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Outline of the talk

» POD and singular value decomposition (SVD)
» Snapshot POD for nonlinear dynamical systems
» Reduced-order modeling (ROM)

» Numerical examples: heat flow, Burgers equation, Navier-Stokes
equations

» Continuous POD for nonlinear dynamical systems

» Numerical examples
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POD and SVD

POD as a minimizing problem

> Given: y1,...,¥n € R™ set V =span{y,...,yn} CR™

» Goal: Find ¢ < dimV orthonormal vectors {1;}¢_; in R™ minimizing

n 4
2
J(¢1aa¢£):Z"%_Z(}GT¢I)¢I —— min!
j=1 i=1
with the Euclidean norm |ly|| = +/yTy
» Constrained optimization:
1 ifi=j

min J(¢1,...,%) subject to ] = {

0 otherwise
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POD and SVD

Necessary optimality conditions (Part 1)

» Lagrange functional:

4
LW, -0 a1, Aee) = J(r, i) + Y X (8] 4y — 65)

ij=1
with the Kronecker symbol d; = 1 for i = j and §;; = 0 otherwise
» Optimality conditions:

oL
oY;
oL ..
—(¢1,...,¢g,)\11,...,/\55):OER fOI‘I,_]:].,...,E
OAjj

(¥1, .. s%e, M1y, Aee) =0€R™ fori=1,...,¢
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POD and SVD

Necessary optimality conditions (Part 2)

4
> L(d}la"'awb)\lla“'a)%ﬁ):J(zblv"'vwé)—’_ Z )\U(d}l-rwj_(slj)

ij=1
oL a - , .
> a0 0 & ny(yj i) = Nijwyi and \jj = 0 for i #
1 j:].
oL |
> a)\u =0 < 1/),-7_1/“)1' = 6,1

» Setting \; = X\ and Y = [y1,...,yn] € R™*" we have
YYTpj = Aipi fori=1,...,¢

i.e., necessary optimality conditions are given by a symmetric m x m
eigenvalue problem

> Here: necessary optimality conditions are already sufficient. =
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POD and SVD

Computation of the POD basis (Part 1)

» Optimality conditions: YY Tap; = A\ for i =1,...,¢

» Solution by SVD for Y € R™*": d =rank Y, 01 > ... > 04 > 0,
U=lu,...,um) € R™™und V = [wi, ..., vy] € R™" orthogonal
with

0 o0

where D = diag (071,...,04) € R¥*9. Moreover, for 1 < i< d

UTYV_(D 0>_ZERW"

Yv; = oju;, YTy = aivj, YY Ty = (7,-2u,-, YTy, = cr,~2v,-
» POD basis: 9; = u; and )\,-:cr,?>Of0ri:1,...,€§d:dimV
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POD and SVD

Computation of the POD basis (Part 2)

» Data ensemble: V =span {y1,...,yn} CR™ and d =dimV
POD basis of rank ¢: ¥; = u; and )\,-:o,-z >0fori=1,....4<d
» Three choices to compute the ;'s

SVD for Y € R™*": Yv; = oju;
EVD for YYT e R™™. YY Ty = o2y, (if m < n)
EVD for YTY € R™™ YTYvy; =02y, and u; = U%_Yv; (if m > n)

» Error formula for the POD basis of rank ¢:

J( W1, ... ) = ZHyJ yJTw ’ Z i

i=1 i=0+1
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POD and SVD

Computation of the POD basis (Part 3)

» Error formula for the POD basis of rank l:

2 d

J(W1, ... ) = ZHYJ Tapi)abi|| = Z Ai

i= 1 i=0+1

> YYT¢; = /\;’lﬁ,‘, 1 < i < f, and YYTwi = zn: (yJTlﬁ,)yJ give

j=1
n T n
A= Ml i = (YY) T = (Z (ij,-)y,-) b= ()

j=1 j=1

Mm.

( wi)w,‘, _I = 1, ..., M, and ¢I‘T¢j = 5,‘] |mp|y

4 > n d d
Tl = Tyl? = A
LR ol =X S b= v
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Snapshot POD

Snapshot POD for dynamical systems

» Nonlinear dynamical system in a Hilbert space X:
y(t) = f(t,y(¢)) for t € (0, T) and y(0) = yo
with continuous f : [0, T] x X — X and given y, € X
> Timegrid: 0<ti <t <...t<T,d0tj=t;—ti_1for2<j<n
> Available or known snapshots: y; = y(tj)) € X, 1 <j<n
> Snapshot ensemble: V =span {y1,...,¥n} C X, d =dimV <n
» POD basis of rank ¢ < d: with weights a; > 0

s.t. <¢,’, ¢1>X = 5,‘j

2
mmZonHyJ yJ, i) Vi N

» Application: X =R™and aj =1for1<;<n =
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Snapshot POD

Computation of the POD basis
» EVD for linear and symmetric R"” in X:

R”u;:Zaj (Ui, yj) xyj = otu; (YYTu; =0?u;)
j=1

and set \; = 0%, ¥; = u;
> EVD for linear and symmetric K"= ((;j (¥}, ¥i)x)) in R™

e (V7Y = o)
n
and set \; = 02, ; = ﬁj; Q;j (Vi)jyj

» Error formula for the POD basis of rank ¢:

S PRSI

Z/\

j=1 i=1 =041 !EE'
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ROM (Part 1)

» Heat equation (for instance):

yi— Ay = inQ=(0,T)xQ
%:g onX=(0,T)xT
y(0) =yo in Q

» Variational formulation: V = HY(Q), y(t) € V

/Q yiltho + 9y(0) Viodx = [

f(t)<pdx+/g(t)<pds Vo eV
Q r

» FE discretization: y™(t) € V™ =span {¢1,...,¢m} C V

/Q (e Vy™(e): Viodx = [

f(t)(pdx+/g(t)<pds Yo e VT
Q r
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ROM (Part 2)

vV v.v. v Y

Timegrid: 0<ti <t <...t, <T,0tj=tj—ti_1for2<j<n
FE snapshots: y; = y™(t;) € V=HYQ), 1< <n
Topology: V C H=L%(Q), X=Hor X =V
Sizes: # FE's > # time instances, i.e., m > n
Computation of the correlation K": o = %
Ol =1 ) YaYalen ek x = (3YTMY),
k=1

with Mjj = (@}, ¢i)x (mass [X = H] or stiffness matrix [X = V])
ROM for heat equation: y*(t) € V¥ = span {t1,...,1%} C V™

/yf(t)¢+Vy‘(t)-wdx: / f(t)wdx+/g(t)¢ds Ve € V*
Q

Q r dﬁ
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Numerical examples

Heat flow in a block (Part 1)
yt — Ay =0 in Q =(0,5) x Q
only = {(—0.5,y): —0.8 <y < 0.8}
onl = {(0.5,y): —0.8 <y < 0.8}
& =0 on 89\ (M U Ty)
y(0,-)=0 in Q C R?

Il
-

y

Il

|
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an

Domain Q and triangular mesh FE-solution at the terminal time
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Triangulation of Q and FE solution at

T = 5 computed with 1844 degrees
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Numerical examples

Heat flow in a block (Part 2)

» FE space V™ = span {¢1,...,¢om} C HY(Q) C L?(Q), m = 1844
> Time grid: T=5,n=126,0t =15, tj=(j—1)6t, 1<j<n
» Snapshots: "= > Yipi, 1<j<n

i=1

» Topology for POD: X = L%(Q2) or X = H}(Q)

» Computation of the correlation matrix (m > n): K" = 1YTMY
with M = (({«#, #i)x))

n
> EVD for £ (LYTMY)v; = \jv; and p; = 5 2 (vi)jynevrm
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Numerical examples

Heat flow in a block (Part 3)

» Decay of the first eigenvalues for X = L2(Q) and X = H}(Q)

o Dacay rate of the first eigenvalues for X=H . First eigenvalues 2, for X=V'

10 10

107" .

- 10°

1079

<907 10° .
- .
10
1077 -
107°
10°¢ 10
oy 2 3 4 5 10 2 3 4 5

» Rapid decay of the eigenvalues, e.g., for £ =5

5
V=D i) i
j= i=1

2 126
= Z N\ <2-1076
X =6
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Numerical examples

Heat flow in a block (Part 4)

» ROM: ¢ =5 POD basis functions, X = L?(Q2) and X = H(Q)
» FE-/POD-solution and error:

FE-solution at the terminal time POD-solution at the terminal fime =] ud |l
i 114 T T T T
1.2]
1 1
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Numerical examples

Burgers equation

Eigenvalues of the correlation matrix K=(u(t).u(t)), 2

o L%(0,2)
Yt — Vyxx +yyx = f in@=(0,T)xQ T T
A= 95.753%
Y(,0=y(,1) =0 on(0,T) &
¥(0,) = yo inQ=(0,2m)CR 107 2, +h,= 99.984%
¢ A +A A = 99.998%
® yo(x) = sin(x) and v = 0.01 107 ¢
® 1258 finite elements
.
i
o Time integration with Matlab’s ode15s o
® Snapshots V = span {y(t1), ..., y(t100)}
s
oy 2 3 4 5 6 7 8
i—axis
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Numerical examples

Navier-Stokes equation

ut + uux + vuy + px = vAu inQ=(0,T)xXQ . Time=3 Surface: velocity feld (1)
vt + uvx + vy + py = VAV in Q os 16
ux +vy =0 in Q o3 s

ev=5.10"3

@ 3 X 4804 finite elements (Femlab)

o Time integration with Matlab’s ode15s

® Snapshots V(u) = span {u(ty), ..., u(t1)} o
oz oz
and V(v) = span {v(t1),...,v(t21)} X
v Eigenvalues of K=(u(t) u(t)), g, and K=(v(t) V), 2 gy
04 10°
~ 0 9974%
03 * v:i96.18%
o 107"
o1
o os T LI 4 . . 1

5
i—axis
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Outline POD and SVD

Snapshot POD

ROM

Numerical examples

Continuous POD

POD error

Energy transport (Boussinesq)

ut + uux + vuy + px = vAu
vt + uvx + vvy, + py, = vAv + 360
ux +vy =0
0t + ubx + vOy, = aAl

ea=10%p3=1"2v=10"*

® 4 x 3512 finite elements (Femlab)

in Q
in Q
in Q
in Q

o Time integration with Matlab's ode15s
® Snapshots at ty, ..., tp; for u, vand 6

Eigenvalues of K=(u(t)u(t)) 2 q, und K=(v(t).v(t)), 2,

o o5 . 5 2 25 3

Eigenvalues of the correlation matrix K=(T(t), T()) 2.,

10' - °
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Numerical examples

Discussions

> Problems:
Choice of the grid 0 < t; < ... < t, < T, i.e., of the snapshots
Dependence of {(\;, 1)}, on the time grid {ti}
Choice for the weights «;

» Procedere: continuous version of POD
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Continuous POD

Continuous POD for dynamical system

» Nonlinear dynamical system in a Hilbert space X:
y(t) = f(t,y(t)) for t € (0, T) and y(0) =yo
with continuous f : [0, T] x X — X and given y, € X
> Available or known snapshots: y(t) € X for all t € [0, T]
» Snapshot ensemble: V = {y(t)[t € [0, T]} C X, d =dimV < o0
» POD basis of rank ¢ < d:

T ¢
min/0 Hy Z Xw,

i=1

s.t. <'Q/J,',’§/Jj>x = 5’1
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Continuous POD

Computation of the POD basis

» EVD for linear and symmetric R in X:

-
Ru; :/ (i, y(£)) xy(£) dt = oFu; (YYTu; = ofu)
0

and set \>° = 02, > = y;

» EVD for linear and symmetric K in L2(0, T):

(Kvi)(t) = / (V(s). (D) xui(s) de = o?ui(t) (YT Yo = o?v)

and set \° = o2, > = \/%FI%‘(V")J'YJ
» Error formula for the POD basis of rank ¢:

L

[ o= 00| ae= 3

=41 =
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Continuous POD

Relation to Snapshot POD
» Operators R"” and R:

R™Mp = Zozj (U, yi) xyi for ¢p € X

Ry = / (¥, y(t)) xy(t)dt for ¢ € X

» Convergence of ||R —R"||: y; = y(t;) and appropriate «;'s
» Perturbation theory [Kato]:

PRt for1<i</
i =X for1<i</¥
d(n)

SN "ﬁzxx

i=1 i=1 !EE'
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Continuous POD

Relation to Snapshot POD

» Choice of times: capture the dynamics y([0, T]) as good as possible

» Choice of weights: ensure operator convergence R" — R

Y
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» Burgers equation:

Yyt — Uy tyyx = f inQ@=(0,T)xQ
y(,0=y(-,1) =0 on (0, T)
y(0,) =0 inQ=(0,1) CR
> exact solution y(t,x) = (x? — x)sin(27t) and f = yr — Uy + Yy«
> FE with error < 10720 and fine time grid with n =5-2!*, 6t = L
> Snapshots at tf,...,t. with 6t' = 211774t tJ’ =jot, 0<i<11
o , _
> Error: e(n;) = 5t’J§1 lyee(t]) = yroo ()72
» Implicit Euler: error O(6t) = e(n;) =~ O(§t?) = O(%)
» Quotient: n? =4n? | = eg(”;)l) ~4
L [T [ 2 7 317 &[5 [ 6 [ 7 [ 8 ] 9 ] 101t
| E(:(",;)l) || 3.11 | 3.55 | 3.77 | 3.88 | 3.94 | 3.96 | 3.97 | 3.98 | 3.8 | 3.96 | 3.92 ggl

Stefan Volkwein University of Graz

POD for Nonlinear Dynamical Systems



References

» Karhunen-Loéve Decomp., Principal Component Analysis, SVD,...

» Kunisch & V.: Control of Burgers' equation by a reduced order
approach using proper orthogonal decomposition, JOTA,
102:345-371, 1999

» Kunisch & V.: Galerkin proper orthogonal decomposition methods
for parabolic problems, Numerische Mathematik, 90:117-148, 2001

» V.. Optimal and suboptimal control of partial differential equations:
augmented Lagrange-SQP methods and reduced-order modeling
with proper orthogonal decomposition, Habilitation, 2001

» Kunisch & V.: Galerkin proper orthogonal decomposition methods
for a general equation in fluid dynamics, SINUM, 40:492-515, 2002

Y

Stefan Volkwein University of Graz

POD for Nonlinear Dynamical Systems



	Outline
	POD and SVD
	Snapshot POD
	ROM
	Numerical examples
	Continuous POD
	POD error

