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Introduction Motivation

Motivation for our Research Areas

@ Problem: time-variant, nonlinear, parametrized PDE systems

@ Efficient and reliable numerical simulation in multi-query cases
— finite element or finite volume discretizations too complex

@ Multi-query examples

e fast simulation for different parameters on small computers
@ parameter estimation, optimal design and feedback control

— usage of a reduced-order SURROGATE MODEL

@ Time-variant, nonlinear coupled PDEs
— methods from linear system theory not directly applicable

@ Nonlinear model-order reduction
— proper orthogonal decomposition and reduced-basis method

@ Error control for reduced-order model
— new a-priori and a-posteriori error analysis artin Gubisch, Stefan Trenz, Andrea Wesche)
— reliable PDE constrained multi-objective optimization aura iapichine, stefan Trenz)
— economic model prediciﬂve control (ars Grine, Thomas Meurer, Sabrina Rogg)
— certified closed-loop strategies iessandro Alla, Maurizio Falcone)

PDE — Partial Differential Equation
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Minimization with Inequality Constraints

@ “Problem”: min {f(x) =x? : —eo < X < oo}

@ Optimality condition: 7'(x}) < 0 with f'(x) =2x
@ Solution: x; =0

@ Problem: min {f(x)=x2:1<x<3}
@ Lagrange functional:

L(x, ua, up) = F(X) + a(1 = X) + up(x — 3)
@ Optimality condition:

fog)-nztmy \ | [ O
ua(1-x5) =[ 0o | & F(x)(x—x5)>0vxe[1,3] °
————

15 (6 —3) 0 0
b2 2(x-1)
_§5
@ Solution: x3 =1, us =2, u5=0
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Introduction Outline of the Talk

Outline of the talk

Semilinear optimal control problems

Proper orthogonal decomposition (POD)
A-posteriori error for linear-quadratic optimal control
Basis update by optimality-system POD (OS-POD)
Extension to semilinear optimal control problems

Conclusions and outlook
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Semilinear Optimal Control Problems Problem Formulation

Optimal Control of Semilinear Parabolic Problems areltzsch 10y

@ PDE constrained optimization problem: Minimize the quadratic cost

A, )—“@/ [ 1vtx0 - vt axat+ 2 [ |y(h.x0 - va(0[ ax

/ / |u9(t,x) — ud(t,x)]| dxdf+—/ / —WP(t,5)Pdsdt
with respect to (y, u) subject to the semilinear evolution equation
Cpyi(t,X) — Ay(t,x)+ A4 (y(t,x)) = f(1,x)+ u(t,x), (tx)eQ=(t,k)xQ
%(r,sn ay(t,s) = u(t,s), (1) ex=(t,t)xoQ (B
y(to,X) = Yo(X), XeQCR", ne{l,2,3}
and the bilateral control constraints
Ugg = {u= (U9, uP)|ud <u? < uf inQand u§ < uP < ug on T}
@ Assumption: for any control u € Uyg there exists a unique state y = y(u) satisfying (SE)
@ Reduced problem: Setting J(u) = J(y(u), u) we consider the reduced problem
minJ(u) subjectto UeUgg ®
— nonconvex problem — possibly many local optimal solutions
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Semilinear Optimal Control F Ch ization of Solutions by First-Order Optimality Conditions

First-Order Necessary Optimality Condition (Hinze/Pinnau/ulbrich/Ulbrich’09, ito/Kunisch'08, Tréitzsch* 10)

@ Reduced problem: Setting J(u) = J(y(u), u) we consider the reduced problem
minJ(u) subjectto UeUgqg Q)
@ Existence of local optimal controls U: properties of .47, regularity hypotheses

@ Optimality conditions: based on constraint qualifications
(1) State equation [= ¥ = y(T)]

Cot— Ay +H(7) =f+T° in Q= (., 1) xQ
ay
ar);—i—qy P onx =(f,%)xdQ
y(ro):yo inQ
(2) Adjoint equation[= p = p(T)]
—CpPbt — AP+ A (V)P =0g(ya—¥), inQ
Jap
n +qgp=0 onx
p(t) = aa(va —¥(f)) in Q

(3) Variational inequality [T = (4%, TP) € Uqgq]

/ / (@ - @ p)(ufad)dxdm/f/;n(xb(abfu(?)7;5)(ubfab)dsdfzo

for all (admissible) u = (U9, uP) € Uqqg
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Semilinear Optimal Control Problems Projected Newton-CG M with Armijo Li d

Computation of the Reduced Hessian (Hinze/pinnau/uibrich/Ulbrich'09)

@ Reduced problem: Setting J(u) = J(y(u), u) we consider the reduced problem
minJ(u) subjectto ue Uqyg ()

@ Reduced gradient: J'(u) = ([Kd(ud —ud)-pl|g ) [P (uP - uP) —p] |z>

@ Evaluation of the reduced hessian J’ at u € Uqq in a direction us = (ug, ub):

(1) solve the linearized state equation [= ys = ys(Us; u) with y = y(u)]

Co(Vs)t — AYs +A'(y)Ys = Ug in &
ay.
Trf +QVs = u? onx
yé(rO) =0 inQ
(2) solve the linearized adjoint equation[= ps = ps(Us; u) with y = y(u). p = p(u)]
—Cp(Ps)t— Aps + A (Y)Ps = —agqys — A" (V)YsP in Q
Ips _
W +Qps = 0 onXx
ps(f) = —oays(t) in Q

3) Set J'(u)us = ([Kdug -psllo ‘ [xPu? — ps] ‘):)
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Semilinear Optimal Control Problems Locally S d-Order Optimization Method

Numerical Solution Algorithm

@ Reduced problem: Setting J(u) = J(y(u), u) we consider the reduced problem
minJ(u) subjectto UeUqgqg )
@ Newton’s method: solve at Uk with y¥ = y(u¥) and p¥ = p(u¥)
min J(U¥) + I (UF)us + % J'(U¥)(us,us) subjectto  us with UK + us € Ugg
with a (fruncated) conjugate gradient method ocedal/wright oe)

Reduced gradient: J/(uk) = ([K‘j(u’“d -ud)-pP g ) [P (UK — U — p¥] |z>

Evaluation of the reduced hessian at u € Uqygq in direction us = (ug, ug?):

(1) solve the linearized state equation for ys = y;s(us; u)
(2) solve the linearized adjoint equation for ps = pg(Us; U¥)

@ Set I"(uk)us = ([x9ug - ps] || [KPUE — ps]s )

Globalization: negative curvature test and Armijo line search

Control constraints: projected BFGS/Newton method «eliey99)

Numerical realization: finite elements (FE) and implicit Euler method
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Semilinear Optimal Control F Ni ical Test Experi

Numerical Example: Distributed Optimal Control «ammann/tréltzsch/v: 13, Trenz'15)

@ Control input: u9(t,x) =Y, ui(Hw;(x) and uP =0, start with U@ (,x) = ¥4, 0.2w;(x)
@ Bilateral control bounds: ug = -1 and ug =1

@ Nonlinearity: .4 (y) = y3 with #7(y) =3y? >0

@ Discretization: N =729 FE unknown and N; = 120 time instances

@ Exact optimal state: y(t,x) = cos(x;)cos(x) = Vo (x) for X = (x1,X%) € Q = (0,27)?

@ Exact optimal control: Uy = Gy and U, = U3 in [f,, ] = [0, 1]

Initial state yo(r,z2) Analytical optimal control w3 (1)

won,22)

o
8
7
6
5
4
3
2
1

0

Newton-CG BFGS BFGS-Inv

# Iterations 6 30 30
Time 59s 40s 485
J(VFE, T 3.14e-2 3.14e2  3.14e2
|a— T 6.69e-3 451e-3 5.72e-3
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Proper Orthogonal Decomposition (POD) Motivation of the Red: d-Order Modelil

Galerkin-Based Reduced-Order Modeling

@ Model problem (weak form of our PDE): y(f,) = ¥, and

(Covi(h), 0 +/Vy 1-Vo+. 4 (y(t)pdx = /( (H+ul(t) <PdX+/ (Neds
forall ¢ € V in (1., %]. where we write y(t) = y(t,-) efc.
@ Typical choices: H}(Q) c V ¢ H'(Q) and H=[?(Q)
@ Finite element approximation: yN(t) e VN =span{¢’,...,o"N} c V with yN(t,) = 2Ny,
and
(coyN(t). 0 +/ VyN(1)- Vo + .4 (yN(1))gdx = / (F(1) +u¥(H) (pdx+/ Hpds

forall ¢ € VNin (1., %]
@ Alternatives: finite volume or finite difference schemes
@ Reduced-order model: y/(t) € V! =span{y}....,y} ¢ VN and ¢ < N with

yi(t,) = 2%y, and
(Covi(N.w)+ [V () Vy+ H( (Dwax= [ (N +u(D)yax+ [ _uo(nyas
forall y € Vin (f,, 1]

@ Reduced-order subspace V': Proper Orthogonal Decomposition or Reduced-Basis
@ Nonlinear problems: (Discrete) Empirical Interpolation Method - (D)EIM
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Proper Orthogonal Decomposition (POD) A Continuous Variant of Proper Orthogonal Decomposition (POD)

Proper Orthogonal Decomposition (POD)

@ Dynamical system in separable Hilbert space X (e.g.. X =H or V):
y(t) =F(ty(1)u(t) in(t.k], y(t)=y.€X
with given parameter or control u(t), and data y., f
@ Given multiple snapshots: solutions y*(1) € X, e.g., for parameters {uk}f:]

@ Snapshot subspace: V = span {yX(#)|t € [f., ] and 1 <k < p} € X
@ Continuous variant of POD: for every /£ solve

munz/ Iy (- Z V) v dt st (vl C X ww)x =8y, 1<ij<E @)

@ Integral operator: define Z: X — X as Zy = ):k 1 ,  (w, yK(1)y y¥ (1) dt for w e X
Theorem (Hilbert-Schmidt, Riesz-Schauder; Perturbation theory for the spectrum)

1) Zis linear, compact, selfadjoint and nonnegative.

2) There are eigenfunctions {;}7 ; and eigenvalues {Z,v}‘f:] with

AU =Ny, M >Xp>...>0, Im2;=0

=00

0 2 D =
3) {@}._, solves (x) and Z ij (- Z1<yk(f)~,ll7i>x Vi ’de: -,)ﬂ:ﬂl"
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Proper Orthogonal Decomposition (POD) Numerical Test Experiment

Numerical Example: POD-Basis Computation renz15)

@ Control input: u9(t,x) = ¥4 , 0.2w;(x) e L
@ Nonlinearity: ¥ (y) = y® :
@ Discretization: N =729 FEs, Ny =120
@ POD topology: X = [2(Q)

Snapshots of the state y at + =0.25,0.5,0.75, and 1: )

@ First four POD basis functions:
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A-F

jori Error Esti ion for Linear-Q: ic Optimal Control Problem Formulation

Linear-Quadratic, Time-Variant Optimal Control Problems

Quadratic programming (QP) problem:

i I = 5 V() vyl + 5 /: Juhat
subject to the linear evolution problem

i), @) +a(tiy(t), 0) = ((f+BU)(1),9) Vo Vin (f,H]

with y(1,) = v, and to bilateral control constraints

UEUgg ={VeU|ua(t) < v(t) < up(t)in[f, K]}
State: y(f) € V — H with Hilbert spaces V, H
Control (Hilbert) space: U = [2(t,, k; U) with U=RN, U=12(Q) or U= [2(I")
Input/control: u € Uyy (boundary or distributed control)

Bilinear form: a(t;-,-) continuous and a(t; ¢, @) > 7, H(pH%/ — )’2‘“0”}2_/, e.g.
O(f;ﬁl’-,l!/):/QWP'VW-I-«/V'(Y(T))(PWdX foro,y eV

with 4 (y) = y3 or A4 (y) =sinhy
Control operator: 2 : U — [2(t,,%; V') linear, bounded
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A-F jori Error Esti ion for Linear-Q: ic Optimal Control Characterization of Solutions by First-Order Optimality Conditions

First-Order Necessary and Sufficient Optimality Conditions

@ Quadratic programming (QP) problem:

. _ 1] 2, Kk [f 2
Xg;uypu)J(x>—§ny<ff)—yerH+§/fD lu(t)|? at

st (yi(h). @) +a(ty(t),0) = (f+2u)(1),9) YeeVin(t,t]
y(f)=VYo and ug(f) <u(t) <up(t), tell,k

@ Optimal control U € Ugg = {u|uq < U< Up in [t,, %]}, associated state y = y(u)
@ Adjoint/dual equation:
—(Pi(t), @)+ a(ti0.p(1) =0 VeeVinlt, k), P(f)=y(k) -y

@ Variational inequality:

/TTf (kU(t) = (#*P)(t),u(t)—U(t))dt >0 VU € Ugg v

@ Reduced cost: J(u) = J(y(u),u) with J'(T) = kT~ #*p € U, i.e., (VD) reads
(J(@),u(t)-T()) =0 YuEUqgy
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A-F jori Error Esti ion for Linear-Q: ic Optimal Control POD Galerkin Discretization

POD Galerkin Scheme for the State and Dual Variable

@ State equation:

(1), @) +a(tiy(t), @) = ((f+2u)(1),0) VeeVin(f, k], y(f)=Y.
@ POD space: V! =span{yy,...,y} C V
@ Orthogonal projection: 29 =Y (¢, y))xy; € Vi foroe V
@ POD state: y! = y/(u) with y(f) € V¥ in [t,, %] solves

i) w) +alty'(h,v) = (F+2u)().y) YyeViin(thl, yi(t)=2
@ Adjoint/dual equation: p = p(y(u)) solves
—(Pi(t), @)+ a(tie.p(1) =0 VeeVinlt,t), p(t)=y(Hk) -y

@ POD dual: p = p!(y’(u)) with pf(t) € V¢ in [t,, ] solves

—(Pi(1,w) +a(ty.p'(H) =0 vyeViinlt.k), P'(t)=y(t)-w

= same POD basis for state and adjoint variable

Stefan Volkwein -Order in PDE C i Optimizati 18 /36




A-F iori Error Estimation for Linear-Q ic Optimal Control Perturbation Argument

POD A-Posteriori Error Analysis ivalanowski/Btskens/Maurer 97, Tréltzsch/V:09)

@ Variational inequality:
N
/f ' (xU(t) — (' P)(t),u(t) —U(t))dt >0 Vu€E Ugqg "))

@ Optimal POD solution: T € Ugy. associated state ! = y*(T') and dual p* = p(y*(T"))
@ POD variational inequality:

/frf (kT (1) — (BB (1), u(t) =T (1)) dt >0 VueUgg 5
@ Misfit in the variational inequality:
/fff (kT (1) — (BB (1), u(t) — T (1)) dI20 Vu e Ugy

with 7 = y(T') and B’ = p(y(T'))
@ Perturbation analysis: there exists a perturbation ¢ € U satisfying

f -
/ff (U (1) — (BB (1) +L(1), u(t) = T (1))dt >0 VYueUggy o
@ A-posteriori analysis: choose u= T’ in (VI), u=Tin (\7I[) and add

@ A-posteriori error estimate for the control: ||T—&T’|| < ||¢||/x
@ Reduced-basis method: related work (pede’10, Grepl/kércher 14, Negri/Rozza/Manzoni/ Quarteroni‘ 13)
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A-P iori Error Estimation for Linear-Q ic Optimal Control Algorithmic Realization

Algorithm with POD A-Posteriori Analysis

@ A-posteriori error estimate: ||U— T'|| < ||¢]|/x and B’ = p(y(T))

— (kT ()~ (2"B")(1) If Ua(f) < T'(f) < up(1)
@ Computation of {: {(#) ={ —min (0,xT (1) — (B*B) (1))  if T(F) = Ua(t)

—max (0, KU (1) — (95*[:)()(7‘)) if Df(f) = Up(t)

Algorithmus 1 (Optimal control with a-posteriori error estimation)

1. Choose POD basis {y; f:] for the Galerkin approximation of the QP problem;

2: Determine the reduced-order model for the QP problem;

3: Calculate suboptimal control T € Uqy, €.9., by a semismooth Newton method;
4: Compute perturbation & = ¢(T');

5: if |C¢||/x > TOL then

6:  Enlarge ¢ and go back to Step 2;

7. else

8:  Stop;

9: end if
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A-F jori Error Esti ion for Lineai ic Optimal Control Numerical Test Experiment

Numerical Example: Problem Formulation and Optimal Control studinger/v:13)

@ Consider:
) 1 1 i
minJ(y,u) = §/Q\V(ff)*yd‘zdx"'m/of/mW\st‘”

. dyy .y _ v N0 2
st y;—0.1Ay=0in Q, %+ﬁ7uonz, yO)=y.inQ=(0,1)

—05<u<20on¥=(0,f) N

@ Method & discretization: semismooth Newton & implizit Euler, finite elements

Course of the FE optmal conirolu’
%0 " 1”0 yet

2 2 ot
s
2 \ 15 ?“ r 15 : A “/‘ b2
| *
1 1 1 | ' o / o
]

3=t

0 0 o 5.
-1 0 -1 0 -1 1

1 f i 1 il i
05 05 05 05 05 05 oF @ oF (]

xeais 00 fmeads weais 00 gmeads ais "1 e s "0 s
* 0 Xv:‘ =0 1
2 2 g
s
| 15 . e )
| 18 o o2 b 15
! I 1 s
15 17 o P
I '
a2 i
0 il 05 16 2 4 .
15 M
1 ° | i ? d
1 1 B '
05 05 05 05 05 03 " 0 w -
xeais 00 imoads wais 00 imeas yais "1 e s 00 e
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A-F iori Error Estimation for Linear-Q

Numerical Example: POD Error

Cousc sy s sttt g s POD s it

ic Optimal Control

ANalysis (studinger/v:13)

decay of normalized eigen values on semiog scale, Variant eigs

Numerical Test Experiment

Courseafthe FEopna contol .

Y

3 s 00 imais s 00 ineais
£ 10"
< . 3 _ 2
. an . H
I 107 i i "
I 13 "
: ‘ -
» 0 ! R i i O
e T — 0 70 xZSS\X T s 5:,1; T s
- - T
@ A-posteriori error: ||T— T°|| < —[|£(T°)|| arottaschivo
K
@ A-posteriori error within FE: |0 — Tf|| < — HCFE( U)|| =: efEo ubischeitzelv:
o] qpe (Gubisch/Neitzel/V. 15)
efE efE
) efE HDFE _ DIH ape efE HDFE _ DiH ape
e il S il
5 1.3e-0 9.le-1 1.32 6.5e-1 5.6e-1 1.16
20 5.9e-1 3.2e-1 1.84 7.5e-3 7.3e-3 1.03
60 1.4e-2 1.2e-2 117 8.3e-5 8.3e-5 1.00
70 1.2e-2 1.1e-2 1.10 3.0e-5 3.0e-5 1.00
90 1.1e-2 9.7e-3 1.13 3.7e-6 3.7e-6 1.00

Difficulty: choice of ‘expected’ control for computation of the POD basis
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Basis Update by Optimality-System POD
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Basis Update by Optimality-System POD Idea of the POD Basis Update

Optimality-System POD (OS-POD) unisch/v:08)

@ Optimal control problem:
minJ(y,u) st (¥,U) € Yag x Uad, Y(F) = F(1,y(H),u(®)) In (f., 1], y(t.) =y, P
@ POD-Galerkin approximation: {y; f:1 POD basis of rank ¢
minJ/ (Y, u) st (Y,u) € Yag x Uaa, V(P = FL(RY (). U(t) in (f, ], y'(B) = y2 (P

@ POD basis: eigenvalue problem with 4; >4, > ...

te .
f%’wf:/f (), w)y(Hdt = Ay, i=1,....¢ )

=y =y(u).l.e. y=y(u) and 4 = 4;(u)
@ A-priori analysis for linear-quadratic, time-variant problems (inze/v:08):
[o-wP=o( ¥ 4@) forv=w(@
=041
but [|T— T]| =3 0 with no rate otherwise mstzschvios

@ OS-POD: - augment (PY) by the additional constraints (x)
—improve the quality of the initial basis by applying a few gradient steps
- proceed with a fixed basis and utilize a-posteriori error @uoisch/v: 14, Tréitzsch/v:09)

@ Optimization method: variants of semismooth Newton methods
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Basis Update by Optimality-System POD  Numerical Test Experiment

OS-POD for Linear-Quadratic, Control Constrained Control rimm 14, Grimm/Gubisch/v: 15)

@ Optimal control problem:

) 1 K [k
mmJ(y,u):§/Q|y(1‘f)—y9{2dx-~-§/D /&Q\u|2dsdf

st Coyr—Ay=0iNQ, dy+gy=uonE, y(0)=yinQ=(0,1)
Ug=0<u<1=uponX=(0k)xa0Q

initial state v, desired final state yo optimal final state g(t)

D =
DL
iz S
oD
e
v e
A s rravard
7% a7

with TFE
req. ( 40 13 13 _ _ R
CPU 147.1s  184s 11.5s wol ked WG
= different ug 67 15 16 (2233)
Eape 1.14e-2  282e-3  1.94e-3 different u, 38 6 4(3891)
|TFE — T 9.53e-3 26263  193e-3

ITFE —Te|/|TFE| 7.73e-3  2.15e-3  1.59e-3
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Basis Update by Optimality-System POD  Numerical Test Experiment

OS-POD for Linear-Quadratic, Control Constrained Control rimm 14, Grimm/Gubisch/v: 15)

@ First four POD basis functions generated from u =0:

N
SO,
TSR

@ First four POD basis functions generated from the optimal control G

RS
R

SN v‘f{'%
RO
NIV
N

@ First four POD basis functions generated after k =2 OS-POD gradient steps:

22
o

NESSER

R -
SRR

T

2
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Basis Update by Optimality-System POD State Constraints

State and Control Constrained Optimal Control Problem

@ Quadratic programming (QP) problem:

. 1 K [T
min S0 = 5 IY() ~ Vel + 75 [ IuIfar

x=(y.u)
subject to the linear evolution problem
i), @) +a(tiy(). @) = ((f+2u)(1),0) Ve Vin(f,H
with y(1,) = y, and to bilateral control constraints
UE Ugg = {V EU|Ua(t) < V(1) < up(t)in [f., 1]}
V€ Yoo = {Z€ L2(Q)| ya(t,X) < 2(1,X) < yp(t,X) in Q}

@ Lavrentiev regularization: £ >0

1 K [h o [T
Joew) = 5 () = Vel + 5 [ It [T 1w ot
(v.w) € {z€ (Q)|Yalt,x) < ew(t.x) +2(1,X) < V(1. x) In Q}

@ Regular Lagrange multipliers msizschos): formulation as a control constrained problem
@ A-posteriori error @rimm/cubisch/v:15): extension from the control-constrained case
— OS-POD and semismooth Newton method also applicable
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Basis Update by Optimality-System POD  Numerical Test Experiment

Numerical Example (arimm/cubisch/v: 15)

@ Two-dimensional heat equation
. . : I/I )\

@ Distributed control Sy ”’,';{,"mt:{:\\‘{\‘&‘{k\,

@ Semismooth Newton method

AT
il \\'t\\\\ )
{ i

ity

il
gy

'I/,‘ ‘“\\\\m\

.o'o
\\\\

/
o t‘\‘{\\\\\\‘
o
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Extension to Semilinear Optimal Control F POD A-F iori Error for il Optimal Control Problems

A-Posteriori Analysis for Semilinear Optimal Control Problems «ammann/tréltzsch/v: 12, DFG granty

@ Reduced problem: min J(u) with hessian J/(u)
uelag

@ First-order optimality conditions: J/(T)(u—T) > O for all u € Ugg
@ Second-order sufficient optimality conditions: there is a constant n = n(4) > 0 with

(@) (u,u) = nul® vu

= J"(U)(u,u) > 2 Ul Yu, VT € Ugg provided ||T— U sufficiently small
Theorem (Kammann/Tréltzsch/ V. 13)
U optimal control, Ut suboptimal control. Then, second-order sufficient optimality implies
o . 2 —y
|G- Tl < €ape Wit eape = - IE(@)

provided ||t — T'|| is sufficiently small

@ Computation of {(T'): based on state y = y(T’) and p = p(T")

@ Problem: estimate n = 1(T) — smallest eigenvalue of J/({I)
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Extension to Semilinear Optimal Control F ical Test E

Numerical Example: Distributed Optimal Control «ammann/tréltzsch/v: 13, Trenz'15)

Control input: u9(t,x) =X, u(Hw;(x) and uP =0

Bilateral control bounds: ug = -1 and ug =1

Nonlinearity: .+ (y) = y3 with #/(y) =3y2 >0

Discretization: N =729 FE unknowns, N; = 120 time instances and ¢ = 7 PODs
Exact optimal state: y(1,x) = cos(x;)cos(x) = Yo (x) for X = (x1,%) € Q = (0,27)?
Exact optimal control: U; = Uy and Uy = Us in [fo, %] = [0, 1]

Analytical optimal control u (t) Error [uf (1) — ul*(t)] (NEWTCG)

10731 () — Ul ()] (NEWTCG), £ =7
X

%z o4, os o8 1
POD(¢=7)  Newfon-CG BFGS BFGS-Inv

FE(N=729) Newton-CG
# Iterations 9 31 31
Time 37s 655 7.4 # Iterations 6
J'.o) 3.15e-2 3.15e-02 3-15e-02 Time 59s
la—at| 3.64e-3 5.17e-3 5.94-3 J(yFE,TFE) 3.41e-2
eape 3.71e-3 3.71e-3(2.16e-3)  3.72e-3 (0.90e-3) la— dFEH 6.69e-3
Amin 5.37e-3 537e-3(1.72e2)  5.37e-3(222e-2)
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Extension to Semilinear Optimal Control Problems Trust-Region POD Methods

POD Basis Update by Trust-Region Optimization arian/rahi/sachs'00, schu’12, Rogg'14)

@ QP problem in Newton’s method:
min @ (us) = J(UX) + (I (U¥), us) + %f]”(uk)(ug, Us) st ug<UK+us<up

@ Expensive parts: computation of gradient J'(uX) and hessian J”(uk)
— utilze POD approximations J,(uK) and J7(u¥) in a trust region around u
@ Trust-region POD subproblem:

minJ(u¥) + (J,(uF), us) + % T/(UR)(ug,Us) st Ug < UK+ us < up and |us| < AK

@ Convergence criterium: Carter condifion [|J/(u¥) — J,(uk)|| < v J,(u¥)|| with y € (O, 1)
@ Numerical experiments rogg'14)

- Steihaug CG mocedalwiight'os), global convergence
- 10x faster for two-dimensional, semilinear parabolic PDE

@ Combination with a-posteriori error analysis: use a-posteriori error for the dual
19/(4X) = Tyl = 12 (P(y (UF)) — P (v (UX))| < Cerrduel(u¥)

— efficient computation by evaluating primal and dual residuals at uX rogg/menzv1s)
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Extension to Semilinear Optimal Control F Ni ical Test Experi it

Numerical Example: Boundary Optimal Control rogg14)

@ Boundary control: uP(t,x) = ¥, u()wj(x) and u¥ =0
@ Nonlinearity: .+ (y) = y3 with #/(y) =3y2 >0
@ Discretization: N =727 FE unknowns, N; = 400 time instances and ¢ = 7 PODs

,ﬁh

—t ¢ Uy 1TWR) #CGit. Ak
T 0 17667  2.4e- 3 8.0
6 1 09377  3.6e-2 4 9.6
2 09029 57e-3 5 1.5
: 3 09022  85e-4
R PRLC
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Extension to Semilinear Optimal Control P ical Test E:

Numerical Example rogg'15)

@ First four POD basis functions generated from the u=0:

Basis 3

@ First four POD basis functions generated from the optimal control TFE:

@ First four POD basis functions generated after one trust-region step:

Basis 1 Basis 2

Basis 3
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Conclusions and Outlook

Summary and Ongoing Research

POD method for constrained optimal control problems
A-priori and a-posteriori error analysis for the controls
Change of the POD basis by OS-POD and TR-POD
POD basis updates by optimality conditions (OS-POD)
POD basis updates by trust region constraints (TR-POD)

Combination of SQP and OS-POD etzdorf/v)

Reduced-order method in PDE constrained multiobjective optimization gapichino/trenz/v)
Model predictive control in pharmaceutical application Renal Research institute New York & Rogg/V.)
A-priori error analysis for closed-loop control (Hamilton-Jacobi-Bellman) ia/Faicone/v: 15)

Are YOU interested in ...

Reduced Basis Methods @ POD Methods
Model Reduction for Parametrized Systems @ Optimization
Balanced Truncation @ Low Rank Tensor Approximation

Reduced Basis Summer School 2015
http://www.math.uni-konstanz.de/numerik/pod/rbss_2015
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