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Motivation

Model for Lithium Ion Battery:

−∇ · (κ(c)∇Φe)− Se(Φs − Φe , c) = 0

−∇ · (σ∇Φs) + Se(Φs − Φe , c) + f = 0

(εec)t −∇ ·
(
D∇c) = Sc(Φs − Φe , c)

+ Neumann boundary conditions∫
Ω

Φe dx = 0 (uniqueness)

Parameter estimation:

I Reduce optimization effort with little loss in accuracy

I Combine with current simulation tools
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Example

Solution to

(left plot) − div
(
2(1 + n)λ(x) |∇u(x)|2n

2 ∇u(x)
)

= g(x)

(right plot) − div
(
2(1 + n)λ(x)∇u(x)

)
= g(x)

for a constant parameter λ = 0.5
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Problem

I Control problem for partial differential equation

minimize J(u, y) over (u, y) ∈ W × U

subject to A(y , u)y + C (y , u) = 0 in Ω

I Assuming unique solution of state equation

I Reduced form given as

minimize Jred(u) = J(y(u), u) over u ∈ U
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Models

Fine model:
minimize g over x ∈ X

I Accurate but expensive model g

I Gradients of g are assumed not to be available

Coarse model:
minimize ĝ over x̂ ∈ X̂

I Cheap model ĝ

I Gradients of ĝ are assumed to be available
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Surrogate Optimization - Space Mapping

Idea:

I Replace fine model g(x) with the cheaper coarse model ĝ(x̂)

I Link the two models by the Space Mapping x̂ = P(x)

I It follows

g(x) ≈ (ĝ ◦ P)(x) for all x ∈ A ⊆ X

I In the Surrogate Optimization use ĝ ◦ P(x) instead of g(x),
i.e.,

minimize gP(x) = ĝ(P(x)) over x ∈ X
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Space Mapping

Definition (first approach):

P(x) = argmin

{
1

2
[ĝ(x̂)− g(x)]2 | x̂ ∈ X̂

}
if S(x) = {x̂ ∈ X̂ | ĝ(x̂) = g(x)} is empty

P(x) = argmin
{α

2
‖x̂ − x‖2

2 s.t. ĝ(x̂) = g(x) | x̂ ∈ X̂
}

if S(x) is not empty
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Space Mapping

Definition (second approach):

P(x) = argmin

{
α

2
‖x̂ − x‖2

M +
1

2
[ĝ(x̂)− g(x)]2 | x̂ ∈ X̂

}
with α a smoothing parameter
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Space Mapping (Example)

Solution to

(left plot) − div
(
2(1 + n)λ(x) |∇u(x)|2n

2 ∇u(x)
)

= g(x)

(right plot) − div
(
2(1 + n)µ(x)∇u(x)

)
= g(x)

for a constant parameter λ = 0.5 and µ(x) = P(λ(x))
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Surrogate Optimization

minimize gP(x) = ĝ(P(x)) over x ∈ X

with

P(x) = argmin

{
α

2
‖x̂ − x‖2

M +
1

2
[ĝ(x̂)− g(x)]2 | x̂ ∈ X̂

}
Gradient of gP given as

∇gP(x) = P ′(x)>∇ĝ(x̂)

I Requires gradient of the fine model

I Approximate gradient by Broyden’s formula
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Broyden’s Update

Local linearization of P

P(x + ∆x) ≈ P(x) + P ′(x)∆x

Secant’s equation
B∆xk = ∆Pk

with ∆Pk = P(xk + ∆xk)− P(xk).

Good Broyden’s update:

Bk+1 = Bk +
∆Pk − Bk∆xk

‖∆xk‖2
2

∆x>k
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Broyden’s Update

Local linearization of ĝ

ĝ(P(xk + ∆x)) ≈ ĝ(P(xk)) + (P ′(xk)>∇ĝ(P(xk)))>∆x

Secant’s condition
∇ĝ>k B∆xk = ∆ĝk

with ∆ĝk = ĝ(P(xk + ∆xk))− ĝ(P(xk)).

Modified Broyden’s update:

∆̃Pk = ∆Pk + σk
∆ĝk −∇ĝ>k ∆Pk

‖∇ĝk‖2
2

∇ĝk

Bk+1 = Bk +
∆̃Pk − Bk∆xk

‖∆xk‖2
2

∆x>k
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