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Open and closed loop control

I Open loop control:

input u(t)→ plant → state x(t) ∈ R`

I Closed loop control: determine mapping F such that

u(t) = F(t, x(t)) (feedback law)

I Linear-quadratic case: LQR and LQG design

I Nonlinear case: Hamilton-Jacobi-Bellman (HJB) equations

vt (t, x) + H(∇x v(t, x), x) = 0 for (t, x) ∈ (0,T )× R`
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Outline of the talk

I Static output feedback (SOF) design

I Numerical example: nonlinear heat equation

I Nonlinear feedback using the HJB equations
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Linear-quadratic-regulator (LQR) design

I Linear dynamical system in R`:

ẋ(t) = Ax(t) + Bu(t) for t > 0, x(0) = x◦

with state x(t) ∈ R`, control u(t) ∈ Rnu and A ∈ R`×`, B ∈ R`×nu

I Cost: J(x , u) =

∫ ∞

0

x(t)T Qx(t) + u(t)T Ru(t) dt

with Q ∈ R`×`, Q � 0 and R ∈ Rnu×nu , R � 0

I Goal: (full state) feedback law u(t) = Fx(t) with F ∈ Rnu×`

I Solution: F = −R−1BT P with P = PT ∈ R`×`

AT P + PA + Q − PBR−1BT P = 0 (Matrix Riccati)

I Problem: often only partial state measurement available
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H2 static output feedback (SOF) design

I Linear dynamical system in R`:

ẋ(t) = Ax(t) + Bu(t) + B1w(t) for t > 0, x(0) = x◦
y(t) = Cx(t)

with A ∈ R`×`, B ∈ R`×nu , B1 ∈ R`×nw , C ∈ Rny×` and

x(t) ∈ R`, u(t) ∈ Rnu , y(t) ∈ Rny , w(t) ∈ Rnw

I Feedback law: u(t) = Fy(t) with F ∈ Rnu×ny

I Solution: F given by nonconvex semidefinite programming

min trace (LB1BT
1 ) s.t. H(F , L,V ) = 0 & V � 0 ∈ R`×` (SDP)

with H(F , L,V ) =

(
A(F )T L+LA(F )+C(F )T C(F )

A(F )T V +VA(F )+I

)
∈ R2`×`
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SOF controller design [Leibfritz/V.]

vt =κ∆v+av in Ω×(0,T )

−λ ∂v
∂n =0 on Γj×(0,T ), j=1,2,3,5

−λ ∂v
∂n =α4(v−c4+u4(t))+ε4σ(v4−c4

4 ) on Γ4×(0,T )

−λ ∂v
∂n =α̂(v−ĉ+û(t)) on Γj×(0,T ), j=6,7,8

v(0)=v◦ in Ω
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Control: u(t) ∈ R2, nu = 2

Measurement: y(t) ∈ R3, ny = 3

y1(t) = v(0, 1; t)
y2(t) = v(0, 0; t)
y3(t) = v(2/3, 1/2; t)

Goal: u(t) = Fy(t), F ∈ R2×3
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Variational form for nonlinear heat equation

I Nonlinear heat equation:

vt =κ∆v + av in Ω× (0,T )

−λ∂v
∂n =0 on Γj × (0,T ), j = 1, 2, 3, 5

−λ∂v
∂n =α4(v − c4 + u4(t)) + ε4σ(v 4 − c4

4 ) on Γ4 × (0,T )

−λ∂v
∂n =α̂(v − ĉ + û(t)) on Γj × (0,T ), j = 6, 7, 8

I Variational form: for all ϕ ∈ H1(Ω)
∫

Ω

vt(t)ϕ + κ∇v(t) · ∇ϕ− av(t)ϕ dx = κ

∫

Γ

∂v(t)
∂n ϕ ds = κ

λ

∫

Γ

λ∂v(t)
∂n ϕ ds

= κ
λ

∫

Γ4

(
α4c4 + ε4σc4

4

)
ϕ−

(
α4v(t) + ε4σv 4(t)

)
ϕ− α4u4(t)ϕ ds

+ κ
λ

∫

Γ6∪Γ7∪Γ8

α̂ĉϕ− α̂v(t)ϕ − α̂û(t)ϕ ds
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H2 SOF design

I Dynamical system in RN : spatial discretization (e.g., FE or FD) and
linearization

ẋ(t) = Ax(t) + Bu(t) + B1w(t) for t > 0, x(0) = x◦
y(t) = Cx(t)

I Goal: feedback law u(t) = Fy(t) with F ∈ R2×3

I Solution: F given by

min trace (LB1BT
1 ) s.t. H(F , L,V ) = 0 & V � 0 (SDP)

with H(F , L,V ) =

(
A(F )T L+LA(F )+C(F )T C(F )

A(F )T V +VA(F )+I

)
∈ R2N×N

I N = # FE or FD unknowns (!)
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Reduced-order model (ROM)

I Compute solution y of nonlinear heat quation with FE or FD at
time instances 0 ≤ t1 < . . . < tn ≤ T

I Snapshots: yj = y(tj ) ∈ H = L2(Ω) for i = 1, . . . , n

I POD: Rnψi = λiψi with R =
n∑

j=1

αj 〈·, yj 〉Hyj

I ROM: Galerkin ansatz for nonlinear heat equation with ψ1, . . . , ψ`

ẋ(t) = A`x(t) + G `(x(t)) + B`u(t) + B`
1w(t), x(0) = x `◦

y(t) = C `x(t)

u(t) = F `y(t), F ` ∈ R2×3
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Feedback synthesis

I Reduction in the variable x , not in y and u

I Linearize and set up the SDP problem
⇒ ` is the size of the SDP problem
⇒ 5 = `� 3796 FD unknowns

I Solve SDP by Interior-point trust-region method [Leibfritz/Mostafa]

I Plug in the computed feedback law into the FD modell (closed-loop)

ẋ(t) = Ax(t) + G (x(t)) + B F `Cx(t)︸ ︷︷ ︸
=F `y(t)=u(t)

+B1w(t), x(0) = x◦

y(t) = Cx(t)

u(t) = F `y(t) = F `Cx(t)
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Numerical example (Part 3)
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Hamilton-Jacobi-Bellman (Part 1)

I Dynamical system in R`:
{

ẏ(t) = F (y(t), u(t)) for t > 0
y(0) = y◦

(1)

I Admissible controls: u ∈ L2(0,T ;Rm), u(t) ∈ U ⊂ Rm

I Cost:

min J(u; y◦) =

∫ ∞

0

L(y(t), u(t))e−µt dt

with y = y(u) solution to (1) and µ > 0
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Hamilton-Jacobi-Bellman (Part 2)

I Euler’s method: yj+1 = yj + hF (yj , uj ) for j ≥ 0

I Discrete cost:

Jh(u; y◦) = h
2

(
L(y◦, u0) +

∞∑

j=1

e−µjh [L(yj , uj−1) + L(yj , uj )]
)

I Discrete minimal value function:

vh(y◦) = inf{Jh(uh; y◦) : uh ∈ Uh}

with Uh = {uh = {u0, u1, . . .} | uj ∈ U}
I Discrete HJB equation: for all y◦ ∈ R` and β = e−µh

vh(y◦) = inf
u∈U

{
h
2 [L(y◦, u)+βL(y◦+hF (y◦, u), u)]+βvh(y◦+hF (y◦, u))

}
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Hamilton-Jacobi-Bellman (Part 3)

I Discrete HJB equation: for all y◦ ∈ R` and β = e−µh

vh(y◦) = inf
u∈U

{
h
2 [L(y◦, u)+βL(y◦+hF (y◦, u), u)]+βvh(y◦+hF (y◦, u))

}

I Define

Sh(y◦) = argmin
u∈U

{
h
2 [L(y◦, u) + βL(y◦ + hF (y◦, u), u)]

+ βv(y◦ + hF (y◦, u))
}

I Optimal feedback: u∗j = Sh(y∗j ), i.e.,

vh(y◦) = Jh(u∗h ; y◦)

y∗j+1 = y∗j + hF (y∗j , Sh(y∗j )) for j ≥ 0, y∗0 = y◦

I But: (discrete) HJB is difficult task for ` ≥ 9...
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Numerical startegy (Part 1)

I Optimal control of evolution problems:

min J(y, u) s.t. ẏ(t) = F(y(t), u(t)) for t > 0, y(0) = y◦, u ∈ U

I Galerkin approximation with ψ1, . . . , ψ`:

min J(y , u) s.t. ẏ(t) = F (y(t), u(t)) for t > 0, y(0) = y◦, u ∈ U

I Trapezoidal sum for J and Euler’s method

I Discrete HJB equation: β = e−µh, for all y◦ ∈ R`

vh(y◦) = inf
u∈U

{
h
2 (L(y◦, u)+βL(y◦+hF (y◦, u), u))+βvh(y◦+hF (y◦, u))

}
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Numerical startegy (Part 2)

I Utilize Υh = [a1, b1]× . . .× [a`, b`] ⊂ R`

I Rectlinear partition of Υh with vortices yj ∈ R`

I Compute piecewise `-linear v k
h : Υh → R with

v k
h (yj ) = inf

u∈U

{
h
2 (L(y◦, u)+βL(y◦+hF (y◦, u), u))+βv k

h (y◦+hF (y◦, u))
}

I Fixed point method with

• nested iteration (h = 0.2, h/4, h/16)
• parallelization
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Boundary control of Burgers’ equation

Consider

min J(y , u) =
1

2

∫ ∞

0

(∫

Ω

|y(t, x)|2 dx + β |u(t)|2
)

e−µt dt,

subject to the Burgers equation

yt − νyxx + yyx = 0 in Q

νyx (·, 0) = u in (0,∞)

νyx (·, 1) = 0 in (0,∞)

y(0, ·) = y◦ in Ω

and control constraints

U =
{

u ∈ L2
loc (0,∞) : u(t) ∈ U = [0, 1] for t ∈ (0,∞)

}
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Numerical Results (Part 1)

Discretization: ` = 4 PODs; grid size for Υ ⊂ R`: 24× 16× 4× 4
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Numerical Results (Part 2)

0
1

2
3

4
5

0

0.5

1

−5

0

5

t−axis

Semi−implicit solution of the Burgers equation (with opt. control)

x−axis

y(
x)

0
1

2
3

4
5

0

0.5

1

−5

0

5

t−axisx−axis

Closed-loop (left) and open-loop (right) solution for perturbed y◦

Stefan Volkwein University of Graz

Feedback strategies



Outline SOF Numerical example HJB
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