? — ut | for different POD basis {df{}le corresponding to the ensembles V;, j = 1,2,3
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Parameter Id.

Parameter estimation [Kahlbacher/V., FWF P-19588]

@ Model equations: ¢ = %, (x) = ( 2 ) f(x)=x1,0=2,g=1

—cAu+6-Vu+10®+au="f inQcCR?
c%—kau:g onl

FE solution

ai = 3|Q,-,

.
.

.

.

.
.

“ i=1,23

) )

’\ 08 06 0.4 0.2 ) 0.2 04 06 08 1

@ Data: choose a;q4 > 0 and compute (FE) solution u(aiq) to ()

@ Reconstruction: estimate a > 0 from ug = (1 + aé)u(aid)|r with
random |e| < 1 and factor 6 = 5%
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Parameter Id.
Nonlinear optimization

@ Constrained optimization: &; = ;|2

3
min J(a, u) = /a|u — ug|?ds + S &ilaj|* s.t. (a, u) solves PDE & a >0
r i=1

@ Relaxation of the inequality:

min J{(a, u) = J(a, u)+ max {0, A + (0 — a)}2 s.t. (a, u) solves PDE
@ Outer loop: augmented Lagrangian method — control of g% and A¥
@ Inner loop: globalized SQP algorithm with fixed (0¥, A) for

—cAu+p3-Vu+10u¥P+au =f inQ

. gk
min J§,(a,u) st { c¥ioy =g onl
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Parameter Id.
Reduced-order modeling

@ Model equations: ¢ = 110, B(x) = ( i ) f(x)=x, 0= % g=1
—cAu+3-Vu+102 +au=f in Q C R?
c%—kouzg onl

@ Snapshots: (FE) solutions {u;}]; for n different a;
@ Parameter grid for a;: interpolation grid [Maday, Patera, Nguyen,.. ]
@ POD basis of rank ¢ = 8:

n L 5
minZaj"uj—Z(uj,Lb;) 1/J,H s.t. /lewjdx:du (Pe)
j=1 i=1
@ Solution to (P): correlation matrix Kj = [, uju; dx

Kvi=Aivi, Mi>2X2>...2X, 9= \/—&— Yoaj(vi)juj
=]
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Parameter Id.

POD computation

First POD basis

Decay of the fist 8 eigenvalues

o
10
107} .

.

107
10°) .

1 2 3 4 5 6 7

Second POD basis “Third POD basis

05

y-as 4 s yars 4

Stefan Volkw

n POD for Nonlinear Systems



Parameter Id.

Choice for the regularization parameter k = (k1, K2, k3)

@ Initialization: choose POD basis 1, ...,y

@ Bilevel optimization problem:

min J(H):a/|u£—ud|2ds
r

Ka<k<Kp
s.t. (a%, u’) suboptimal POD solution for
3
(rnir;JK(a, u)=af|u—ugds+ Y i a2
a,u i=1

s.t. a> 0 and
—cAu+3-Vu+10uP+au =f inQcCR?
c%—i—ou =g onl

@ Outer loop: e.g., fmincon from MATLAB

@ Inner loop: (fast) optimization method based on POD
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Parameter Id.

Numerical results

@ Data: aiq = (6,7,8), 5% noise

@ Starting values: kK9 =107%-(1,1,1)

@ Optimal value: k* = 107*- (0.6154, 4.438,3.221)
@ Results: 1417 FE dof

rel. error in a

POD, /=8 «k* 1.7%
k=K"/2 1.9%
K =2K" 1.9%
k=10"12 2.3%
FE K* 1.2%

@ CPU time: FE optimization ~ bilevel optimization
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A-posteriori error

A-posteriori error estimates [Troltzsch/V.]

@ Optimal control problem:

minJ(y.u) = 3 IAT) =2+ 5 [ u(OTRu(e)ae

sit. yi(t) + Ay(t) = Bu(t) + f(t) in [0, T] and y(0) =y
u€ Usg={uel’(0,T)|u,<u<upin0, T]},

@ H, V Hilbert spaces, V< H=H" — V'’ (e.g., H= L% V = H1)
@ RER™™withR>0,z€H, k>0

@ a:V XV — R bounded, symmetric, coercive
AV — V' with (Ag, ©)vr v = a(, @) for all g, 0 € V

@ B:IL%(0,T)— %0, T;V'), yo € H
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A-posteriori error
Optimality conditions

Optimal solution: (y*, u*)

(]

Adjoint equations:

—p*(t) + Ap*(t)=0in [0, T] and p*(T)=z—y*(T)

(]

Variational inequality:
T
/ (nu* — B*p*)(u —u*)dt >0 forall u€ Uy
0

with adjoint B* : [2(0, T; V) — [2(0, T)

Goal: estimate ||u* — u?|| for suboptimal u’ € U,y

(]

Idea: there exists ¢ € L2(0, T) satisfying

T
/ (/@'uz —B*pt+ CZ)(U — ue)dt >0 forallue Uy
0
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A-posteriori error
Error estimate

@ Associated state and dual variables: uf known

ye(t) + Ay“(t) = Bu'(t) + £(t) in[0,T], y*(0)=ye
—pe(t) + Ap'(t) =0 in [0, T], pY(T)=2z~y"T)

@ Modified variational inequality: ¢¢ € L?(0, T) satisfies

T
/ (/@'ue —Bpt+ Ce)(u — ue)dt >0 forallue Uy
0

@ Error estimate: [[u* — u|| < 1 ||¢f|| — 0 for £ — oo
— choose ¢ such that ||¢‘|| < TOL

@ Choice for ¢*: explicit formula
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A-posteriori error
Numerical example — 1

@ Optimal control problem:

.
min%/ﬂ|y(T,x)—20|2dx+20%/0 lu(t)|® dt

yve—Ay =0 inQ=(0,1)2CR?
¢ % =0 on rN:{(xl,xz)I)qE{O,l} and xx€[0,1]}
S.T. -
L = u(t)b on T\ Ty={(xie)|xe(0.1) and . e{0,1}}

-6 <u<1l in[0,T]
with b(t,Xl,Xz) _ e—(><1—0.7cos(2-rrt'))2—(x2—0.7sin(2'rrt))2

@ Optimization method: primal-dual active set strategy

@ Discretization: implicit Euler, 1600 FE dofs
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Numerical example — 2

A-posteriori error

@ Example: start with £ = 2 and stop if x~1||¢?| 2 < 1072

Stefan Volkwein POD for Nonlinear Systems

¢ flur =t s

2 0.079670  3.361904

3 0.016831  0.065327

4 0.001876  0.002951

5 0.000943  0.002229

6  0.000937  0.002213
FE optimizer 1611 s
Snapshot generation 8s
POD computation (¢ = 10) 5s
ROM (£ = 6) <1ls
POD optimizer (¢ = 6) 3s
Computation of ¢¢ 18 s

— 50s



Linear-quadratic-regulator (LQR) design

@ Linear dynamical system in R:
x(t) = Ax(t) + Bu(t) for t >0, x(0)=xo
with state x(t) € R?, control u(t) € R™ and A € R*¢, B € R®*™
@ Quadratic cost: J(x,u) = /000 x(t)T Qx(t) + u(t) " Ru(t) dt

with Q e R, Q =0and R€R™*™ R >0
® Goal: (full state) feedback law u(t) = Fx(t) with F € R™*¢
@ Solution: F = —R!BTP with P = PT € R¢*!

ATP4+PA+Q—-PBR'BTP=0 (Matrix Riccati)

@ Problem: often only partial state measurement available
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'H, static output feedback (SOF) design

@ Linear dynamical system in R:

x(t) = Ax(t) + Bu(t) + Biw(t) for t > 0, x(0) = xo

with A € R™¢, B e R™*™, B, e R“*™, C € R»* and
x(t) € RY,  wu(t) eR™, y(t) eR™, w(t)eR™

@ Feedback law: u(t) = Fy(t) with F € R™*™

@ Solution: F given by nonconvex semidefinite programming

mintrace (LB1By ) st. H(F,L,V)=0& V = 0¢cR>** (SDP)

. A(F)TL+LA(F)+C(F)" C(F)
with H(F, L, V) = ( AF)T VA VA(F) 41 > € R2xL
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SOF controller design [Leibfritz/V.]

vi=kAv+av in Qx(0,T)
—2gr=0 on ;x(0,T), j=1,2,3,5
“A% =au(v—atus(t))teso (v —cf) on Ty x(0,T)
—AGr=a(v—e+i(t)) on I;x(0,T), j=6,7,8
v(0)=vo in Q

Domain Q and boundary parts I, i=1,....8

o_; py Control: u(t) € R? n, =2
P
0.8 fist contol input T ) 3 B
07 i Measurement: y(t) € R? n, =3
06 yvi(t) =v(0,1;¢)
HEE & ya(t) = v(0,0; t)
04 ya(t) = v(2/3,1/2;t)
(

0.2] second control input
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Variational form for nonlinear heat equation

@ Nonlinear heat equation:

—/\% =ay4(v — ¢4 + ug(t)) +eqo(v —c5) onTyx (0, 7)
—Agr =a(v—e+ () on ;% (0,T), j = 6,7,8

@ Variational form: for all p € H}(Q)

5~

vt(t)cp—i-/QVv( ) - Vgo—av(t)(pdx:/@/av(t)gods /)\Bv pds
r

=% | (aucs +es0cy)p — (aav(t) +esov?(t)) e — asua(t)pds
M4

/ &t — av(t)p — ab(t)pds
MeUr7UlNg

>/|Z

Stefan Volkwein POD for Nonlinear Systems



Ho SOF design

@ Dynamical system in RV: spatial discretization (e.g., FE or FD) and
linearization

Ax(t) + Bu(t) + Biw(t) for t > 0, x(0) = xo

-

—~~
~

SN
Il

@ Goal: feedback law u(t) = Fy(t) with F € R?*3

@ Solution: F given by

mintrace(LB1B)) s.t. H(F,L,V)=0& V=0  (SDP)
T T
with H(F, L, V) = ( A(F)T L LAGF)C(F)T C(F) ) c R2NXN
A(F)T V+VA(F)+I

® N = # FE or FD unknowns (!)

Stefan Volkwein POD for Nonlinear Systems



Reduced-order model (ROM)

@ Compute solution y of nonlinear heat quation with FE or FD at
timeinstances0 <ty < ... <t, < T

® Snapshots: yj = y(tj) fori=1,...,n
@ POD: R"w,' = )\,"(!J,' with Rnw’_ = E Qj fQ w’y.l dx Y
j=1

@ ROM: Galerkin ansatz for nonlinear heat equation with 1, .. ., ¥y

-

—~
~

N—r
Il
>

“x(t) + GY(x(t)) + B u(t) + Bfw(t), x(0)=x’

u(t) = Féy(t), Ft e R?*3
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Feedback synthesis

@ Reduction in the variable x, not in y and u

@ Linearize and set up the SDP problem
= [ is the size of the SDP problem
= 5=1/¢ <3796 FD unknowns

@ Solve SDP by Interior-point trust-region method [Leibfritz/Mostafa]

@ Plug in the computed feedback law into the FD modell (closed-loop)

x(t) = Ax(t) + G(x(t)) + B F'Cx(t) +Biw(t), x(0) = xo
=Fty(t)=u(t)
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Numerical example (Part 3)

Temp. att=15 Temp. att Temp. att=3

Temp. att=10

‘\ Optimal SOF control on r7
2000 Y,
8
\ ‘Optimal SOF control on V'A
w00
o
0

POD for Nonlinear Systems
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