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Project LISA: Lithium insertation compounts for solar devices
o Part of the BMBF network: fundamental research on renewable energies
e Compound Project: Uni Kiel, TU Darmstadt, ZSW Ulm, Uni Ulm

e First example for considered material-configuration:

Discharge of a Lithium Ion Cell

Introduction
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Mathematical modeling and optimization of all solid state thin film
lithium ion batteries
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Part I: Derivation and Numerics
of a model
for all solid-state lithium ion batteries
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Model assumptions

e Isotropic in y, z dimensions

Schematic 3-D Cell .
o Perfect planar interfaces
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Model assumptions

e Isotropic in y, z dimensions

Perfect planar interfaces

flux of electrons Reactions only at the interfaces

<
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Model assumptions

e Isotropic in ¥, z dimensions

Perfect planar interfaces

flux of electrons Reactions only at the interfaces

<
[ ]

No repulsive ion-ion interaction

Anode Electrolyte Cathode =D Li+ = const.
° '.' ‘® ®» 0 @ O e @ °

® Li|l— Lit + e Litl+e — Li
® o
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Model assumptions

e Isotropic in ¥, z dimensions

Perfect planar interfaces

Reactions only at the interfaces

No repulsive ion-ion interaction
= D+ = const.

Potentiostatic discharge
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Model assumptions

Potential

43
]

4

Model assumptions < Derivation of the 1-D model equations

Isotropic in y, z dimensions
Perfect planar interfaces
Reactions only at the interfaces
No repulsive ion-ion interaction
= Dp;+ = const.

Potentiostatic discharge

No potential variation as function

of status of charge (SOC) or
intercalated lithium
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Model assumptions

Discharge of a Lithium Ton Cell e Isotropic in y, z dimensions
flux of electrons l o Perfect planar interfaces
e Reactions only at the interfaces
Anode Electrolyte Cathode e No repulsive ion-ion interaction
“.”.. © 06 0 /9.0 6° = D+ = const.

flux of Lithium Jons

® e Potentiostatic discharge

® ¢ No potential variation as function
® of status of charge (SOC) or
intercalated lithium

e No mechanical effects of lithium
intercalation

\

Crystal
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Overview

Lithium Foil Solid Electrolyte  Intercalation Cathode
\. ° °

Ql X QZ
Discharge
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Overview

Lithium Foil Solid Electrolyte  Intercalation Cathode
\F _ o

Ql X QZ
Discharge

e lon diffusion
e Electric potential

e Variables:
Cri+ (X, 1), (X, 1)
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Transport equations«
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Overview

Lithium Foil Solid Electrolyte  Intercalation Cathode

\I— . °

Ql QZ
Discharge N
e lon diffusion e Intercalted particle
diffusion

e Electric potential

e Variables: e Variable:
CLi‘*’(X?t)v@(th) CL’i(Xa t)
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Transport equations«
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Overview

Lithium Foil Solid Electrolyte  Intercalation Cathode

\l— O .

O Qo
Discharge
e lon diffusion e Intercalted particle
o Electric potential diffusion
e Variables: e Variable:
Cpi+ (X, 1), (X, 1) Cri(X, 1)
e Chemical reaction e Chemical reaction
(deintercalation) (intercalation)
o Stern Layer potential e Stern Layer potential
drop drop
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Transport equations

Solid Intercalation
Electrolyte Electrode

Lithium >t o |
Foil L] LQ
_—
Discharge

Transport equations<— Derivation of the 1-D model equations

Continuity equation:

7 = ax’ 1= Li", Li

e (), - concentration of species &

e J; - flux of species i in ....
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Transport equations

Solid Intercalation
Electrolyte Electrode
Lithium ¢ O
Foil L] LQ
_
Discharge

Solid electrolyte

Transport equations<— Derivation of the 1-D model equations

Continuity equation:

00 _ 0,
ot 90X’

i=Lit, Li

e (), - concentration of species &

o J; - flux of species i in ....

90y, o
Nernst Planck flux: Jri+ = =D+ 8)L(+ B+ CLHa—X
Poisson equation: - i € 6_@ =
q : ox E¢ ax ) = PE¢
Intercalation electrode
Fickian flux: g = —DLi%
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Electrostatic Field

<« 5
-
Solid electrolyte
0CL+ 0P
Nernst Planck flux: Jriv = =D+ a)Lg B+ CLH(?_X
Poisson equation: — g (6 0(1)) =
q ' X \“Ptax g
= F(CLﬁ - OAm’ons)
——
=fized




Mathematical Modeling All Solid State Batteries Transport equations<— Derivation of the 1-D model equations

Non-dimensional transport equations

Non-dimensional variables without subindices.

Solid electrolyte

Nernst Planck equation: 836 =V-(A1Vc+ A1cVD) in @ :=Q; x(0,7)
T

1
Poisson equation: — A® = ———(c — CAnion) in Q1 : =0 x(0,7)
26eﬁ

Intercalation electrode

Diffusion equation: gp =V .- (A42Vp) in Qs := 0y x (0,7)
T
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Derivation of Robin Boundary conditions for < eie

Dq

D(X7) A

Stern layer
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Derivation of Robin Boundary conditions for < eie

—™ eo®
. @ oo
) 7/ e ee e

(X)) = By — Adg

! Treat the Stern Layer as (plate)
®, capacitor
N Q 1
Cg=—2 = A E
B(X))- ST ADs T Adg T
1 oL
= Adg = C 505T6X |X1:XR

Stern layer
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Derivation of Robin Boundary conditions for < eie
—D o0 @

. @eoe

2 o 000

(X)) = Dy — Adg

! Treat the Stern Layer as (plate)
o, capacitor
N Q 1
Cg=—2 = A E
®(X1) 1 ST ADy T Adg T
1 oL
= Adg = C eoeraX |X1:XR

X1=0

Qtorn laver

Robin Boundary condition for ®: (saan. chu, sayiy, 2005)

o® (g Cs

=5 5,
an |X1 =Xr "~ zoer
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Mathematical description of chemical reactions

Basics:

Assume a fist order redox reaction A = B

0Cy

— =k k
o r Ca+ ky Cp

A—B B—A

e (4, Cp - concentrations of A, B,

o kg, ky - reaction rate coefficients.
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Mathematical description of chemical reactions

Basics:

Assume a fist order redox reaction A = B

0Ca

ToA ok Catk
5 rCa+ ky Cp

A—B B—A

e (4, Cp - concentrations of A, B,
e Ky, ky - reaction rate coefficients.

Transition state theory:

with
° Gfo - Gibbs free energy of activation,
e T - Temperature,
e kp - Bolzmann constant,
e h - Planck constant.
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Mathematical Modeling All Solid State Batteries

Mathematical description of chemical reactions

Electrochemistry:

Chemical reactions are accelerated due to electric potential differences between

reacting phases.

Energy

kp T -G’

A _ "B f
A §0 ky Y exp( RT)
kg T -Gp°

== eXp( RT

« Reaction coordinate
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Mathematical description of chemical reactions

Electrochemistry:

Chemical reactions are accelerated due to electric potential differences between

reacting phases.
A

Energy

kg T (—(G}O—aM))
= exp

_ kgT ~G¥
= eXp( RT

« Reaction coordinate
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Mathematical description of chemical reactions

Electrochemistry:

Chemical reactions are accelerated due to electric potential differences between
reacting phases.

A
)
5 i b
"%) AG ae%f@@ -
' © AP
—V ) +a
A¢1 ?jﬁ[ kf—kfexp( RT >
J ()
¥ L ksT (GI4(1 - ) AD)
PT T RT
T~
Vi | >

« Reaction coordinate
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Mathematical description of chemical reactions

Electrochemistry:

Chemical reactions are accelerated due to electric potential differences between
reacting phases.

A
B
g 1 bé?@
S AG Kf%ﬂ -
J §b F= P\ TR
. —(1-a)Ad
ky = ky exp ( RT

« Reaction coordinate
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Mathematical description of chemical reactions

Electrochemistry:

Chemical reactions are accelerated due to electric potential differences between
reacting phases.

Frumkin-Butler-Volmer equation

0C4

5% = —kp - Ca - exp (@AD) + &y - Cp - exp (—(1 — a)AD)
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Mathematical description of chemical reactions

Electrochemistry:

Chemical reactions are accelerated due to electric potential differences between
reacting phases.

Frumkin-Butler-Volmer equation

0Cy

5 = —kf - Ca - exp (@ABg) + ky - Op - exp (—(1 — a)Ady)

o ADg(X,t) =Py — P(X,t) - potential drop in the Stern layer
o C;(X,t) - concentration of species i = A4, B
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Mathematical description of chemical reactions
Electrochemistry:

Chemical reactions are accelerated due to electric potential differences between
reacting phases.

Frumkin-Butler-Volmer equation

0Cy

5 = —kf - Ca - exp (@ABg) + ky - Op - exp (—(1 — a)Ady)

o A®g(X,t) =Dy — ®(X,t) - potential drop in the Stern layer
o C;(X,t) - concentration of species i = A4, B

e With n = A® — Ad“ the reaction rate is given by the classical
Butler-Volmer equation (poy, Fuller, Newman, 1093)
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Relate (surface) concentration to concentration flux

Definition: Surface
concentration (in a continuum
mechanical sense)

O CWOlyes,tv |25

Surface reaction:
204

W = —kaA + ky, Cg
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Relate (surface) concentration to concentration flux

Definition: Surface
concentration (in a continuum
mechanical sense)

C = C(X)|yey, dv {—]
Surface reaction:
204
ot

= —kféA + kbéB

Interpretation: Surface reaction as outward flux of Cyq on X4 :=T4 x (0,7).

nJa =
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Relate (surface) concentration to concentration flux

Definition: Surface
concentration (in a continuum
mechanical sense)

C = C(X)|yey, dv {—]
Surface reaction:
204
ot

= —kféA + kbéB

surface reaction

Interpretation: Surface reaction as outward flux of Cyq on X4 :=T4 x (0,7).
9Ca

nla= -5
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Relate (surface) concentration to concentration flux

Definition: Surface
concentration (in a continuum
mechanical sense)

C = C(X)|yey, dv {—]
Surface reaction:
204
ot

= —kféA + kbéB

surface reaction

Interpretation: Surface reaction as outward flux of Cyq on X4 :=T4 x (0,7).

|2A o kdeCB|2A
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Relate (surface) concentration to concentration flux

Definition: Surface
concentration (in a continuum
mechanical sense)

- mol
0= C(X)|yex,dv {—]
Surface reaction:

dCy
ot

= —kféA + kbéB

surface reaction

Interpretation: Surface reaction as outward flux of Cyq on X4 :=T4 x (0,7).

Neumann Boundary Condition for Cjy:

nJa = krdy [Caexp (a(®o — ®))] |5, — kodv [Cr exp (—(1 — a)(@o — ®))] |,
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Classification - In contrast to...

... Bazant or other Poisson-Nernst-Planck (PNP) systems for
semiconductors

e Model for a complete time dependent battery discharge

e PNP system coupled with intercalation electrode

e Frumkin-Butler-Volmer equation as coupling boundary condition for
intercalation
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Classification - In contrast to...

... Bazant or other Poisson-Nernst-Planck (PNP) systems for
semiconductors

e Model for a complete time dependent battery discharge

e PNP system coupled with intercalation electrode

e Frumkin-Butler-Volmer equation as coupling boundary condition for
intercalation

... Newman
e Solid electrolyte with fixed anion structure
e Double layer potential drop:
o ... diffuse: calculated with Poisson equation
e ... Stern: calculated with Robin boundary conditions
e Frumkin-Butler-Volmer equation: reaction accelerated due to Stern layer
potential drop

Advantage/Disadvantage: based on non measurable paramerters
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Mathematical Modeling All Solid State Batteries
Known mathematical Results for the related models ...

...for nonstationary PNP systems:
e with homogeneous Neumann boundary conditions

o Existence of a unique weak solution (Gajewsky, Grager, 1986),

o Asymptotic convergence to steady state (siler, Hebisch, Nadzieja, 1994) With
eXpOnential rate (Armold, Markowich, Toscani, 2000),

o Convergent finite element based discretization (proh, schmunck, 2009)
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Mathematical Modeling All Solid State Batteries
Known mathematical Results for the related models ...

...for nonstationary PNP systems:
e with homogeneous Neumann boundary conditions

o Existence of a unique weak solution (Gajewsky, Grager, 1986),

o Asymptotic convergence to steady state (siler, Hebisch, Nadzieja, 1994) With
eXpOnential rate (Armold, Markowich, Toscani, 2000),

o Convergent finite element based discretization (proh, schmunck, 2009)

e with homogeneous Neumann boundary conditions and inhomogeneous
Dirichlet boundary conditions for species, Robin boundary condition for
electrostatic potential (croger, 1984)

o Existence of a unique weak solution

e Existence of a unique weak solution to the stationary problem
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Known mathematical Results for the related models ...

...for nonstationary PNP systems:

e with homogeneous Neumann boundary conditions

o Existence of a unique weak solution (Gajewsky, Grager, 1986),

o Asymptotic convergence to steady state (siler, Hebisch, Nadzieja, 1994) With
eXpOnential rate (Armold, Markowich, Toscani, 2000),

o Convergent finite element based discretization (proh, schmunck, 2009)

e with homogeneous Neumann boundary conditions and inhomogeneous
Dirichlet boundary conditions for species, Robin boundary condition for
electrostatic potential (croger, 1984)

o Existence of a unique weak solution

e Existence of a unique weak solution to the stationary problem

...for the macroscopic Newman system: (wu, xu, zou, 2006)
o Local existence of a unique weak solution for the multidimensional case

e Global existence of a unique weak solution in the 1-D case
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Numerical simulation - Overview

Numerical
Simulation

Initial condition
of a charged cel

Discharge

Time

dependent

Charge

Stationary

«—Numerics
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Initial Condition of a charged cell

Stationary system in the electrolyte (0.c¢ = 0):

02 0 0
0= a—xlc('ﬁ) + e (C('yT)a—:KlSO(wT)) )

0="2 6(,7) + 2(el7) — ca).
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Steady state solution«—Numerics

Initial Condition of a charged cell

Stationary system in the electrolyte (0, ¢

0):
0= oclem) + o (el
0= 5253—3:1@(-,7') + %(C(',T) —ca).
Boundary conditions on z; € {0,1}: with
G clonT) + C(:L’l,T)aixl(p(xl,T) =0, iszizo/ili yOs,
5o PleT) + 2oplan ) = o, " o=\ [oE
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Initial Condition of a charged cell

Stationary system in the electrolyte (0, ¢

02 0 0
0= a—xlc('aT) + Ers (C('yT)a—:KlSO(wT)) :

0= 528_351('0("7) + %(C(',T) —ca).

Boundary conditions on z; € {0,1}:

0 0
6_mlc(xl’T) + c(:z:l,r)a—xlcp(xl,r) =0,

1
61'1 QO(‘T]JT) + %()0(‘%177—) = ¥o;

Additional weak constraint

1
/ c(zy) dey = ca.
0

Steady state solution«—Numerics

with
° )\s = EoET/Cs,
e v:=MAg/Ap,

. [|_eyRT
C AD L QFZCb"_lf'
Li
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i

Stationary solution with reaction - Variation of \p

Potential and Concentration Distribution across the Solid Elektrolyte

3F ~«—Potential Drop Ay ‘ ‘ ‘ ‘ 1
Paramter Setting:
= 1.00e+02
11 €1
00 Ly = 1.00e-05
Dy = 1.00e-13
Ap = 5.00e-10
Ap = (ee1RT/2F?c)len)t/?
2 7 Bulk Li* concentration:
cPulk=3.0e+04 [mol /m?]
Max. Li* concentration:
c}aT =3.4e406 [mol /m?)
=l +US
1
ok
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Stationary solution with reaction - Variation of \p

Potential and Concentration Distribution across the Solid Elektrolyte
T

N T T T T T T T T —=100
\<;Potential Drop A®g Paramter Setting:
g1 = 1.00e+02
o5k ] 1.00e-05
-180 1.00e-13
Ap = 1.00e-10
Ap = (ee1RT/2F%c}ont/2
2r 7 Bulk Lit concentration:
cPulk=3.0e+04 [mol /m?]
60 Max. Li* concentration:
e} =2.9e+06 [mol /m?]
& 1.5 1 13
1k
0.5F
O & T r T T T T T T

0 0.1 02 03 04 05 06 07 08
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i

Stationary solution with reaction - Variation of \p

Potential and Concentration Distribution across the Solid Elektrolyte

T T T T T T T T T T T
Potential Drop Adg Paramter Setting:
g1 = 1.00e+02
Ly = 1.00e-05
Dy = 1.00e-13
Ap = 6.23e-11
Ap = (ee1RT/2F?c)len)t/?
2r ] Bulk Li* concentration:
cPulk=3.0e+04 [mol /m?]
Max. Li* concentration:
%0 cMar =2 6e+06 [mol /m?)
(=] +U~1
O T T T T T T T T
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Model equations for discharge

d-dimensional equation system
20 =V-A1(Vec+cVp) in Qy,
or
0=Ap+ f(c) in Qy,
2:0 =V- A2VP in Q?:
or
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Model equations for discharge

d-dimensional equation system Boundary conditions
aﬁc =V A (Ve+cVy) in@Qp, | " Ai(Vet V)= R(c,p,p) on Xy,
-
0
0=Ap+ f(c) in Qp, a—i-l-aso:g on Xy,
LR n s n A2V = R(c,p. ) on Ea,

or

Initial values

c(z,0) = co(z) in Qq,
p(z,0) = po(z) in Qs
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Model equations for discharge

d-dimensional equation system Boundary conditions
aﬁc =V A (Ve+cVy) in@Qp, | " Ai(Vet V)= R(c,p,p) on Xy,
-
0
0=Ap+ f(c) in Q1, a—i-l—ago:g on X,
2 v a4, 0, n A2V = R(c,p. ) on Ea,

or

Initial values

c(z,0) = co(z) in Qq,
with p(2,0) = po(z) in Qa,
o f(e):=1/(2e?)(c — ca),
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Model equations for discharge

d-dimensional equation system Boundary conditions
%c =V-A;(Ve+cVy) inQ, |[™ Al(VcaJr cVe) = R(c,p,) on Xy,
0=Ap+/(c) in i, S +ap=g on i,
%p:v.szp in Qy, n-AVp=R(c,p,p) on Xy,
“ Initial values
c(z,0) = co(z) in Qq,
with p(2,0) = po(z) in o,
° f(c) :==1/(2e%)(c — ca),
o R(c,p, ) = kalce%l(‘””_"a) — kavche_o‘al(“"o‘“"), on Xy,

keoce™ 2% — kg opypee?, on X1,,
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Model equations for discharge

d-dimensional equation system Boundary conditions
%c =V-A;(Ve+cVy) inQ, |[™ Al(VcaJr cVe) = R(c,p,) on Xy,
0=Ap+/(c) in i, S +ap=g on i,
%p:v.szp in Qy, n-AVp=R(c,p,p) on Xy,
“ Initial values
c(z,0) = co(z) in Qq,
with p(2,0) = po(z) in o,
° f(c) :==1/(2e%)(c — ca),
o R(c,p, ) = kalce%l(‘””_"a) — kavche_o‘al(“"o‘“"), on Xy,

keoce™ 2% — kg opypee?, on X1,,
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Model equations for discharge

d-dimensional equation system Boundary conditions
gCZV'A1(VC+CV(P) in Ql, n'Al(VC-i-CV(,D):R(C,p,(p) on Elv
-
0
0=Ap+ f(c) in Qi a—i%—ago:g on X1,
aﬁp =V-A,Vp in Qo, n-A;Vp = R(c,p,p) on Xy,
T V.
Initial values
c(z,0) = co(z) in Qq,
with p(z,0) = po(z) in Qy,
o f(e):=1/(2e?)(c — ca),
kc 1ceacl(<ﬁ0_<p) — ka 1CM€_aa1 (4/’0_4/’)7 on 211,
° Re,pp)i=1, " _ ’
keoce™%2% — kg opnpe®ez?, on Xy,
©o, on 2117
o g:=
0, on 212,

o a:=1/(ye).



Page 17/31

Mathematical Modeling All Solid State Batteries Transient solution<— Numerics

Model equations for discharge

d-dimensional equation system Boundary conditions
gCZV'A1(VC+CV(P) in Ql, n'Al(VC-i-CV(,D):R(C,p,(p) on Elv
-
0
0=Ap+ f(c) in Q, a—i%—ago:g on X,
aﬁp =V-A,Vp in Qo, n-A;Vp = R(c,p,p) on Xy,
T V.

o' g
Initial values

c(z,0) = ¢o(z) in Qy,

with p(z,0) = po(z) in Qs

o f(c):=1/(2e%)(c — ca),
kc7lceacl(<ﬁ0_@) — ka,lCMe_aal (4/’0_4/’)7 on 211,

* R(c,p, ) = o o
keoce™ 2% — kg opypee?, on X1,,
2

o g:= Yo, On 2y, Differences to 1-D case

0, on 212,
e a:=1/(ve). Additional isolation boundary conditions on all other boundaries
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Model equations for discharge

d-dimensional equation system Boundary conditions
gCZV'A1(VC+CV(p) in Oy, n'Al(VC-i-CV(,D):R(C,p,(p) on Xy,
-
0
0=Ap+ f(c) in Q, a—i%—ago:g on X,
gp =V-A,Vp in Qo, n-A;Vp = R(c,p,p) on Xy,
T V.
Initial values
c(z,0) = co(z) in Qq,
with p(2,0) = po(z) in o,
o f(e):=1/(2e?)(c — ca),
keqce®a(P0=2) ko iepre @ (P0—9) - o 31,
© Rle,pp)=9," _ ’
keoce 2% — kg apnpe®ez?, on Xy,
o g:= %o, on Xy, Nonlinearities
0, on 212,

o a:=1/(ye).
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Time dependent discharge - D, = 1072




Page 19/31 Mathematical Modeling All Solid State Batteries Transient solution<—Numerics

Time dependent discharge - D, = 107'°
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With suitable test functions ¢, ¢, p denote

(Ar(w,p), ¢) := / A1 (Vw+ wVe) - Vids
Q

(Gr(w, i, ), &) = / R(w, o, u)é da

I8

System of equations

c'(r) + Ax(c(r), (1)) = Gi(e(7), ¢(7), p(7)),
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With suitable test functions ¢, ¢, p denote

(A1(w, ), ) ¢=/ A1 (Vw + wVy) - Ve do
Q1
(G1(w,p,u),¢) ::/ R(w,p,u)c dr
I
(B, @) :=/Q V@-V¢dx+/r (vp — g)¢ dz

System of equations

c'(1) + Ai(e(7), (7)) = Gi(c(7), o(7), p(7)),
Be(r) = f(c(7)),
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With suitable test functions ¢, ¢, p denote

(A1 =/ 1(Vw +wVy) - Vede
(Gi(w, o, u), / (w,p,u)e dz
(Bo, @) =/ dew+/F(0<<p—g)¢d$
(A2(u, ), =/ AsVu - Vpdx
(Ga(w, p,u), p / (w, p,u)p dx

System of equations

c'(r) + Ar(c(r), (1)) = Gi(e(r), @(7), p(7)),
By(r) = f(e(7)),
(1) + Aa(p(7)) = Ga(e(7), (7), p(7)),
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With suitable test functions ¢, @,

F;
(A1(w, p), ¢) ::/ A1 (Vw + wVy) - Veds
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Ragone Plot for Anode particlo radii from 4.5um to 9.5um

Specific energy
1 T

Average specific power

1 T
P= j
MAT/O 1V dt

[Whks)

e [W kg

T - discharge time,

e M, - mass per unit area,

V - cell potential,
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Ragone Plot for Anode particlo radii from 4.5um to 9.5um

Specific energy
1 T

Average specific power

[Wh/ka)

I
F= MAT/O v e 7T - discharge time,

e M, - mass per unit area,

e V - cell potential,

Total (discharge) current density: i = i(¢; V') (for galvanostatic discharge to a
given applied voltage):
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Specific energy

1 (7 :

Average specific power

e Power (W /kg]

1 T
P(; V)= / iV dt
0

MuyT T - discharge time,

e M, - mass per unit area,

V' - cell potential,

Total (discharge) current density: i = i(¢; V') (for galvanostatic discharge to a
given applied voltage): sum of conduction and displacement current densities

i(t) = i.( X, 1) —ep0:0x P(X, t)

® ic = —F [DL'H'aX C(X, t) + BL¢+8X<I>(X, t)]v
e A electrode area,
e F Faraday constant.
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Specific energy

1 T
5= =— iV dt
i,

Average specific power

1 T
P = / iV dt
0

MaT

erey (Wh/kg)

ecific En

Performance citeria«— Towards Optimization

i from 4.50m to 9.5m

T - discharge time,
M4 - mass per unit area,

V' - cell potential,

Total (discharge) current density: i = i(¢; V') (for galvanostatic discharge to a
given applied voltage): sum of conduction and displacement current densities

i() = io(X, ) — £,0,0x D(X 1)

o 4o =—F[Dp;+0xc(X,t) + Bri+0x®(X,t)],

e A electrode area,
e F Faraday constant.
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Denote ¢(7) := c(1; 1), (1) := o(T; 1), p(7) := p(7; 1)

max E(c,p,p;p), max P(c,¢,p;pu) subject to

) = Gi(e(1),0(7),p(1)), on Qu,
) = f(e(7)), on Qi,
p'(1) + A2(p(7)) = Ga(c(7), (1), p(1)), on Qa,
) = co(2), on O,
) (z), on Q.
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Denote ¢(7) := ¢(7; 1), (1) = (73 1), p(T) := p(7; 1)

max E(c,p,p;1), max P(c,¢,p;/) subject to
C/(T) + Al(C(T)’ (IO(T)MU‘) = Gl(C(T)’ (p(T),,O(T)), on Ql7
Bo(r) = f(c(1)), on Qy,
p'(7) + A2(p(7); 1) = Ga(e(T),¢(T), p(7)), on Qa,
c(z,0) = ¢o(x), on Q,
p(z,0) = po(z), on (. |

Question: Reasonable 17?
e Material parameters
o Diffusion coefficients - D;;+, Dr;
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Denote ¢(7) := ¢(7; 1), (1) = (73 1), p(T) := p(7; 1)

max FE(c,¢,p;pn), max P(c,¢,p;p) subject to
(1) + As(e(r ) @(1)) = Gi(c(7), (1), p(7)), on Q1,
Beo(r) = f(e(r); 1), on Qy,
p'(7) + A2(p(7)) = Ga(c(7), (1), p(7)), on Qs,
c(z,0) = ¢o(x), on Q,
p(z,0) = po(z), on (. |

Question: Reasonable 17?
e Material parameters

o Diffusion coefficients - D;;+, Dr;
o Permittivity of the electrolyte - €
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Performance citeria«— Towards Optimization

Denote c(r) = c(7; 1), () := (73 ), p(7) := p(73 1)

max  E(c,p,p;p), max P(c,,p;

1)

subject to

on 9y,
on 9y,
on Qy,
on 4,

on QQ.

Question: Reasonable 17?
e Material parameters

o Diffusion coefficients - D;;+, Dr;
o Permittivity of the electrolyte - €
o Stiffness of the intercalation electrode
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Denote ¢(7) := c(1; 1), (1) := o(T; 1), p(7) := p(7; 1)

max FE(c,¢,p;pn), max P(c,¢,p;p) subject to

(1) + A1(e(1), 0(7); 1) = Gi(e(1), ¢(7), p(7)),
Bo(t) = f(c(1)),
/(1) + A2(p(7); 1) = Ga(e(7), (1), p(7)),
¢(,0) = co(7),
p(z,0) = po(z),

Towards Optimization

on 9y,
on 9y,
on QQv

on 4,

on QQ.

Question: Reasonable p?
e Material parameters

o Diffusion coefficients - D;;+, Dr;
o Permittivity of the electrolyte - €
o Stiffness of the intercalation electrode

o Geometric parameters

o Component sizes: for 1-D length of electrolyte and electrode - L1, Lo
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Denote ¢(7) := c(1; 1), (1) := o(T; 1), p(7) := p(7; 1)

max E(c,o,p;pn), max P(c,,p;u) subject to
() + A (e(r ) @(1)) = Gi(c(7), (1), p(T); 1), on Qi,
Beo(r) = f(e(r)), on 9y,
p'(1) + Aa2(p(T)) = Ga(c(7),0(7), p(7); 1), on Qa,
c(z,0) = ¢o(x), on €,
p(z,0) = po(z), on €. ]

Question: Reasonable p?
e Material parameters
o Diffusion coefficients - D;;+, Dr;
o Permittivity of the electrolyte - €
o Stiffness of the intercalation electrode
o Geometric parameters

o Component sizes: for 1-D length of electrolyte and electrode - L1, Lo
e Contact surface
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Denote ¢(7) := c(1; 1), (1) := o(T; 1), p(7) := p(7; 1)

max FE(c,¢,p;pn), max P(c,¢,p;p) subject to
(1) + Ax(e(r ) @(1)) = Gi(c(7), (1), p(7)), on Q1,
Bo(r) = f(e(7)), on Qy,
p'(1) + Aa(p(1)) = Ga(c(7),0(7), p(7)), on Qa,
c(z,0) = ¢o(x), on )y,
#(,0) = po(), on 0y

Question: Reasonable p?
e Material parameters

o Diffusion coefficients - D;;+, Dr;
o Permittivity of the electrolyte - €
o Stiffness of the intercalation electrode

o Geometric parameters

o Component sizes: for 1-D length of electrolyte and electrode - L1, Lo
e Contact surface

o Composition of the electrode (not incorperated jet)
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Part Il: Incorperating mechanical effects
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[ Total free energy ]

[Homogeneous free energ}]

[Composition dependent energa
Fréchet derivation

Strain energy densityj

[ Chemical potential ]

Generell diffusion Composition dependent
= —BVy reaction rate
. /
Reformulation

( Fick’s diffusion A

with concentration

dependent coefficient

\_ I'=—-D(c)Ve )
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e 25/31 Mathematical Modeling All Solid State Batteries

1
Total free energy  G[CLi, e] = O(CLi) + §V0Li -KVCL, + W(CLi,e)| dz
Q

=:F(CLi(X),VCLi(X)), def. g:=V Cy;

Total free energy

Fréchet derivation

Chemical Potential
Generell diffusion Composition dependent
F=_BVu reaction rate
I

Reformulation

Fick’s diffusion
with concentration
dependent cocfficient

D(e)Ve
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1
Total free energy  G[Cl;, €] = ,/'”(Cm)-l-ivc’u-KVCLi+W(CLi,e) dz
Q

=:F(CLi(X),VCLi(X)), def. ¢:=V Cp,;

Total free energy

Homogeneous free encrgy
Composition dependent energy

® Free energy (per molecule) of a homogeneous Frichet derivation

system
Chemical Potential
Generell diffusion Composition dependent
T BV re ate

Fick’s diffusion

with conc
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age 25/31 Mathematical Modeling All Solid State Batteries

1 ) )
Total free energy  G[CL;, €] = O(CLi) + ;VCM KV CL +W(CLi,e)| dz
Q 4

=:F(CLi(X),VCLi(X)), def. ¢:=V Cp,;

Total free energy

® Free energy (per molecule) of a homogeneous

system
e Composition dependent energy Chemical Potential
Generell diffusion Composition dependent
F=_BVu reaction rate
;

Reformulation

Fréchet derivation

Fick’s diffusion
with concentration
dependent coefficient

= —D(c)Ve
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1
Total free energy G[CL;, e] = O(CLi) + §VC'L¢ KVCr, +W(Cpi,e)| dx
Q

=:F(CLi(X),VCLi(X)), def. ¢:=V Cp,;

Total free energy

Homogeneous free energy
Composition dependent energy
Strain encrgy density

Fréchet derivation

® Free energy (per molecule) of a homogeneous
system

e Composition dependent energy Chemical Potential

e Strain energy density (in a material point)
Generell diffusion Composition dependent
Fe Tl reaction rate

Reformulation
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1
Total free energy G[CL;, e] = / O(CLi) + §VC’L1- -KVCL, + W(CLi,e)| dz
Q

=:F(CLi(X),VCLi(X)), def. ¢:=V Cp,;

Total free energy

Homogeneous free energy
Composition dependent energy
Strain energy density

Fréchet derivation

® Free energy (per molecule) of a homogeneous
system

e Composition dependent energy Chemical Potentiol

e Strain energy density (in a material point)
Generell diffusion Composition dependent
Fe Tl reaction rate

Reformulation

Fick’s diffusion

Chemical potential pup; :=
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Cahn-Hilliard equation

Instead of Fick's Diffusion ...

0:Cr; =V - (D5;VCr;)
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Cahn-Hilliard equation

.diffusion in the chemical potential

Instead of Fick's Diffusion ... | 8radient

0:Cr; =V - (BLiVpr:)
0G[CLi] )

=V (BMVCSCM(X)

0:Cr; =V - (D5;VCr;)
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Cahn-Hilliard equation

.diffusion in the chemical potential

Instead of Fick's Diffusion ... | 8r2dient

0:Cr; =V - (BLiVpr:)

_v. <Buv%>

0:Cr; =V - (D;VCyr;)

5G[CL] OF  d OF

5CL(X)  0Cy;  dX dg

_ 9f(CLi(X)) ,
- oc, - V-KVCLi(X)+

OW(CLi(X), e(X))
0Cr;
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Cahn-Hilliard equation

.diffusion in the chemical potential

Instead of Fick's Diffusion ... | 8r2dient

0:Cri =V - (BriViir:)

_v. <Buv%>

0:Cr; =V - (D;VCyr;)

5G[CL] OF  d OF

5CL(X)  0Cy;  dX dg

9f (Cri(X)) OW(Cri(X), e(X))
= 0;C=V- BV <% -V -KVC(X)+ aW(C(aXC)'7 e(X))

Problem: fourth oder PDE
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Strain energy density
W.lo.g. ..

e Linearised mechanical strain (relative to
the referenz configuration)

e(u(X)) == (Vu(X)+ Vu(X)")

N =
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Strain energy density

W.lo.g. ..

e Linearised mechanical strain (relative to
the referenz configuration)

e(u(X)) == (Vu(X)+ Vu(X)")

DO =

o Stress-free strain (dependent of local
cristal structure and local composition)

eO(CLi) = MCLl

Cahn-Hilliard Approach«— Incorperating mechanical effects
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Strain energy density
W.lo.g. ..

e Linearised mechanical strain (relative to
the referenz configuration)

(Vu(X) + Vu(X)T)

DO =

e(u(X)) =

o Stress-free strain (dependent of local
cristal structure and local composition)

eO(CLi) = MCM

. with Hooks law of linear elasticity follows

Cahn-Hilliard Approach«— Incorperating mechanical effects

Total free energy

Homogeneous free energy

Composition dependent energy

Strain energy density
Chemical Potential

Generell diffusion Composition dependent
F'=-BVu reaction rate
¥

Reformulation

Fréchet derivation

Fick's diffusion
with concentration
dependent coefficient

I'=-D(e)Ve

W(Crs, €) = %(e —e(Cr)) : E(Cr) (e — €%(Cra)

=:A€e(CL;)

o (Ae(CLi))
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Equation System in the intercalation electrode

Generalized diffusion equation

0:Cr; =V - BriViir;
- 5G[CLi,u] - 6f(CLz) ) 8W(C’Li,Vu)
=0 a0, Y EYOHt o,
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Equation System in the intercalation electrode

Generalized diffusion equation

0:Cri =V - Br;Vur;
- (5G[CL“U] - 8f(CL,) ) 8W(OL“VU)
=50, a0, Y KVt Y50,

Quasi-static mechanic equilibrium (define F := Vu)

—-V.0=0
o — 5G[CLi,u] o _GW(CLi,VU)
ou OF
O'ZO'T

Hidden assumption: Mechanical equilibrium is attaint on a much faster time scale
than diffusion takes place.
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Equation System in the intercalation electrode

Ficks diffusion

0:Cr; =V - Dp;VCy,

Quasi-static mechanic equilibrium (define F := Vu)

—-V.-0=0
o — (SG[CL“U] - 8W(CL“VU)

ou OoF

g =0
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Mathematical Modeling All Solid State Batteries
Electrochemical interfacial kinetics

Energy

forward reaction

Frumkin-Butler-Volmer equation
A

(electrochemical driving force)

@ Reaction coordinate

e So far, reaction rate depending on potential drop in the stern layer

Relec — ki [CAea(Afbg)} — ks I:OBe—(l—a)A<I>5:|
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Electrochemical interfacial kinetics

Frumkin-Butler-Volmer equation
(electrochemical driving force)

@ Reaction coordinate

e So far, reaction rate depending on potential drop in the stern layer

Relec — ki [CAea(Afbg)} — ks I:OBe—(l—a)A<I>5:|
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Electrochemical interfacial kinetics

Frumkin-Butler-Volmer equation
(electrochemical driving force)

e So far, reaction rate depending on potential drop in the stern layer
Relec — kfz [CAea(AQ)g)} o kbi [CBE—(I—Q)A@S]
. incorperate thermodynamic driving force

e Reaction rate also depending on the composition

Rechem _ kf.i [CAeﬁ(m*uB)ea(/_\qa\;)} — Ky g [CBe—ﬁ(ﬂA*#B)e—(l—a)AcI>sj|
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Boundary conditions ... T'e r'p
— —= -
Ql FR QQ F[
discharge

... for the diffusion equation

n-V(D i+ Vi) = =R (Cpv, Cpi, ®, Ap) onI'p

TLV(DLZ+VCL1+):O on F]
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Boundary conditions ... T'e T'p
— —= -
Ql FR QZ F[
... for the diffusion equation discharge
n-V(Dpi+VCpit) = =R (Criv, Cri, ®, Ap) on I'p
on I’y

n- V(DLZ‘+VCL¢+) =0

... for the mechanical equation

on =0 (surface forces in equilibrium) on I'p
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Boundary conditions ... I'o T'p
I —= u

Ql Fh’ QZ F[

... for the diffusion equation discharge
n-V(Di+ Vi) = =R (Cpi+, Cpi, ®, Ap) onI'p
n~V(DLi+VCL,»+):0 on F]

... for the mechanical equation

on =0 (surface forces in equilibrium) on I'p
. or treat electrolyte as rigid body

u =0 (fixed body) onTp
n-u <0 (contact condition) onT¢
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Boundary conditions ... I'o T'p
I — u

Ql FH QQ F[

... for the diffusion equation Jischarep
n-V(Di+ Vi) = =R (Cpi+, Cpi, ®, Ap) onI'p
nV(DLZ+VCLZ+):O on F]

... for the mechanical equation

on =0 (surface forces in equilibrium) on I'p
. or treat electrolyte as rigid body

u =0 (fixed body) onTp
n-u <0 (contact condition) onT¢

Question: Is there an attainable quasi-static mechanical equilibrium under these
boundary conditions?

= Change to dynamic elasticity, moving boundaries
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Questions and Discussion
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