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Outline of the talk

» Continuous POD
» Numerical example: heat equation
» Snapshot POD

» Numerical example: Laser surface hardening of steel

Y

Stefan Volkwein University of Graz

imates for POD Galerkin schemes



Linear evolution problems

Abstract linear evolution problem

» H, V Hilbert spaces, V— H=H' — V' (eg., H= L% V = H')
» Symmetric bilinear form a(p,¥) = (@, ¥)v for p,b € V
» Evolution problem:

S, P+ a8, ) = (A, @)y Tor te[0,T], pe v

¥0), Py = vor Py forpeV
with y, € H and f € L2(0, T; H)
» Unique solution y with [|y[| < C(|lyo| + [If]])
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Linear evolution problems

Continuous POD

» Topology: X=Hor X =V
» Snapshot ensemble: V = {y(t)[t € [0, T]} C X, d =dimV < oo
» EVD for linear and symmetric R in X:

.
RUi:/ (u, y(t) xy(t) dt = ofu; (YYTu; = ofu)
0

and set A® =o0?, Y =u;, 1 <</

» Error formula for the POD basis of rank ¢:

/OTHY(’-‘>—éw(t),w,oww,oouidt_ 3

i=0+1
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Linear evolution problems

POD Galerkin scheme for the state equation

» POD ansatz space: V¢ = span {wl, e ,wg} cVv
POD Galerkin scheme:

d
dt

v

(), )y + aly (t),v) = (F(t),v), forte[0,T], ¢ € V*
<yé(0)a¢>H = (Yo, V) y for ¢ € V*

v

Unique solution y* with |ly*|| < C(|lyo + [If]])

v

Goal: Estimation of

.
2
sup_[y'(6) = y(O)ll+ [ 1y'(6) = ¥(0) e
te[0,T] 0

(oo}
in terms of )" A%

j=+1 -giﬁ
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Linear evolution problems

Estimation of POD error (Part 1)

» Orthogonal projection: Pty = Z (@, 7°) e for o € V

i=1

= a(Plo,v) = a(p, ) for p € V, ¢ € V* (Ritz projector)
¢

= y(t) - ; y(£),97°) ¥ = y(t) = Ply(t) for t € [0, T]

= L Iv() = Ply(o)|, de = zﬂpc

> Set J(t) = Ply(t) — y'(t) € V', o(t) = y(t) = Py(t) € (V)"
y(t) = y'(t) = y(t) = Ply(t) + P'y(t) — y*(t) = o(t) + U(t)

» Error formula:

T oo
/0 lo(e)|Zde= 5 A

i=0+1
» Topology: X =V, at least -gﬁ
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Linear evolution problems

Estimation of POD error (Part 2)

> 9(t) = Ply(t) — y'(t) and a(P'p, %) = a(p, )
d

S0, 0]+ a0 (1), 0) = (e = Pe(e), 0y for e VA

> ¢ =9(t) € V¢ and a(p, ) = ||g||} for p € V
d 2
3 12Ol + 1)y < C llye(t) = Prre(t)lly

> Integrating over (0,t), t € [0, T]

[9(t)1[3 + /0 19(s)[12 ds < [[9(0)| + /0 | ve(s) — Plye(s) |3 ds

=0(s)

> Recall: y(t) — y*(t) = o(t) + I(t) Y,
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Linear evolution problems

Estimation of POD error (Part 3)

¢
» New ansatz for POD: X = V, Pty = > <507¢;oo>v¢,9°

i-1
. /T Y] 2 ¢ 2
min i |y(t)-P y(t)||V+Hyt(t) —Plye(t)|, At st (i),
> Error formula: o(t) = y(t) — Ply(t)

'
/0 1R + eI At = oo ry = 3 AF

i=0+1
» Consequences: J(t) = Ply(t) — yi(t)
T o0
sup_[lo(®)+ [ lle(0)lde< € 5 A
te[0,T] 0 i=0+1
T o0
2 2 2
sup [[d(t +/ IO At < PO)% +C 3 A® I
s 1900+ [ Il de < 1)+ € 3
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Linear evolution problems

Estimation of POD error (Part 4)
> Recall y(t) — y*(t) = o(t) + 9(t) and triangle inequality

]
2 2
sup y“(1) — y(D)I% + / YA — y ()3 dt
tE[O,T] 0

¢ e 2 S
< Iy'0) = Plyelly + C > A
S————— i=0+1
error in initial data — “N=——~——
error in POD

> Assumptions: POD with topology X = V and time derivatives

> FE: estimates for function classes, e.g., V = H}(Q)
= |lye(t) — RMy:(t)|| ~ hP for any y:(t) € V, t € [0, T]

» POD: estimates only for included snapshots
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Linear evolution problems

Empirical order of decay (EOD) [Hinze/V.]

> POD error: y, =0

sup [ly“(t) = y(0)I1%, + / V) — v de~ 3 A®

te[0,T]

i=0+1
> Ansatz for the eigenvalues: A% = )\foe’o‘("’l) fori>1
» Goal: estimation of o based on the POD error
oo o) . o0 i
FETEED SRV SISt S o O
[ly" =yl ~ =t =41 % — o0
2 =) - =) — oo i -
&=y SN S e—ali-D Z(E_Q)Ifl
=042 =042 i=0

> Set: Q(0) — 0 Al

ly* 1=yl
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Numerical example

Numerical example (Part 1)

D i I
ve — Ay =0 inQ=(0,1) x Q . omain & and itstiangulaton
) 4#5&%4‘&‘%@4»
Z=0  enm=0Onxh =
oy _ S (0.1) X T o8 SRR
on =4 on ¥y =(0,1) x T i AR BRI NET
- KRERER KRR
¥(0) =0 on Q C R? ozl Q‘gﬁﬁ‘ﬁ?" KRB
§ or 5 S
i Ko s
ol ={x=(x,y) €0Q||[x] =1}, T, =02\ Ty —0.2F §‘e::§§* !ﬁeyﬂﬂv
—(x—0.7 cos(27t))2 — (y —0.7 sin(27 t))2 L A X v«"ﬁ}%“
t,x)=e : y—0.7sin(27t)) -04 VAVAVA A SIS S A AYAYAVAN
e RRESSS ey
_ i _ 061 NIRRT
e m = 868 finite elements, 5t = 1/499 ‘%’v%vgggﬁﬂégbﬂﬂv
-0.81 VAVAY N
_ vavaVAVAYAY
e y™ FE solution, atym(tj) (ym(tj)—y’”(tjfl))/ét . A%
-1 -0.5 0 05 1

> Snapshot ensemble: V = span {{y™(t;)}7_;, {0:y™(t;)} /-5 }
» EVD for linear and symmetric R" in X:

Ru; = Zlaj <u,-7y'"(tj)>xym(tj)+z20fj (u, Dey™(8)) Oy ™ (t;) = afus
J= J=

and set \; = o7, ¢ = u; -]
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Numerical example

Numerical example (Part 2)

» CPU times: 2GHz desktop PC (Linux)

Computing the FE mesh and matrices 18.0 seconds
FE solve 5.0 seconds
Computing 15 POD basis functions 36.9 seconds
Computing the reduced-order model, £ =15 || < 0.1 seconds
POD solve, £ =15 < 0.1 seconds

-
> Error: |||l 20, 7:x) = fo [ (t)[I%dt

| X | ensemble [ [ly" = y"lliz0. 1m0 | Iy" = ¥ ll20, 11200 |

L2 no DQ 0.0104 0.0012
H' | noDQ 0.0064 0.0007
L2 DQ 0.0064 0.0007
H! DQ 0.0060 0.0006
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Numerical example

Numerical example (Part 3)

Decay of the norms

—— LZ2(H'(2)) error
10° : i - - - L2WE) error
- POD error with X = H(Q)
o and included difference quo-
ol TEsal o tients
10741 3 5 7. k=) 11 13 15
Number of POD basis functions
o Decay of the eigenvalues and estimated rates
10 T T T T T T
1wl P 2.0 ]
Froeoe
L B 1 Lmax
T o ¥ 1 EOD = > Q(0) with
s Lmax =
o0 Gy =
107} b T — | Ayl
e i Bl e
107 x' o (imt) 1 2 " E
. e mit L(0,T;H (Q))
Toa e 1) mit L2(0,T;L2(Q)
. M T ggl
10°° ‘ ‘ ‘ ‘ ; ;

1 3 5 7 9 11 13 15
i—axis




Snapshot POD

Snapshot POD for dynamical systems
» Dynamical system (e.g., Navier Stokes) in a Hilbert space H:
y(t) + Ay(t) + B(y(t)) = f(t) for t € (0, T) and y(0)=y.
» V C H Hilbert space with V< H=H — V' X=Hor X =V
> Timegrid: 0<ti <t <...t<T,d0tj=t;—ti_1for2<;<n
» Snapshots: y;j = y(t;), 1 <j < nand O:y; = y’_(s—{j‘l 2<j<n

» Snapshot ensemble: V = span {y1,...,¥n Oty2,--.,0t¥n},
d=dimV

¢
» Orthogonal decomposition in X: Pty = 21 (@, Vi) x i for o € X

> POD basis of rank £ < d: with weights o; > 0

mmZ:ocJHyJ 77yj||X+ZonH8tyJ PeﬁtyJHX Vi) = djj
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Snapshot POD

Computation of the POD basis

» EVD for linear and symmetric R" in X:
n n
"up =g (Ui ) x i + Y g (Ui, Deyy) xDeyy = 0T uj
j=1 J=2
and set \; = 02, ¥; = u;

» Error formula for the POD basis of rank ¢:

n

Y ally - szfHﬁZ%Ham POy = ZA

j=1 j=2 i=0+1
. . . Sty Otj+0ti4 3t
> Trapezoidal weights: a; = 5, aj = 5, 1 <j<n a, =%

= Convergence to fOT ly(t) = Ply(t)1% + llye(t) — Plye(t)[% dt -gﬁ
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Snapshot POD

POD Galerkin scheme

> Timegrid: 0=79<...<7v=Tand 07 =7 —7j—1, 1 <j <N

» Assumptions: A7/d7 bounded, At = O(d7) and AT = O(dt) with
AT = maxd7j, 67 = mind7;, At = maxdt;, it = mindt;

» Goal: Find {YJ}J’V:O in V¥ =span {41,..., ¢}

@Y + AY; + B(Y)), ¥), = (F(),4),, forpe Ve, j=1,...,N
(Yo, V) = Yo, V) for ¢ € V*

Hh .Y, = Yi—Yi—1
with 0, Y = ar
= low dimensional system
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Snapshot POD

POD error estimate for Snapshot POD

» Goal: Estimation of

Zﬂ,n Y ~ /Onv(f)—y(T)nidT

with o = ot, 6; = 20T 0 < j < N, gy = O

» Theorem 1 [Kunisch/V.]: X =V, A7 small, y sufficiently smooth

SOa 1Y =ymIh < € 0 ([Wnvehy[+)+O(Arat+(ArY)

j=0 i=t+1

with A7 = maxd7; and At = maxdt;
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Snapshot POD

Asymptotic error estimate

> Problem: \; = )\S”), i = wf") depend on the snapshot grid {t;}7_,

R" = ZOéj <.7YJ'>ny + ZO‘J' <.55tyj>X5fyj

j=2
> Fix ¢ such that eigenvalues {\{°};cy and eigenfunctions {1){°}icn of
T
R= [ oy (0)ur(0) + (o) ) de
0
satisfy A\J° # A7,

» Theorem 2 [Kunisch/V.]: X =V, A7 small, y sufficiently smooth

Z@n n||H<cZ( U eyl 4+ ) + o((ar)?)
i=0+1 !EEI
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Snapshot POD

Sketch of the proof

» Theorem 1:
N 5 d ,
S IY =yl <€ 3 (I vohy |42 ) +O(ATALH(ATY)
J= i=

> Weights and smoothness of y = |lim |R, —R| =0

> perturbation theory for eigenvalues [Kato]
» Choose n, € N such that for all n > n,

d(n)

> A <2 A

i=f0+1 i=0+1
W) 2 _ 0 &
Z ‘W}, 7y0>\/| <2 Z |<'¢}, 7}/O>V‘
i=0+1 i=0+1
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Numerical example

Problem formulation

» Laser surface hardening of steel [Hémberg/V.]:

laser beam
workpiec

7777ZZL
vllﬂll\lllll\l\i.!-.‘(s\‘ X
LLLLE

———

» Phase transition of steel:

ferrite ferrite
pear|ite heating . cooling pear|ite
.. — austenite — ..
bainite bainite
martensite martensite

Y
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Numerical example

Model equations

» Energy balance and Fourier’s law:

0cp0r — kA = au—pla; inQ=(0,T)xQ
2 =0 auf ¥ = (0, T) x 9Q
6(0,") = 6 in Q C RY

> Phase transition of austenite:
a = f(6,a) inQ
a(0,:) = 0 in Q
» Intensity of the laser: u= u(t) € L2(0, T)
» Nonlinearity: £ (6, a) = max {aeq(0) — a,0}/7(6), 7(6) > 0
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Numerical example

POD error
» Measures for the error:
vi— 0L N e yFE”LOO(ﬂ) with { i=1 POD with DQ
OgjagN HGJFEHLOC(Q) i=2 POD without DQ
X = [%(Q) X = Hl(Q)
Y4 VR | y? Yl | e

10 || 24.1% | 40.6% | 21.0% | 40.1%
25 1.6% | 26.9% 4.0% | 24.6%

I4 d
> Heuristic: £(£) = 3 )\,-/ S\ -100% > 94%
i=1 i=1

| [(=10[ (=15 (=20 (=25
E(0), X=L2(Q) || 943 | 984 | 995 | 99.8
X=H'(Q) || 777 | 874 | 925 | 957 -

Stefan Volkwein University of Graz

Error estimates for POD Galerkin schemes



Numerical example

References

> Maday et al., Yvon et al., Petzold et al.,...

» Kunisch & V.: Crank-Nicolson Galerkin Proper Orthogonal
Decomposition Approximations for a General Equation in Fluid
Dynamics, 18th GAMM Seminar, Leipzig, 97-114, 2002

» Homberg & V.: Control of laser surface hardening by a
reduced-order approach using proper orthogonal decomposition,
Math. and Comp. Mod., 38:1003-1028, 2003

» Hinze & V.: Error estimates for abstract linear-quadratic optimal
control problems using proper orthogonal decomposition, (will be)
submitted

Y

Stefan Volkwein University of Graz

Error estimates for POD Galerkin schemes



	Outline
	Linear evolution problems
	Numerical example
	Snapshot POD
	Numerical example

