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Outline of the talk

I POD and singular value decomposition (SVD)

I Snapshot POD for nonlinear dynamical systems

I Reduced-order modeling (ROM)

I Numerical examples: heat flow, Burgers equation, Navier-Stokes
equations

I Continuous POD for nonlinear dynamical systems

I Numerical examples
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POD as a minimizing problem

I Given: y1, . . . , yn ∈ Rm; set V = span {y1, . . . , yn} ⊂ Rm

I Goal: Find ` ≤ dimV orthonormal vectors {ψi}`i=1 in Rm minimizing

J(ψ1, . . . , ψ`) =
n∑

j=1

∥∥∥yj −
∑̀

i=1

(
y T

j ψi

)
ψi

∥∥∥
2

−→ min!

with the Euclidean norm ‖y‖ =
√

y T y

I Constrained optimization:

min J(ψ1, . . . , ψ`) subject to ψT
i ψj =

{
1 if i = j
0 otherwise
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Necessary optimality conditions (Part 1)

I Lagrange functional:

L(ψ1, . . . , ψ`, λ11, . . . , λ``) = J(ψ1, . . . , ψ`) +
∑̀

i ,j=1

λij

(
ψT

i ψj − δij

)

with the Kronecker symbol δij = 1 for i = j and δij = 0 otherwise

I Optimality conditions:

∂L

∂ψi
(ψ1, . . . , ψ`, λ11, . . . , λ``) = 0 ∈ Rm for i = 1, . . . , `

∂L

∂λij
(ψ1, . . . , ψ`, λ11, . . . , λ``) = 0 ∈ R for i , j = 1, . . . , `
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Necessary optimality conditions (Part 2)

I L(ψ1, . . . , ψ`, λ11, . . . , λ``) = J(ψ1, . . . , ψ`) +
∑̀

i ,j=1

λij

(
ψT

i ψj − δij

)

I ∂L

∂ψi
= 0 ⇔

n∑

j=1

yj (y T
j ψi ) = λiiψi and λij = 0 for i 6= j

I ∂L

∂λij
= 0 ⇔ ψT

i ψj = δij

I Setting λi = λii and Y = [y1, . . . , yn] ∈ Rm×n we have

YY Tψi = λiψi for i = 1, . . . , `

i.e., necessary optimality conditions are given by a symmetric m×m
eigenvalue problem

I Here: necessary optimality conditions are already sufficient.
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Computation of the POD basis (Part 1)

I Optimality conditions: YY Tψi = λiψi for i = 1, . . . , `

I Solution by SVD for Y ∈ Rm×n: d = rank Y , σ1 ≥ . . . ≥ σd > 0,
U = [u1, . . . , um] ∈ Rm×m und V = [v1, . . . , vn] ∈ Rn×n orthogonal
with

UT YV =

(
D 0
0 0

)
= Σ ∈ Rm×n

where D = diag (σ1, . . . , σd ) ∈ Rd×d . Moreover, for 1 ≤ i ≤ d

Yvi = σi ui , Y T ui = σi vi , YY T ui = σ2
i ui , Y T Yvi = σ2

i vi

I POD basis: ψi = ui and λi = σ2
i > 0 for i = 1, . . . , ` ≤ d = dimV
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Computation of the POD basis (Part 2)

I Data ensemble: V = span {y1, . . . , yn} ⊂ Rm and d = dimV
POD basis of rank `: ψi = ui and λi = σ2

i > 0 for i = 1, . . . , ` ≤ d

I Three choices to compute the ψi ’s

SVD for Y ∈ Rm×n: Yvi = σi ui

EVD for YY T ∈ Rm×m: YY T ui = σ2
i ui (if m � n)

EVD for Y T Y ∈ Rn×n: Y T Yvi = σ2
i vi and ui = 1

σi
Yvi (if m � n)

I Error formula for the POD basis of rank `:

J(ψ1, . . . , ψ`) =
n∑

j=1

∥∥∥yj −
∑̀

i=1

(
y T

j ψi

)
ψi

∥∥∥
2

=
d∑

i=`+1

λi
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Computation of the POD basis (Part 3)

I Error formula for the POD basis of rank `:

J(ψ1, . . . , ψ`) =
n∑

j=1

∥∥∥yj −
∑̀

i=1

(
y T

j ψi

)
ψi

∥∥∥
2

=
d∑

i=`+1

λi

I YY Tψi = λiψi , 1 ≤ i ≤ `, and YY Tψi =
n∑

j=1

(
y T

j ψi

)
yj give

λi = λiψ
T
i ψi =

(
YY Tψi

)T
ψi =

( n∑

j=1

(
y T

j ψi

)
yj

)T

ψi =
n∑

j=1

(
y T

j ψi

)2

I yj =
d∑

i=1

(
y T

j ψi

)
ψi , j = 1, . . . ,m, and ψT

i ψj = δij imply

n∑

j=1

∥∥∥yj −
∑̀

i=1

(
y T

j ψi

)
ψi

∥∥∥
2

=
n∑

j=1

d∑

i=`+1

∣∣y T
j ψi

∣∣2 =
d∑

i=`+1

λi
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Snapshot POD for dynamical systems

I Nonlinear dynamical system in a Hilbert space X :

ẏ(t) = f (t, y(t)) for t ∈ (0,T ) and y(0) = y◦

with continuous f : [0,T ]× X → X and given y◦ ∈ X

I Time grid: 0 ≤ t1 < t2 < . . . tn ≤ T , δtj = tj − tj−1 for 2 ≤ j ≤ n

I Available or known snapshots: yj = y(tj ) ∈ X , 1 ≤ j ≤ n

I Snapshot ensemble: V = span {y1, . . . , yn} ⊂ X , d = dimV ≤ n

I POD basis of rank ` < d : with weights αj ≥ 0

min
n∑

j=1

αj

∥∥∥yj −
∑̀

i=1

〈yj , ψi〉Xψi

∥∥∥
2

X
s.t. 〈ψi , ψj 〉X = δij

I Application: X = Rm and αj = 1 for 1 ≤ j ≤ n
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Computation of the POD basis

I EVD for linear and symmetric Rn in X :

Rnui =
n∑

j=1

αj 〈ui , yj 〉X yj = σ2
i ui (YY T ui = σ2

i ui )

and set λi = σ2
i , ψi = ui

I EVD for linear and symmetric Kn=
((
αj 〈yj , yi 〉X

))
in Rn:

Knvi = σ2
i vi (Y T Yvi = σ2

i vi )

and set λi = σ2
i , ψi = 1√

λi

n∑
j=1

αj (vi )j yj

I Error formula for the POD basis of rank `:
n∑

j=1

αj

∥∥∥yj −
∑̀

i=1

〈yj , ψi 〉Xψi

∥∥∥
2

X
=

d∑

i=`+1

λi
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ROM (Part 1)

I Heat equation (for instance):

yt −∆y = f in Q = (0,T )× Ω
∂y
∂n = g on Σ = (0,T )× Γ

y(0) = y◦ in Ω

I Variational formulation: V = H1(Ω), y(t) ∈ V
∫

Ω

yt (t)ϕ +∇y(t) · ∇ϕ dx =

∫

Ω

f (t)ϕ dx +

∫

Γ

g(t)ϕ ds ∀ϕ ∈ V

I FE discretization: y m(t) ∈ V m = span {ϕ1, . . . , ϕm} ⊂ V
∫

Ω

y m
t (t)ϕ+∇y m(t) ·∇ϕ dx =

∫

Ω

f (t)ϕ dx +

∫

Γ

g(t)ϕ ds ∀ϕ ∈ V m

Stefan Volkwein University of Graz

POD for Nonlinear Dynamical Systems



Outline POD and SVD Snapshot POD ROM Numerical examples Continuous POD POD error

ROM (Part 2)

I Time grid: 0 ≤ t1 < t2 < . . . tn ≤ T , δtj = tj − tj−1 for 2 ≤ j ≤ n

I FE snapshots: yj = y m(tj ) ∈ V = H1(Ω), 1 ≤ j ≤ n

I Topology: V ⊂ H = L2(Ω), X = H or X = V

I Sizes: # FE’s � # time instances, i.e., m � n

I Computation of the correlation Kn: αj = 1
n

1
n 〈y m

j , y
m
i 〉X = 1

n

∑

k,l=1

Yik Yjl 〈ϕl , ϕk 〉X =
(

1
n Y T MY

)
ij

with Mij = 〈ϕj , ϕi 〉X (mass [X = H] or stiffness matrix [X = V ])

I ROM for heat equation: y `(t) ∈ V ` = span {ψ1, . . . , ψ`} ⊂ V m

∫

Ω

y `t (t)ψ +∇y `(t) · ∇ψ dx =

∫

Ω

f (t)ψ dx +

∫

Γ

g(t)ψ ds ∀ψ ∈ V `
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Heat flow in a block (Part 1)

yt − ∆y = 0 in Q = (0, 5) × Ω

y = 1 on Γ1 = {(−0.5, y) : −0.8 ≤ y ≤ 0.8}
∂y
∂n

= −0.1 on Γ2 = {(0.5, y) : −0.8 ≤ y ≤ 0.8}
∂y
∂n

= 0 on ∂Ω \ (Γ1 ∪ Γ2)

y(0, ·) = 0 in Ω ⊂ R2
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Heat flow in a block (Part 2)

I FE space V m = span {ϕ1, . . . , ϕm} ⊂ H1(Ω) ⊂ L2(Ω), m = 1844

I Time grid: T = 5, n = 126, δt = T
n−1 , tj = (j − 1)δt, 1 ≤ j ≤ n

I Snapshots: y m
j =

m∑
i=1

Yijϕi , 1 ≤ j ≤ n

I Topology for POD: X = L2(Ω) or X = H1(Ω)

I Computation of the correlation matrix (m � n): Kn = 1
n Y T MY

with M = ((〈ϕj , ϕi 〉X ))

I EVD for Kn:
(

1
n Y T MY

)
vi = λi vi and ψi = 1

n
√
λi

n∑
j=1

(vi )j y m
j ∈ V m
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Heat flow in a block (Part 3)

I Decay of the first eigenvalues for X = L2(Ω) and X = H1(Ω)

1 2 3 4 5
10−6

10−5

10−4

10−3

10−2

10−1

100

k

λ k

Dacay rate of the first eigenvalues for X=H

1 2 3 4 5
10−4

10−2

100

102

104

k

First eigenvalues λ
k
 for X=V

I Rapid decay of the eigenvalues, e.g., for ` = 5

1

n

n∑

j=1

∥∥∥y m
j −

5∑

i=1

〈y m
j , ψi〉Xψi

∥∥∥
2

X
=

126∑

i=6

λi < 2 · 10−6
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Heat flow in a block (Part 4)

I ROM: ` = 5 POD basis functions, X = L2(Ω) and X = H1(Ω)

I FE-/POD-solution and error:
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Burgers equation

yt − νyxx + yyx = f in Q = (0,T )× Ω

y(·, 0 = y(·, 1) = 0 on (0, T )

y(0, ·) = y◦ in Ω = (0, 2π) ⊂ R

• y◦(x) = sin(x) and ν = 0.01

• 1258 finite elements

• Time integration with Matlab’s ode15s

• Snapshots V = span {y(t1), . . . , y(t100)}
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Navier-Stokes equation
ut + uux + vuy + px = ν∆u in Q = (0, T )× Ω

vt + uvx + vvy + py = ν∆v in Q

ux + vy = 0 in Q

• ν = 5 · 10−3

• 3 × 4804 finite elements (Femlab)

• Time integration with Matlab’s ode15s

• Snapshots V(u) = span {u(t1), . . . , u(t21)}

and V(v) = span {v(t1), . . . , v(t21)}
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Energy transport (Boussinesq)

ut + uux + vuy + px = ν∆u in Q

vt + uvx + vvy + py = ν∆v + βθ in Q

ux + vy = 0 in Q

θt + uθx + vθy = α∆θ in Q

• α = 10−5 , β = 10−2 , ν = 10−4

• 4 × 3512 finite elements (Femlab)

• Time integration with Matlab’s ode15s

• Snapshots at t1, . . . , t21 for u, v and θ
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Discussions

I Problems:

Choice of the grid 0 ≤ t1 < . . . < tn ≤ T , i.e., of the snapshots

Dependence of {(λi , ψi )}`i=1 on the time grid {tj}n
j=1

Choice for the weights αj

I Procedere: continuous version of POD
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Continuous POD for dynamical system

I Nonlinear dynamical system in a Hilbert space X :

ẏ(t) = f (t, y(t)) for t ∈ (0,T ) and y(0) = y◦

with continuous f : [0,T ]× X → X and given y◦ ∈ X

I Available or known snapshots: y(t) ∈ X for all t ∈ [0,T ]

I Snapshot ensemble: V = {y(t) | t ∈ [0,T ]} ⊂ X , d = dimV ≤ ∞
I POD basis of rank ` < d :

min

∫ T

0

∥∥∥y(t)−
∑̀

i=1

〈y(t), ψi 〉Xψi

∥∥∥
2

X
dt s.t. 〈ψi , ψj 〉X = δij
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Computation of the POD basis

I EVD for linear and symmetric R in X :

Rui =

∫ T

0

〈ui , y(t)〉X y(t) dt = σ2
i ui (YY T ui = σ2

i ui )

and set λ∞i = σ2
i , ψ∞i = ui

I EVD for linear and symmetric K in L2(0,T ):

(Kvi )(t) =

∫ T

0

〈y(s), y(t)〉X vi (s) dt = σ2
i vi (t) (Y T Yvi = σ2

i vi )

and set λ∞i = σ2
i , ψ∞i = 1√

λ∞i

n∑
j=1

αj (vi )j yj

I Error formula for the POD basis of rank `:
∫ T

0

∥∥∥y(t) −
∑̀

i=1

〈y(t), ψ∞i 〉Xψ∞i
∥∥∥

2

X
dt =

∞∑

i=`+1

λ∞i
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Relation to Snapshot POD

I Operators Rn and R:

Rnψ =
n∑

j=1

αj 〈ψ, yj 〉X yj for ψ ∈ X

Rψ =

∫ T

0

〈ψ, y(t)〉X y(t) dt for ψ ∈ X

I Convergence of ‖R −Rn‖: yj = y(tj ) and appropriate αj ’s

I Perturbation theory [Kato]:

λi
n→∞−→ λ∞i for 1 ≤ i ≤ `

ψi
n→∞−→ ψ∞i for 1 ≤ i ≤ `

d(n)∑
i=1

λi
n→∞−→

∞∑
i=1

λ∞i
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Relation to Snapshot POD

I Choice of times: capture the dynamics y([0,T ]) as good as possible

I Choice of weights: ensure operator convergence Rn → R
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I Burgers equation:

yt − νyxx + yyx = f in Q = (0, T )× Ω

y(·, 0 = y(·, 1) = 0 on (0,T )

y(0, ·) = 0 in Ω = (0, 1) ⊂ R

I exact solution y(t, x) = (x 2 − x) sin(2πt) and f = yt − νyxx + yyx

I FE with error < 10−10 and fine time grid with n = 5 · 211, δt = T
n

I Snapshots at t i
1, . . . , t

i
ni

with δt i = 211−i δt, t i
j = jδt i , 0 ≤ i ≤ 11

I Error: e(ni ) = δt i
ni∑

j=1

‖yFE (t i
j )− yPOD(t i

j )‖2
L2(Ω)

I Implicit Euler: error O(δt) ⇒ e(ni ) ≈ O(δt2
i ) = O

(
1
n2

i

)

I Quotient: n2
i = 4n2

i−1 ⇒ e(ni−1)
e(ni )

≈ 4

i 1 2 3 4 5 6 7 8 9 10 11

e(ni−1)

e(ni )
3.11 3.55 3.77 3.88 3.94 3.96 3.97 3.98 3.98 3.96 3.92
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