BASIC FUNCTIONAL ANALYSIS FOR THE OPTIMIZATION OF
PARTIAL DIFFERENTIAL EQUATIONS

S. VOLKWEIN

ABSTRACT. Infinite-dimensional optimization requires — among other things
— many results from functional analysis. In this script basics from functional
analytic theory is reviewed. The purpose of this work is to give a summary of
important facts needed to work in our research group.

1. Functional Analysis — Results and Definitions

If M is a set and M; C M, the symbol M \ M; represents the complement of
M in M,ie. M\ My ={x € M :x ¢ M;}. M will always denote the closure
of the set M, which is the smallest closed set containing in M. The interior of the
set M, M°, is the largest open set containing in M. The boundary of M is the set
OM = M \ M°. The set of ordered pairs {(z,y) : * € My, y € My} is called the
Cartesian product of the sets My and My and it is denoted M; x Ms.

Let f : M — M; be a function (or mapping). f(M) will usually called the
range of f and will denoted ran (f). The set {x € M : f(x) = 0} is said to be the
kernel of f and is denoted ker (f). A function f will be called injective if for each
y € ran (f) there is at most one € M such that f(x) =y; f is called surjective if
ran (f) = M. If f is both injective and surjective, we will say it is bijective.

Let f: M — M; and g : M; — Ms be two functions. The composite mapping
r=go fisdefined by r: M — My, x — r(z) = g(f(x)).

Definition 1.1. A (real) linear space is a set, V, over R, whose elements satisfy
the following properties

) v+w=w+wv for allv,w eV,
2) v+ (wHu) = (v+w)+u for alv,w,u €V,
3) There is in V a unique element, denoted by 0 and called the zero element,
such that v+ 0 = v for each v,
4) To each v in V corresponds a unique element, denoted by —v, such that
v+ (—v) =0,
5) « (v—|—w)—av—|—awf0rallv weV anda e R,
6) (a¢+B)v=av+pv forallveV and a,f € R,
7 a(fv)=(af)v forallveV and a, 5 € R,
8) 1-v=w foralveV,
9) 0-v=0 forallveV.
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A (real) normed linear space is a linear space, V, over R and a function, || -],
from V' to R which satisfies:

1) ||vlly, =0 for allv in V,

2) |lvlly, =0 if and only if v =10,

3) |lav|ly, = |al vy, for allv in V and o in R,

4) |lv+wlly < |lolly + lwlly for all v and w in V.

A system of sets M, a € I, is called a covering of the set M if M is contained as
a subset of the union | J,.; Ma. A subset M of a linear space V is called compact
if every system of open sets of V' which covers M contains a finite system also
covering M. A subset M in a linear space V is precompact, if M is compact in
V. Further we call M C V bounded, if there exists a constant K > 0 such that
|lv]lv < K for all v € M.

Definition 1.2. A linear operator from a normed linear space (V1,| - |lvy) to a
normed linear space (Va, || - |lv,) is a mapping, A, from Vi to Vo which has the
following property:

Alav + pw) = a A(v) + B A(w) for allv,w € Vi and a, B € R.

A is called a bounded (linear) operator if A is linear and there is some K > 0 such
that || A(v)|lv, < K ||v|lv, for allv € V;.

The smallest such K is called the norm of A. By (1.1) we will introduce a nota-
tion for the norm of a bounded linear operator. A sequence of elements {v, }nen
of a normed linear space V is said to converge (strongly) to an element v € V|
Up — v, n — 00, if lim, oo [|v — v,||;, = 0. The sequence {v,}nen is called a
Cauchy sequence if for all € > 0 there exists one N € IN such that

|vm — vnlly, <e forall m,n > N.

A normed linear space in which all Cauchy sequences converge is called complete.
A set M in a normed linear space V is called dense if every v € V is a limit of
elements in M. A function f from a normed linear space (V1,] - |lv;) to a normed
space (Va, || - |lv,) is called continuous at v if ||f(v,) — f(v)|lv, — 0 as n — oo
whenever ||v, — v|ly, — 0 as n tends to zero. We say f is Lipschitz-continuous if
there exists a constant vy > 0 such that

1f(v) = F(w)lly, <77 llv=wly, forall v,w e V.

Jf is called locally Lipschitz continuous if for all open and bounded O C Vi with
O C V; there exists vy = v;(0) > 0 such that

1F@) = F(@)lly, <7 llo —wlly, for all v,w € O.

Let V1 and V5 be normed linear spaces. A bijection f from V; to Vo which preserves
the norm, i.e.,

[f(v) = f(w)lly, = [lv—wl, foralv,weWV

is called an isometry. It is automatically continuous. V; and V5 are said to be
isometric if such an isometry exists.

Let V be a normed linear space. The set {w € V : |lv — w||v < p} is called
the open ball, B(v;p), of radius p about the point v. A set U(v) C X is called a
neighborhood of v € U(v) if B(v;p) C U(v) for some p > 0. Let M C V. A point
v is called a limit point of M, if for all p > 0 B(v;p) N (M \ {v}) # 0, i.e., z is a
limit point of M if M contains points other than v arbitrarily near v.
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Lemma 1.3. Let A be linear operator between two mormed linear spaces. The
following properties are equivalent:

1) A is continuous at one point.
2) A is continuous at all points.
3) A is bounded.

Proof. For the proof we refer the reader to Theorem 6.1.1 on page 97 in [15]. O

V1 and V5 are normed linear spaces. We define
L(V1,Va) ={A: Vi — Vs, Ais linear and continuous}.

Due to Lemma 1.3 linear operators in L(Vy, V3) are bounded linear operators, which
we also call continuous operators. Let us introduce the following norm on L(V7, V2):

(D) Al = s G, = sup [A@)ly,  for all A€ L1,V

v V1§1 ‘U‘lvlzl
Definition 1.4. A complete normed linear space is called a Banach space.
We mention the inverse mapping theorem.

Theorem 1.5. A continuous bijection of one Banach space onto another has a
continuous inverse.

Proof. We refer the reader to Theorem III.11 on page 83 in [13]. O

Lemma 1.6. Let By, By be two Banach spaces and A belong to L(By, Bs). The
passage to the inverse A — A~' is continuous (non-linear) mapping of L(B1, Ba)
into L(Bg, By) for the norm.

Proof. For a proof we refer to Theorem 3 on page 321 in [5]. O
Remark 1.7. If the perturbation B of A is sufficiently small, i.e., |B| (B, ,B,) <
||A||Z(1B1 B) Dolds, then A—B is invertible. Let {Ay}nen be a sequence in L(By, Bs)
and A € L(By, By) such that A~ exists and

i 1A = Ally s, 5,y = 0.

Thus, there exists N € IN with || A, — All1(B,,B,) < HAHZSBLBQ) for alln > N.
This leads to A, exists for allm > N.

Lemma 1.8. Let V, Vi and V, be normed linear spaces. Then L(Vy,Va) with the
norm || - HL(V1 v, @8 @ normed linear space, and a Banach space, if Vo is complete.

If Ae L(Vy,Va) and B € L(V,,V) we have Bo A€ L(V1,V) and
1B o A||L(v1,V) < HB||L(V2,V) ”AHL(Vl,Vg)'
Proof. Let us refer to Satz 3.3 on page 102 in [2]. |

We set L(V) = L(V, V). The identity on V is the continuous operator Zy : V —
V given by Zy (v) = v for all v in V.

Definition 1.9. A (real) vector space X is called (real) inner product space if there
is a real-valued function (- ,-)x on X x X that satisfies the following four conditions
forallz,y,z € X and a € R:

1) (x,x)x >0 and (z,z)x =0 if and only if x =0,

2) (&, y+2)x = (,y)x + (x,2)x,
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3) (z,ay)x = a{z,y)x,
The function (-,-)x : X x X — R is called (real) inner product.

Example 1.10. Let IR™ denote the set of all n-tupels of real numbers. We define
the inner product

n
XY =Xy =Y a0,
j=1

for all x = (x1,...,2,)" andy = (y1,...,yn)T in R™.

Let X and Y be inner product spaces. The mapping a : X x X — Y with the

properties

1) a(ax + Py, z) = aalx,z) + Baly, z) for all x,y,z € X and o, § € R,

2) a(z,y) = a(y,z) for all z,y € X,

3) la(z,y)| < K||z| x ||yl x for some K > 0 and for all z,y € X
is said to be a (real) continuous bilinear form. Two vectors, z and y, in an inner
product space X are said to be orthogonal if (x,y) = 0. A collection {z;};cn of
vectors in X is called an orthonormal set if (x;,z;)x = 1 for all 4, and (z;,z;)x =0
if i ],
Definition 1.11. A family {zx}rea (A an index set) is said to be total (or com-
plete) in the Hilbert space X if

(@, zx)x =0 forall e A = 2=0.
A total orthonormal family is called an orthonormal base.

Lemma 1.12. Fvery inner product space X is a normed linear space with the norm
[zllx = /{2, 2)x.

Proof. Let us refer to Theorem II.2 on page 38 in [13]. O

Definition 1.13. A complete (real) inner product space is called a (real) Hilbert
space.

Suppose X and Y are Hilbert spaces. Then the set of pairs (z,y) with € X,
y € Y is a Hilbert space called the direct sum of the spaces X and Y and denoted
by X &Y. The natural inner product on X @Y is given by

(1.2) ((z1,91)s (22, ¥2)) xay = (1, 22) x + (Y1, ¥2)y

for all (z1,y1), (z2,y2) € X DY

Let M be a closed subspace of a given Hilbert space X. Under the natural inner
product that it inherits as a subspace of X, M is a Hilbert space. We denote by
M the set of vectors in X which are orthogonal to M; M~ is called the orthogonal
complement of M. It follows from the linearity of the inner product that M is
a linear subspace of X. Further, we can prove, that M is closed. Thus M*' is
also a Hilbert space. M and M~ have only the zero element in common. The next
Theorem 1.14 is usually called the projection theorem.

Theorem 1.14. Let X be a Hilbert space, M a closed subspace. Then every x € X
can be uniquely written © = z +w where z € M and w € M*.

Proof. We refer the reader to Theorem I1.3 on page 42 in [13]. O
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Remark 1.15. Theorem 1.14 sets up a natural isomorphism between M @& M=+
and X given by

(1.3) (z,w) — z +w.

We will suppress the isomorphism and simply write X = M @ M. Let us choose
x1,29 € X, 21,20 € M and wy, wy € M~ such that x1 = 21 +w; and T3 = 29 + wo.
By (1.3) we identify x1 and (z1,w;) respectively xo and (z,wz). On the Hilbert
spaces M and M+ we use the inner product (-,-)x that M and M~ inherit as a
subspace of X. Then it follows

(T1,2) y = (214w, 22+ w2y

= <Z1722>X+<’LU172’2>X+<Z17U)2>X +<w17w2>x

=0

1.2

(:) <(217w1)7(22aw2)>M@ML'

Thus, the inner product on M @& M+~ given by (1.2) coincides with {-,-) x.

An important class of bounded operators on Hilbert spaces is that of the pro-
jections.

Definition 1.16. Let X be a Hilbert space. A bounded operator P into itself is said
to be a projection if P2 = P holds. P is called orthogonal if (x — P(x),P(z))x =0
forallx € X.

The following result is known as the principle of uniform boundedness or the
Banach-Steinhaus theorem.

Theorem 1.17. Let {A} be a set in L(B1, Bs) for two Banach spaces By and Bs.
If | A(z)|| B, is bounded for each fized x € By, as A ranges over {A}, then there
exists K > 0 such that || Al (B, ,B,) < K for all of {A}.

Proof. Let us refer to Theorem 6.3.1 on page 112 in [15]. O
Now we introduce the dual space of a given Banach space.

Definition 1.18. Let B be a Banach space. The space L(B,IR) is called the dual
space of B and it is denoted by B’. The elements of B’ are continuous linear func-
tionals. We write (f,x)p/ p for the duality pairing of f € B’ with an element
z € B.

Since R is complete, B’ is a Banach space (Lemma 1.8). We define || - || 5, =
| lz(pr)- In the applications we will often consider the dual X' of a Hilbert

space X. Let us recall the Riesz representation theorem. For a proof we refer to
Theorem II.4 on page 43 in [13].

Theorem 1.19. Let X be a Hilbert space with dual X'. For each f € X', there
is a unique yy € X such that (f,x)x/ x = (ys,x)x for all x € X. In addition
lurllx = [1fllx -

A bounded linear operator from a normed linear space V7 to a normed linear
space V3 is called an isomorphism if it is bijective and continuous and if it possesses
a continuous inverse. If it preserves the norm, it is called isometric isomorphism.
Due to Theorem 1.5 a bounded linear operator possesses a continuous inverse if
it is bijective and both V; and Vi, are Banach spaces. Obviously, an isometric
isomorphism has norm one.



6 S. VOLKWEIN

Remark 1.20. By Theorem 1.19 we define the Riesz isomorphism Jx which maps
the Hilbert space X onto its dual X' by ys — f and

<fv x)X’,X = <t7X(yf)7 x>X/,X = <yf7 JI>X
for all z € X. Often there is made no difference between an element y; € X and
the corresponding element (the riesz representant) f € X’. We point out that we
have ||Ix | (x,xy = 1. Thus, Jx is an isometric isomorphism. The dual space X'
is also a Hilbert space: Due to Theorem 1.19 the natural inner product on X' is
given by
(1.4) (f.9)x = (I (), T (9))x
for all f,g e X'.

If the normed linear space V has a countable dense subset it is called to be
separable.

Proposition 1.21. Let X and Y be Hilbert spaces. We define
A: X'aY - (XaY)
(A(f,9), (@.9) (xevy xey = ([ @) x x T {9 ¥)yv vy
forall (f,g) e X' ®Y' and (z,y) € X @Y. Then A is an isometric isomorphism.

Proof. We have mentioned that X &Y is a Hilbert space with the inner product
(1.2). Due to Remark 1.20 the dual space (X ®Y)’ is also a Hilbert space. Since
elements of X’ and Y’ are continuous, A is also continuous. Jy and Jxqy are the
Riesz isomorphisms which map Y onto Y’ respectively X @Y onto (X &Y)’. For
(f,9), (f,gj) € X'®Y’' and a, 8 € IR we obtain

(.A(oz(f,g) + ﬁ(fv g)v (x’y»(X@Y)/:X@Y
= <af + ﬁf, x>X/,X + <Oég +ﬁ§»y>Y’,Y
= (@ A(f,g) + ﬂ-A(fv 9), (z, y)>(X€BY)',X®Y

for all (z,y) € X @Y. Therefore, A is linear and belongs to L(X' @Y, (X @Y)").
Let us assume A(f,g) =0 for f in X’ and g in Y’. Then it follows

<~A(fa g)a ({E, y)>(X@y)/7X@y = 0

for all (z,y) e X @Y. So, (f,z)x'x = —(g,y)y+,y for all (z,y) € X &Y. This is
only true if (f,g) = (0,0). Thus, A in injective. Let us choose r € (X @Y)". Ais
surjective if and only if there exists (f,g) € X' @Y’ such that A(f,g) =r. € X
and § € Y are defined by

(1.5) (&9) = Ty (r)-
If we set f = Jx(Z) and g = Jy (g). We achieve
<A(fvg)7(x7y)>(X®Y)/,X®Y = <\7X(§j)>$>X/,X+<jy(g>7y>Y’,Y

= (@&a)x + Yy

12) (2,9), (%,9) xoy

(1.5)

- <7‘, (xvy»(X@Y)/,XEBY
for all (z,y) € X @Y. This imply the surjectivity of A. Hence, A is a bijection.
By applying Theorem 1.5 A is an isomorphism. Finally, we prove the isometry of
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A: Let (f,g) € X’ ®Y’. For (z,y) = j;éy(A(f, g)) the proof of the surjectivity
has shown f = Jx(z) and g = Jy (y). Further we have ||Jx(z)| v, = ||z|x and
| Ty (W)lly: = llylly (Theorem 1.19). This yields

JAGE ) IExayy =" (A 9), A, 9)) (xayy

Tl AU 9) Ty AU 9) y oy

= ((z,9), (=, )>X@Y

2 e+ Gy

S (Ix(@), Tx (@) g+ (T (). Ty (9))y
<fa >X < >Y/

O (£.9). (9 ey

() sy -
Therefore, A is isometric, and the proof is complete. O

Remark 1.22. Due to Proposition 1.21 we identify X' @Y’ with (X ®Y')’, so that
we use X' @Y’ as the dual space of X &Y. The natural inner product on X' &Y’
is

<(fag)7(f~7g)>X’@Y’ = <f7f> <g g>Y’
W T T D)k + (T 9, T @)y
for all (f,9),(f,§) e X' @Y".

Definition 1.23. A sequence {x,}nen converges weakly to an element x of the
Hilbert space X, x,, — x, n — oo, if we have

lim (f,zn)x' x = (f,2) x/ x

n—oo

forall f € X'.

By the Theorem 1.19, a sequence {z,},en converges weakly to an element x
of the Hilbert space X if lim, oo (y, Zn)x = (y,z)x for all y € X. The following
results are useful in the Hilbert space approach to differential equations.

Lemma 1.24. A bounded sequence in a Hilbert space contains a weakly convergent
subsequence.

Proof. Let us refer to Theorem 5.12 on page 80 in [9]. O

Lemma 1.25. Let X be a Hilbert space. Then the weak convergence of {xy}nen
in X implies the boundedness of ||y .

Proof. We refer the reader to Korollar 13.3 on page 61 in [10]. O

Lemma 1.26. Let X be a finite dimensional Hilbert space. Then every weak con-
vergent sequence converge strongly in X.

Proof. We choose a sequence {x, }nen such that x,, — x, n — oo, for some z € X.
Further let {®1,...,on} be a orthonormal base for the N-dimensional Hilbert
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space X and x = YN 2l @, = YN | i@, Hence the weak convergence and
the linearity of the inner product imply
N
0= lim ’(mn — x,cpj>X| < nlirgoz |:1:; — xl<50i790j>x| = nlirr;o |x£L — g;J|

n— 00 £
i=1

for j=1,...,N. Thus,

N N
. T i i ) : A 2
OSnILH;on"_‘THX_nILH;OH El(acn—x)% N < Elnh—{go‘x" x| =0.
i= =

O

Definition 1.27. Let Vi and Va be two normed linear spaces. A linear operator
K € L(V1, Va) is called compact if K takes bounded sets in Vi into precompact sets
in Vs.

An important property of compact operators is given by:

Lemma 1.28. A compact operator maps weakly convergent sequences into norm
convergent sequences.

Proof. Let us refer to Theorem VI.11 on page 199 in [13]. O

The following lemma is important since one can use it to prove that an operator
is compact. For a proof we refer to Theorem VI.12 on page 200 in [13].

Lemma 1.29. Let By, Bs and B be Banach spaces and A € L(By,Bs). If B €
L(Bs, B) and if A or B is compact, then Bo A is compact.

Let us recall the Fredholm alternative. For a proof we refer to the corollary on
page 203 in [13].

Theorem 1.30. If K is a compact operator from a Hilbert space X into itself, then
either (Zx — K)~! exists or K(v) = v has a solution.

A further important theorem about compact operators is given by Riesz-Schauder
theorem. Therefore we need some more definitions.

Definition 1.31. Let B be a Banach space and A € L(B). A complex number X
is said to be in the resolvent set p(A) of A if \Ip — A is a bijection with a bounded
inverse. If X\ ¢ o(A), then X is said to be in the spectrum o(A) of A.

We note that by Theorem 1.5, AXZp — A automatically has a bounded inverse if
it is bijective. We consider a subset of the spectrum.

Definition 1.32. Let B be a Banach space and A € L(B). An element v # 0
which satisfies A(v) = Av for some X\ € C is called an eigenvector (or eigenfunction)
of A; X is called the corresponding eigenvalue.

Theorem 1.33. Let KC be a compact operator on a Hilbert space X, then o(KC) is
a discrete set having no limit points except perhaps A\ = 0. Further any nonzero
A € o(K) is an eigenvalue of finite multiplicity (i.e., the corresponding space of
eigenvectors is finite dimensional).

Proof. We refer to Theorem VI.15 on page 203 in [13]. |
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If £, = x, n — oo, we do not have lim, . ||z, x = ||z| x in general. But we
get the following result.

Lemma 1.34. Let X be a Hilbert space. If x, — x, n — oo, then ||y <
lim inf ||z, | .
n—oo

Proof. Let us refer to Lemma 13.2.1 on page 351 in [15]. |

Definition 1.35. Let X be a Hilbert space. f : X — R is called weakly lower
semicontinuous if
f(z) < lim inf f(x,)

n—00
as ry, — T, N — OQ.

Remark 1.36. From Lemma 1.34 we infer that the norm is weakly lower semicon-
tinuous.

Definition 1.37. Let X and Y be two Hilbert spaces with duals X' and Y’ respec-
tively. Then we associate with every bounded operator A : X — Y defined on all
of X, an adjoint, denoted by A* and defined by

(A (), 2) x x = (A@),y)y,y forallz e X andy €Y.
Lemma 1.38. Let X and Y be two Hilbert spaces with duals X' and Y’', respec-
tively, and A € L(X,Y") be a bounded operator; its adjoint A* has the following
properties:
1) A* € L(Y, X');
2) Al Lev,xy = I AllLix,yry: the mapping A — A* is thus an isometry of
L(X,Y") into L(Y, X");
3) We have
ran (Jx A*) = (ker (Jy"A)L,
ran (Jy 'A) = ker (Jx'AM)*,
ker (Jx'A*) = ker (Jy "ATx A",
ran (Jy'A) = ran Jy AT AY).

4) If any of the two subspaces ran (Jy " A), ran (Jy ' AT ' A*) is closed, than
so the other.

Proof. We refer the reader to Theorem 4 on page 322 in [5], Theorem 8.4 on page 232
and Theorem 11.2 on page 244 in [14]. O

Lemma 1.39. Let X andY be two Hilbert spaces with duals X' and Y’ respectively.
Then we have for every A€ L(X,Y"):

A is surjective = A* is injective.

Proof. Since A is surjective, we get ran(A) = Y’ and ran (Jy, ' A) = Y. Due to
Lemma 1.38 we obtain ker (75 ' A*)* =Y. This leads to ker (Jx'A*) = {0}, and
therefore we have ker (A*) = {0}. Hence, A* is injective. O

Remark 1.40. If A* is injective then ran (Jy ' A) = Y by Lemma 1.38. From this
we derive ran (A) = Y’. Therefore, ran (A) is only dense in Y. If ran (A) is closed,
A is surjective. In Theorem 1.42 we will give equivalent assertions for surjectivity

of A.
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Example 1.41. We shall give an example for an injective operator that is not
surjective. Let us choose @ C R"™ and A* = (—=A)~!1: L2(Q) — L2(Q) | u = A*(f)
is a weak solution of
—Au=f inQH
{ u=20 on 0,
ie., u € H}(Q) solves

(1.6) Z/ﬂu’“ Oy, dT = /Qfgodx for all o € Hy(R).
i=1

It can be proved that (1.6) has a unique solution v € HE (). It is clear, that A* is
linear. Further, if u = A*(f) and v = A*(g) then w = u—v € Hj(f) is a solution
of

Z/Qw% ga:cid:c:/ﬂ(ffg)cpdx for a]]gaEH&(Q).
i=1

f # g leads to w # 0. Thus, A* is injective. Further the linear operator —A :
L?(Q) — L*(Q) is selfadjoint. This yields

(4.1)

WD P [ agde=— [ 4 AU ) o

=9

Int. by parts * * _ *
2 —AAqywA@M—AAmMm
= (A*(9): ) 12 (e

C
for all f,g € L*(Q). Therefore, A* = A. Since ran (A) C H}(Q) # L?(Q) we
conclude that A = (—A)~1 is not surjective.

Let V4 and V5 be two Hilbert spaces and f : M C V3 — V5. f is said to be closed
if its graph, {(x, f(x) : @ € M}, is a closed set in V7 x Va. By D(f) we denote the
domain of f.

Theorem 1.42. Let A be a closed densely defined linear operator from a Hilbert
space X into the dual Y’ of a Hilbert space Y. Then the following assertions are
equivalent:

1) A is surjective, i.e., ran (A) =Y.

2) There exists a constant K > 0 such that

lvlly < K[ A*()|x, forallv e D(A*) CY.
3) ker (A*) = {0} and ran (A*) is closed.
Proof. Let us refer to Theorem I1.19 on page 29 in [3]. O

Lemma 1.43. Let X and Y be two Hilbert spaces with duals X' and Y’', respec-
tively, and A € L(X,Y") be surjective. Then the linear operator B = Ao \7);1 o A*:
Y — Y’ is bounded and invertible, and B~ € L(Y',Y) holds.

'We introduce the Hilbert spaces L2(£2) and H} () in Section 4.
52

i i is o 9 4., 0
The Laplacian is given by A = 947 + + 922 "
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Proof. Since A is surjective we have ker (A4*) = {0} by Lemma 1.39. Due to
Lemma 1.38 we get ker (A7 'A*) = {0}. Thus, B is injective. The surjectivity of
A leads to the surjectivity of Jy~ ' A and the closedness of ran (Jy ' A). Applying
Lemma 1.38 again we obtain ran (j;lB) is closed, too. This leads to

Y =ran (Jy 'A) = ran (J; L A) ran (Jy 'B) = ran (Jy ' B).

Thus, B is surjective and therefore bijective. Since A € L(X,Y’) holds A* is
bounded (Lemma 1.38). By Lemma 1.8 the operator B is continuous. Due to
Theorem 1.5 we get B~ exists and is continuous. O

Lem. 1.38

2. Local theory of optimization

In this section we recall optimality conditions for infinite dimensional optimiza-
tion problems.

Definition 2.1. Let By and By be Banach spaces and f : By — Bs. If there exists
A € L(B1, Bs), such that at some point x € By

. 1f(z+y) — fz) = A)| 5,
Iyl 5, —0 vl 5,

then A(y) is called the Fréchet-differential of f(x) at x, written 6 f(x;y). The op-
erator A is called the Fréchet-derivative of f(x) at x, and we write A = f'(z) and

6f(z;y) = f'(2)y.

If f: By — Bs has a Fréchet-derivative at z, it is unique (see Proposition 1 on
page 172 in [11]) and f is continuous at = (see Proposition 3 on page 173 in [11]).
Further we have

21) (@) D)y, = T (1) — F()

for each y € By (see Proposition 2 on page 173 in [11]). If the correspondence
x +— f'(x) is continuous at the point z(, we say that the Fréchet derivative of f is
continuous at xg. If the derivative of f is continuous on some open set O, we say
that f is continuously Fréchet-differentiable on O.

Let X be a Hilbert space and J : X — IR be a cost functional. We consider the
constrained minimizing problem

207

(2.2) minimize J(x) subject to e(z) =0,

where e is a constraint function from X into the dual space Y’ of a Hilbert space
Y. The Lagrange functional associated with (2.2) is denoted

C(.’E, )‘) = J(.Z') + <€(.Z'), )‘>Y’,Y

and the Lagrange multiplier is some specific A € Y. Partial derivatives with respect
to the variable x € X will be denoted by primes.

Definition 2.2. We consider the constrained minimizing problem (2.2). If zg € X
is such that €' (xg) maps X onto Y’, the point xq is said to be a regular point of e.

Theorem 2.3. Let xy be a regular point of the continuously Fréchet-differentiable
function e mapping the Hilbert space X into the dual space Y’ of a Hilbert space
Y. Then there is a neighborhood U(xo) C X of the point xg, such that ¢'(zx) is
surjective for all x € U(xg).
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Proof. We define the linear mapping
(2.3) B(z) =€ (z) o Tx ' o€ (x)*

for all x € X. From Lemma 1.43 and Definition 2.2 it follows that B(z¢) is invert-
ible. Since the mapping x — e(z) is continuously Fréchet-differentiable the function
x +— B(x) is continuous (Lemma 1.8). Due to Lemma 1.6 and Remark 1.7 there
exists a neighborhood U(zg) of xy such that B(z) is invertible. By Lemma 1.38
this yields e’(z) is surjective for all € U(xq). O

Remark 2.4. Due to Lemma 1.39 the operator e'(x)* is injective in the same
neighborhood U (zg) of xg.

Our aim is to give necessary conditions for an extremum of J subject to e(z) =0
where J is a real-valued functional on a Hilbert space X and e is a mapping from
X into the dual space Y’ of a Hilbert space Y.

Theorem 2.5. If the continuously Fréchet-differentiable functional J has a local
extremum under the constraint e(x) = 0 at a regular point x*, then there exists an
element \* € Y such that the Lagrangian functional is stationary at x*, i.e.,

(2.4) L'z X)) =J (@) + e (") A" =0.
Proof. Let us refer to Theorem 1 on page 243 in [11]. O

Remark 2.6. The equations (2.4) and e(z*) = 0 are called the first-order necessary
optimality condition for a local extremum of J at the point z* under the constraint
e(z) = 0.

Now we mention the second-order sufficient optimality condition for a local min-
imum. We refer for a proof to Theorem 5.6 in [12].

Theorem 2.7. The twice continuously Fréchet-differentiable functional J has a
local minimum at the point x* under the constraint e(x) = 0, if there exists \* € Y
and k > 0 such that

(L"(x", X)v,0) 50 x 2 K [oll%  for all v € ker (¢ (z*)).

3. Analysis of an abstract variational problem

In optimization theory saddle-point problems arise very often. For that purpose
we recall basic results for an abstract saddlepoint problem.

Let X and Y be two (real) Hilbert spaces with dual spaces X’ and Y’ respectively.
The following bilinear forms are given:

a: XxX—-R, b:XxY—->R

with norms

b
ol = swp SOy D
2P Tl Tollx D Tellx 9Ty
»,9#0 #0,1#0

Let I € X’ and g € Y’ be given. We seek (z,A) € X x Y such that

{ a(z, @) +b(p,N) = (L,p)x x foralypeX,

(3:1) b(z, 1) (9,%)y,y forallyp ey,
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With the two bilinear forms a and b we define linear operators A € L(X, X') and
Be L(X,Y"):
<~A(90)a ¢>X’7X = a((,O, ¢) fOI‘ au 90, ¢ S Xv
B(g),¥)yy = blow) forallpe X, peY.
The adjoint operator B* of B is defined by Definition 1.37. It can be shown that
Il Lx,x = llall, 1Bl gx,yry = lI0l-
Using these operators (3.1) yields to
A(z)+B*(A) = | inX’
B(z) = g inY'.
Let V =ker(B) and V(g9) = {¢p € X : B(p) = g}. It follows
{ V(g) ={p € X :b(¢,9)) = (9 ¢}y y forall p € Y},

(3.2)

V =V(0).
Since B is continuous, V is a closed subspace of X.
Now, we associate with (3.1) the following problem: Find u € V(g) such that
(3.3) a(z,p) =({,p)x: x forallpeV.

It is clear, if (x, \) € X XY is a solution to (3.1), then u € V(g) is a solution to (3.3).
We want to find conditions, which ensure that the converse is true. Therefore, we
define the polar set V° of V by

VO={feX :(fi¢)x x =0foral pecV}

Lemma 3.1. The following properties are equivalent:
1) there exists a constant > 0 such that

(3.4) inf sup M > 3
veY pex [lollx 1¥lly

2) the operator B* is an isomorphism from 'Y onto V° and

IB* ()l x: = BlIYlly  for all ¢ € Y;

3) the operator B is an isomorphism from V* onto Y’ and

1By, = Bllelly  forall p € V.
Proof. Let us refer the reader to Lemma 4.1 on page 58 in [8]. O

The condition (3.4) is called inf-sup condition or Babuska-Brezzi condition. To

formulate the next theorem, we introduce the linear continuous (restriction) oper-
ator F € L(X',V'):

(Ff)ehv v =([¢)x x forall fe X, peV
Obviously, we derive
IF M)y < 1Nl
Theorem 3.2. (3.1)) and (3.2)) are well-posed (i.e., there is a unique solution) if
and only if the following conditions hold:

1) the operator F o A is an isomorphism from V onto V',
2) the bilinear form b(-,-) satisfies the inf-sup condition (3.4).
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Proof. We refer to Theorem 4.1 on page 59 in [8]. O
The next corollary is an important application of Theorem 3.2.
Corollary 3.3. Let a be V-elliptic, i.e., there exists a constant kg > 0 such that

a(p,¢) > ko |l@lx  for all p € V.

Then, (3.1) respectively (3.2) is well-posed if and only if the bilinear form b(-,-)
satisfies the inf-sup condition (3.4). Let (x,\) € X XY be the unique solution to
(3.1). Then we have the estimates

o ™
Ko B kofB
2
L lal . ]

Py < (5+05) W+ (g + o) lolly

Proof. Let us refer to Corollary 4.1 on page 61 in [8] and Theorem 1.1 on page 42
in [4]. O

IA

Now we turn to the discretization of (3.1). Let X and Y}, be two finite dimen-
sional spaces such that

Let X} and Y}, denote their dual spaces with the dual norms:

(3 5) ||l || - sup <lN790N>X/,X ”g || — swp <gM’wM>Y/,Y
’ Nixy — TR Ml = R SRS
T ewexn el Vi e ol
Clearly,
”l”X}\, < 12l x» ||9||y](4 <|lglly, forall (I,g) € X' xY".

Like in the continuous case, we associate with a(-,-) and b(-,-) the operators Ay €
L(X,X%), By € L(X,Y?,) and B% € L(Y, X’ defined by

(An(9), on) X = a(p,py) forall oy € Xy, forall ¢ € X,
Bu(@)svm)yy = blo,bn) foralln € Yy, forall p € X,
(By(W),on)xr x = blon,9) forall oy € Xy, foralyeY.

Bx is not the dual operator of By, but if By, is restricted to Xy and By to Y,
then B, and By are indeed dual operators. Moreover, we have:

183 (@)lly;, < 1B(o)lly, for all g € X

with similar inequalities for [ Ax||x;, and || By (¥)| x4, . For each g € Y, we define
the finite-dimensional analogue of V' (g):

Vvam(g) = {on € Xy 1 b(on, ¥ar) = (9, ¥ar)ys y for all as € Yar}
and we set
Vnr = Vaar(0) = ker (By) N Xy = {on € X : b(on, ¥a) =0 for all ¥y, € Ya,}
Right away we remark that generally Vi, ¢ V and Viya(g) € V(g) because Yy, is
a proper subspace of Y. Now we approximate (3.1) by
{ a(zn, on) +0(on, Am) = (Lign)x x  forall o € Xy,

3.6
(3.6) b<$N7¢M) = <ngM>y/7y for all 1y € Yy
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and we associate with (3.6) the following problem:
(3.7) a(zn, on) = (I, 50N>Xr,x for all pn € Vivu-

Here again, the first component xy of any solution (xy, Ay ) of (3.6) is also a
solution of (3.7). The converse is true due to the next theorem.

Theorem 3.4. Let (x,\) be a solution to (3.1).

1) Assume that the following conditions hold:
(a) Vwml(g) # 0;

(b) there exists a constant Ky > 0 such that:

(3.8) a(pn, on) > Enm ||<pN||§( for all pn € V.

Then (3.7) has a unique solution xn € Vnar(g) and the “error bound” holds

[ —nllx

(3.9) el

. ol .
§<1+—) inf T — + ——  inf A— .

KNy / eNEVNM(9) | ollx KNM YMEYM | Varlly
2) Assume that hypothesis holds and, in addition, that:

(c) there exists a constant Byn > 0 such that

b(en,
(3~10) sup M > Bym ||77[}M||Y for all ¥y € Yy

PNEX H<PN||X

Then Vi (g) # 0 and there exists a unique Ay in Y such that (xx, Ay)
is the only solution of (3.6). Moreover, We get the estimate

[ —znllx + 1A = Aully

(3.11) <K .
inf ||z — +C inf  |[|A— ,
= fivw L l enllx NM e I Yurlly
where the constants are given by
1 llall Il 2 Il
K :(1+—+—)<1+—), C%y = + b)) + ——.
A Bym KN M Bym wa = Pavae ” H KN M
Proof. For the proof we refer the reader to Theorem 1.1 on page 114 in [8] and
Proposition 2.4 on page 54 in [4]. O
Remark 3.5. 1) It can be shown that
1
inf T — S(l—i——) inf ||z —
eNEVNM(9) | ewllx Bym/ dNEXN | onllx
holds. The condition
b
(3.12) sup blpw, Yar) > 0" |y for all iy € Y.

pNEX ||<PNHX

is called the inf-sup condition.
2) If there exists two positive constants k* > 0 and * > 0 such that kyy > K*
and By > (%, then both Ky, and Cyyy are independent of N and M :

o= (e e Ly (o By ey 1L
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3) The bound (3.9) can be slightly improved without making use of condition
(3.10). Indeed, it can be proved (see Remark 1.1 on page 116 in [8])

[ —nllx

1 b A\ —
§(1+M) inf le—onlly -~ inf  sup P A—Yu)

K* / oneVNM(9) K* YMEYM eV lenll x

Note that the expression

. blpn, A —Pu)
inf sup ————=
YMEYM o nEVN M ”SDN”X
takes into account the fact that Vi, ¢ V. It vanishes when Vi, C V.
(1) Observe that the bilinear form a is Vi -elliptic as soon as a(en,pn) > 0

for all oy # 0. Analogously, the bilinear form b satisfies the discrete inf-sup
condition (3.8) provided ker (By;) NYy, = {0}. But in the general case both
assumptions have to be checked.

The following lemma established a useful criterion for (3.12)

Lemma 3.6. The inf-sup condition (3.12) holds with a constant 3* > 0 independent
of N, M if and only if there is a restriction operator r € L(X, Xy) satisfying:

bl =1V (p),¥m) =0 for all (Yar, ) € Yar x X

and
Ir*(e)llx < Kllelly forallpe X
with a constant K > 0 independent of N.

Proof. Let us refer to Lemma 1.1 on page 117 in [8]. O

4. Function spaces

Since we are interested in optimal control of partial differential equations, we
require basic definitions of function spaces and associated results.

The term domain and the symbol €2 shall be reserved for an open set in the
n—dimensional, real Eucledian space R™. A typical point of R™ is denoted by

x = (T1,...,2p); its norm [zfz = (357, x?)%

Definition 4.1. Let Q be an open set of R"™ with boundary T'. If boundary T" is
a (N — 1)-dimensional manifold of class C™ (r > 1 which must be specified) and
Q is locally located on one side of I, we will say, S is of class C". The boundary
I is locally Lipschitz if for any x € T', there is a neighborhood such that I' admits
a representation as a hypersurface x, = 0(x1,...,x,—1), where 0 is Lipschitz con-
tinuous and 1, ...,Tn_1 are rectangular coordinates in R™ in a basis that may be
different from the canonical basis.

Remark 4.2. IfQ is of class C*', then Q is locally Lipschitz.

Definition 4.3.  C R" is said to be disconnected if there exists two nonempty
subsets Qq,Qo C Q such that

QN =0, Q=0Q,UQ,.

If Q is not disconnected, ) is called connected.
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If a = (ai,...,a,) is an n-tupel of nonnegative integers a;, we call a a multi-
index and denote by z® the monomial 7" - - - 2% which has degree |a| = 2?21 a;.
Similarly

= S ar @
Bmll Oxy,™

D2 = o1 o9

denotes a differential operator of order |a|. D9y = ¢ for a function ¢ on €.
We shall write G CC Q provided G C Q and G is a compact subset of R". If ¢ is
a function defined on G, we define the support of ¢ as

supp ¢ = {z € G : p(x) # 0}.

We say that ¢ has compact support in Q if supp ¢ CC . We shall denote by 0G
the boundary of G in R". For any nonnegative integer m let C™ () be the vector
space consisting of all functions ¢ which, together with all their partial derivatives
D2 of order |a] < m, are continuous on . We abbreviate C°(Q2) = C(9). Let
C=(Q) = N°_; C™(Q). The subspaces Cp(Q2) and C§°(£2) consist of all those
functions in C'(2) and C*°(), respectively, which have compact support in Q.

Since 2 is open, functions in C™ () need not be bounded on Q. If ¢ € C(Q)
is bounded and uniformly continuous on §2, then it possesses a unique, bounded,
continuous extension to the closure Q of . Accordingly, we define the vector space
C™(Q) to consist of all those functions ¢ € C™ () for which D2y is bounded and
uniformly continuous on  for 0 < |a] < m. C™(€) is a Banach space with norm
given by

e = Dp(z)].
lellem @) Ogrﬁagmiggl o(z)]

If 0 < s < 1, we define C™*(Q) to be the subspace of C™ () consisting of those
functions ¢, for which, 0 < |a] < m, D2y satisfies in Q a Hélder condition of
exponent s, that is, there exists a constant K > 0 such that

|D2p(x) — D?*p(y)| < K|z —y|*, z,y€Q.

C™#(Q) is a Banach space with norm given by

[D2p(x) — D2p(y)|
Cllagm.scay = l1Pllgm@ + max  sup .
| ”C @) | ”C @ 0<|a|<m z yeQ |z —yl*

Where no confusion of domains may occur we will write || - [| .. in place of [ - || o ()
and || - [[om.« instead of || - || om..(q)- It should be noted that for 0 <r <s <1,

CTH(Q) € O™ @) © O (@) € O™ Q).
We denote by LP(2) the class of all measurable functions ¢, defined on €, for

which
/ lpl? dz < oo.
Q

The function || - ||, g, defined by

lollay = ([ otds)”

is a norm on LP(Q) provided 1 < p < oco. L%(f) is a separable Hilbert space with
the inner product

(4.1) ()10 = [ e




18 S. VOLKWEIN

ol e g = 55 sp [6()]
zeQ

is a norm on L*>°(Q). In situations where no confusion of domains may occur we
shall write || - [|, in place of || - ||, (q) and (-, ). instead of (-, )12 q). The next
theorem is known as Fischer-Riesz theorem. For a proof we refer the reader to
Theorem 2.10 on page 26 and Corollary 2.11 on page 27 in [1].

Theorem 4.4. LP(Q) is a Banach space if 1 < p < co. Every convergent sequence
in LP(Q) has a subsequence converging pointwise a.e. on §).

We shall have occasion to use a generalization of Holders inequality.
Proposition 4.5. Let Q be a bounded domain in R™. Assume p1,...,pm € [1,00]

and Y7 p;t =1 (with oo™ = 0). If ¢; € LP(Q) for i = 1,...,m then the
function szl v belongs to L*(Q) and we have the estimate

(42) [ Lo < 1ol
Q =1 j=1

Proof. The proof follows by an induction argument.

1) The case m = 2 follows directly from Hélders inequality (Theorem 2.3 on
page 23 and Remark 2.5 on page 24 in [1]).
2) Induction hypothesis: We assume that the statement is proved for m > 2.
3) Now let p1,...,Pmy1 € [1,00], m > 2 and Zmﬂ 71 = 1. For p; € LPi(Q))
we know
m—+1

Holder’s ineq.
J Ml ||H%Hm oo

with ¢~ + p,.'; = 1. Since ¢; € LP/(Q) we have v € LPT(Q) and
Py (%)*1 = 1. By applying the induction hypothesis we obtain:

=1
m m m 1 m
Lot = ([, TT810)" < D0ttty = T bl
. Q L a .
7j=1 Jj=1 Jj=1 Jj=1
Therefore, we get H;n:tl ¢; € L'(£2), and the formula (4.2) is proved.
]

Next we introduce Sobolev spaces of integer. These spaces are defined over an
arbitrary domain © C IR" and are vector subspaces of various spaces LP({2). We

define a function [| - [[yym.» (), Where m is a nonnegative integer and 1 < p < oo, as
follows:
1
(43) ey = (X 1D%l)"  f1<p<oo,
0<|al<m
j— a
(4.4) lelwmoe@)y = o x| D%l 1 (q)

for any function ¢ for which the right side makes sense. In situations where no
confusion of domains may occur we shall write || - ||y, in place of ||+ [lym.p(q)-
(4.3) and (4.4) are norms on any linear space on which the right side takes finite
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values provided functions are identified in the space if they are equal a.e. in 2. We
define to any given values of m and p the Sobolev spaces:

W™P(Q) = the completation of {¢ € C™(Q) : [|¢|yym.» < 00} with
respect to the norm |+ [y (q) -
(4.5) WJ"P(Q2) = the closure of C§°(€) in the space W™P(Q).

Equipped with the appropriate norms (4.3) and (4.4), these are called Sobolev
spaces over Q. Clearly, WOP(Q2) = LP(Q), and if 1 < p < oo, WP (Q) = LP(Q) by
Theorem 2.19 on page 31 in [1].

Lemma 4.6. W™P?(Q) is a Banach space.

Proof. Let us refer the reader to Theorem 3.2 on page 45 in [1]. O

A function ¢ defined a.e. on 2 is said to be locally integrable on €2 provided ¢ €
L*(M) for every measurable M CC €. In this case we write p € L, _(22). We now
define the concept of weak derivative of a locally integrable function ¢ € L (Q).
If there exists a ¢ € Li (Q), such that

loc

/(pDal/Jdm = (—1)lal/ ppdr  forall ¢ € C(Q),
Q Q

it is unique up to sets of measure zero and it is called the weak or distributional
partial derivative of ¢ and is denoted by D?y. If ¢ is sufficiently smooth to have
continuous partial derivative D2y in the usual (classical) sense, then D?¢ is also a
distributional derivative of ¢. For example a function ¢, continuous on R, which
has a bounded derivative ¢’ except at finitely many points, has a derivative in the
distributional sense.

We can introduce W™ P(Q) for any m > 0 and 1 < p < oo in a different way:

wmr(Q) = {peLP(Q):D*pe LP(N) for 0 < |a| < m,
D2 is the weak partial derivative},
(Theorem 3.16 on page 52 in [1]).
Lemma 4.7. W™P(Q) is separable if 1 < p < oo. In particular, W™?2(Q) is a
separable Hilbert space with inner product
(othna= Y (DD = Y [ DDt
0<lal<m 0<lal<m

Proof. We refer to Theorem 3.5 on page 47 in [1]. O
We write H™(Q2) in place of W™2(Q) and Hy*(Q) instead of WJ™*(Q).

Lemma 4.8. Let Q C R" be open and bounded with Lipschitz-continuous boundary
T'. Form > 1 and real p with 1 < p < oo there exists a continuous linear extension
operator F : W™P(Q2) — W™P(IR") such that

Flp)la=¢ forall e WmP(Q).

Proof. Let us refer the reader to Theorem 1.2 on page 5 in [§]. g
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If the boundary I' is Lipschitz continuous, one can show that there exists an
operator 7 : H*(2) — L?(T"), linear and continuous, such that

Trp = trace of ¢ on T for every ¢ € C1(Q).

It then seems natural to call 70 the trace of ¢ on T', and denote it by ¢|r even if
¢ is a general function in H'(Q). A deeper analysis shows that by taking all the
traces of all functions of H'(£2) one does not obtain the whole space L?(T") but only
a subset of it. Further, such a subspace contains H!(T"). Hence we have,

H\(T) € m(H(R)) € LA(T) = HO(D).
Therefore we introduce the space

HY*(I) = mo(H'(9))

with

lgllgie = inf o]l g
peH (Q)
me=g

In a similar way one can see that the traces of functions in H?(Q2) belong to a space
H3/2(T). We define

H*?(T') = 7o (H?(Q))
and

lgllgare = inf ]l e
peH?(Q)
Y=g

We shall need a special form of the Sobolev embedding theorem. The normed
space Vi is said to be continuous embedded in the normed space Vs, and write
Vi — V5 to designate this embedding, provided

1) V1 is a vector subspace of Vs, and
2) the identity operator Zy, v, defined on V; into Va by Zy, v, (v) = v for all
v € V] is continuous.

We say, Vi is compact embedded in Va, V; << Vs, if the embedding operator
1v, v, is compact.

Definition 4.9. The bounded domain Q C R™ has a locally Lipschitz boundary,
if each point x on the boundary 02 should have a neighborhood U(x) such that
N NU(x) is the graph of a Lipschitz-continuous function.

Lemma 4.10. Let j > 0 and §2 be a bounded domain in R™, such that 9 is locally
Lipschitz continuous. Suppose 2m > n > 2(m —1). Then

HI*™(Q) — C7*(Q)
for s € (0,m —n/2].
Proof. We choose p = 2 and apply Theorem 5.4, Part II, on page 98 in [1]. O

Remark 4.11. If the assumptions of Lemma 4.10 are satisfied, there exists a
constant K > 0 such that

Iellcie < K N@llgriem — for all p € HIF™(Q).

Now we mention a special case of the Rellich-Kondrachov theorem. For a proof
we refer the reader to Theorem 6.2 on page 144 in [1].
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Lemma 4.12. Let Q C IR"™ be a bounded domain with locally Lipschitz boundary,
7, m be integers, j >0, m > 1, and let 1 < p < co. Then:

WITmP(Q) eses WH2(Q) if n>mp and 1<q<Eo,

WIHT™P(Q) > WH(Q)  if n=mp and 1<gq< oo,
WITmP(Q) s WH(Q)  if n<mp and 1<q<o0.

Remark 4.13. If we choosen <3,j=0,m=1,p=2, ¢ =4 we get H(Q) is
compact embedded in L*(2) from Lemma 4.12. By Lemma 1.28 the embedding op-
erator maps weakly convergent sequences in Hg (§)) into norm convergent sequences
in L*(Q). In particular, if n = 1 holds, we have H(Q)) << L4(Q) for 1 < q < co.

The following lemma characterize weak convergence in H'(0,1).

Lemma 4.14. For every f € H'(0,1) there exists ¢1,p2 € L?(0,1) such that

1
£ 9) y m :/ Y'¢1 +ypadz
0
for ally € HY(0,1).
Proof. Let us refer the reader to Theorem 3.8 on page 48 in [1]. O

The next lemma gives a useful application of Green’s formula. For a proof we
refer to Lemma 1.4 on page 10 in [8].

Lemma 4.15. Let Q be a bounded open subset of R™ with Lipschitz—continuous
boundary T' and n = (ny,...,n,) the outward unit normal.

1) For u,v € H* () and 1 < i < n we have

/uvzi dx = f/uxivder/Tp(uv)nids.
Q Q T

2) If in addition u € H*(Q) we derive

(4.6) Z/ Uy, Vg, dT = —Z/ umimivd:c—i—Z/Tp (vug, ) n; ds.
=179 =179 i=1 7T

Remark 4.16. By using
Au = Zumm, V= (Ugyyeoostg,), N=N1,...,0p)

i=1

we conclude from (4.6)

/ Vu-Vodr = —/ A’U,’de—‘r/Tp (vVu) -nds.
Q Q r
In the remaining of this section we recall the Fourier transform. By ¢ = v/—1 we

denote the imaginary unit in €.

Definition 4.17. For u € L'(R) we define the Fourier transform of u, denoted by
U:

a(y) = /]Rexp(—w:y) u(x)dz  for ally € R.
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Remark 4.18. The mapping u +— u defined by Definition 4.17 is obviously linear.
From the inequality

‘ﬁ(y” < ||u||L1(R) for all (AS R

we deduce:

(47 { ifu € L*(R), 4 is a bounded continuous function on R with

[l oo (ry < llullLr(w)-
In addition we have the Riemann-Lebesgue theorem (see also Theorem 1X.7 on
page 327 in [13]):
(4.8) 4(y) » 0 in © when |yl — oco.
Let v € C§°(R). Then we derive, as a result of an integration by parts:

1

o) = - | exp(-uay)v'(2)

Y Jr

from which we have

. 1
(4.9) [0(y)| < m ||U/||L1(JR) — 0, when [yl — cc.
Now, as C§°(R) is dense in L*(R), ifu € L*(IR), for all ¢ > 0, we find v € C§°(IR),
such that [[v — ul|1(r) < €/2. Thus from
a(y) = (u—v)(y) +9(y),
we derive using (4.9)
€

~ 1 , €
[o(y)] < HU—UHLl(R) + m 1% HLl(]R) < 5 + 5=¢

for |y| sufficiently large (see (4.9)), from which (4.8) follows.
We put
S(R) =8 ={uec C®R): forall a,l € N, 2%V (z) = 0 as |z| — oo}
S is the space of functions of class C'*° of rapid decay at infinity, which is not
a normed space, but of which the topology can be defined by the (denumerable)
sequence of semi-norms

u— sup |z*u® (2)| = di(w)
z€R

which yields a complete metrisable space:

dkl(u - ’U)
d(u7v) = Z aklm for all u,v € 8,
k,leEN

where the coefficients ay; are chosen to be such that Zk,le]N ar; = 1, is a distance
on S. We should notice that if v € S, then zu(®(z) € LP(R) for all p > 1 and for
all k,1 € IN. Further, S is dense in LP(IR) for all p with 1 < p < oo (on the contrary
S is not dense in L*°(IR)). For u € S we can thus define its Fourier transform by
Definition 4.17, as well as the Fourier transform of z¥u(® (x) for all k,1 € IN. Hence,
we also have 4 € S. Further we have the inversion formula

u(x) = % /Rexp(wcy)ﬁ(y) dy for all z € R.
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Let u,v € S. Then the following properties are valid:

1) u® = (y)*a.
2) Parseval’s formula:

/R u(@)olz) do = /R a(y)o(y) dy.

3) Plancharel’s formula:

[ @z = —— [ G v

5. Evolution problems: variational methods

In the optimal control of parabolic systems we shall need to make frequent use
of the notion of integral of a Banach space-valued function ¢ defined on an interval
of R. We begin therefore with a brief discussion of the Bochner integral, referring
the reader to [16], for instance, for further details and proofs of our assertions.

Let B be a Banach space with norm denoted by || - ||z and {M;,..., M.} be a
finite collection of mutually disjoint, measurable subsets of IR, each having finite
measure, and let {b1,...,b,} be a corresponding collection of points of B. The
function ¢ on R defined by

p(t) =D xar (8) by,
j=1

is called a simple function. For simple functions we define

[ et =3 o),

where (M) denotes the (Lebesgue) measure of M. Let M be a measurable set in
R and ¢ an arbitrary function defined a.e. on M into B. The function ¢ is called
(strongly) measurable on M if there exists a sequence {¢,, }nen of simple functions
with supports in M such that

(5.1) lim |lon(t) —(t)||lz =0 a.e. in M.
n—oo

It can be shown that any function ¢ whose range is separable is measurable provided
the scalar—valued function (f, ¢(:)) s g is measurable on M for each f € B’. We
suppose that a sequence of simple functions y,, satisfying (5.1) can be chosen in
such a way that
lim [ [lga(t) - @(b)ll dt = 0.

M

n—00

Then ¢ is called (Bochner) integrable on M and we define

(5.2) /M p(t)dt = lim on(t) dt.

n—oo R

The integrals on the right side of (5.2) do converge in (the norm topology of) B
to a limit which is independent of the choice of approximating sequence {©, }nen.

liiy \/ denotes the characteristic function of M: xas(t) = 1if t € M and xar(t) = 0if t ¢ M.
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A measurable function ¢ is integrable on M if and only if ||p(-)|| g is (Lebesgue)

integrable on M:
| [ o], < [ tellsa
M B M

Definition 5.1. Let —o00 < a < b < co. We denote by LP(a,b; B) 'V the linear
space of (equivalence classes of ) functions ¢ measurable on (a,b) into B such that

1) ¢ is measurable for dt,
2)
1

b 1
elinonsy = ([ Ie®llpde)” <o if1<p<oo,
10l oo (a,0) = €58 sup [l@(t)ll5 < oo if p=oo.

te(a,b)
If p € LP(c,d; B) for every ¢,d with a < ¢ < d < b, then we write ¢ € L}, (a,b; B),
and, if p =1, call ¢ locally integrable.
Proposition 5.2. For 1 < p < oo, LP(a,b; B) is a Banach space.
Proof. We refer to Proposition 1 on page 469 in [7]. O

Proposition 5.3. If B is a Banach space, a and b are finite, f € B’ and ¢ €
LP(a,b; B) for p > 1 we have

(r /abw(t) dt>B/,B = /ab (.0 (8)) g g dt.

Proof. Let us refer the reader to Corollary 2 on page 470 in [7]. O

Definition 5.4. By D(a,b) we denote the linear space C3°(a,b). We say, the

sequence {pn}nen tends to zero in D(a,b) if there is a closed subspace M C (a,b)
such that cpgf)(t) =0 for all i € N, for alln € IN and for all t € (a,b) \ M and it

follows H<p£f)||m — 0 asn — oo for alli € IN. We call every continuous linear
mapping of D(a,b) into a Banach space B a vectorial distribution over (a,b) with
values into B, and we write D'(a,b; B) = L(D(a,b), B).

Remark 5.5. Let (B, B2) be a pair of Banach spaces with By — Bs. Then we
derive

L?(a,b; By) — LP(a,b; By) for 1 <p < oo.

Proposition 5.6. Let B be a Banach space and u € L}, (a,b; B). Then the map-
ping

b
o [ toutt)ar
is a distribution over (a,b) with values in B.
Proof. We refer the reader to Proposition 4 on page 470 in [7]. d

Remark 5.7. We identify the function w with the distribution with which it is
associated.

VWhen there is no risk of confusion, we shall write the simplified notation LP(B).
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Proposition 5.8. Let B be a Banach space. The functions u,v € L] (a,b;B)
define the same distributions if and only if uw and v are equal (in a scalar sense)
a.e.

Proof. Let us refer to Proposition 5 on page 471 in [7]. O
Remark 5.9. The Proposition 5.8 means that for all f € B’ the functions: t —

(f,u(t))p B and t — (f,v(t)) . B are equal almost everywhere. If B is separable,
this implies u = v a.e.

Definition 5.10. Let B be a Banach space, f € D'(a,b; B) and m a nonnegative
integer. Then the mapping ¢ — (—=1)™f( dtm) ¢ € D(a,b), is a distribution —
the distributional derivative — that we denote by ‘(in—,f. We have:

o )= cums (L) poraltip € Dlab)

Remark 5.11. Let By and By be two separable Banach spaces. If u € L} _(a,b; B)
and if B is a space of functions of the variable x, for instance B = LP(2), then

u is identified with a function u(t,z). wu(t) denotes the mapping  — u(t,z) for

almost all t. The distributional derivative ‘é—;‘ is identified with the derivative %—’t‘ in

D'(a,b; B). We use the following notation for the derivative of u with respect to t:
du ,

— or uw or u.
dt

Definition 5.12. Let B be a Banach space and u € L*(a,b; B). Then for all
¢ € D(a,b):

du b

— (p) = — t)g'(t) dt.

T @) == [ une
We say that u' = fli—’t‘ € L*(a,b; B) if there exists v € L?(a, b; B) such that:

for all o € D(a,b), v(p) = —u(¢),
b

b
i.e.: / v(t)e(t) dt:/u(t)go’(t)dt.

The space we shall introduce next is of fundamental importance. We consider
two real, separable Hilbert spaces V', H. It is supposed that V is dense in H so
that, by identifying H and its dual H’, we have

(5.4) Ve H=H —V,

each space being dense in the following.

Definition 5.13. Leta,b € RU{—00,+00}, a < b. Moreover, V and H are Hilbert
spaces satisfying (5.4). The space W (a,b; V) is given by

d
Wi(a,b;V) = {gp cp € L¥(a,b; V), d—f € L?*(a, b; V’)}."

Proposition 5.14. The space W (a, b; V) endowed with the norm

)’

2 2
Iolhwiey = (Kol + 190 n) = ([ o1 +1%

is a Hilbert space.

VWhen there is no risk of confusion, we shall write the simplified notation W (V).
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Proof. We refer the reader to Proposition 6 on page 473 in [7]. O

We are now interested in regularity properties of elements belonging to W (V).
For a proof of the following lemma we refer to Theorem 1 on page 472 in [7].

Lemma 5.15. For a,b € R, every ¢ € W(V) is almost everywhere equal to a
continuous function of (a,b) in H. Further, we have:

W (V) < C([a,b); H),
the space C([a,b]; H) being equipped with the norm of uniform convergence.

Remark 5.16. By Lemma 5.15 it makes sense to speak of the traces (a), p(b) € H
for p € W(V') with [a,b] C R. Moreover, we can show, that the mapping ¢ — ¢(a)
from W (V') is surjective (see Remark 5 on page 477 in [7]).

Lemma 5.17. Let [a,b] CR and p,¢ € W (V). Then

b b
|2 000y et [ Oy dt = (0,60~ (0l 6la))
Proof. We refer to Theorem 2 on page 477 in [7]. O

A very useful property is
Proposition 5.18. For o € W(V) and ¢ € V we obtain:

(B0 ) = o),

N

in the distributional sense.

Proof. Let us refer to Proposition 7 on page 477 in [7]. |

Let X and Y be two separable Hilbert spaces with X — Y and X being dense
in Y. We now define the space W(a,b; X,Y) by

W(a,b; X,Y) = {gp L€ L2(a,b; X), %2 € L2(a, b; Y)}

equipped with the norm

) = ([ 1t | 520 )

It can be shown that W (a,b; X,Y) is a Hilbert space and that

i) X is dense in [X,Y]p,0 € [0,1] Y},
i) W(a,b; X,Y) — C([a,b]; [X,Y]1/2)

e (e 4

(5.5)

(see (1.61) on page 480 in [7]).

We are given two real, separable Hilbert spaces V and H. V is supposed to be
dense in H and we identify H with its dual H’. Moreover: V «— H — V’. We
denote by W (V') the space W(0,T;V) with 0 < T' < co. By Lemma 5.15 we derive

Viwith [X,Y]1 =Y and [X,Y]o = X, the space [X, Y] is called the holomorphic interpolant
of the spaces X and Y (see Chapter VIII, §3 in [6]).
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W(V) — C([0,T); H). For each t € [0,T] we are given a continuous bilinear form
over V x V and we make the hypothesis:

for every ¢,1 € V, the function t — a(t; ¢, 1) is measurable and
there exists a constant K = K(T') > 0 (independent of ¢ € (0,T),
(5.6) ¢, € V) such that

la(t; 0, 0)| < K l@lly (14, for all g, € V.

Therefore, for each ¢ € [0, T] the bilinear form a(t; ¢,%) defines a continuous linear
operator A(t) from V into V' with

sup [|A®) vy < K.
te(0,7)

We make the following assumption (of coercivity over V with respect to H):

there exists A\, a constants, a > 0 such that
(5.7)
a(t: ¢, 0) + Mells = allglly forall t €[0,7] and p € V.

We give some examples of bilinear forms a(t; ¢, 1).
Example 5.19. 1) We take V = H}(Q), H = L*(Q).
a’(tv ©, w) = CL(@, ¢) = <¢7 30>H& .

Then (5.6) and (5.7) holds with oo =1 and A = 0.
2) We take V = HY(Q), H = L*(Q).

a(t; 0, ¥) = (0, V) -

Then (5.6) and (5.7) holds with a =1 and A = 0.
3) Now let V be a closed subspace of H'(Q) with

Hy(Q) — V — HYQ) and H = L*(Q).
We set @ = Q x (0,T) and

" Op 0
ottie) = 3 [ oy@n LSt dr s [ oy s

,j=1
where a;j,a0 € L*(Q), 1 <i,j <n and

n

Z aij(z,1):€ > a Z&Q

ij=1 i=1

for a constant o > 0 and for §; € R a.e. in Q. Then, for A large enough we
derive for all o € H*():

a(t;,0) + Mlellze = allelly-
Let
(5.8) ug € H, felL*(V)
be given. We are looking for

(5.9) ue W),
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such that
5.10) ) ph +alsu0),9) = ey
in the sense of D’'(a,b) for all ¢ € V,
and
(5.11) u(0) = up.
Remark 5.20. 1) From Lemma 5.15 the initial condition (5.11) is senseful.

2) Due to Proposition 5.18 we have

% (w(), )y = <d“(') <p>V/,V for all p € V.

dt ’
Remark 5.21. If we set u = we*, k € R, w satisfies
dw(-) . _/_—kt
(T ),y T alw0). @)k (w().0hy = 10 vy

and

w(0) = ug
by changing u to ue** and choosing k, we can assume that (5.7) holds with A\ = 0
(that has no consequences since T is finite). In the following we, we shall therefore
make the hypothesis:

(5.12) a(-50,0) > Hap||%/ for all t € [0,T]" and ¢ € V.

Theorem 5.22. We suppose V., H are given and satisfy V. — H — V' and
a(-;u, ) satisfies (5.6), (5.12). ug and f are given and satisfy (5.8). Then there
exists a unique solution of (5.9)-(5.11).

Proof. Let us refer the reader to Theorem 1 on page 512 and Theorem 2 on page 513
in [7]. O

If w is the solution of (5.10)-(5.11), we derive
¢

%I\U(t)lli+/o a(s;u(s), u(s)) ds = 3 HUOH?{Jr/O (f(s),u(8))y: v ds,

the so called energy equality, as the quantity

1 5 ¢
B() = 5 ol + [ (). ul)yy ds
represents the energy of the system.

Theorem 5.23. Let a(t;p,v) satisfy (5.6) and (5.12), (uo, f), (us, f*) € H x
L2(V') and let u and u* be the corresponding solutions of (5.9)-(5.11). Then

. a2 1 *)2 B
lo =l < (luo—wly+= 1f = £ 1Gan)
1
2

. 1 w2 1 w12
o= w ooy < o (o =il + 5 17 = F )
Proof. We refer to Theorem 3 on page 520 in [7]. O

ViiQr likewise ¢ € [0,7] a.e.
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Remark 5.24. We assume f € L'(H). Then it can be proved that (5.9)-(5.11)
has a unique solution in the space

W*(V)={p:pec L*V), ¢ € LA(V') + L*(H)}.

The same estimates as in Theorem 5.23 hold (see Remark 6 on page 521 and
Theorem 4 on page 522 in [7]). Thus problem (5.9)-(5.11) can be considered with

f=h+f, fheLl'(H), freLl*V)
and there exists a unique solution to this problem, the assumptions being those of

the beginning of this section.

6. Principal Notations

In the following list of symbols we give the symbol and a descriptive name or
phrase for an explanation. The number at the indicate the pagenumber on which
the symbols are introduced.

M\ M, complement of M; in M 1
M closure of a set M 1
M° interior of M 1
oM boundary of a set M 1
My x My Cartesian product of the sets M7 and My 1
ran (f) range of the function f 1
ker (f) kernel of the function f 1
gof compositive mapping given by x — g(f(z)) 1
Il 1lv norm on a (real) normed linear space V 2
vy —F v (strong) convergence of the sequence {v, }nen to v 2
B(v; p) open ball of radius p about the point v 2
U(v) neighborhood of v 2
L(V1,V5) set of bounded linear operators A : Vi — V5 3
Al L(vi,va) norm of A € L(Vi, Va) 3
At inverse of a bounded linear operator A 3
L(V) set of bounded linear operators A:V — V 3
Ty identity on a normed linear space V 3
(-, x (real) inner product on a Hilbert space X 3
a(--) continuous bilinear form 4
XY direct sum of the Hilbert spaces X and Y 4
M+ orthogonal complement of a closed space M C X 4
Py linear projection onto the subset M 5
B’ dual space of a Banach space B )
g B duality pairing of B’ with its Banach space B 5
TIx 7 Riesz isomorphism of which maps a Hilbert space X onto 6
its dual X'
" g weak convergence of a sequence {z, }nen to @ 7
K compact operator 8
p(A) resolvent set of a bounded linear operator A 8
o(A) spectrum of a bounded linear operator A 8
A* adjoint of a bounded linear operator A 9
Sf(z;y) Fréchet differential of f at = in the direction y 11
() Fréchet derivative of f at the point x 11
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*

> R
*
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supp (f)
cm(Q)
cm(Q)

I llgm
Co(£2), C5°(2)
™ ()
- llm.s
Lr(9Q)
-1z
LIIOC(Q)
Wmsp (Q)
I [lym.
Wy ()
|- llwgeor

H™(Q), Hi*(2)

I 1ggms T g
Vl ‘—>V2

Vi == Th

XM
L?(0,T; B)

I~ [lze(a.b:B)
W(V)
I llwv)
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cost functional

constraint function

Lagrange functional

(local) optimal solution of a constrained minimizing prob-

lem
Lagrange multiplier of a constrained minimizing problem

Eucledian norm in R"

open set of R"

multi index

support of f

linear space consisting of m-times continuously differen-

tiable functions
Banach space which is subspace of C™ ()

norm on C™ ()

subspaces of C'(Q) respectively C™ ()

Holder spaces

norm on C™*(Q)

LP-spaces

norm on L?(Q)

linear space consisting locally integrable functions
Sobolev spaces

norm on WP ()

Sobolev spaces

norm on Wy (£2)

Hilbert spaces consisting of weak differentiable functions
norm on H™(Q) respectively H{"(2)

continuous embedding of a normed linear space V7 into a

normed linear space Vo
compact embedding of a normed linear space Vi into a

normed linear space Vo
characteristic function of a set M

Banach space consisting of functions with vector values in

a Banach space B
norm on the Banach space L?(0,T; B)

Hilbert space consisting of vector-valued functions
norm on W(V)
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