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POD for linear-quadratic
Optimal Control

M. Gubisch and S. Volkwein*

1.1 = Introduction

Optimal control problems for partial differential equation are often hard to tackle nu-
merically because their discretization leads to very large scale optimization problems.
Therefore, different techniques of model reduction were developed to approximate these
problems by smaller ones that are tractable with less effort.

Balanced truncation [2, 64,79] is one well studied model reduction technique for state-
space systems. This method utilizes the solutions to two Lyapunov equations, the so-
called controllability and observability Gramians. The balanced truncation method is
based on transforming the state-space system into a balanced form so that its controlla-
bility and observability Gramians become diagonal and equal. Moreover, the states that
are difficult to reach or to observe, are truncated. The advantage of this method is that
it preserves the asymptotic stability in the reduced-order system. Furthermore, a-priori
error bounds are available. Recently, the theory of balanced truncation model reduction
was extended to descriptor systems; see, e.g., [48] and [21].

Recently the application of reduced-order models to linear time varying and nonlinear
systems, in particular to nonlinear control systems, has received an increasing amount of
attention. The reduced-order approach is based on projecting the dynamical system onto
subspaces consisting of basis elements that contain characteristics of the expected solu-
tion. This is in contrast to, e.g., finite element techniques (see, e.g., [7], where the basis
elements of the subspaces do not relate to the physical properties of the system that they
approximate. The reduced basis (RB) method, as developed in [19, 54] and [31], is one
such reduced-order method, where the basis elements correspond to the dynamics of ex-
pected control regimes. Let us refer to the [ 14, 23, 49, 53] for the successful use of reduced
basis method in PDE constrained optimization problems. Currently, Proper orthogonal
decomposition (POD) is probably the mostly used and most successful model reduction
technique for nonlinear optimal control problems, where the basis functions contain in-
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formation from the solutions of the dynamical system at pre-specified time-instances, so-
called snapshots; see, e.g., [9, 29, 67, 75]. Due to a possible linear dependence or almost
linear dependence the snapshots themselves are not appropriate as a basis. Hence a sin-
gular value decomposition is carried out and the leading generalized eigenfunctions are
chosen as a basis, referred to as the POD basis. POD is successfully used in a variety
of fields including fluid dynamics, coherent structures [1, 3] and inverse problems [6].
Moreover in [5] POD is successfully applied to compute reduced-order controllers. The
relationship between POD and balancing was considered in [44, 61, 77]. An error anal-
ysis for nonlinear dynamical systems in finite dimensions were carried out in [58] and a
missing point estimation in models described by POD was studied in [4].

Reduced order models are used in PDE-constrained optimization in various ways;
see, e.g., [27, 63] for a survey. In optimal control problems it is sometimes necessary to
compute a feedback control law instead of a fixed optimal control. In the implementation
of these feedback laws models of reduced-order can play an important and very useful
role, see [5, 43, 46, 59]. Another useful application is the use in optimization problems,
where a PDE solver is part of the function evaluation. Obviously, thinking of a gradient
evaluation or even a step-size rule in the optimization algorithm, an expensive function
evaluation leads to an enormous amount of computing time. Here, the reduced-order
model can replace the system given by a PDE in the objective function. It is quite common
that a PDE can be replaced by a five- or ten-dimensional system of ordinary differential
equations. This results computationally in a very fast method for optimization compared
to the effort for the computation of a single solution of a PDE. There is a large amount of
literature in engineering applications in this regard, we mention only the papers [47, 50].
Recent applications can also be found in finance using the RB model [56] and the POD
model [62, 65] in the context of calibration for models in option pricing.

In the present work we use POD for deriving low order models of dynamical systems.
These low order models then serve as surrogates for the dynamical system in the opti-
mization process. We consider a linear-quadratic optimal control problem in an abstract
setting and prove error estimates for the POD Galerkin approximations of the optimal
control. This is achieved by combining techniques from [11, 12, 25] and [38, 40]. For
nonlinear problems we refer the reader to [27, 55, 63]. However, unless the snapshots
are generating a sufficiently rich state space or are computed from the exact (unknown)
optimal controls, it is not a-priorly clear how far the optimal solution of the POD prob-
lem is from the exact one. On the other hand, the POD method is a universal tool that is
applicable also to problems with time-dependent coefficients or to nonlinear equations.
Moreover, by generating snapshots from the real (large) model, a space is constructed that
inhibits the main and relevant physical properties of the state system. This, and its ease
of use makes POD very competitive in practical use, despite of a certain heuristic fla-
vor. In this work, we review results for a POD a-posteriori analysis; see, e.g., [71] and
[20, 33, 34, 68, 69, 74, 76]. We use a fairly standard perturbation method to deduce how
far the suboptimal control, computed on the basis of the POD model, is from the (un-
known) exact one. This idea turned out to be very efficient in our examples. It is able
to compensate for the lack of a priori analysis for POD methods. Let us also refer to
the papers [13, 18, 49], where a-posteriori error bounds are computed for linear-quadratic
optimal control problems approximated by the reduced basis method.

The manuscript is organized in the following manner: In Section 1.2 we introduce the
method of POD in real, separable Hilbert spaces and discuss its relationship to the singular
value decomposition. We distinguish between two versions of the POD method: the dis-
crete and the continuous one. Reduced-order modelling with POD is carried out in Sec-
tion 1.3. The error between the exact solution and its POD approximation is investigated
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by an a-priori error analysis. In Section 1.4 we study quadratic optimal control problems
governed by linear evolution problems and bilateral inequality constraints. These prob-
lems are infinite dimensional, convex optimization problems. Their optimal solutions are
characterised by first-order optimality conditions. POD Galerkin discretizations of the
optimality conditions are introduced and analysed. By an a-priori error analysis the error
of the exact optimal control and its POD suboptimal approximation is estimated. For the
error control in the numerical realisations we make use of an a-posteriori error analysis,
which turns out to be very efficient in our numerical examples, which are presented in
Section 1.5.

1.2 = The POD method

Throughout we suppose that X is a real Hilbert space endowed with the inner product

(-,-)x and the associated induced norm || - || = (-, );(/2 Furthermore, we assume that X

is separable, 1.e., X has a countable dense subset. This implies that X possesses a countable
orthonormal basis; see, e.g., [60, p. 47]. For the POD method in complex Hilbert spaces
we refer to [73], for instance.

1.2.1 = The discrete variant of the POD method

For fixed 7,0 € N let the so-called snapshots y,...,9¥ € X be given for 1 <k < p. To
avoid a trivial case we suppose that at least one of the yf ’s is nonzero. Then, we introduce

the finite dimensional, linear subspace
”V":sPan{y]]-e|1§]'§nandlSkSp}CX (1.1)
with dimension d” € {1,...,np} < co. We call the set ¥ snapshot subspace.

Remark 1.1. Later we will focus on the following application: Let 0 < 1, < 1, < ... <
t, < T be a given time grid in the interval [0, T']. To simplify of the presentation, the
time grid is assumed to be equidistant with step-size At =T /(n—1), i.e., t; = (j —1)At.
For nonequidistant grids we refer the reader to [40, 39]. Suppose that we have trajectories
y* € C([0, T];X), 1 < k < p. Here, the Banach space C([0, T']; X) contains all functions
¢ :[0,T] — X, which are continuous on [0, T']; see, e.g., [70, p. 142]. Let the snapshots
be given as y]/? = yk(t]-) €X or y]/? R~ yk(t]-) € X. In Sections 1.3 and 1.4 we will choose

trajectories as solutions to evolution problems. ¢

In Section 1.2.3 we consider the case, where the number 7 is varied. Therefore, we
emphasize this dependence by using the super index 7. We distinguish two cases:

1) The separable Hilbert space X has finite dimension 7. Then, X is isomorphic
to R”; see, e.g., [60, p. 47]. We set £ = {1,...,m}. Clearly, we have d” <
min(ngp,m).

2) Since X is separable, each orthonormal basis of X has countably many elements. In
this case X is isomorphic to the set £, of sequences {x;};oy of real numbers which
satisfy 3722, |x;|* < 00; see [60, p. 47], for instance. Then, we define .# =N.

The method of POD consists in choosing an orthonormal set {¢;}{_, in X such that
for every ¢ € {1,...,d"} the mean square error between the 7p elements y]]? and their
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corresponding ¢-th partial Fourier sum is minimized on average:

mmZZa Z gl

st {¢; }l 1CXand(¢;, ), =38, 1<i,j <L,

(P})

where the al’s denote positive weighting parameters. Here, the symbol &, denotes the
Kronecker symbol satisfying &;; =1and &;; =0 for i # j. An optimal solution {gb_:’ ¥,

to (P!) is called a POD basis of rank {, which can be extended to a complete orthonormal
basis {¢},},c 4 in the Hilbert space X. Notice that

l
-0kl

[ {
:<yf 200 ot =200 1),
= = (1.2)
2 2
=||yf||X—2Z(yf, Vet 220540, 050 (b di)x
=1 =1 l:l
!
2 2
=1l =205 ¢
=1
holds for any set {¢;}{_, C X satisfying (¢;, ¢ i)x = 8;;. Thus, (P!) is equivalent with

the maximization problem

n {

maXZZafZ] )i

= 5 @)
s.t. {gbi}f:l C X and (gﬁi,gbj)X:Si]-, 1<i,j</.

Suppose that {¢;},_ , is a complete orthonormal basis in X. Since X is separable, any
y]k €X,1<j<mnand 1<k < p, can be written as

yf:Z(yf,gbi)X ¢ (1.3)
184

and the (probably infinite) sum converges for all snapshots (even for all elements in X).
Thus, the POD basis {¢” }le of rank ¢ maximizes the absolute values of the first £ Fourier
coefficients (y]]?, ¢;)x for all np snapshots y]]? in an average sense. Let us recall the follow-

ing definition for linear operators in Banach spaces.

Definition 1.2. Let 9B, 3B, be two real Banach spaces. The operator T : B, — 9B, is called
a linear, bounded operator if these conditions are satisfied:

1) T(au+pv)=aTu+ LT v foralla, BER and u, v € AB,.

2) There exists a constant ¢ > O such that || T ul| 5, < c||u|| 5, for all n € B,.



1.2. The POD method 5

The set of all linear, bounded operators from 3B, to 3B, is denoted by L(RB,, B,) which is a
Banach space equipped with the operator norm [60, pp. 69-70]

7| ¢(m,8,= sup |7 ullg, Jor T € £(By, B,).

[l =1

If B, = B, holds, we briefly write L (B,) instead of £ (B, B,). The dual mapping 7" :
By — B, of an operator T € L(RB,, B,) is defined as

<g/f»”>93{,931 = <f’9”>95§,952 forall (u,f)€ B, x B,

where, for instance, (-,-) B3, denotes the dual pairing of the space B, with its dual space
B, =L (B,,R).

Let 7 and €, denote two real Hilbert spaces. For a given 7 € £(, 5,) the
adjoint operator T* : #, — H is uniquely defined by

(T 0,u) o = (0, T 1) 3o =(T1,0) o forall (u,v) € H, x 7.

701 2
Let ¢, : 7, — '/, i = 1,2, denote the Riesz isomorphisms satisfying
(#,v) ,, = (fgu,fu)%/,% forall v e 7.
Then, we have the representation 7* = ¢’ #,; see [70, p. 186]. Moreover, (7*)" =

T forevery T € L(H,56,). U T = T* holds, T is said to be selfadjoint. The operator
T € L(H,76) is called nonnegative if (T u,n),, > 0 for all u € 7. Finally, 7 €

(A, 76) is called compact if for every bounded sequence {#,},.y C 7] the sequence
{T u,},en C H, contains a convergent subsequence.

Now we turn to (P) and (f’fl) We make use of the following lemma.

Lemma 1.3. Let X be a (separable) real Hilbert space and y%,...,y* € X are given snapshots
for 1 <k <. Define the linear operator #" : X — X as follows:

[ n
R Y=l (hy) v fordeX (14)
k=1 j=1

with positive weights af,...,a. Then, R" is a compact, nonnegative and selfadjoint opera-
tor.

Proof. It is clear that " is a linear operator. From
Pn . A
127l < D> ar[(yf) Nl for pex
k=1 j=1

and the Cauchy-Schwarz inequality [60, p. 38]

(@ D)y <llpllxliglly foro, peX

we conclude that 27 is bounded. Since Z”¢ € ¥ holds for all ¢ € X, the range of
R" is finite dimensional. Thus, 27" is a finite rank operator which is compact; see [60,
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p- 199]. Next we show that 2" is nonnegative. For that purpose we choose an arbitrary
element ¢ € X and consider

<%"¢,¢>X:§ila7<¢,y] 0k 4) Zza (o).

=1j=1

Thus, Z" is nonnegative. For any ¢, ¢ € X we derive

B D =3 o) b A = 57 ) b,
= (2", = (4R ).
Thus, 2" is selfadjoint. O

Next we recall some important results from the spectral theory of operators (on infi-
nite dimensional spaces). We begin with the following definition; see [60, Section VL.3].

Definition 1.4. Let S be a real Hilbert space and T € £ ().

1) A complex number A belongs to the resolvent set o(T) if ALY — T is a bijection with
a bounded inverse. Here, ¥ € () stands for the identity operator. If A & o(T)
then A is an element of the spectrum o () of 7.

2) Let u # 0 be a vector with Tu = Au for some A € C. Then, u is said to be an
eigenvector of 7. We call A the corresponding eigenvalue. If A is an eigenvalue, then
AI —T is not injective. This implies A€ o(T). The set of all eigenvalues is called the
point spectrum of 7.

We will make use of the next two essential theorems for compact operators; see [ 60,
p. 203].

Theorem 1.5 (Riesz-Schauder). Let A be a real Hilbert space and T : A — F a linear,
compact operator. Then the spectrum o (T ) is a discrete set having no limit points except
perbaps 0. Furthermore, the space of eigenvectors corresponding to each nonzero A € o(T) is
finite dimensional.

Theorem 1.6 (Hilbert-Schmidt). Let 4 be a real separable Hilbert spaceand T : 6 — A
a linear, compact, selfadjoint operator. Then, there is a sequence of eigenvalues { A}, 4 and of
an associated complete orthonormal basis {,},. , C X satisfying

T, =A¢;, and A, —0asi— oo.

Since X is a separable real Hilbert space and 2" : X — X is a linear, compact, nonneg-
ative, selfadjoint operator (see Lemma 1.3), we can utilize Theorems 1.5 and 1.6: There

exist a complete countable orthonormal basis {¢”}, s and a corresponding sequence of

real eigenvalues {/_17} ie.s satisfying

R =047, N> > Ay > Ay =...=0. (1.5)
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The spectrum of 2" is a pure point spectrum except for possibly 0. Each nonzero eigen-
value of 2" has finite multiplicity and 0 is the only possible accumulation point of the
spectrum of Z”.

Remark 1.7. From (1.4), (1.5) and ||¢||x = 1 we infer that

D NLCRA S WXATRARIN

k=1 j=

=(R" ¢i,¢i>X:/1:-’ foranyi € .¢.

(1.6)

In particular, it follows that

ZZQ’ :O forall i >d”. (1.7)

=1 ;=1

Since {¢_:'l}ief is a complete orthonormal basis and ||y]k||X < o0 holds for 1 < k < p,
1 <7 < n, we derive from (1.6) and (1.7) that

Zza"ny]n ZZ PS>0

=1 ;=1 =1 ;=1 ves

O D HITINEES R Zﬂ”

ves k=1 j=1 €S

(1.8)

By (1.8) the (probably infinite) sum >, » /1:’ is bounded. It follows from (1.2) that the
objective of (P!) can be written as

e n 14 P

=208 40, 41

k=1 ]:1 =1

X
(1.9)

which we will use in the proof of Theorem 1.8. O
Now we can formulate the main result for (P) and (IA’fl)

Theorem 1.8. Let X be a separable real Hilbert space, y*,...,y* € X for 1 <k < p and

R" : X — X be defined by (1.4). Suppose that {/1” Vies and {gﬁ }ie.s denote the nonnegative
eigenvalues and associated orthonormal ezgenfunctzons of " satzsfymg (1.5). Then, for every

Le{1,...,d"} the first { eigenfunctions {(ﬁ_f }e_, solve (P%) and (f’fl) Moreover, the value of
the cost evaluated at the optimal solution {("}'_ satisfies

© n 1A ~ 2 dar B
PIPICH RN IR (1.10)
k=1 j=1 i=1 i=C+1
and
P n 4 {

ZZQ}?Z%%}; =24 (1.11)
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Proof. We prove the claim for (IA’f;) by finite induction over ¢ € {1,...,d"}.

1) The base case: Let £ = 1 and ¢ € X with ||¢||y = 1. Since {¢"}, , is a complete
orthonormal basis in X, we have the representation

b=l bl (1.12)

veY

Inserting this expression for ¢ in the objective of (f’fl) we find that

23 0 =3 o S
=;ZZ PN (CATREMANCRIR RN

Utilizing (1.4), (1.5) and ||¢?||x = 1 we find that

S IETIRIES N CTRANTREN

ves ues

=Sy

vey

From /_1? > /_17 for all v € .# and (1.6) we infer that

S <¢,¢‘3>§si¥z<¢,s&3>i=i¥||¢||§=i¥

veyg vey
E n /e I
: ] /

Le., QZ? solves (IA’f;) for ¢ = 1 and (1.11) holds. This gives the base case. Notice that
(1.9) and (1.11) imply (1.10).

M“&‘

:1

2) The induction hypothesis: Now we suppose that

forany ¢ € {1,...,d" — 1} the set {gb_f}le C X solve (f’f;)

¢ ) ‘. (1.13)
and ZZCZ Z ,(M)i{:ZAZ’
=1

1=1

3) The induction step: We consider

n {+1

3133 00,
=1

st {¢; }Z+1chnd ¢l,¢ l},lgi,]'§g+1_

®1+)



1.2. The POD method 9

By (1.13) the elements {gb_:‘ }le maximize the term
2
S S vt
Thus, (f’f;“) is equivalent with

maXZZa y] 5

g (1.14)
st. geX and [|¢|ly =1, <¢,¢'y>x =0,1<i</.

Let ¢ € X be given satisfying ||¢||y = 1 and <¢,¢_:‘)X =O0fori=1...,¢. Then,

using the representation (1.12) and (¢, ¢”)y =0for i =1...,£, we derive as above

ZZa Oh g =S gy = DA gy

=1;=1 vE.S v>{
From ’1?4-1 > /if for all v> ¢ + 1 and (1.6) we conclude that
n n I'n 2
ZZa 7 W < A 25 1 00 < X 24 0

v>( ves

:’121+1||¢||§(— (+1 — ZZ“ y1’¢€+1

Thus, QZ; ., solves (1.14), which implies that {(,b_f’ }‘f;l is a solution to (f’f;“) and

n {+1 {+1

S 3 S ok =k

—1j=1  i=1 i=1
Again, (1.9) and (1.11) imply (1.10).

It follows that the claim is proved. o

Remark 1.9. Theorem 1.8 can also be proved by using the theory of nonlinear program-

ming; see [29, 73], for instance. In this case (I,\’f;) is considered as an equality constrained
optimization problem. Applying a Lagrangian framework it turns out that (1.5) are first-

order necessary optimality conditions for (PY). 0

For the application of POD to concrete problems the choice of ¢ is certainly of cen-
tral importance for applying POD. It appears that no general a-priori rules are available.
Rather the choice of ¢ is based on heuristic considerations combined with observing the
ratio of the modeled to the “total energy” contained in the snapshots y%, ..., y%, 1 < k < p,
which is expressed by

Zz 1/11
<d” Jn An

=17

E)= €[0,1].
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Utilizing (1.8) we have
Zz 1 :l

e Al

E(0)=

i.e., the computation of the eigenvalues {/L}l.:[ 41 is not necessary. This is utilized in nu-

merical implementations when iterative eigenvalue solver are applied like, e.g., the Lanc-
zos method; see [2, Chapter 10], for instance.

In the following we will discuss three examples which illustrate that POD is strongly
related to the singular value decomposition of matrices.

Remark 1.10 (POD in Euclidean space R™; see [37]). Suppose that X = R” with m € N
and p = 1 hold. Then we have # snapshot vectors y,, ..., 7, and introduce the rectangular
matrix ¥ = [y,]...|y,] € R”*” with rank d” < min(m,n). Choosing af =1 for1 <

j < n problem (P’) has the form

n
mmz Hy/- —
]:

st. {¢;}_, cR™ and ¢T¢ =4

(1.15)

i 14,7 <4,

where || - ||z stands for the Euclidean norm in R” and “T” denotes the transpose of a
given vector (or matrix). From

<%"¢>i:(z< Tl ) =SV, = (YY), gern,

j=11=1

for each component 1 < i < m we infer that (1.5) leads to the symmetric m x m eigenvalue
problem

YYTgr=xdr, Mi>.>A, >

Recall that (1.16) can be solved by utilizing the singular value decomposition (SVD) [51]:
There exist real numbers 67 > ¢} > ... > 07,>0 and orthogonal matrices ¥ € R”*™

== AL =0, (1.16)

with column vectors {¢?}” | and ® € R"*” with column vectors {¢”}”_, such that

D 0

T —
\IIY<I>_<O 0

>::26RW", (1.17)
where D =diag(o7{,...,0},) € R¥xd anc} the zeros in_(1.17) denote matrices of appropri-
ate dimensions. Moreover the vectors {¢/7}¢_, and {¢”}%_| satisfy

Y =67¢" and Y'Jr=6l¢" fori=1,...,d". (1.18)

They are eigenvectors of YY" and Y'Y, respectively, with eigenvalues /_17 =(07) >0,
i=1,...,d". The vectors {¢ }7 4y and {qS |-

eigenvectors of YY" and Y'TY with eigenvalue 0. Consequently, in the case 7z < m one

(if d” < m respectively d” < n) are
can determine the POD basis of rank £ as follows: Compute the eigenvectors ¢7, ..., qS-Z}’ €
R” by solving the symmetric 7 X 7 eigenvalue problem

YTYgzg;’ = /_1745” fori=1,...,¢

1
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and set, by (1.18),
In__ 1 In s
g _(/_191/2 Y¢? fori=1,...,0.

For historical reasons this method of determing the POD-basis is sometimes called the
method of snapshots; see [67]. On the other hand, if m < # holds, we can obtain the POD
basis by solving the m X m eigenvalue problem (1.16). If the matrix Y is badly scaled, we
should avoid to build the matrix product YY" (or Y'TY). In this case the SVD turns out
to be more stable for the numerical computation of the POD basis of rank ¢. O

Remark 1.11 (POD in R™ with weighted inner product). As in Remark 1.10 we choose
X =R"” with m € R” and p = 1. Let W € R”*"” be a given symmetric, positive definite
matrix. We supply R” with the weighted inner product

Dy =4TWI= (W )en = (W) for g J eR™.
Then, problem (P!) has the form

min 320404

w
s.t. {(,bi}i:l CR™and (¢;,¢;) W:Si]-, 1<i,7</.

As in Remark 1.10 we introduce the matrix Y = [y,|... ]y, ] € R™*” with rank d” <
min(m,7). Moreover, we define the diagonal matrix D = diag(a], ...,a])) € R"™". We

find that

(29 0ty ), =y Wi

j=11=1 v=1
=(YDY'W¢), for¢eR™,

for each component 1 < i < m. Consequently, (1.5) leads to the eigenvalue problem

YDY Wt =Xrdr, A2 X, > A, == =0 (1.19)

s

Since W is symmetric and positive definite, W possesses an eigenvalue decomposition of
the form W = QBQT, where B = diag(3,, ..., 3,,) contains the eigenvalues 3, > ... >
B,,>00f Wand Q e R™ " isan orthogonal matrix. We define

=Qdiag(B,...,5.)Q"  forr eR.
Note that (W7)™' = W= and W™ = W W* for r, s € R. Moreover, we have

(¢, J)W = <W1/2¢’ W1/2¢~>Rm for ¢, gZE R”

and ||¢||w ||W1/2_¢||Rm for ¢ € R™. Analogously, the matrix D'/? is defined. In-
serting 7 = WY2¢” in (1.19), multiplying (1.19) by W'/? from the left and setting
Y = W'2Y D'/? yield the symmetric m x m eigenvalue problem

A

YYTgr=2rgr, 1<i<l.
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Note that .
Y'Y =D'?yTwyD'? e R"™". (1.20)

Thus, the POD basis {(ﬁ_f }¢_, of rank ¢ can also be computed by the methods of snapshots
as follows: First solve the symmetric 7 x 7 eigenvalue problem

YTYgr=X¢r, 1<i<l and ($,¢7) =8, 1<i,j<L.

Then we set (by using the SVD of )

gr=w12yr = i WY g = i YD'"2¢7, 1<i<{. (1.21)
(%5 (o
Note that
-}‘l _71 _71 -72 1 n n
(Gd)y =W = —— (1) DY TWYD g = 5,
P —yTy

for1<i,j < /. Thus, the POD basis {¢” }le of rank ¢ is orthonormal in R” with respect
to the inner product (-,-)y,. We observe from (1.20) and (1.21) that the computation of
W1/2 and W—"/2 is not required. For applications, where W is not just a diagonal matrix,
the method of snapshots turns out to be more attractive with respect to the computational
costs even if m > 7 holds. O

Remark 1.12 (POD in R™ with multiple snapshots). Let us discuss the more general case
g = 2 in the setting of Remark 1.11. The extension for p > 2 is straightforward. We
introduce the matrix Y = [y!|... |y}]y?] ... [y2] € R™*(") with rank d” < min(m, np).
Then we find

P Z( 0L¢) y}+a;’(yf,¢>wyf>

_Y< 0 D>YTW¢ YDY'W¢  for g eR™.

—.DeRrp)x(np)

Hence, (1.5) corresponds to the eigenvalue problem
YDYTWr=xrgr, Xi>..>A >A ==, =0 (1.22)
Setting ¢ = Wl/ng_? in (1.22) and multiplying by W'/2 from the left yield
WY DY Tw'2gr = nyr. (1.23)
Let ¥ = W2y DY? € Rmx(ne), Using W' = W as well as DT = D we infer from

(1.23) that the POD basis {gbl }le of rank ¢ is given by the symmetric m x m eigenvalue
problem

YYTgr=2gr, 1<i<e, and (¢1,47), =8, 1<i,j <!
and ¢—:’ = W~12¢”. Note that

},}T}/} = ﬁ1/2YT\x7yﬁ1/2 c R(”K’)X(’l(ﬁ‘
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Thus, the POD basis of rank ¢ can also be computed by the methods of snapshots as
follows: First solve the symmetric (ngp) X (np) eigenvalue problem

YTV =X¢, 1<i<l and (§,¢7), =8,,1<i,j<L.
Then we set (by SVD)

7 1 A 1 ~
Jr=wPyr = S WY = YD)

13 3

for1<i</. O

1.2.2 = The continuous variant of the POD method

Asin Remark 1.1tet 0< ¢, < ¢, <...<t, < T be agiven time grid in the interval [0, 7]
with equidistant with step-size At = T /(n—1), i.e., t; = (j —1)At. Suppose that we have

trajectories y* € C([0,T];X), 1 < k < p. Let the snapshots be given as y]/? = yk(tj) eX
or y]/.e ~ yk(tj) € X. Then, the snapshot subspace ¥” introduced in (1.1) depends on the
chosen time instances {t; };’:1. Consequently, the POD basis {(ﬁ_f}le of rank ¢ as well

as the corresponding eigenvalues {A” }¢_, depend also on the time instances (which has

already been indicated by the superindex 7). Moreover, we have not discussed so far what

is the motivation to introduce the positive weights {a”}”_ in (P). For this reason we
777= "

proceed by investigating the following two questions:
e How to choose good time instances for the snapshots?
e What are appropriate positive weights {a?}7_?

To address these two questions we will introduce a continuous version of POD. In Sec-

tion 1.2.1 we have introduced the operator Z” in (1.4). By {gb_;’}iej and {j?}iey we have
denoted the eigenfunctions and eigenvalues for 27 satisfying (1.5). Moreover, we have set
d” = dim ¥ for the dimension of the snapshot set. Let us now introduce the snapshot
set by

“V:span{yk(tﬂte[o,T] andlﬁkﬁp} cX

with dimension d < oo. For any ¢ < d we are interested in determining a POD basis
of rank ¢ which minimizes the mean square error between the trajectories y* and the
corresponding ¢-th partial Fourier sums on average in the time interval [0, 7']:

@ T 14 2
min k) — k), d. Al d

>, * o) 204 bi)x | e -
s.t. {gﬁi}le Cc X and ((,ﬁi,(ﬁj)X:Slj, 1<i,j</.

An optimal solution {gb_ Ye_, to (P) is called a POD busis of rank £ . Analogous to (f’f;) we
can - instead of (PY) - consider the problem

© T ( )
maXZ Z<J’k(t>’¢i>x dt
k=1Y0 =1

s.t. {gbi}f:l C X and <¢i’¢/>X:8ij> 1<i,j</.

@)
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A solution to (PY) and to (IA’[ ) can be characterized by an eigenvalue problem for the linear
integral operator 2 : X — X given as

© T
wzsz WHE) d) e yH()de for dEX. (1.24)
k=1

For the given real Hilbert space X we denote by L*(0, T'; X) the Hilbert space of square
integrable functions ¢t — ¢(t) € X so that [70, p. 143]

e the mapping ¢t — ¢(¢) is measurable for ¢ €[0, 7] and

T 1/2
el =( | oo dr)” <o

Recall that ¢ : [0, 7] — X is called measurable if there exists a sequence {¢,,}, < of step
functions ¢, : [0, T] — X satistying ¢(t) =lim,_, ., ¢,(¢) for almost all # €[0,T]. The
standard inner product on L*(0, T'; X) is given by

T
<90’¢)L2(O,T;X):JO {p(t),p(t))x dt  for o, € L*(0, T;X).

Lemma 1.13. Let X be a (separable) real Hilbert space and y* € L*(0,T;X), 1 < k < p, be
given snapshot trajectories. Then, the operator R introduced in (1.24) is compact, nonnegative
and selfadjoint.

Proof. First we write # as a product of an operator and its Hilbert space adjoint. For
that purpose let us define the linear operator % : L*(0, T;R®) — X by

%s:f] Tgsk(t)yk(z)dt for p =(p,...,°) € L*(0, T;R®). (1.25)
k=170

Utilizing the Cauchy-Schwarz inequality [60, p. 38] and y* € L*(0, T;X ) for 1 < k < p
we infer that

[ T ©
1Z¢lly < ZJ 5O Ol de < DS o |1 iz 720,
k=1Y0 k=1

< (g||¢k||iz<o,n)1/2<é||yk<z>||i)

=Cyl|#ll207re) forany e L*(0, T;R¥),

1/2

where we set Cp, = (Zizl ||y/€(t)||§()1/2 < oo. Hence, the operator % is bounded. Its
Hilbert space adjoint #* : X — L*(0, T; R¥) satisfies

(P ormey = (- P)x  for y €X and ¢ € L*(0, T5R?).
Since we derive

© T
(@ b huaran =029 =(9. 20| #antordr)
k=170

X

=3[ o Ol O = (4 01 cacy6)
k=1

0 12(0,T;R¢)
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for ¢ € X and ¢ € L*(0, T; R®), the adjoint operator is given by

(o' ())x
(& d)r)= foryeX andt€[0,7T]ae.,
(y2(0))x
where ‘a.e.” stands for ‘almost everywhere’. From (1.4) and
(‘%3’%))}( © T
oy=o| =3[ goteltod frgex
(O ) =0

we infer that Z = % %* holds. Since the operator % is bounded, its adjoint and therefore
R = H¥* are bounded operators. To prove that # is compact, we show that #* is
compact. Let {y,},oy C X be sequence converging weakly to an element y € X, i.e.,

lim (y,,¢)x =(x,¢)y forallyeX.

This implies that
(Xn’yl(t»X ()(n’yl(t»X
lim (% ,)(2) = : = : = (1))
(67 () x (7 () x

fort €[0, T]a.e. Thus, the sequence {#* y,,} .o converges weakly to #* y in L*(0, T;R®).
Consequently, Z = % %* is compact. From

(R, d)x —<Z )ka(t)dt,¢>x
f (gsy*(t |2dt20 forall gy e X

we infer that 2 is nonnegative. Finally, we have Z* = (¥ %*)* = R, i.e. the operator 2
is selfadjoint. O

Remark 1.14. Tt follows from the proof of Lemma 1.13 that # = %*% : [*(0, T;R¥) —
L?*(0, T;R®) is compact as well. We find that

¢
X[ 0 Ot s)ds
(%gé)(t) = : , p€L*(0,T;R¥).
I
£ 17 04607 Nxte)ds
The compactness of £ can also be shown as follow: Notice that the kernel function

ri(s,0)= (), O)ys (5,0)€[0,T]x[0,T]and 1< i,k <,
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belongs to L2(0, T') x L*(0,T). Here, we shortly write L*(0, T) for L*(0, T;R). Then,
it follows from [78, pp. 197 and 277] that the linear integral operator ¢, : L*(0,T) —
L?(0, T) defined by

T
Hoplt) = f ra(sDB(s)ds, e I20.T)

is a compact operator. This implies, that the operator 37} _| ¢}, is compact for 1 <i <
as well. O

In the next theorem we formulate how the solution to (P¢) and (IA’[ ) can be found.

Theorem 1.15. Let X be a separable real Hilbert space and y* € L*(0, T; X) are given trajec-
tories for 1 < k < . Suppose that the linear operator R is defined by (1.24). Then, there exist

nonnegative eigenvalues {A;},c 4 and associated orthonomal eigenfunctions {;},c 4 satisfy-
ing S i i

‘%SAZZ/IZSAZ’ /112...2/1[1>/1d+1:...20. (1.26)
For every { € {1,...,d} the first { eigenfunctions {¢_ Yo, solve (P*) and ®Y). Moreover, the
value of the objectives evaluated at the optimal solution {(,}'_, satisfies

© T 4 _ 2 d _
S pro- vt b a= 34 (127)
k=170

i=1 i=(+1

and

© T ( -, ‘-
ZL Z(yk(t),%)xdt:Z/b, (1.28)

k=1 i=1
respectively.
Proof. The existence of sequences {/iZ }ic.s Of eigenvalues and {(,b_ i }ies of associated eigen-
functions satisfying (1.26) follows from Lemma 1.13, Theorem 1.5 and Theorem 1.6.

Analogous to the proof of Theorem 1.8 in Section 1.2.1 one can show that {¢}, }e_, solves
(P!) as well as (IA’Z ) and that (1.27) respectively (1.28) are valid. o

Remark 1.16. Similar to (1.6) we have

[ T ) d _
> f DA de =S4, 1.29)
k=1 =1

In fact,

KJ -
Zf ), ;) Xy (t)dt foreveryi€ 4.

Taking the inner product with ¢i’ using (1.26) and summing over i we get

S5 [ vt di =S d =3

[
1=1 k=1 =1 =1
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Expanding each y*(¢) € X in terms of {(ﬁ_i}ieﬂ for each 1 <k < p we have

d - -
=> 0 ) di)x ¢

=1
and hence

Lnywmw—zjifT 0,6, dt ﬁy

1
which is (1.29)

Remark 1.17 (Singular value decomposition). Suppose that y* € L*(0, T;X ) holds. By The-
orem 1.15 there exist nonnegative eigenvalues {/ii}ie 4 and associated orthonomal eigen-
functions {¢); };., satisfying (1.26). From ¢ = %*% it follows that there is a sequence
{$:}ics such that

A= Ads 1.0

We set RT = {s € R|s > 0} and ¢; = /1:/2. The sequence {G;,¢;,&;};cy in R x
L*(0,T;R®) x X can be interpreted as a singular value decomposition of the mapping
% : 120, T;R®)— X introduced in (1.25). In fact, we have

Y. =64, ¥'d=6,¢, i€

Since ; >0 holdsfor 1=1...,d, we have ¢_l- :@gb_i/ai fori=1,...,d. O

1.2.3 = Perturbation analysis for the POD basis

The eigenvalues {/i”}lE » satisfying (1.5) depend on the time grid {¢; }” In this section

we investigate the sum Z /1 the value of the cost in (P{) evaluated at the solution

=(+1
{gbi }i:1 for n — oo. Clearly, n — oo is equivalent with At =T /(n —1) — 0.

In general the spectrum o () of an operator 7 € £(X) does not depend contin-
uously on F. This is an essential difference to the finite dimensional case. For the

compact and selfadjoint operator Z we have o(%) = {/_11} ic.s- Suppose that for £ € N
we have A, > A, 41 so that we can seperate the spectrum as follows: 0(2) = % U/
with & = {4;,..., 4/} and S =0(R)\ . Then, S NS/ = 0. Moreover, setting
Vi = span{gbl, gbé} we have X = Vi@ (VHL, where the linear space (V)* stands
for the X - orthogonal complement of V. Let us assume that

lim ||22” — ]| 1, =0 (1.30)

holds. Then it follows from the perturbation theory of the spectrum of linear operators
[35, pp. 212-214] that the space V! =span{¢”,..., ¢7} is isomorphic to Vif n is suffi-
ciently large. Furthermore, the change of a finite set of eigenvalues of 2 is small provided
| 2" — R|| 2 (x) is sufficiently small. Summarizing, the behavior of the spectrum is much
the same as in the finite dimensional case if we can ensure (1.30). Therefore, we start this

section by investigating the convergence of Z” — 2 in the operator norm.
Recall that the Sobolev space H'(0, T;X) is given by

H'(0,T;X)={p e L*(0,T;X)| ¢, € L*(0, T;X)},
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where ¢, denotes the weak derivative of ¢. The space H'(0, 7;X) is a Hilbert space with
the inner product

T
(§D’¢)H1(O,T;X):JO (p(£), p(0)x +(9(£), b, (1)) dt for o, € H'(0, T5X)

and the induced norm [|¢|| ;710 7.x) = (¢, gp);{/lzo OT:X)"

Let us choose the trapezoidal weights

(L S P N P
o’ = , Q= or2<;<n—1, a"= .
YT 2= Y T a / " 2(n—1)

(1.31)

For this choice we observe that for every ¢ € X the element 27 ¢ is a trapezoidal approx-
imation for # ¢. We will make use of the following lemma.

Lemma 1.18. Suppose that X is a (separable) real Hilbert space and that the snapshot trajec-
tories y* belong to H'(0,T;X) for 1 < k < p. Then, (1.30) holds true.

Proof. For an arbitrary ¢ € X with |||y =1 we define F :[0,7]— X by
P
£)=> 0 ), ¢)x 2" (t) forte€[0,T].
k=1

It follows that

T n—1
9’2’5&: F(t dt—z F
(1.32)
A nl
R = ZaF =2t D E(t):

/:1

Then, we infer from [|¢/||y = 1 that

I (b Y. (139

Now we show that F belongs to (0, T;X) and its norm is bounded independently of
¢. Recall that y/e € H'(0,T;X) imply that yk € C([0,T];X) holds for 1 <k < p. Using

(1.33) we have
2 Tr& k2 ?
WE I Z20,7:) SJ <Z||y ||C([O,T];X)> de <G
0 k=1

with C, = T(ZZ:1 ||yk||2C([o)TJ;X))2. Moreover, F € H'(0, T;X) with

FO+0 O Dy (t) faa te[0,T],

I
[
e
=
Al

k=1

where “f.a.a.” stands for *for almost all’. Thus, we derive

I < [ (DO IEON) @<
0
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with C, =437 ”yk”ZC([O,T ||y[ ||L2 o1x) < 00 Consequently,

T 1/2
1Pl = f IF@IE +IE@R ) <6, (134
0

with the constant C; = (C, + C,)"/2, which is independent of ¢¢. To evaluate 2" ¢ we
notice that

t

LZ]‘HF(t)dt:%f;}+1 (F(t]-)+j Ft(S)dS>dt

4

+%f+l (F(t/+1>+f Ft(s)ds)dt

L b (1.35)
= 7<F(tj)+F(tj+1))

+§ L:M(J: Ft(S)dH‘J: Fﬁ(;)ds)dt.

J+1 j+1

Utilizing (1.32) and (1.35) we obtain

n At t/+1
-l = S5 (e ]+1>> f Foyar)|
1 n—1
<52 f f s)dsde +- o)dsde |
2 4=
j=1
From the Cauchy-Schwarz inequality [60, p. 38] we deduce that
§)dsde <Z f f d&
X

1/2
s)ds”xdt>

M%UJ

/ (1.36)
n—1 ta , [t 2 \1/2
<vars ([ (] i) a)
j=1 5
n—1 tig [t 5 1/2
<o ([ IR dsd) < TYE oy
j=1 L 15
Analogously, we derive
n—1
f J (s)dsdz STVAt||F||H1(O,T;X). (1.37)

j=1
From (1.34), (1.36) and (1.37) it follows that

|2 — g, < S,

B
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where C, = C; 7%/ is independent of 7 and ¢. Consequently,

n—oo

||=%n—973||2()<): sup ||2"¢—RI|ly — 0

lI¢llx=1

which gives the claim. 0

Now we follow [40, Section 3.2]. We suppose that y* € H'(0,T;X) for 1 < k < p.
Thus y* € C([0, T]; X ) holds, which implies that

£ & " 2 e rr 2
S =S j DAOIRde a5 7 — oo. (138)
k=1 j=1 k=170

Combining (1.38) with (1.8) and (1.29) we find

d” d
ZA;ZHZ/@ as 77 — 00, (1.39)
=1 =1
Now choose and fix o
¢ suchthat A, # 4,4, (1.40)

Then, by spectral analysis of compact operators and Lemma 1.18 it follows that
/if—wiz for1<i</{asn— oo. (1.41)

Combining (1.39) and (1.41) we derive

o d
Z AP — Z A, asn—oo.
i=(+1 i=(+1
Especially, if A; > A, > ---> A, is satisfied, we conclude from (1.40) and Lemma 1.18 that

lim, |47 —¢;|lx =0for i =1,...,{. Summarizing the following theorem has been
shown.

Theorem 1.19. Let X be a separable real Hilbert space, the weighting parameters {a;l };?:1 be

given by (1.31) and yk EH!(O,T;X) for1 <k < p. Let {(gb_;l,/if)}iey and {((ﬁ_i,/_li)}iej
be eigenvector-eigenvalue pairs satisfying (1.5) and (1.26), respectively. Suppose that { € N is
fixed such that (1.40) holds. Then we have

lim M?—/H:O Jor1<i</,

n—oo

and
o J
lim > A= >" A,
T i=(+1
In particular, if A, > A, > ---> A, holds, then we even have

lim |7 —¢|l, =0 for1<i<{.

Remark 1.20. Theorem 1.19 gives an answer to the two questions posed at the beginning

of Section 1.2.2: The time instances {t]-};’:1 and the associated positive weights {a? -



1.3. Reduced-order modelling for evolution problems 21

should be chosen such that 22 is a quadrature approximation of % and || 2" — || ¢y, is
small (for reasonable 7). A different strategy is applied in [42], where the time instances
{t; };?:1 are chosen by an optimization approach. Clearly, other choices for the weights
{a? 7y are also possible provided (1.30) is guaranteed. For instance, we can choose the

Simpson weights. ¢

1.3 = Reduced-order modelling for evolution problems

In this section we utilize the POD method to derive low-dimensional models for evolution
problems. For that purpose the POD basis of rank ¢ serves as test and ansatz functions in
aPOD Galerkin approximation. The a-priori error of the POD Galerkin scheme is inves-
tigated. It turns out that the resulting error bounds depend on the number of POD basis
functions. Let us refer, e.g., to [20, 22, 30, 38, 40, 39, 62] and [32], where POD Galerkin
schemes for parabolic equations and elliptic equations are studied. Moreover, we would
like to mention the recent papers [8] and [66], where improved rates of convergence re-
sults are derived.

1.3.1 = The abstract evolution problem

In this subsection we introduce our abstract evolution problem which will be under con-
sideration in Sections 1.3 and 1.4. Let V and H be real, separable Hilbert spaces and
suppose that V is dense in H with compact embedding. By (-,-);; and (-,-),, we denote
the inner products in H and V/, respectively. In particular, there exists a constant ¢, > 0
such that
gl <evliglly forallpeV. (1.42)
Let T > 0 the final time. For ¢ € [0, 7] we define a time-dependent symmetric bilinear
forma(t;-,-): V x V — R satisfying
(s . <7l I, VpeVae n[0TL  (14%)
a(t; 0,0) 2 nillolly =2 llgll VpeVae in[0,T] (1.43b)
for constants y, y; > 0 and ¥, > 0 which do not depend on ¢. In (1.43), the abbreviation
“a.e.” stands for “almost everywhere”. By identifying H with its dual A’ it follows that
V < H = H' — V' each embedding being continuous and dense. Here, V' denotes the
dual space of V. Recall that the function space (see [ 10, pp. 472-479] and [70, pp. 146-148],
for instance)
W(O,T)={peL’(0,T;V)|p, € L*(0,T;V")}
is a Hilbert space endowed with the inner product

T

(¢,¢)W<o,r>=L {p(0), d(0))y +(p.(£):p.(1))y, dt for o, € W(0, T)

and the induced norm ||¢||y 7y = {(¢s go)ix//z(o,T)' Furthermore, W (0, T) is continuously

embedded into the space C([0, T']; H). Hence, ¢(0) and ¢(T’) are meaningful in H for an
element ¢ € W(0, T'). The integration by parts formula reads

T d T

T
| T R IR G O L™
= p(T)H(T)—5(0)310)
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for ¢, ¢ € W(0,T), where (-,-)y , stands for the dual pairing between V and its dual
space V'. Moreover, we have the formula

(9.(t), D)y = dit (o(t),d)y for(p,$)e W(0,T)x V andfa.a. t €[0,T].

Since we will consider optimal control problems in Section 1.4, we already introduce
the evolution problem with an input term. We suppose that for N, € N the input space
U = L*(0, T;RM:) is chosen. In particular, we identify U with its dual space U’. For
neU,y,€H and f € L*(0,T;V’) we consider the linear evolution problem

00 phi +al(0 )= + BN Py

VoeVae in(0,7T],
0@y = (Vo @) s VoeH,

(1.44)

where B : U — L*(0,T; V') is a continuous, linear (control or input) operator.

Remark 1.21. Notice that the techniques presented in this work can be adapted for prob-
lems, where the input space U is given by L?(0, T;L*(2)) for some open and bounded

domain 2 c RY for an ],\7% eN. O

Theorem 1.22. Fort € [0,T] let a(t;-,-) : V x V — R be a time-dependent symmetric
bilinear form satisfying (1.43). Then, for every u € U, f € L*(0,T; V') and y, € H there is
a unigue weak solution y € W (0, T') satisfying (1.44) and

llwio,ry < € (Il + 1 o 70 + 11l (1.45)

for a constant C > 0 which is independent of u, y, and f. If f € L*(0, T; H), a(t;-,-) = a(-,")
(independent of t) and y, € V hold, we even have y € L*°(0,T; V)N H(0,T;H). Here,
L>=(0,T; V) stands for the Banach space of all measurable functions ¢ : [0,T] — V with
esssup, (o 77l@(¢)lly < oo (see [70, p. 143], for instance).

Proof. For a proof of the existence of a unique solution we refer to [ 10, pp. 512-520]. The
a-priori error estimate follows from standard variational techniques and energy estimates.
The regularity result follows from [ 10, pp. 532-533] and [17, pp. 360-364]. O

Remark 1.23. We split the solution to (1.44) in one part, which depends on the fixed initial
condition y, and right-hand /', and another part depending linearly on the input variable
u. Let J € W(0,T) be the unique solution to

d A A .
I (@) @)y +a(t;9(8), @) = (f(£)s )y v VoeVae in(0,T],
7(0) =1, inH.
We define the subspace

W,(0,T)={p e W(0,T)|(0)=0in H}
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endowed with the topology of W (0, T'). Let us now introduce the linear solution operator
S U — Wy(0,T): for u € U the function y = & u € W,(0, T') is the unique solution to

P +alt(0 ) = (BUND) Py V€V acin(O.T]

From y € W,(0, T) we infer y(0) = 0 in H. The boundedness of . follows from (1.45).
Now, the solution to (1.44) can be expressed as y =y + S u. O

1.3.2 = The POD method for the evolution problem

Let n € U, f € L*(0,T;V') and y, € H be given and y = § + S u. To keep the nota-
tion simple we apply only a spatial discretization with POD basis functions, but no time
integration by, e.g., the implicit Euler method. Therefore, we utilize the continuous ver-
sion of the POD method introduced in Section 1.2.2. In this section we distinguish two
choices for X: X = H and X = V. It turns out that the choice for X leads to different
rate of convergence results. We suppose that the snapshots %, & = 1,..., p, belong to
L*(0,T;V). Later, we will present different rate of convergence results for appropriate
choices of the y*’s. Let us introduce the following notations:

© T
A= j Gy (O (1)dt for g V.,
k=1Y0

o T
%HSL:ZL (Sb,yk(t))Hyk(t)dt for € H. (1.46)
k=1

Moreover, we set 1, = R;, and A} = R}, In Remark 1.17 we have introduced the
singular value decomposition of the operator % defined by (1.25). To distinguish the
two choices for the Hilbert space X we denote by the sequence {(¢”, (,blv,qf»lv)}fe 4 C
R x V x L*(0,T;R) of triples the singular value decomposition for X =V, i.e., we
have that

Ryl =AY, Ayl =2V P!, o) =JA, i€s.

1

Furthermore, let the sequence {(o/7, ¢, $1)}!_ , C RE x H x L*(0, T;R®) in satisfy

Ry =10, Ay dT =2, o =JMH, ies. (1.47)

1

The relationship between the singular values o/’ and 0" is investigated in the next lemma,
which is taken from [66].

Lemma 1.24. Suppose that the snapshots y* € L*(0,T; V), k =1,...,p. Then we have:
1) Forall i € 9 with o' > 0 we have y7 € V.

2) 0 =0jorall i >d withsomed €N if and only if o/ =0 for all i > d, i.e., we have
dy = dy, if the rank of R, is finite.

3) o)/ >0foralli € S if and only if o7 >0 forall i € 5.

Proof. We argue similarly as in the proof of Lemma 3.1 in [66].
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1) Let 07 > 0 hold. Then, it follows that A7 > 0. We infer from y* € L*(0, 7; V) that
Ry € V forany ¢ € H. Hence, we infer from (1.47) and that ¢ = 2,47 |\ €
V.

2) Assume that ¢ =0 for all 7 > d with some d € N. Then, we deduce from (1.27)
that

d
:Z(yk(t),%y)vgby forevery k=1,...,p. (1.48)

i=1

From

[ T
=3 f (@104 (0), oA () de
—Z ZJO (9% (0)) ), O HOXS dt> Y, jes,

we conclude that that the range of %2, is at most d-dimensional, which implies that
A =0 for all i > d. Analogously, we deduce from o/ =0 for all 7 > d that the
range of #, is at most d.

3) The claim follows directly from part 2).

Thus, Lemma 1.24 is proved. d
Let us define the two POD subspaces

VZ:span{ng,...,ng}C v, HZ:span{%{,...,(ﬁf}C V CH,

where H C V follows from part 1) of Lemma 1.24. Moreover, we introduce the orthog-
onal projection operators 2 : V — H  C Vand 25 : V — V! C V as follows:

vl = g’lggo forany o €V iff v’ solves wrfnég[ ||g0—wz||v,

vl =Plpforany p eV iff o' solves wI}lGI{/ll llp— ||, - (14)

It follows from the first-order optimality conditions that v = 2} ¢ satisfies
() =(p gy, 15ist (1.50)
Writing ¢ € H in the form v! = levf 7 we derive from (1.50) that the vector

vi=(i,... ,vg )T € R satisfies the linear system

{
S V=g, 1<ist

j=1

For the operator 2 we have the explicit representation

14
Pho=> U, ¢} ), ¢ forpeV.
=1
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Since the linear operators 2 and 2}, are orthogonal projections, we have || 2| 2(v) =
||t@1£||:£(v) =1. As {¢}'} ;e is a complete orthonormal basis in V, we have

T
lim | [Jw(t)—2Lw()|,dt =0 forall we L*(0,T;V). (1.51)

f—)OO 0

Next we review an essential result from [66, Theorem 5.2], which we will use in our
a-priori error analysis for the choice X = H. Recall that gsz € V holdsfor 1 <i <dj

and the image of 2/, belongs to V. Consequently, ||¢7 — 22 ||, is well-defined for
1<i<dy.

Theorem 1.25. Suppose that y* € L*(0,T; V) for 1 < k < p. Then,

© T dy

2 2
)3 j DA — Pt de= S0 M 41— DLt (152
k=1 1=0+1

Here, dy; is the rank of the operator Ry, which may be infinite. Moreover, 2% y* converges
to y* in L2(0,T; V) as { tends to oo for each k € {1,...,p}.

Proof. Suppose that 1 < ¢ < d,; and 1 </, < oo hold. Then, Afl >0for1<i</.
Let . € £(V) denote the identity operator. As.# — 2/ is an orthonormal projection
on V, we conclude ||.¢ _91—[}“2(\/) = 1. Furthermore, y* € 1?(0,T; V) holds for each

ke{l,...p}. Thus, (1.51) implies that Q’é‘yk — y*in L%(0,T;V)as{, — oo for each k.
The proof of (1.52) is essentially based on Hilbert-Schmidt theory and on the following
result [66, Lemma 5.1]:

o’ A" 2
D f 15— PHPLF O di
— 0
= ‘ (1.53)
z 2 2
=D AN =2547 I, < D0 AN =254, < oo
=1

i:/lz/>0

for any £, € N. To prove that Z/y* converges to y* in L?(0,7;V) as £ tends to oo for
each k€ {1,...,p} we observe that

dH dH
2 2
DM =25, < D0 AT =Pl gl

i=(+1 i=(+1
dy 5
= > ANy

1=(+1

By utilizing the singular value decomposition (see Remark 1.17) it is shown in [66, Theo-

rem 5.2] that Zf;’éﬂ Al ||¢{{||f/ < 00 holds. Therefore,

. ' T 5
lim 2, f 16 = 2i)2yy Wy de =0
0

{ ,—o0 =

which gives the claim. O
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We will also need the following result, which follows from the continuous embedding
V — H . For a proof we refer to [66, Proposition 5.5].

Lemma 1.26. Let y* € L*(0,T; V) for each k € {1,...,} and X1 >0 for all i € 9. Then,

Zlim ||<p—§”]_t}g0||v =0 forallpeV.

1.3.3 = The POD Galerkin approximation

After the computation of a POD basis of rank ¢ we are interested in deriving a low-
dimensional approximation for the evolution problem (1.44). In the context of Section 1.2.2
we choose p = 1, y! = % and compute a POD basis {¢/; }¢_, of rank ¢ by solving (P¢)
with ¢; = ¢ for X = V and ¢; = ¢ for X = H. Then, we define the subspace

=span{d,..., ¢}, ie, X = Vifor X = V and X! = H! for X = H. Now we
approximate the state Varlable y by the Galerkin expansion

{
D+ >y, eV ae in[0,T] (1.54)

with coefficient functions y¢ : [0,7] — R. We introduce the vector-valued coefficient
function

yé = (yf,...,yé) :[0,T] —RE

Since 7(0) = y, holds, we suppose that y*(0) = 0. Then, y‘(0) = y, is valid, i.e., the
POD state matches exactly the initial condition. Inserting (1.54) into (1.44) and using the
test space in V¢ for 1 < i < { we obtain the following POD Galerkin scheme for (1.44):
yte W(O, T) solves

V(). ) +altsy (), ) = (f + Bu)t) )y Vo EX e,

YZ(O) =0.
We call (1.55) a low dimensional or reduced-order model for (1.44).

(1.55)

Proposition 1.27. Let all assumptions of Theorem 1.22 be satisfied and the POD basis of
rank { be computed as desribed at the beginning of Section 1.3.1. Then, there exists a unigue
solution y* € H'(0,T; V) — W(0, T) solving (1.55).

Proof. Choosing ¢ = ¢,, 1 < i < {, and applying (1.54) we infer from (1.55) that the
coefficient vector y' satisfies

MO (8)+ Al (t)y() = F(t) ae. in [0, T], ¥'(0)=0, (1.56)
where we have set
=(((¢09)),)) ER™E A () =((alt: ¢ ¢)))) € R,
E(0) = (((f + Bu)X6)=3(6), 1) vy —alts3(2), ) € R

with ¢; = ¢Y for X =V and ¢; = ¢ for X = H. Since (1.56) is a linear ordinary dif-
ferential equation system the existence of a unique y* € H'(0, T;R") follows by standard
arguments. |

(1.57)
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Remark 1.28.

1) Suppose J # 0. In contrast to [28, 71], for instance, the POD approximation does
admit values y/(¢) in X, but (y! —9)(¢) € X¢ holds. The benefit of this approach
is that y(0) = y, - and not y(0) = 2%y, or y/(0) = 2(y.. This improves the
approximation quality of the POD basis which is illustrated in our numerical tests.

2) We proceed analogously to Remark 1.23 and introduce the linear and bounded so-
lution operator & : U — W(0, T): for u € U the function w’ = #u € W(0,T)
satisfies w!(0) =0 and

d
(1 )y a0 (0. 4) = (BN, Py VPEX ae
Then, the solution to (1.55) is given by y* =9 4+.%‘u. Analogous to the proof of

(1.45) we derive that there exists a positive constant C, which does not depend on
¢ or u so that

14
1" #llwio,ry < Cllally-

Thus, #¢ is bounded uniformly with respect to .~ ¢

To investigate the convergence of the error y — y¢ we make use of the following two
inequalities:

1) Gronwall’s inequality: For T > 0let v : [0, 7] — R be a nonnegative, differentiable
function satisfying

v'(t) < p(t)v(t)+ y(t) forallte[0,T],

where ¢ and y are real-valued, nonnegative, integrable functions on [0, 7']. Then

'v(t)éexp<Jot ¢(s)ds><v(0)+Jot)((s)ds> forallt€[0,T].  (158)

In particular, if
v'<¢pvin[0,T] and v(0)=0

hold, then v =01in [0, T].

2) Young’s inequality: For every a,b € R and for every ¢ > 0 we have

ca’ b2
ab < + —.
-2 2¢e

Theorem 1.29. Let u € U be chosen arbitrarily so that 0# % u € H'(0,T; V).

1) To compute a POD basis {¢);}_, of rank { we choose o = 1 and y' = S u. Then,
y =9+ S uand y' =3+ S u satisfies the a-priori error estimate

Vi 2
Iy —3’||H1(0,T;V)

dy . .
Z /11V+||ytl_g\£yt1”1‘2(oj)v) le:V,
i (1.59)

dy ‘ )
_;1/151”957_911%1”‘/
1=+
2 .
+||yt1_‘@f€yt1”L2(o,T;V) fX=H,

Scl'
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where the constant C, depends on the terminal time T and the constants y, vy, v,
introduced in (1.43).

2) If weset p =2 and compute a POD basis of rank { using the trajectories y' = S u and
y:=(Su),, it follows that

Vi 2
15% _y”Hl(O,T;V)

dy
A Jor X =V, (1.60)
S C3 X i=(+1

dy 2
> =24l forx=H
+

1=

for a constant Cy which depends on v, y,, vy, and T.

3) If S i belongs to H'(0,T; V) for every it € U and if A1 >0 for all i € %, then we
have
Zlinc}o |l _y£||$(U,W(O,T)) =0. (1.61)

Proof.

1) For almost all ¢ € [0, 7] we make use of the decomposition

V(&)= y(£) = (1) + (L u)(t)—H()— (L u)(zt)
= (S u)(t)— P (L u)0)+ 2 (L u)t))—(FLu)t) (1.62)
=9 (1) + (1),
where 3¢ = Slu — P S u) € X and pf = PU S u)— S u. In (1.62) we will

consider the two choices 2 = 95 for X = H and 2! = Q’é for X = V. From
y!' =S u and (1.27) we infer that

dV
2 2
||<9€||H1(o,7;v) = Z /1,"/ + ||3’:1 _9\§yzl||y(o,r;v) (1.63)
1=(+1

in case of X = V, where d,, stands for rank of 2,,. For the choice X = H we derive
from y! = .%u and Theorem 1.25 that

dH
2 2 2
||(9Z||H1(O,T;V): § /17”%{_91{;%{”\/+||yz1_91-l}yzll|L2(o,T;v)' (1.64)
i=(+1

Here, d;; denotes for rank of 2,;. Using ¢! (t) € H for almost all £ €[0, T'], (1.44),
(1.55) and (1.43a) we derive that

A0, D +alt:8 (0,

=0 ()= 2y (t), )y +alt;y' ()= 2y (1), §)
<! (&) =2y Ollglldlly + 7y &) =25 Ol Il

(1.65)
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for all ¢ € X* and for almost all ¢ € [0, T]. From choosing ¢ = ¢*(t), (1.43b) and
(1.65) we find

d
I8 Ol 7 18 Iy =372 19 0l

1 2 2 2
< ;||y3<t>—9ﬂy:<t>||f,+y—nyl(t)—wyl(wnv-
2 1

From (1.58) - setting v(¢) = ||#(¢)||3, > 0,

1 2 2 2
2(t)= y—||y3<r>—9‘y3<t>||,,+§—||y1<t>—9*fyl<t>||vzo,
2 1

o(t)=3y,>0-and #(0) = 0 it follows that

2 2 2
||19Z(t)||H <q (”yzl _glytIHLZ(O,T;H)‘*‘ ||y1_gzy1||L2(O,T;V))

foralmostall ¢ € [0, 7] with the constants ¢, = ¢, exp(3y, T') and ¢, = max(1/y,,v*/y,),
so that

2 2 2
||19[||L2(0,T;V) < C3<||19Z||L2(O,T;H) + ||yz1 _f@é%l||Lz<o,T;H))
2
+6lly' =29 sy (1.66)
2 2
< eIt =290 ran +Hle Ol rav))

with ¢; = max(3y,,¢,)/y; and ¢, = ¢5(14 ¢, T). We conclude from (1.43a), (1.59)
and (1.66) that

||195 | |L2(O,T;(W)’)
T
=sup{ [ (0K 40Ny [IWllorn =1, )€ VY
0

<y 10N oo,y + 119 =2 ¥ oo e

< Cs<||yr1 —Wyillm,r;m +lly! _‘@[ylnLZ(O,T;V))

(1.67)

with ¢; = 14 ¢,y. By assumption we have ¢! € L*(0, T; V). Then, by the Riesz
theorem [60, p. 43] we have

||19£||L2(0,T;(vf)/) = ||ﬂf||L2(O,T;V4) = ||ﬁf||L2(O,T;V)
so that (1.62)-(1.64), (1.66) and (1.67) imply (1.59).

2) The claim follows directly from

14 2 4 2
||J’t1—gb J’z1||L2(o,T;V):||y2—9’ y2||L2(o,T;V)

(1.27) and Theorem 1.25.
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3)

Recall that the space H'(0, T; V) is continuously embedded in W (0, 7). Therefore,
there is a constant ¢y, > 0 satisfying

Iellwor < ewllollmory, forallpeH'(O,T;V).
@) @13v)

Using & # € H'(0, T; V) forany 7% € U, Remark 1.9 and applying the arguments as
in part 1) we infer that there exists a constant ¢, which is independent of ¢ satisfying

”y_y[H:f(U,W(o,T))
= s (& =il yy o) < cw s I =il 07,0
u U: u U:
T
< s, f 15(5)— 25O+ 15.(6)— 2,0l de
ill,=1Jo

with § = % 4. By assumption, the elements ji(¢) and 7,(¢) belong to the space
L*(0,T;V). Therefore, the claim follows for X = V from (1.51) and for X = H
from Lemma 1.26.

Thus, Theorem 1.29 is proved. o
Remark 1.30.
1) Note that the a-priori error estimates (1.59) and (1.60) depend an the arbitrarily

2)

3)

chosen, but fixed control # € U, which is also utilized to compute the POD beasis.
Moreover, these a-priori estimates do not involve errors by the POD discretization
of the initial condition y, - in contrast to the error analysis presented in [28, 38, 40,
62, 71], for instance. Further, let us mention that the a-priori error analysis holds
for T < oo.

From (1.61) we infer

{—o0 0

ﬁ+y[~_ﬁ_yﬂ||vv(o,r)§ ”‘7_yeng(y,vv(o,r))”ﬁ“U

forany # € U.

For the numerical realization we have to utilize also a time integration method
like, e.g., the implicit Euler or the Crank-Nicolson method. We refer the reader to
[38, 40, 39], where different time discretization schemes are considered. Moreover,
in [45, 62] also a finite element discretization of the ansatz space V' is incorporated
in the a-priori error analysis. O

Example 1.31. Accurate approximation results are achieved if the subspace spanned by
the snapshots is (approximatively) of low dimension. Let 7 > 0, Q = (0,2) C R and
Q=(0,T)x Q. Weset f(t,x)=e*(n*—1)sin(rx) for (¢,x) € Q and y,(x) = sin(7x)
forxeQ. Let H=1%*Q),V = Hol(Q) and

(tip )= | JWF@i orp.ge,

i.e., the bilinear form « is independent of ¢. Finally, we choose # = 0. Then, the exact
solution to (1.44) is given by y(z,x) = e *sin(rx). Thus, the snapshot space ¥ is the
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one-dimensional space {a¢ | @ € R} with ¢(x) = sin(rx). Choosing the space X = H,
this implies that all eigenvalues of the operator 2, introduced in (1.46) except of the first
one are zero and ¢, = ¢ € V is the single POD element corresponding to a nontrivial
eigenvalue of 2. Further, the reduced order model of the rank-1 POD-Galerkin ansatz

W)+ Y () = (F(£), )y forte(0,T],
Y1<0) = (J’o’ ¢1>H

has the solution y'(¢) = ™, so both the projection

(913’)(@’5) = (), d)xi(x),  (t,x) €Q,

of the state y on the POD-Galerkin space and the reduced-order solution y( (t)d,
coincide with the exact solution y. In the latter case, this is due to the fact that the data
functions /" and y, as well as all time derivative snapshots y(t) are already elements of
span(¢,), so no projection error occurs here, cp. the a priori error bounds given in (1.60).
In the case X = V/, we get the same results with ¢,(x) = sin(7x)/v/1+ 72 and y'(2) =

vi+m2e7t 1

Utilizing the techniques as in the proof of Theorem 6.5 in [66] one can derive an a-
priori error bound without including the time derivatives into the snapshot subspace. In
the next proposition we formulate the a-priori error estimate.

Proposition 1.32. Lety, € V and u € U be chosen arbitrarily so that & u # 0. To compute
a POD basis {¢; } | of rank { we choose p = 1 and y' = S u. Then, y =)+ S u and

yo=9+Fu satzsﬁes the a-priori error estimate

2.
> gy - Php Il fX=V,
l 2 z—[Jr v
" —=yll2070) < C- d (1.68)
> A, X =H,

=041

where the constant C depends on the terminal time T and the constants y, y,, y, introduced

in (1.43). Moreover, 2, |, : H — V¢ is the H-orthogonal projection given as follows:

vl = yé’v/goforany o € H iff v'solves wr[rle18[ ||<p—wz||H.

In particular, we have y* —y in L*(0,T; V) as { — oo.

1.4 = The linear-quadratic optimal control problem

In this section we apply a POD Galerkin approximation to linear-quadratic optimal con-
trol problems. Linear-quadratic problems are interesting in several respects: In particular,
they occur in each level of a sequential quadratic programming (SQP) methods; see, e.g.,
[52]. In contrast to methods of balanced truncation type, the POD method is somehow
lacking a reliable a-priori error analysis. Unless its snapshots are generating a sufficiently
rich state space, it is not a-priorly clear how far the optimal solution of the POD problem
is from the exact one. On the other hand, the POD method is a universal tool that is
applicable also to problems with time-dependent coefficients or to nonlinear equations.
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By generating snapshots from the real (large) model, a space is constructed that contains
the main and relevant phy31cal properties of the state system. This, and its ease of use
makes POD very competitive in practical use, desplte of certain heuristic.

Here we prove convergence and derive a-priori error estimates for the optimal control
problem. The error estimates rely on the (unrealistic) assumption that the POD basis is
computed from the (exact) optimal solution. However, these estimates are utilized to de-
velop an a-posteriori error analysis for the POD Galerkin appproximation of the optimal
control problem. Using a perturbation method [16] we deduce how far the suboptimal
control, computed by the POD Galerkin approximation, is from the (unknown) exact
one. This idea turned out to be very efficient in our numerical examples. Thus, we are
able to compensate for the lack of an a-priori error analysis for the POD method.

1.4.1 = Problem formulation

In this section we introduce our optimal control problem, which is an constrained opti-
mization problem in a Hilbert space. The objective is a quadratic function. The evolution
problem (1.44) serves as an equality constraint. Moreover, bilateral control bounds lead to
inequality constraints in the minimization. For the readers’ convenience we recall (1.44)
here. Let U = L*(0, T; RN+) denote the control space with N, € N. For n € U, y, € H
and f € L*(0, T; V') we consider the state equation

00l +alts3(0h) = ((f + BuD) Py

YoeVae in(0,T],
0@y = (Vo P s YoeH,

where B : U — L*(0,T; V') is a continuous, linear operator. Due to Theorem 1.22 there
exists a unique solution y € W(0, T') to (1.69).
We introduce the Hilbert space

X=W(0O,T)xU

(1.69)

endowed with the natural product topology, i.e., with the inner product
(x, %) = <%37>W(0,T) +(u,it)y forx=(y,u), ¥=(J,4)€X

and the norm ||x||y = (||y||%V(O’T) +||n|2)? for x = (y,u) € X.

Assumption 1. Fort €[0,T]leta(t;-,-): VXV — R bea time-dependent symmetric bilin-
ear form satisfying (1.43). Moreover, f € L*(0,T; V'), y, € H and B € £(U,L*0,T; V"))
holds.

In Remark 1.23 we have introduced the particular solution y € W(0,T) as well as
the linear, bounded solution operator .. Then, the solution to (1.69) can be expressed as

=9+ u. By X,, we denote the closed, convex and bounded set of admissible solutions
for the optimization problem as

Xad:{(ﬁ+.9’u,u)eX|ua <u<u, in RM a.e. in [O,T]},

where n, = (#, 1,0, 5 )1y = (#y45- 0y ) € Ussatisfy u,; <y for 1 <1 <N,
a.e. in [O T]. Since u,; <y, ; holdsfor 1 <i <N, , we infer from Theorem 1.22 that the
set X4 1s nonempty.
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The quadratic objective J : X — R is given by

o T
=22 o) ralo)y de + L) —yelly+ Sl 170

for x = (y,u) € X, where (y5,7q) € L*(0,T;H) x H are given desired states. Further-
more, 0, 0g > 0 and 0 > 0. Of course, more general cost functionals can be treated

analogously.
Now the quadratic programming problem is given by

min/(x) subjectto (s.t.) x€X,,. P)

From x = (y,u) € X, we infer that y =J +.% u holds. Hence, y is a dependent variable.
We call # the control and y the state. In this way, (P) becomes an optimal control problem.

Utilizing the relationship y = 9+ . # we define a so-called reduced cost functional J:U—
R by

f(%)zf(ﬁ-l-Yu,n) forue U.

Moreover, the set of admissible controls is given as
Ug={neU|u,<u<u,inR% ae in[0,T]},

which is convex, closed and bounded in U. Then, we consider the reduced optimal con-
trol problem:

minf(u) st. uel,. (f’)

Clearly, if # is the optimal solution to ®), then x = (y + S #,n) is the optimal solution
to (P). On the other hand, if x = (y, #) is the solution to (P), then # solves (f’)

Example 1.33. We introduce an example for (P) and discuss the presented theory for this
application. Let 2 ¢ R?, d € {1,2,3}, be an open and bounded domain with Lipschitz-
continuous boundary I' = Q. For T >0 weset Q =(0,7)x Qand X =(0,7) x I'. We
choose H = L*(2) and V = H,(£2) endowed with the usual inner products

URIPE LW dx, (p,¢)y = JQW +Vg-Vidx

and their induced norms, respectively. Let y; € H, 1 < i < m, denote given control shape
functions. Then, for given control # € U, initial condition y, € H and inhomogeneity
f €120, T; H) we consider the linear heat equation

N,

u

. (t,x)—Ay(t,x) :f(t’x>+zui(t))(i(x)’ ae. inQ,
= 1.71)

y(t,x) =0, a.e. in X,

y(0,x) = y,(x), a.e. in §).

We introduce the time-independent, symmetric bilinear form

a(gp,gb):fﬂVgo-ngdx forp, eV
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and the bounded, linear operator % : U — L2(0, T; H) < L*(0,T; V') as

(%u)(t,x):Zni(t))(i(x) for (t,x)eQae.andu € U.

=1

Hence, we have y = y; =y, = 1 in (1.43). It follows that the weak formulation of (1.71)
can be expressed in the form (1.44). Moreover, the unique weak solution to (1.71) belongs
to the space L°(0,T; V) provided y, € V holds. 1

1.4.2 = Existence of a unique optimal solution

We suppose the following hypothesis for the objective.

Assumption 2. In (1.70) the desired states (y, yq) belong to L*(0, T;H) x H. Furthermore,
0q>0q>0and o >0 are satisfied.

Let us review the following result for quadratic optimization problems in Hilbert
spaces; see [ 70, pp. 50-51].

Theorem 1.34. Suppose that U and F€ are given Hilbert spaces with norms ||-||o, and |||| >
respectively. Furthermore, let U,y C U be non-empty, bounded, closed, convex and z, € ¢,
x> 0. The mapping G : U — F is assumed to be a linear and continuous operator. Then
there exists an optimal control i solving

. 1 x
min () i= |G — 7|5 + 2l (172

uE€U,y

If x > 0 holds or if G is injective, then u is uniquely determined.

Remark 1.35. In the proof of Theorem 1.34 it is only used that ¢ is continuous and con-
vex. Therefore, the existence of an optimal control follows for general convex, continuous
cost functionals ¢ : % — R with a Hilbert space % . O

Next we can use Theorem 1.34 to obtain an existence result for the optimal control
problem (P), which imply the existence of an optimal solution to (P).

Theorem 1.36. Let Assumptions 1 and 2 be valid. Moreover, let the bilateral control con-
straints u,,n;, € U satisfy u, < u;, componentwise in RN« a.e. in [0,T]. Then, (P) has a
unigue optimal solution u.

Proof. Let us choose the Hilbert spaces ¢ = L*(0, T; H) x H and % = U. Moreover, & :
W(0,T)— L*(0,T; H)is the canonical embedding operator, which is linear and bounded.
We define the operator &, : W(0,T) — H by &¢ = ¢(T) for 9 € W(0, T). Since W(0,T)
is continuously embedded into C([0, T']; H), the linear operator &, is continuous. Finally,
we set

_{ Vo&T , = V70 0o —7)
9=( Yosry et a=( LEICE) Jer 0

and %,y = U,4. Then, () and (1.72) coincide. Consequently, the claim follows from
Theorem 1.34 and o > 0. ]
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Next we consider the case that #, = —oo or/and #;, = +o0. In this case U, is not
bounded. However, we have the following result [70, p. 52].

Theorem 1.37. Let Assumptions 1 and 2 be satisfied. If u, = —oo or/and n;, = +oo,
problem ®) admits unique solution.

Proof. We utilize the setting of the proof of Theorem 1.36. By assumption there exists an
element u, € U,y. For u € U with ||«|[}, > 2] (uy)/o we have

o 1 o o A
= #00= 10—zl 5 Il = 5 > o).

. . . . A . . . . . . . A
Thus, the minimization of | over U, is equivalent with the minimization of J over the
bounded, convex and closed set
A

2](’40)}.

g

Uy {we U|llulf, <

Now the claim follows from Theorem 1.34. O

1.4.3 = First-order necessary optimality conditions

In (1.72) we have introduced the quadratic programming problem

. 1 o
min # () = 5119 —2gll5 + 5 1l (1.74)
Existence of a unique solution has been investigated in Section 1.4.2. In this section we
characterize the solution to (1.74) by first-order optimality conditions, which are essential
to prove convergence and rate of convergence results for the POD approximations in
Section 1.4.4. To derive first-order conditions we require the notion of derivatives in
function spaces. Therefore, we recall the following definition [70, pp. 56-57].

Definition 1.38. Suppose that 9B, and 9B, are real Banach spaces, U C 9B, be an open subset
and F : U D B, — B, a given mapping. The of F at a point u € U in the direction
h € B, is defined by

DF (u;h) ::li{:é%(ﬁ(u +eh)—F(u))

provided the limit exists in 9B,. Suppose that the directional derivative exists for all h € 3B,
and there is a linear, continuous operator T : U — 9B, satisfying

DF(u;h)=Th forallhe .
Then, F is said to be -differentiable at u and T is the Gateaux derivative of & ar u. We
write T = F'(u).

Remark 1.39. Let S be a real Hilbert space and Z : # — R be Gateaux-differentiable
at u € 7. Then, its Gateaux derivative Z'(u) at u belongs to #”' = £ (#,R). Due to
Riesz theorem [60, p. 43] there exists a unique element V.Z (%) € € satisfying

(VI (1),0) 5o =(F'(4),0) ypr p forallve .
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We call V.Z () the (Giteaux) gradient of F at u. 0

Theorem 1.40. Ler U be a real Hilbert space and U,y be convex subset. Suppose that
i € U,y is a solution to (1.74)
min ¢ (u).

€U,
Then the following variational inequality holds
(VI(),u—it)y, >0 forallue Uy, (1.75)
where the gradient of ¢ is given by
VIE(u)=9(9Gu—zy)+ou foruec.
If u € U, solves (1.75), then u is a solution to (1.74).

Proof. Since ¢ is Gateaux-differentiable and convex in %, the result follows directly
from [70, pp. 63-63]. d

Inequality (1.75) is a first-order necessary and sufficient condition for (1.74), which
can be expressed as
(Yi—zy,9u—9i),,+(on,u—n), >0 foralluec,. (1.76)
Next we study (1.76) for (P) Utilizing the setting from (1.73) we obtain
(Gi—2zy,9(u—n)),
=0q (S _(J’Q ), (n— [‘»LZ(O)T;H)
+ o (S u)(T) = (g —I(T),(S (u —)(T))y
= oo (S, S (u—u)) 2o 1)+ 0 (L u)T), (S (u—a))(T))y
—0q Q=3 (=) o 7.y = 0 Do = I(T)(F (u —)XT)) -

Let us define the two linear, bounded operators © : W,(0, T') — W,(0, T and = : L*(0, T; H) x
H — W,(0,T) by

T
(999’95)%(0,7)/,%(0,7) :fo <0Q<P(’f)’¢(f))H dt +(oap(T), $(T)) w7

e Bwserymion = |, (0ara®h o), dt+lonm Tl
for g, ¢ € Wy(0, T) and 7 = (2, 70) € LX(0, T5 H) x H. Then, we find
(Gn—24,9(n—n))
= (O i)~ Zrg— eI TNS = oy, (078
:(y/@y”_%”_”_’>U_<y/5<yQ_JA’,J’Q_JA’<T)) )

Let us define the linear .« : U — W(0,T) as follows: for given # € U the function
p = ue W(0,T)is the unique solution to

_i (p(t), @)y +alt; p(t), )= —0q (FLu)t)p)y VeeVae,

i (1.79)
p(T)=—0q (L u)T) in H.
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It follows from (1.43) and & » € W(0, T') that the operator .</ is well-defined and bounded.
Lemma 1.41. Let Assumption 1 be satisfied and u,v € U. Weset y = S u € Wy(0,T),
w=SvEWy0,T),and p=.o/ve W(O,T). Then,

T T
L ((Bu)(2), p(£))y, v dt = —JO o (@(£),y(t)) dt — o (@(T),5(T)) -

Proof. We derive fromy = S u, p =.o/u,y € Wy(0, T') and integration by parts
T

T
L (Bu)e),p(0))yrydi = f (0, POy +alts(0), p())de

0

T
=jo (O3 +alts P01y + (P(T)r(T)
T
- f 00 (@t (D) dt — g (@(T) ) (T

which is the claim. o
We define p € W (0, T) as the unique solution to

_dit (p(2), Pu +a(t; p(r), ) = o) ()’Q(t>—j7(t), §0>H YoeV ae,

p(T)=0q(yo—(T)) inH.

(1.80)

Then, for every # € U the function p = p + .o/ u is the unique solution to

d
“dr (p(2), ¢>H +a(t; p(t), )= q ()b(t)—y(t), §9>H VoeVae,
p(T)=0q(yo—(T)) in H
with y = + % u. Moreover, we have the following result.

Lemma 1.42. Let Assumption 1 be satisfied. Then, B'.o/ = —S'0F € L(U), where
linear and bounded operator © has been defined in (1.77). Moreover, B'p = S'=(yq —

9,9 —9(T)), where p is the solution to (1.80).
Proof. Let u,v € U be chosen arbitrarily. We set y = Su € Wy(0,7) and w = S v €

W,(0, T'). Recall that we identify U with its dual space U’. From the integration by parts
formula and Lemma 1.41 we infer that

(S'O0Fv,u)y = (Qy’”’y”)%(oj)/,wo,n: (Qw’ﬂwo(oj)/,wo(o,r)
T

:f o (@(£),y(t)) g dt + o (w(T),(T))
0

=—(Bu, p)LZ(O,T;V’),LZ(O,T;V) =—(u, B'p)y =—(B' A v,u)y.
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Since #,v € U are chosen arbitrarily, we have B’.«/ = #'©.. Further, we find

y/E yQ A’yQ ﬁ(T>)’ %>U <E'(yQ y) y (T))’ yu)%(O,T)/,WO(O,T)

UQ 9(@),y(t)), dt + o (v —I(T), (1))

Y +a(ts p(),y()de + (B(T),2(T))

T T
_ f Oy +altiy(e >,i7<r>>dr=fo (Bu)(0), D)y dt
=(B'p,u)y.
which gives the claim. 0

We infer from (1.78) and Lemma 1.42 that
(Gun—z,,9(n—n)),, =—(B' (p+.dun)u—u),.
This implies the following variational inequality for (P)
(Gn—2z5,9u—YGu) p+0 (n,u—i)y,
=(ou—B'(p+.du),u—iu),>0 forallueU,.
Summarizing we have proved the following result.

Theorem 1. 43. Suppose that Assumptions 1 and 2 hold. Then, (y, ) is a solution to (P) if
and only if (y, u) satisfy together with the adjoint variable p the first-order optimality system

y=3+FLu, p=p+.dia, wn,<i<u, (1.81a)
(cn—B'pyu—n)y, >0 forallueU,y. (1.81b)

Remark 1.44. By using a Lagrangian framework it follows from Theorem 1.43 and [70]
that the variational inequality (1.81b) is equivalent to the existence of two functions &, ), €
U satistying @, (1), >0,

oii— B pt i — fi, =0

and the complementarity condition

G, (8) (0, ()= t(£)) = f25() ()=, (£)) =0 faa. £ €[0,T].

Thus, (1.81) is equivalent to the system

y=9+Su, p=p+diu, ocu—RBp+p,—a,=0,
n,<u<u,, 0<g, 0y, (1.82)
()T, ()= () = iy (6) ((0) = wy (1)) =O . in [0, T
Utilizing a complementarity function it can be shown that (1.82) is equivalent with
y=9+Fu, p=p+du, ocn—Bp+p,—p,=0 wu,<ua<u,

; _ _ ) ! ‘ (1.83)
fi, = max(0, &, +n(i—u,)), @, =max(0, &, +n(i—u,)),
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where 7 > 0 is an arbitrary real number. The max-and min-operations are interpreted
componentwise in the pointwise everywhere sense. O

The gradient V/: U — U of the reduced cost functional f is given by
Viu)=ocu—RB*p, nel,

where p = p + ./ u holds true; see, e.g., [26]. Thus, a first-order sufficient optimality
condition for (P) is given by the variational inequality

(on—B'pu—n), >0 forallue Uy, (1.84)
with p = p+ .o/ i.

Problem (P) can be solved numerically by a primal-dual active set strategy with the
choice 7 = o. In this case the method is equivalent to a locally superlinearly convergent
semi-smooth Newton algorithm applied to (1.83); see [24, 26, 72]. In Algorithm 1.1 we
formulate the method in the context of our application. In Section 1.5 we compare Al-

gorithm 1.1 with the Banach fixed point iteration as well as with the projected gradient
method [36, 52].

ALGORITHM 1.1. (Primal-dual active set strategy).

Require: Starting value (#°, A°) and maximal iteration number k. .
1: Set k =0. For i =1,...,m determine the active sets

k= {telo,T]] ouf A <u, ae.},
szfi = {t efo,7]| auf + /\f > uy, a.e.}
and the inactive set ﬂl.k =0, T]\szik with szl-k = szfl- U szlf
z
2: repeat
3. Compute the solution (y, p, #) to the optimality system
", on /¥,
y=9+SLu, p=p+du, w,={ u, onvdfb, (1<i<m)
(B p)fo onsh,
4 Set (yk-H’ %k+1,pk+1) =(y,u,p), pLE = gglple-H —ouFland b=k +1.

5. Compute the active and inactive sets according to step 1.

6: until (/% = szji_l and .o/}, = ﬂf;l) ork=k,,,.

1.4.4 = The POD Galerkin approximation for (f’)

In this subsection we introduce the POD Galerkin schemes for the variational inequality
(1.84) using a POD Galerkin approximation for the state and dual variables. Moreover,
we study the convergence of the POD discretizations, where we make use of the analysis
in [28, 38, 40, 39, 66, 71]. For a general introduction we also refer the reader to the survey
paper [27].

In Section 1.3.3 we have introduced a POD Galerkin scheme for the state equation
(1.69). Suppose that {¢/;}{_, be a POD basis of rank ¢ computed from (P‘) with ¢, = ¢

in case of X = V and ¢, = ¢ in case of X = H. We set X* =span{¢,,...,¢,} C V.
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Let the linear and bounded projection operator ¢ denote 2/ for X = V and 2/, for
X = H; see (1.49).

Recall the POD Galerkin ansatz (1.54) for the state variable. Analogously, we approx-
imate the adjoint variable p = p + .¢/ # by the Galerkin expansion

{
D)+ > i), eV forte[0,T] (1.85)

with coefficient functions p¢ : [0, 7] — R and with p from (1.80). Let the vector-valued
coefficient function given by

pé:<pf,...,p§>:[O,T]—>]RZ

If we assume that p/(T) = —o,y¢(T) holds, then we infer from 5(T) = o (yq —5(T))
and (1.85) that

P(T) ogzyl 4i=0alrn—y"(T)).
This motivates the following POD scheme for the approximation of p = p+.e/ u is given
as follows: pf € W(0, T) satisfies

a0 O D) = 00 g1 NN, VX ac,

p'(T)=—0oay"(T).

It follows by similar arguments as for (1.55) that there is a unique solution p¢ € W(0, T).

(1.86)

Remark 1.45. Recall that we have introduced the linear and bounded solution opera-
tor ¢ : U — W(0,T) as an approximation for the state solution operator #; see Re-
mark 1.28-2). Analogously, we define an approximation of the adjoint solution operator
./ as follows: Let ./* : U — W(0, T') denote the solution operator to

L @t (Ot a0 (1, 9) = —o (PNl VheX ac,

S de
@!(T) = —og(# u)(T).
Then p’ = p +.o/* u is the unique solution to (1.86). ¢

Lemma 1.46. Let Assumption 1 on page 32 be satisfied and u,v € U. Weset y* = S‘u €
W,(0, T), w' = ‘v e Wy(0,T), and p* = .o/'v e W(0,T). Then,

T

T
L (Bu)(0),p' (1)), dt = —fo oq(@(£),y" (1)) gy dt — o (@ (T),y(T)) -

Moreover, B' .o/t = —(F)YOF' € L(U), where linear and bounded operator © has been
defined in (1.77).

Proof. Since the POD basis for the state and adjoint coincide, the claim follows by the
same arguments used to prove Lemmas 1.41 and 1.42. 0
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Theorem 1.47. Suppose that Assumptions 1 and 2 hold. Let u € U be arbitrarily given so
that S u, .o/ uw € H(0,T;V)\ {0}.
1) To compute a POD basis {¢);}_, of rank { we choose p =4, y' = Su, y* = (S u),,
v = .duand y* = (I u),. Then, p = p+ .o u and p* = p + .o/ u satisfies the
a-priori error estimate
dy
2 c A ifX=V,
Ip* — Pl < lifljl , (1.87)
C > Mgl =2ill, FxX=H
i=(+1

for a constant C which depends on y, vy, y5, T, 0 and o,

2) If Sii and o fi belong to H'(0,T; V) for every ii € U and if X >0 forall i € 9,
then we have
Jim ||.o7 — .o/t

||2(U,W(O,T)) =0. (1.88)

Proof. Analogous to (1.62) we have p(t)— p(t) = 6(¢)+ p*(t) for almost all £ € [0, T']
with 0° = ./t u — P (.o u) and p* = P (.o u)— .o/ u. Here, ' = P/ for X =V and
Pt =P/ for X = H. Now, the proof of the claims follows by similar arguments as the
proofs of Theorem 1.29, Proposition 4.7 in [28], Proposition 4.6 in [71] and Theorem 6.3
in [66]. To estimate the terminal term 6°(T') we use observe that

16°T), = |2 (o XT))— ()T,
<oo([|2(F (D)= (7 0xD)|, +||(7 0TI — (7 )T, )

< UQ( Hgﬂ(‘y”)_ y%HC([O,T];H) + Hyu _yZMHC([O,T];H)>

SUQCE<H33’Z(3’%)—<7M )+H3]n—y[

u
“Hl(o,r;v ||H1(O,T;V)>

with an embedding constant ¢;. The first term on the right-hand side can be handled by
(1.27), the second term is estimated in Theorem 1.29. Finally, (1.88) follows from (1.61)
and the fact that the operator % is bounded uniformly with respect to £. a

Remark 1.48.

1) The inclusion of adjoint information into the snapshot ensemble improves the ap-
proximation quality also for nonlinear problems; see [15].

2) Analogous to Remark 1.30-2) the a-priori estimate (1.87) holds for an arbitrarily
chosen, but fixed control # € U. Furthermore, (1.88) implies that

ZILTO||f’+“‘2ﬂﬁ_ﬁ_°‘zﬁ|lvv(o,r)zo

forany 7€ U.
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3) We can also extend the results in Proposition 1.32 for the adjoint equation and get
an a-priori error estimate choosing p =2, y! = S u and y? = ./ u.

The POD Galerkin approximation for () is as follows:
minfg(u) st. uelUy, (IA’Z)

where the cost is defined by ]AZ(%) =J(9+ S u,u)for u € U. Let i’ be the solution

to (PY). Then, a first-order sufficient optimality condition is given by the variational in-
equality
(oa* —B'pt u—i'), >0 forallueU,, (1.89)

where p¢ = p* + .o/ i’ holds.
Theorem 1.49. Suppose that Assumptions 1 and 2 hold. Let u € U be arbitrarily given so
that Su, .o/ uw € H'(0,T;V)\ {0}

1) To compute a POD basis {(ﬁi}f:l of rank { we choose p =4, y' = S u, y* =(Su),,
Y = .o uand y* = (A n),. Then, the optimal solution i to (P) and the associated
POD suboptimal solution i’ to (IA’Z ) satisfy

lim ||z¢ —u”U (1.90)

l{—o0
forX =V and X =H.

2) If an optimal POD basis of rank is computed by choosing p = 4, y' = S u, y* =
(L u),,y’ = .o uandy* = (e u),, then we have

— AV fX=V,
|#f =], < (”=‘Z“ l / (1.91)
— Z RHIW’ %‘}Wllv fX=H,

=0

where the constant C depends on 'y, y,, vy, T, 0, 0 and the norm || B’'|| 120, 7,v), 0

Proof. Choosing # = #’ in (1.84) and # = 7 in (1.89) we get the variational inequality
0<(o(i—i")—B'(p—p°),a" — i), (1.92)

Utilizing Lemma 1.46 and (09, ¢)y, o 7y, w,0,7) = 0 for all ¢ € Wy(0, T') we infer from
(1.92) that
(B i — B A i,i =)y —oi—illy
(B! (i — i)+ Bt — i, i’ —ii)y—o |l —a|[},

_ - e
(O (a—u"), s (" =)y +||B'(A" = )il |yl —itlly — o la —a"|[y

. ¢ - _ — 02
<||B'(A* =il |yl = itlly — o |l — [ -

I/\

IA
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Consequently,
- 1 -
=l < 18— il

Now (1.90) and (1.91) follow from (1.88) and (1.87), respectively. O

In Algorithm 1.2 we formulate a discrete version of the primal-dual active set method
(see Algorithm 1.1) which is utilized to solve (P¢) in Section 1.5.

ALGORITHM 1.2. (POD discretized primal-dual active set strategy).

Require: POD basis {¢/, }¢_,, starting value (#‘°, A°), maximal iteration number k,,.
1: Set £ =0, determine the active sets

S ={re[0,T]|oul' + 2 <u,;ac),
eyt ={r e[0T oul + (1) > uy (1)}

and the inactive sets S* =[0, T']\ .&//* with ./* = ./’F U ./[*.
2: repeat
3: Determine the solution (y, #¢, p’) to the optimality system
u on .o/,

3/:39+§ﬂ[p/, pZ:f)—{—,,Qsz//, I//: uy, Ol‘lﬂfbk[,

B'ptlo on I,

Set (yf,/e+1’%f,/e+1,p[,k+1> — (y(,lf/,p[), /1[’/”1 — %/pl,kﬂ _ U%Z,Ieﬂ and £ =
k+1.
5. Compute the active and inactive sets according to step 1.

6 until (/% = /" and I = N ork =k,

&

1.4.5 = POD a-posteriori error analysis

In [71] a POD a-posteriori error estimates are presented which can be applied to our
optimal control problem as well. Based on a perturbation method [16] it is deduced how
far the suboptimal control 7¢ is from the (unknown) exact optimal control #. Thus, our
goal is to estimate the norm || — #¢||,, without the knowledge of the optimal solution
i. In general, 2° # # holds, so that #‘ does not satisfy the variational inequality (1.84).
However, there exists a function { € U such that

(o' — BB+ u—i')y >0 Yoel,, (1.93)

with p¢ = p + .o/ 4. Therefore, ! satisfies the optimality condition of the perturbed
parabolic optimal control problem

min f(u) =]+ S u,u)+ {0y

uelU,y

l

with “perturbation” . The smaller {¢ is, the closer # is to #. Next we estimate || —

[/“U in terms of ||{Z||U By Lemma 1.42 we have

B (p—p )= B A (i—i)=—F'0F (i —i) = 7O —7) (1.94)
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with 7 = §+.%i!. Choosing # = i’ in (1.84), # = 7 in (1.93) and using (1.94) we obtain
0< (—o(i—a')+ B'(p—p)+ L a—il)y
o ol o - o
=—o i —i|ly +(F'OG" =) i — i)y +{L" =)y
=—o||u _”p”i] - <@<97 _JN/Z)J_’ _37[>W0(0,T)/,WO(0,T) + (ZZ,I/; — ”;Z>U

R 00 A A ¢ - =
=—ollu—u'lly +{u" —u")y <—olln—ully +I Myl —a"lly-

Hence, we get the a-posteriori error estimation
o, 1,
=1l <~ 10

Theorem 1.50. Suppose that Assumptions 1 and 2 hold. Let u € U be arbitrarily given so
that S u, o w € H'(0,T; V) \ {0}. To compute a POD basis {¢),}'_, of rank { we choose

p=49'=SFu,y =(Su),,y’ = duand y* = (A n),. Deﬁnet/oefnnctzon(eeUby

—min(0,&/ (1)) ae. in.o’={t €[0,T]|al(t)=u,(r)},

ZH)=4 —max(0,&{(¢)) ace. in.ff,={t [0, ]|l (t)=u,,(1)},
—&l) ae in[0,T]\ (A} U.4},),
where E' = o’ — B'(p+ .o/ i') in U. Then, the a-posteriori error estimate
- - 1
llie—a‘lly < ;||5[||U- (1.95)

In particular, [lirglo ||Zé||U =

Proof. Estimate (1.95) has already be shown. We proceed by constructing the function
‘. Here we adapt the lines of the proof of Proposition 3.2 in [71] to our optimal control
problem. Suppose that we know #¢ and 3¢ = p 4./ ‘. The goal is to determine { € U
satisfying (1.93). We distinguish three different cases.

o Case it!(t)=u,(t)for fixed t €[0,T]and i € {1,...,N, }: Then, u,(t)—a'(t)=
u;(t)—un,;(t)>0forall € U,,. Hence, g“f(t) has to satisfy
(oi—B'p).(t)+ (2)>0. (1.96)
Setting (/(t) = —min(0, (0%’ — B’p*),(¢t)) the value {(¢) satisfies (1.96).

o Case it!(t) = u,;(t) for fixed t €[0,T] and i € {1,...,N, }: Now, u,(t)—u'(t) =
u(t)—uy,;(t) < 0forall # € U,,. Analogously to the first case we define ZZ( r)=
—max(0, (0’ — B'p);(t)) to ensure (1.96).

o Caseu,;(t) < ul(t)<umy(t)forfixedt €[0,T]andi €{1,...,N,}: Consequently,
(o’ —B'p");(t)+(t) =0 holds so that {(t) = —(ou’ — B’ p’),(t) guarantees
(1.96).
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It remains to prove that { tends to zero for £ — co. Here we follow adapt the proof of
Theorem 4.11 in [71]. By Theorem 1.49-1), the sequence {#‘},oy converges to # in U.
Since the linear operator %B’.¢/ is bounded and p = p 4 o7’ holds, { B’ p’} ey tends
to B'p = B'.o/ii as well. Hence, there exist subsequences {#%+},y and { B’ P}y
satisfying

lim i)' (£) = () and  lim (B'5),(0) = (B')i(1)

k—o0
fa.a. t€[0,7T]and for 1 <i <N,. Next we consider the active and inactive sets for 7.

elette ¢ ={te[0,T]u,(t)<unt)<uy,(t)}forie{l,...,N,}. Fork, =
k,(t )ENsufﬁciently large, _Z’“( t) € (u,(t), ”bz( ) forallk >k, andfa.a. t€_g.
Thus, (0’ — B’ p'),(t)=0forall k >k (t)in ¢ a.c. This implies

évfk(t) =0 Vk>k, andfaa. te g (1.97)

e Suppose that t € o/,; = {t € [0,T]|un,;(t) = #,(t)} for 2 € {1,...,N,}. From
(ou;—B'p),(t )ZOmVQf a.e. wededuce

lim £*(¢)=—min(0, (0t — B'p'),(1)) =0 faa. t€.d,,

k— o0

e Suppose that t € .«/); = {t € [0,T]|u,,;(t) = #,(t)}. Analogously to the second
case we find
lim {*()=0 faa. te.d), (1.98)

k— o0

Combining (1.97)-(1.98) we conclude that lim,,_, Zf’“ =0ae in[0,7]and for 1 <i <
N,,. Utilizing the dominated convergence theorem [60, p. 24] we have

kli‘&”(“HU:o

Since all subsequences contain a subsequence converging to zero, the claim follows from
a standard argument. O

Remark 1.51.

1) Theorem 1.50 shows that |||, tends to zero as £ goes to infinity. Thus, ||C||,; is
smaller than any tolerance € > 0 provided that ¢ is taken sufficiently large. Moti-
vated by this result we set up Algorithm 1.3. Note that the approximation quality
of the POD Galerkin scheme is improved by only increasing the number of POD
basis elements: A rank-f POD basis can be extended to a rank-(/ + 1) POD basis
by adding a new eigenfunction and keeping all the old ones. Especially, the system
matrices and projected data functions can be extended by the new element, they do
not have to be reconstructed in all components. Another approach is to update the
POD basis in the optimization process; see, e.g., [1, 3, 41].

2) We infer from Proposition 1.32 and Remark 1.48-3) that Theorem 1.50 holds still
true if we take p =2, y' = S u and y? = . u.
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3) In[68]POD a-posteriori error estimates are tested numerically for a linear-quadratic
optimal control problem. It turns out that in certain cases a change of the POD ba-
sis 1s required in order to improve the approximation quality of the POD scheme;
see also [41, 74], for instance.

4) Let us refer to [33], where POD a-posteriori error estimates are combined with an
sequential quadratic programming method in order to solve a nonlinear PDE con-
strained optimal control problem. Furthermore, the presented analysis for linear-
quadratic problems can be extended to semilinear optimal control problems by a
second-order analysis; see in [34]. O

ALGORITHM 1.3. (POD reduced-order method with a-posteriori estimator).

Require: Initial control 1% € U, initial number ¢ for the POD ansatz functions, a max-
imal number /> ¢ of POD ansatz functions, and a stopping tolerance ¢ > 0.
Determine §, p, y' = L%, y* = .o u®.
Compute a POD basis {¢/; }ff] choosing y! and y2. Set £ = 1.
repeat

Establish the POD Galerkin discretization using {¢/; }¢_,.

Call Algorithm 1.2 to compute suboptimal control 7.

Determine {* according to Theorem 1.47 and compute €., = |||, /o

ife, <eorl{=/{__ then

ape max
Return ¢ and suboptimal control 7 and STOP.
end if
Set{ ={+1.
until £ > ¢

max

—_

¥ e N Dok

_ =
= O

1.5 = Numerical experiments

In this section we present numerical test examples to illustrate our theoretical findings.
The programs are written in MATLAB utilizing the PARTIAL DIFFERENTIAL EQUA-
TION TOOLBOX for the computation of the finite element (FE) discretization. For the
temporal integration the implicit Euler method is applied based on the equidistant time
gridt; =(j—1At,j=1,...,nand At =T /(n —1).

Run 1 (POD for the heat equation). Let us apply the setting of Example 1.33. We choose
the final time 7' = 3, the spatial domain = (0,2) C R, the Hilbert spaces H = L*(Q2),
V = H}(f2), the source term f(¢,x) = t> —x? for (¢, x) € Q and the discontinuous initial
value y,(x) = X(05,1.0— X(1,1.5 for x € Q, where, e.g., y(05,1) denotes the characteristic
function on the subdomain (0.5,1) C £, yq51)(x) = 1 for x € (0.5,1) and y(o5 1)(x) =0
otherwise. We consider a discretization of the controlled linear heat equation

m

3ol 0) = By, 1) = flt,0)+ D () (x), 2. in Q,
= . (1.99)

y(t,%) =0, a.e. in X,

y(0,x) = y,(x), a.e. in .

To obtain an accurate approximation of the exact solution we choose 7 = 4000 so that
At ~7.5-107* holds. For the FE discretization we choose m = 500 spatial grid points
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Figure 1.1. Run 1: The FE solution y" (left) and the residuals corresponding to the POD basis
rank { (right).

and the equidistant mesh size » = 2/(m + 1) &~ 4-107. Thus, the FE error - measured
in the H-norm - is of the order 107*. In the left graphic of Figure 1.1, the FE solution
y” to the state equation (1.71) is visualized. To compute a POD basis {¢;}!_, of rank

¢ we utilize the multiple discrete snapshots y} =" (¢))for 1 < j < m as well yi =0

and y]? = (yh(t]-) —yb(t]»_l)/At, j = 2,...,n, ie., we include the temporal difference
quotients. We choose X = H and utilize the (stable) singular value decomposition to
determine the POD basis of rank ¢; compare Remark 1.12. We address this issue in a
more detail in Run 4. Since the snapshots are FE functions, the POD basis elements are
also FE functions. In the right plot of Figure 1.1, the projection and reduced-order error

given by

" ¢ 2\1/2
PROJ Error(f) = (Za]- )= 6", 9Ai“H) ’
];1 12
ROM Error({) = <Za]. Hyb(t]-)_yf(t]—)||§i>
=1

are plotted for different POD basis ranks £. The chosen trapezoidal weights a; have been
introduced in (1.31). We observe that both errors decay rapidly and coincide until the
accuracy 10712, which is already significant smaller than the FE discretisation error. This
numerical results reflects the a-priori error estimates of Theorem 1.29.

Run 2 (POD for a convection dominated parabolic problem). To present a more
challenging situation, we study a convection-reaction-diffusion equation with a source
term which is close to be singular: Let T, , y,, H and V be given as in Run 1. The
time-independent bilinear form a corresponding to

yt(t>x)_7]2yxx(t’x)
+70,(£,%) + noy(t,x) = f(t,x)+(Bu)t,x), ae inQ,
. (1.100)
y(t,x)=0, ae. inY,
y(0,x) = y,(x), a.e. in €.

is given by

a($s @) =P )y + 101 (P @)y + 10 (P 0)yy forp,dpeV.
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Figure 1.2. Run 2: The FE solution y" (left) and the residuals corresponding the POD basis
rank { (right).

We choose the diffusivity n, = 0.025, the velocity 7 = 1.0 that determines the speed in
which the initial proﬁle ¥, 1s shifted to the boundary and the reaction rate 5, = —0.001.
Finally, f(z,x)= IE”(1 -)cos(rtx) for (¢,x) € Q, where (Pz)(t) = min(+/, max(—1, z(t)))
restricts the image of z on a bounded interval. In this situation, the state solution y devel-
opsajump at t = 1 for / — oo; see the left plot of Figure 1.2. The right plot of Figure 1.2
demonstrates that in this case, the decay of the reconstruction residuals and the decay of
the errors are much slower. The manifold dynamics of the state solution require an incon-
venient large number of POD basis elements. Since the supports of these ansatz functions
in general cover the whole domain €, the corresponding system matrices M¢ and A’ of
the reduced model (compare (1.57)) are not sparse in contrast to the matrices arising in
the finite element Galerkin framework, so the model order reduction cannot be provided
efficiently for this example if a good accuracy of the solution function y* is required.

Run 3 (True and exact approximation error). Let us consider the setting of Run 1 again.
The exact solution to (1.71) does not possess a representation by elementary functions.
Hence, the presented reconstruction and reduction errors actually are the residuals with
respect to a high-order finite element solution y”. To compute an approximation y of the
exact solution y,, we apply a Crank-Nicolson method (with Rannacher smoothing [57])
ensuring ||y =yl 20, 7,1) = O(At*+h?) = 107, In the context of model reduction, such

a state is sometimes called the “true” solution. To compute the FE state y” we apply the
implicit Euler method. In the left plot of Figure 1.3 we compare the true solution with
the associated POD approximation for different values » = Nt € {64, 128,256, ...,8192}
of the time integration and for the spatial mesh size » =4-107>. For the norm we apply
a discrete L2(0, T; H)-norm as in Run 1. Let us mention that we compute for every 7 a
corresponding FE solution y”. We observe that the residuals ignore the errors arising by
the application of time and space discretization schemes for the full-order model. The
errors decay below the discretization error 107. If these discretization errors are taken
into account, the residuals stagnate at the level of the full-order model accuracy instead
of decaying to zero; see the right plot of Figure 3. Due to the implicit Euler method
we have ||y” —Yellizo e = O(At + b%) with h = 4-107. In particular, from 7 €

(64,128,256, ...,8192} it follows that At > 310~ > h2 = 1.6 - 10, Therefore, the
spatial error is dominated by the time error for all values of 7. We can observe that the
exact residuals do not decay below a limit of the order A¢. One can observe that for fixed
POD basis rank ¢, the residuals with respect to the true solution increase if the high-order
accuracy is improved by enlarging 7, since the reduced order model has to approximate a
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Figure 1.3. Run 3: The ROM errors with respect to the true solution (left) and the exact one (right).
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Figure 1.4. Run 4: Singular values o; using the SVD (SVD Vals) or the eigenvalue decom-
position (EIG Vals) and the associated ROM errors (SVD error and EIG Error, respectively) (left); ROM
errors for different the choices for X, the error norm and the snapshot ensembles (right).

more complex system in this case, where the residuals with respect to the exact solution
decrease due to the lower limit of stagnation At =3/(n—1).

Run 4 (Different strategies for the POD basis computation). Let Y € R”*” denote the

matrix of snapshots in the discrete setting, W = ({¢;, ¢, ) x) € R”*" be the (sparse) spatial

weight matrix arising from the finite element basis {¢; }72  and D = At diag(%, 1.1, %) €

R”*” be the trapezoidal time integration matrix fitting to implicit Euler discretization.
Asit is stated in Remark 1.11, the POD basis {¢/; }'_, of rank £ can be determined by pro-
viding an eigenvalue decomposition of the matrix YYT = Wi2yDyTw!/2 ¢ Rmxm,
one of YTY = DV2YTWYD!2 € R™", or a singular value decomposition of ¥ =
W12y D2 € R"*" Since > m in Runs 1-3, the first variant is the cheepest one from
a computational point of view. In case of multiple space dimensions or if a second-order
time integration scheme such as some Crank-Nicolson technique is applied, the situation
is converse. On the other hand, a singular value decomposition is more accurate than
an eigenvalue decomposition if the POD elements corresponding to eigenvalues/singular
values which are close to zero are taken into account: Since A; = o7 holds for all eigenval-
ues A; and singular values o;, the singular values are able to decay to machine precision,
where the eigenvalues stagnate significantly above. This is illustrated in the left graphic of
Figure 1.4. Indeed, for £ > 20 the EIG-ROM system matrices become singular due to the
numerical errors in the eigenfunctions and the reduced order system is ill-posed in this case
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while the SVD-ROM model remains stable. In the right plot of Figure 1.4 POD elements
are constructed with respect to different scalar products and the resulting ROM errors are
compared: || -||;-residuals for X = H (denoted by POD(H)), || - || -residuals for X =V
(denoted by POD(V)), || - ||, -residuals for X = H (denoted by POD(H,V)), which also
works quite well, the consideration of time derivatives in the snapshot sample (denoted
by POD(H,dt)) which allows to apply the a priori error estimate given in (1.60) and the
corresponding sums of singular values (denoted by SV(H,dt)) corresponding to the un-
used eigenfunctions in the latter case which indeed nearly coincide with the ROM errors.
In many applications, the quality of the reduced order model does not vary significantly
if the weights matrix W refers to the space X = H or X = V and if time derivatives of the
used snapshots are taken into account or not. Especially, the ROM residual decays with
the same order as the sum over the remaining singular values, ||y —y’|| WO,T) ™~ 2iap1 O
independent of the chosen geometrical framework.

Run 5 (Iterative methods for the optimal control problem). In this numerical test
we consider solution techniques for the linear-quadratic optimal control problem (P).
We define the weights 0 = 1, 0 = 0, the desired state yq(¢,x) = (1 —(x — 1)?) for
(t,x) € Q, the desired final state y,, = 0 (which is redundant due to o, = 0, of course),
the upper and lower bounds #, = 0.25, u;, = 0.75, the control operator (Bu)(t,x) =
i () Yo, (%) + -+ u1o(t) yq (x), where {€;|7 = 1,...,10} is a uniform partition of (2
(especially, (B*p),(¢) = fQ x;(x)p(t,x)dx holds) and initial control # (t) = 1.

1) Banach fixed point method: The first-order necessary and sufficient optimality con-
ditions (1.81) can be refurmaleted as the equivalent fixpoint problem

u :P<%<%/%u— %/ﬁ>> =:F(n),

where P(#) = min(max(#,u,), ;) is the orthogonal projection on the set of ad-
missible points U,y. The optimal control # € U can therefore be determined by
the Banach fixpoint iteration #, , = F(u,) (k > 0) with arbitrary initialization
uy € U,y provided that F is a contraction. Since P is Lipschitz-continuous with
respect to the Lipschitz constant 1, we get

18" || ()

[|[F(n)—F(v)l||, < |lu—ol||, forallu,veU,

so the contraction of F is guaranteed if the regularization parameter o is sufficiently
large. Except of matrix multiplications, each iteration step requires the forward
solving of the state equation for §(#) = & u and the backwards solving of the
adjoint equation for p(j) = .o/u. As it can be observed in the left plot of Fig-
ure 1.5, the iteration indeed does not converge if o is smaller than some critical calue
0, & 0.02. Furthermore, the convergence speed of the iteration loop tends to zero
for o | o,. We therefore can make use of this method if the control term ||«[[7,/2
in the objective functional J models a control cost such as the required energy and
hence shall be small. On the other hand, if we just penalize the objective functional
to enforce the strict convexity property and are interested in the case 0 — 0O (the
resulting controls usually are of “bang-bang”-type in this case, i.e. #(t) € {u,,u;}
for almost all # €0, T']), we shall apply some other optimization technique.

2) Projected gradient method: A suitable steepest descent method for the control-constrained

optimization problem is the projected gradient algorithm; see, [36], for instance.
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Figure 1.5. Residuals of the Banach fixpoint iteration (left) and the projected gradient method
(right) for different regularization parameters o.

Here, the next iteration point is given by the formula #, ,; = P(#, + 5,4, ), where
d, =—V](u,)=—0u,+ B'(.o u, + p) is the direction of the steepest descent of
in the current iteration point #, and s, > 0 is chosen by Algorithm 1.4. This pro-
cedure is globally convergent. However, as before, the convergence speed becomes

extremely slow for o — 0. In addition, if the step size condition i (u, +sd,) <
f(uk) —c/sY|d, ||, is just fulfilled for very small step sizes s/, many evaluations
of the reduced objective functional are required to test whether ] (n, +s9Vd,) <

] () — csW||d, || is satisfied. Here, each evaluation requires to solve the state
equation. Therefore, also the single iteration steps may become quite expensive.
The right plot of Figure 1.5 demonstrates that also the projected gradient method
cannot deal with small regularizations. In contrast to the Banach iteration, the resid-
uals decay for arbitrarily small values of o, but the numerical effort explodes if ¢
tends to zero.

3) Primal-dual active set strategy: This method - see Algorithm 1.1 for the infinite-
dimensional case and Algorithm 1.2 for the POD discretization - solves the state
and the adjoint equation simultaneously within the implicit linear scheme

(0= Ko (O, + gy 1)+ (0B T )(0)

f.a.a. £ €[0, T]. Since this technique is equivalent to a semismooth Newton proce-
dure [24] locally superlinear convergence rates are provided. Further, the algorithm
is able to deal with smaller regularizations than the other two methods presented:
Reasonable computation times are provided for all ¢ > o, & 0.0002, see Figure 1.6.
For parameters below this critical value, the bang-bang-control # oscillates between
u, and u,, at the boundary grid points of the active sets. Notice that both the crit-
ical o, and the error between the exact solution and the suboptimal final iteration
depend on the number of discretization points. The numerical effort of the simulta-
neous solving operations in each iteration step is significantly larger than the single
solution since the initial condition for the state and the final condition for the ad-
joint state prevent to iteratively solve 7 times a system of dimension 2m; instead,
all time and space values (y(t;,x), p(t;, x;)) are determined by solving a linear sys-
tem of the dimension 2zm. Here, the model order reduction techniques come into
play which will lead to formidable calculation time reductions (or even make an
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Figure 1.6. Run 5: The number of grid points, where the previous and the actual active sets
differ for different regularization parameters o.

execution of the primal-dual active set strategy just possible). In the following, we
will make use of this optimization procedure.

ALGORITHM 1.4. (Backtracking strategy).

Require: Maximal number ;. of iterations and parameter ¢ € (0, 1).
1: Set 5@ =1andj =1.
2 while f(sg +50dy) > f(s) — ¢ /59 ldy]| and j < jp do
3 SetsUtD=50)/2and j = +1.
4. end while
5: return s, = sU)

Run 6 (Different Galerkin expansions). In this run we compare the modified POD
Galerkin expansions (1.54) for the state variable and (1.85) for the dual variable with the
standard Galerkin approximations:

4 4
Y () =Dyt pl(t)=D pit)g; forte[0,T]. (1.101)
=1 =1

We choose the same setting as in Run 5. Let ¢ = 0.1. In Figures 1.7 and 1.8 we plot
the optimal FE solution components (57, #”, p?, A?) obtained by using the primal-dual
active set strategy. We observe that the support of the multiplier 8A” coincides with
the active set for the control variable 987”. Further, the relation #” = P(8’p” /o) can
be observed. As it is stated in Remark 1.28-1) the advantage of the modified Galerkin
ansatz is that the ROM errors do not include the projection of the initial value on the
POD space. Figure 1.9 illustrates the impact of homogenization, where we not only plot
the ROM errors, but also the a-posteriori error estimate for different ¢; compare Sec-
tion 1.4.5. First we see that the ROM errors and the a-posteriori error estimate nearly
coincide in all scenarios. In the left plot of Figure 1.9 the POD basis is computed from
snapshots of the state equation taking the control guess #, = 1. One observes that the
dynamics of the corresponding homogeneous snapshots in the modified ansatz are not
sufficient to decrease the control error below a level of 107> while the standard Galerkin
ansatz, exploiting also the dynamics of the initial value and the inhomogeneity, induces
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Figure 1.8. Run 6: The optimal FE adjoint state p" and the optimal FE Lagrange multiplier B "

a higher dimensional POD space and leads to an error order below 107°. In the right
plot of Figure 1.9 the optimal FE control #” creates the snapshots. Here, the modified
Galerkin ansatz pays: The approximation error in the standard Galerkin ansatz is dom-
inated by the projection error of the initial value y, on the POD Galerkin ansatz space.
This example also shows that good approximations of the reduced order model are just
guaranteed in the case that the snapshots which build up the POD basis include the dy-
namics of the optimal state solution; otherwise, enlarging the POD basis rank does not
necessarily improve the accuracy of the results. Algorithm 1.3 proposes a solution for this
problem: Here, basis updates are provided if the a posteriori error estimator presented in
Theorem 1.50 indicate that the control error does not decay in the current POD model.
Figure 1.9 shows that these error bounds are sharp. Indeed, if the algorithm is initialized
with the control guess #, = 1 and a single basis update is provided, i.e., a new POD basis

is calculated with respect to the achieved suboptimal POD control uf m This new POD
basis coincides with the POD basis associated with the best (but usually unknown) con-
trol guess #”. Thus, the resulting error decay by enlarging ¢ is the same one as in the right
graphic of Figure 1.9. In Figure 1.10 the first POD basis functions are presented for the
modified and standard Galerkin expansions. Consequently, the reconstruction of the ini-
tial condition y, with the standard Galerkin ansatz works quite well as it is demonstrated
in Figure 1.11 - especially, due to the shape of the POD basis functions, no oscillations
at the jump points occur as can be observed by trigonometric Fourier approximations,
for instance. For the modified POD Galerkin ansatz it is neither required nor possible to
build up the initial value y, accurately. But this is not needed, because the initial condi-
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Figure 1.9. Run 6: The ROM errors for the standard and the modified POD ansatz for initial
control guesses n, =1 (left) and uy = " (right).

Figure 1.10. Run 6: The first POD basis elements for the modified (left) and the standard
(right) Galerkin expansion.

tion is explicitly included in the initial condition; see (1.54). If the model data is perturbed
by noise, the improvement of homogenization is even significantly stronger. For the fol-
lowing simulation, we add random data onto the initial value y,. The controls gained by
the modified model then reach the optimal precision 107" with 29 POD basis functions,
where even 50 basis elements are not sufficient in the standard ansatz to decrease the er-
ror below a level of 10711, see Figure 1.12. We observe that the noise in the initial value
is inherited to the POD basis elements of the modified Galerkin ansatz; despite of this
perturbation, their shape does not differ much from those of the POD basis for the un-
perturbed initial conditions standard Galerkin ansatz. This is different for the standard
POD Galerkin ansatz; compare Figures 1.10 and 1.13.
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Figure 1.13. Run 6: The first POD basis elements for the modified (left) and the standard
(right) Galerkin expansion in case of the perturbed initial condition.
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