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Exercise 12 (2 Points)
Let x̄ ∈ Rn be given, and let x∗ be the solution of the projection problem

min ‖x− x̄‖2 subject to l ≤ x ≤ u.

For simplicity, assume that −∞ < li < ui < ∞ for all i = 1, 2, . . . , n. Show that the
solution of this problem coincides with the projection formula given by

P (x, l, u)i =


li if xi < li,
xi if xi ∈ [li, ui],
ui if xi > ui,

that is, show that x∗ = P (x̄, l, u).

Exercise 13 (2 Points)
Consider the quadratic optimization problem given by

min f(x) :=
1

2
x>Qx+ x>d+ c,

where Q ∈ Rn×n is symmetric and positive definite. Let x∗ be the minimizer of f and
define the energy norm as ‖x‖Q := (x>Qx)1/2. Show that the following equality holds:

f(x) =
1

2
‖x− x∗‖2Q + f(x∗).

Exercise 14 (2 Points)
Consider the nonlinear optimization problem

min f(x) subject to e(x) = 0, g(x) ≤ 0, (1)

for which the Lagrangian function is given by

L(x, λ, µ) = f(x) + λ>e(x) + µ>g(x) for (x, λ, µ) ∈ Rn × Rm × Rp
+.



The dual problem to (1) is defined by

sup
λ∈Rm,µ∈Rp

+

d(λ, µ), (2)

where d(λ, µ) := infx∈Rn L(x, λ, µ) denotes the dual objective function. In this context we
refer to the original problem (1) as the primal problem.

1. Show that the following weak duality result holds: For any x̃ feasible for (1) and
any (λ̃, µ̃) ∈ Rm × Rp

+, we have

d(λ̃, µ̃) ≤ f(x̃).

It says that the optimal value of the dual problem gives a lower bound on the opti-
mal value of the primal problem.

2. Derive the dual problem to the linear programming problem

min c>x subject to Ax = b, x ≥ 0,

with A ∈ Rm×n, c ∈ Rn and b ∈ Rm.


