Proper Orthogonal Decomposition: Applications in Optimization

and Control

S. Volkwein

joined work with M. Kahlbacher, K. Kunisch, and F. Troltzsch

S. VOLKWEIN, KARL-FRANZENS-UNIVERSITAT GRAZ, INSTITUT FUR MATHEMATIK UND WISSENSCHAFTLICHES
RECHNEN, HEINRICHSTRASSE 36, A-8010 GRAZ, AUSTRIA
E-mail address: stefan.volkweinQuni-graz.at



Key words and phrases. Proper orthogonal decomposition, singular value decomposition, model reduction,
error estimates, linear-quadratic regulator problems, balanced truncation, suboptimal control, a-posteriori
analysis, closed-loop control



Contents

Chapter 1. Balanced Truncation and the POD Method
1. The balanced truncation method
2. The POD Method
3. Balanced truncation and POD method

Chapter 2. Reduced-Order Modelling with POD
1. ROM for dynamical systems
2. Error estimation
3. ROM for evolution problems
4. ROM for parameter-dependent PDEs

Chapter 3. Suboptimal control using POD
1. The finite-dimensional case
2. Proper orthogonal decomposition for optimality systems
3. POD a-posteriori error estimates

Chapter 4. Further topics
1. Parameter identification
2. Feedback strategies

Bibliography

12
37

39
39
40
48
52

95
95
58
62

71
71
72

73






CHAPTER 1

Balanced Truncation and the POD Method

This chapter is devoted to introduce two methods of model reduction: the balanced truncation method
and the POD method. The balanced truncation approach has been successfully applied in approximating
the input-output behavior of linear systems, and a-posteriori error bounds can be easily computed, in
particular, with respect linear-quadratic optimal control problems. Proper orthogonal decomposition (POD)
is a powerful technique for model reduction of non—linear systems. It is based on a Galerkin type discretization
with basis elements created from the dynamical system itself. The POD method is highly problem specific.
There are first results available in the proof of a-posteriori errors [41]. Both methods coincide for a specific
choice of snapshots, which are needed to compute a POD basis.

The chapter is organized in the following manner: In Section 1 we recall the balanced truncation method
for linear, time-invariant systems. The POD method is studied in Section 2, where we discuss different
application areas:

The POD method and singular value decomposition (Section 2.1),

POD for dynamical systems (Section 2.2 and Section 2.3),

POD for parabolic partial differential equations (Section 2.4), and

POD for elliptic, parameter-dependent partial differential equations (Section 2.5).

Finally, in Section 3 we discuss the relationship between the balanced truncation method and the POD
method.

1. The balanced truncation method

In this section we recall the balanced truncation method. For the presentation we follow parts of the
book [46].

1.1. Linear time-invariant dynamical systems. Let us consider the linear time-invariant system
(1.1a) #(t) = Az(t) + Bu(t) for t € (0,00) and =(0) = =,
(1.1b) y(t) = Cz(t) for ¢ € [0, 0),

where z(t) € R™= is called the system state, g € R™= is the initial condition of the system, u(t) € R™=
is said to be the system input and y(t) € R™v is called the system output. The matrices A, B and C are
assumed to have appropriate sizes.

It is helpful to analyze the linear system (1.1) through the Laplace transform.

DEFINITION 1.1. Let f(t) be a time-varying vector. Then its Laplace transform is defined by

(1.2) Lifl(s) = / e ' f(t)dt for s €R.
0
The Laplace transform is defined for those values of s, for which (1.2) converges.

The Laplace transforms of u(t) and y(t) are given by

Llu](s) = /000 e Stu(t)dt and Lly](s) = /000 e Sty(t) dt = OL[z](s),

5



6 1. BALANCED TRUNCATION AND THE POD METHOD
where we have used (1.1b). Note that

Ll#)(s) = / e~ (t) dt = — / (—s)e~stx(t) dt + (e~ a(t))
0 0
= sL[z](s) — xo.
Therefore, the Laplace transform of the dynamical system (1.1a) yields
sL[z](s) — x(0) = AL[x](s) + BL[u](s),

S§=00

s=0

which gives
L[z])(s) = (sI — A)~'x(0) + (sI — A)"'BL[u](s).

Thus,

(1.3) Lly](s) = CL[x](s) = C(sI — A)"'z(0) + C(sI — A)"' BL[u](s).
For x(0) = 0 the expression (1.3) reduces to

(1.4) LI)(5) = G(s)£lul(s),

where

(1.5) G(s)=C(sI - A 'B

is called the transfer matriz of the system.
Given the initial state zo and the input u(¢), the dynamical system response z(t) and y(¢) for ¢ € [0, T
satisfy

t
x(t) = ety + / e'=)4Bu(s)ds and y(t) = Cx(t).
0
If u(t) = 0 holds for all ¢ € [0,T], we infer that
a(t) = e Az (ty)

for any t1, t € [0,T]. The matrix e(t=1)4 acts as a transformation from one state to another. Therefore,
(t,t1) = elt~1)4 is often called the state transition matriz.

1.2. Controllability and observability. Next we turn to the essential properties controllability and
em observability.

DEFINITION 1.2. The dynamical system (1.1a) or the pair (A, B) are called controllable if for any
xo € R™= t € [0,T] and final state xp € R™= there exists a (piecewise continuous) input w such that the
solution to (1.1a) satisfies x(T) = xp. Otherwise, (A, B) is said to be uncontrollable.

Controllability can be verified as stated in the next theorem. For a proof we refer to [46, Theorem 3.1].

THEOREM 1.3. The following claims are equivalent:

1) (A, B) are controllable.
2) The matriz
¢
W.(t) = / eABBTe A" ds
0
is positive definite for every t > 0.
3) The controllability matriz

C=[B AB A’B ... A™="'B] e Rm=x(mamu)

has full row rank.
4) The matriz [A — X|B] € R™=*(metmu) possesses full row rank for all X € C.
5) Let X be an eigenvalue of A with associated left eigenvalue v # 0, i.e., vl A = A, Then, v B # 0.
6) The eigenvalues of the matrix A + BF can be freely assigned with the restriction that complex
eigenvalues are in conjugate pairs) by a suitable choice of the matriz F € R™Muwxe,
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Let us recall the definition of a stable system.

DEFINITION 1.4. 1) The unforced system &(t) = Axz(t) is called stable, if the eigenvalues of A are
in the open left half plane, i.e., ReA < 0 for every eigenvalue X. A matriz with this property is said
to be stable or Hurwitz.

2) The dynamical system (1.1a) or (A, B) are called stabilizable if there exists a state-feedback u(t) =
—Kz(t) so that A — BK is stable.

The next result, which is proved in [46, Theorem 3.2], is a consequence of Theorem 1.3.

THEOREM 1.5. The following claims are equivalent:
1) (A, B) are stabilizable.
2) The matriz [A — X B] € R™=*(matmu) has full row rank for all X € C with a negative real part,
i.e., Red < 0.
3) For all A\ € C and v € R™\ {0} satisfying vI' A = AT and ReX > 0 we have vT B # 0.
4) There exists a matric F' € R™*™= such that A+ BF is Hurwitz.

Let us now consider the notions of observability.

DEFINITION 1.6. The dynamical system (1.1) or (A,C) are called observable if for any t1 € (0,T], the
initial condition o € R™= can be determined from the time history of the input u(t) and the output y(t) in
the interval [0,¢1] C [0,T]. Otherwise, the system or (A, C) is said to be unobservable.

For a proof of the next theorem we refer the reader to [46, Theorem 3.3].

THEOREM 1.7. The following claims are equivalent:

1) (A, C) is observable.
2) The matriz

t
Wo(t)z/ A" 0T CesA ds
0

is positive definite for every t > 0.
(3) The observability matriz

C

CA
O = ] c ]R(rrLMrLy)><77Lm

cAm=—1

A—-AM
C
has full column rank for all X\ € C.
5) Let A be an eigenvalue of A and v # 0 the associated right eigenvector of A, i.e., Av = \v. Then,
Cv # 0.
6) The eigenvalues of the matriz A + LC can be freely assigned (with the restriction that complex
eigenvalues are in conjugate pairs) by a suitable chosen matrix L € R™=>*Mv

has full column rank.
4) The matriz

DEFINITION 1.8. We say that the system (or the pair) (C,A) is detectable, if there exists a matrix
L € R™=*™v such that A+ LC is stable.

We have the next characterizations:

THEOREM 1.9. The following claims are equivalent:
1) The pair (C, A) is detectable.
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A—- M
C
possesses full column rank for all A € C with non-negative real part.
3) For all X\ € C and v € R™\ {0} with Av = v and Re(X) > 0 we have Cv # 0.
4)
5) The pair (AT,C7T) is stabilizable.

2) The matriz

Often the next definitions of modal controllability and observability are used.

DEFINITION 1.10. Let A € C be an eigenvalue of A. Then we call A a mode of the system. Moreover,
A is called controllable (observable) if VB # 0 (wHC #0) for all left (right) eigenvectors of A associated
with the eigenvalue X, i.e., vl A = Xvfl (Av = ) and v # 0 € C". Otherwise, X is said to be uncontrollable
(unobservable ).

EXAMPLE 1.11 (see [46, pp. 52-53]). We consider the system

M 10 010
0 AN 1 01
(4’*21 O): 0 0 A 0 la
0 0 0 M1
0 0 A0

ith \; # A2. Then, the mode )\ is not controllable if & = 0. In fact, e3 = (0,0,1,0)T € R* is a left eigenvalue
of A, i.e., el A = \jes. However, eI B = a = 0 holds. Thus, \; is uncontrollable for a = 0.

Notice that e; = (0,0,0,1) € R* is a right eigenvector of A with the associated eigenvalue \g, i.e., Aey = Agey.
However, for f = 0 we find that Cey = 3 = 0. Thus, A2 is not observable.

If A\1 = A2 holds, the vectors e3 and e4 are left eigenvectors of A associated with A;. Hence, vT A = A\jv for
v =e3 — aey, but vV B = a —a =0 for any o € R. Hence, \; is uncontrollable for any «. O

1.3. State-space realizations for transfer matrices. Let G(s) be a real-rational transfer matrix.
Then, we call a state-space modal (A, B, C, D) satisfying

oo~ (24)

DEFINITION 1.12. We call a state-space realization (A, B,C, D) of G(s) minimal if A has the smallest
dimension.

a realization of G(s).

We have the next characterization of a minimal realization [46, pp. 68-69].

THEOREM 1.13. A state-space realization (A, B,C, D) of G(s) is minimal if and only if (A, B) is con-
trollable and (C, A) is observable.

Minimal realizations have the following property [46, p. 69)].

THEOREM 1.14. Let (A1, B1,C1, D) and (Aa, Ba,Ca, D) be two minimal realizations of a real rational
transfer matriz G(s). Moreover, suppose that C1, Co, O1, and Oy are the corresponding controllability and
observability matrices, respectively. Then there exists a unique non-singular matrix T such that

Ay =TA\T™ Y, By=TB;,, Cy=0CT "
Furthermore, T is given by
T = (0F0,)710,0, or T '=cCClcc)—.

The balanced realization method is a numerically reliable method to eliminate uncontrollable and/or
unobservable states.
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1.4. Lyapunov equations. To investigate the stability, controllability and Observability of the linear
system one can often utilize the Lyapunov theory. For that purpose consider for X € R™=*"™= the matrix
equation

(1.6) ATX + XA+Q=0
with given A, Q € R™=>*™=_ Tt is proved in [46, Chapter 2] that (1.6) has a unique solution if and only if
Ni(A) + X (A) #£0 foralli, je{l,...,my} with i # j,

where \;(A) denotes the complex conjugate of \;(A). Moreover, the matrices A and X are related as stated
in the next lemma.

LEMMA 1.15. Let A be stable. Then, it follows:
1) X =/~ eA" Qe ds.
2) X>0ifQ=0,and X =0ifQ = 0.
3) if Q@ = 0, then (A, A) is observable if and only if X > 0 holds.

We conclude from Lemma 1.15-part 3) that for a given stable A the pair (C, A) is observable provided
the solution L, of
(1.7) ATL, + L, A+CTC =0
is positive definite. The solution matrix Ly € R™=>*"= is salled observability Gramian. Similarly, a pair
(A, B) is controllable if and only if the solution L. of
(1.8) AL+ L.AT + BBT =0

is positive definite. The matrix L, € R™=*™= is the controllability Gramian.
If we have computed a solution to (1.6) we can say if A is stable or not. This is formulated in the next
lemma. For a proof we refer to [46, p. 72].

LEMMA 1.16. Let X be the solution to(1.6). Then,
1) ReXi(A) <04 X >0 and @ >0,
2) A is stable if X = 0 and Q = 0,
3) A s stable if X =0, Q > 0, and (Q, A) is detectable.

1.5. Balanced realizations. In this section we concentrate on a very useful class of realizations for a
given transfer matrix that is often used in control engineering and signal processing.

an

is a state-space realization of a (not necessarily stable) transfer matriz G(s). Let there exist a symmetric

LEMMA 1.17. Suppose that

matric
P 0
_ pT _ 1 My XMy
bt (B0 cnnn,
where P, € RFXF ke {1,...,m,}, is non-singular so that
AP+ PA" + BBT =0.
We write

Al B An A | By
oD )= Agr Axx | By
. G| D

with All (S Rka, A12 S ka(mz—k)7 A21 S me—k)x(mw—k)7 By € kam“, B> € R(mm—k)Xmu; Cl S Rmka,

and Cy € RMv*(ma=k) = Then,
Ay | By
Ci | D
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is also a realization of G. Moreover, (A11, B1) is controllable if A11, is stable.

For a proof of Lemma 1.17 we refer to [46, p. 73]. An analogous result can be formulated regarding the

observability of the system; see also [46, p. 73].
A|B
C|D

be a state-space realization of a (not necessarily stable) transfer matriz G. Supose that there is a symmetric
matric

LEMMA 1.18. Let

T _ Ql 0 My XMy
where Qp € R¥>* ke {1,...,m,}, is non-singular so that
QA+ ATQ+CTC =0.

Setting
Ay A

By
A| B
<T’T)— Asr Axy | By
. G| D
Ay | By
Ci | D

is also a realization of G. Moreover, (C1, A11) is observable if Ay is stable.

as in Lemma 1.17 the matriz

Due to Lemmas 1.17 and 1.18 a minimal realization can be derived from a non-minimal one by elimination
all states corresponding to the zero block diagonal term of the controllability Gramian P and the observability
Gramian Q. In the case, where P is not block diagonal, we can proceed as described in [46, p. 74].

It turns out that controllability (or observability) Gramian alone does not describe very well the dom-
inance of the system states in the input/output behavior. This motivates the introduction of a balanced
realization giving balanced Gramians both for controllability and for observability. Let

- (24)

be stable, i.e., A is stable. By P and @ we denote the controllability Gramian and observability Gramian,
respectively. Then, by Lemma 1.15, the matrices P and @ satisfy the Lyapunov equations

(1.9a) AP+ PAT + BBT =0,
(1.9b) ATQ+QA+CTC =0

and P, @Q = 0 hold. The pair (A, B) is controllable if and only if P > 0. Moreover, (C, A) is observable if
and only if @ > 0. Assume that we transform the state by utilizing a non-singular matrix 7' € R™=*™= je.,
Z = Tz. Then, we derive the realization

- (F15) - (1)

It follows from (1.9a) and P = TPT~! that

AP+ PAT + BBT = (TATY) (TPT?) + (TPTT) (T*AT)" + (TB) (TB)"
=T(AP+ PA" + BB")T" =0
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is satisfied. Analogously, we derive from (1.9a) and Q = T-7QT !
ATQ+ QA+ CTC = (TAT YT (T7TQT™ ) + (T~ TQT~") (TAT™)
+ (T Hr T
=T 7(A"Q+QA+CTC)T" =0.
Thus, the Gramians are transformed to
P=7TPT" and Q=T7TQT "

Furthermore, I:’Q = TPQT~'. This implies that PQ is similar to PQ and therefore the eigenvalues of ]5@
are the same as for PQ.

Next we consider a specific transformation 7', which gives the eigenvalue decomposituion of the symmetric
matrix PQ), i.e., we have

PQ=T"'DT with D =diag(\,...,\p,) € R™=X"=,

Then, the columns of T~! are eigenvectors of PQ corresponding to the eigenvalues Ai,..., A\, . Since P
and @ are positive semi-definite, PQ > 0 follows from Theorem 1.19 below. Therefore, A\; > 0 holds for
1 <1< myg.

THEOREM 1.19. Suppose that P and @ are two symmetric and positive semi-definite matrices. Then,
there exists a regular matriz T such that

D] X
22 -T -1 _
and T QT " =

0 0

(1.10) TPTT =

respectively, where X1, Yo, X3 are diagonal and positive definite matrices.

Theorem 1.19 is proved in [46, pp. 76-77]. A consequence of this theorem is the fact that the product
of two positive semi-definite matrices is similar to a positive semi-definite matrix. Moreover, for any stable

TAT-' | TB
CcT— D

there exists a non-singular 7" such that
G(s) =

has a controllability Gramian P and observability matrix @ satisfying (1.10). In case of a minimal realization
the eigenvectors in the columns of T~! can always be chosen such that

PTPTT =% and Q=T H'QTr'=1x,
where ¥ = diag (01,...,0m,) and ¥? = D = diag (A1,..., A, ). This new realization with controllability

and observability Gramians pP= Q = X is called a balanced realization. The values o1 > g2 > ... > o,
are called the Hankel singular values of the system. In [46, p. 78] an algorithm is presented how we can

compute a balanced realization from a minimal realization.

1.6. Model reduction by balanced truncation. The goal of this section is to reduce the order of a
multivariable dynamical system, where we focus on the balanced truncation method.
First we introduce the following spaces of complex-valued matrix functions:

1) Loo(UR) or simply Lo, is a Banach space of matrix- (or scalar-) valued functions that are essentially
bounded on jR with the norm

Gl = esssupz(G(w)),
w€eR
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where T(G(JR)) denotes the largest singular value of the matrix G(jw). The rational subspace of
Lo — denoted by RL(JR) or simply RL,, — consists of all proper and real rational transfer
matrices with no poles on the imaginary axis.

2) By Hoo we denote the (closed) subspace of Lo, containing all functions of L., that areanalytic and
bounded in the open right half plane. On Ho, we utilize the norm

|G|, = sup E(G(s)) = supE(G(gw)).
Res>0 weR

The real rational subspace of H., is denoted by RH. consisting of all proper and real rational

stable transfer functions.
A| B

Let
be a balanced realization, i.e., its controllability and observability Gramians are equal and diagonal. We
denote by ¥ the balanced Gramians. Then, we have

(1.11a) AS £ $AT £ BBT — 0,
(1.11b) P
We suppose that

5 — ( % 202 > with £; € REXE 53, @ RUme—Rx(mak)

ke{l,...,my}, and let

An A | By
G(s)=| A1 Axn | B
¢, G | D

as in Lemma 1.17. Then, if 31 and X5 have no diagonal entries in common, it follows that both subsystems
(Aii, Bi, C;), i = 1,2, are asymptotically stable [46, pp. 157-158]. If

T

¥, = diag (0’1151,...,O'TIST) € RF¥F, k:Zsigmm,
i=1
N
Sy = diag (0r411s,15 - - On Loy ) € RO (ma=h) > si=m. -k,
1=r+1
where o; has the multiplicity s;, ¢ = 1,..., N, with o1 > g9 > ... > on then the truncated system

o - (222

is balanced and asymptotically stable. Furthermore,

N
IG = Grlle <2 D o

i=r+1
and, in particular,

1G = G-l = 20w,
see [46, pp. 159-160).

2. The POD Method

In this section we introduce the POD method in the Euclidean space R™ and study the close connection
to the SVD of rectangular matrices; see [20]. We also refer to the monograph [12].
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2.1. POD and singular value decomposition. Let Y = [y1,...,y,] be a real-valued m x n matrix
of rank d < min{m,n} with columns y; € R™, 1 < j < n. Consequently,

1 n
1.12 g _ E .
( ) Yy " Yj

J=1

can be viewed as the column-averaged mean of the matrix Y.
SVD [33] guarantees the existence of real numbers o1 > 09 > ... > 04 > 0 and orthogonal matrices
U € R™*™ with columns {u;}, and V € R"*™ with columns {v;}?_; such that

(1.13) Utyv = ( 103 8 ) =¥ e R™*"
where D = diag (01,...,04) € R¥? and the zeros in (1.13) denote matrices of appropriate dimensions.

Moreover the vectors {ul}Z 1 and {v;}L; satisfy
(1.14) Yuv, =ou; and YTw, =0, fori=1,....d.

They are eigenvectors of YY1 and YTV, respectively, with eigenvalues \; = 07 > 0, i = 1,...,d. The
vectors {u;}7 . 1 and {v;}I_ ., (if d < m respectively d < n) are eigenvectors of YYT and Y'Y with
eigenvalue 0.

From (1.13) we deduce that

Yy =UsvT.

It follows that Y can also be expressed as
(1.15) Y =UD(VHT,
where U? € R™*? and V¢ € R"*¢ are given by

Ukt =Uy for1<i<m, 1<j<d,

Vd=V; for1<i<n, 1<j<d.
Setting BY = D(VH)T € R¥" we can write (1.15) in the form

Y =U’B? with B = D(VHT e R¥*™,

Thus, the column space of Y can be represented in terms of the d linearly independent columns of U?. The
coefficients in the expansion for the columns y;, j = 1,...,n, in the basis {u;}¢_; are given by the jth-column
of B%. Since U is 01rthogonaul7 we find that

d d
Bd Ud _ (D (Ud)TUd Vd)T),L- u;
115 d m d
029§~ (ayry), Z(ngiykj)ul S (i)
i=1 i=1 k=1 =1
=uly;

where (-, -)gm denotes the canonical inner product in R™. Thus,

d

(1.16) yjzz<yj,ui)Rmui forj=1,...,n
i=1

Let us now interprete SVD in terms of POD. One of the central issues of POD is the reduction of data
expressing their essential information by means of a few basis vectors. The problem of approximating all
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spatial coordinate vectors y; of Y simultaneously by a single, normalized vector as well as possible can be
expressed as

n
1 2 . 2
(PY) max Eﬁ ’(yj,u>Rm’ subject to (s.t.) |lullgm =1,

where |ul]|gm = /{u, u)gm for u € R™.

Note that (P!) is a constrained optimization problem that can be solved by considering first-order
necessary optimality conditions. For that purpose let £ : R"™ xR — R be the Lagrange functional associated
with (P1), i.e.,

n
=" s ugn |+ A1 = [[ullfn)  for (u,A) € R™ x R
j=1
Suppose that u € R™ is a solution to (P!). Then, a first-order necessary optimality condition is given by
VL(u,\) =0 in R™ x R,
We compute the gradient of £ with respect to u:

oL -
o, (4 (Z

J

22(

j=1

m

Z Yk]uk

=1

+A( éui))

Yk )Y;] — 2)\’(1,1'

I
Ms l

b
Il

1

—2y° (zyw kuk) ~ s
k=1 “j=1

—_——

:()/X/T)I]C
Thus,
(1.17) Vul(u,A) =2(YYTu—u) =0 in R™,
Equation (1.17) yields the eigenvalue problem
(1.18a) YY? u =X in R™.

Notice that YY7 € R™*™ is a symmetric matrix satisfying
uWTYY T = (YTu)TYTu = ||YTu||H2M >0 forallueR™.

Thus, YY7 is positive semi-definite. It follows that YY7 possesses m non-negative eigenvalues A\; > Ay >
. > Am >0and the corresponding eigenvectors can be chosen such that they are pairwise orthonormal.

From gf (u, )\) = 0 in R we infer the constraint

(1.18b) ull g = 1.
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Due to SVD the vector u; solves (1.18) and

n
Z | <y]7 u1>Rm
j=1

n

n
= Wi ) g Wi ua) g = D (W55 01) g U U1 Y
=1

j= j=1
=<Z Yj> U1 Rmyj7u1> =<Z<2ij(U1)k)yj,U1>
j=1 Rm™ j=1 Nk=1 R™
= < (ZYJY;k ul ) U1> = <YYT’U,1,’U,1>RM
=1 Rm

(1,01 ) g = M a3 = s

At
We next prove that u; solves (P!). Suppose that @ € R™ is an arbitrary vector with ||@||[g= = 1. Since
{u;}72, is an orthonormal basis in R™, we have

Thus,

j=11i=1 k=1
=33 (X e o) (e e
=1 k=1 j=1 R™
—)\iul
= Z Z (<)‘iuivuk>Rm (t, i) g (U k>]Rm)
i=1 k=1 N
=3 N [ s | <MD [ i) | = M [l = M
i=1 i=1
= Z ’<iju1>]Rm‘2
j=1

Consequently, u; solves (P!) and argmax (P') = 07 = ;.
If we look for a second vector, orthogonal to u; that again describes the data set {y;}7, as well as
possible then we need to solve

- 2
(P?) max Z |y wpm|” st [lullgm =1 and (u,u1)pm = 0.

u€R™ 4
j=

SVD implies that us is a solution to (P?) and argmax (P?) = 03 = A\y. In fact, uz solves the first-order
necessary optimality conditions (1.18) and for

= Z (i, i) gm w; € span {ug }-
i=1
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we have . .
Z ’<yj’ﬁ>]Rm’2 SA= Z ](yj,uQ>Rm\2.
j=1 j=1

Clearly this procedure can be continued by finite induction. We summarize our results in the following
theorem.

THEOREM 2.1. Let Y = [y1,...,yn] € R™*™ be a given matriz with rank d < min{m,n}. Further, let
Y = UXVT be the singular value decomposition of Y, where U = [uy,. .., Uy € R™™ V = [v1,...,v,] €
R™ ™ gre orthogonal matrices and the matriz ¥ € R™*"™ has the form as (1.13). Then, for any £ € {1,...,d}
the solution to

4 n
(1.19) Cmax SNy g

ULy, Up €
1yeeesUp i=1 j=1

s.t. (Ui, Uj)gm = 055 for 1 <i,j <{

is giwen by the singular vectors {ui}le, i.e., by the ﬁrst £ columns of U. Moreover,

argmax (1.19) ZO’ —Z/\

PROOF. Since (1.19) is an equality constrained optimization problem, we introduce the Lagrangian
L:R™x ... x R™ xR>¢
—_——

f-times
by

14 n 4
L(wl’ s 71/)5’A) = ZZ }<yj7wi>Rm}2 + Z /\ij(5ij - <7v/}i71/)j>]Rm)

i=1 j=1 ij=1
for ¢1,...,9 € R™ and A = ((\;;)) € R*“. First-order necessary optimality conditions for (1.19) are given
by

£ (V1,...,%e,N)0t, =0 for all 6y, € R™ and k € {1,...,¢}.

(1.20) o

From

oL L
8—7/%(¢17'.'7w€7 5¢k 222 y_]awl R™ y]75wl€>Rm

=1 j=1

¢
Z >\zg 1/)1;51/116 Rm gk - Z >\’Lj 51/}k51/}j>Rm5k'L

1,7=1 1]1

= 22 yjawk R™ y]uédjk R™ Z ik + )\lm ¢176¢k>Rm
j=1

i=1

n 14
= <2Z Ui k) g Ui — Y (Nik +A;ﬂ-)wi,6¢k>
j=1 R™

i=1

and (1.20) we infer that
¢

(1.21) J; Wi Vr)gm Yj = ;Z(/\ik—F)\ki)l/fi in R™ and for all k € {1,...,¢}.

=1
Note that .
YYTY = " (y;, ¥)gmy; for v € R™.

Jj=1
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Thus, condition (1.21) can be expressed as

4
(1.22) YY Ty = %Z (Nik + Mki) i in R™ and for all k € {1,...,0}.
i=1

Now we proceed by induction. For £ = 1 we have k = 1. It follows from (1.22) that

(1.23) YYT4py = Aty in R™
with Ay = A1;. Next we suppose that for £ > 1 the first-order optimality conditions are given by
(1.24) YY Ty, = Mebe  in R™ and for all k € {1,...,/}.

We want to show that the first-order necessary optimality conditions for a POD basis {¢; fill of rank ¢ 41
are given by

(1.25) YY T4, = Agtby, in R™ and for all k € {1,...,£+1}.
By assumption we have (1.24). Thus, we only have to prove that
(1.26) YYT9hpi1 = Neg1tpep1  in R™

Due to (1.22) we have

£+1

1 R
(1.27) YYTryr =5 > Mg+ Aepri) i in R™,

i=1

Since {1 fill is a POD basis we have (¢g41,%;)rm = 0 for 1 < j < £. Using (1.24) and the symmetry of
YYT we have for any j € {1,...,(}

0=X; (Yes1, %) gm = (W1, YY) g = (VY Ppi1,905) g
s
=3 Z (Nier1 4 Aegra) (Wi, Vidpm = Njes1 + Aoy ) -
i=1
This gives
(1.28) )\@.,.171' = —)\i7g+1 for any 1€ {1, - ,f}.
Inserting (1.28) into (1.27) we obtain

¢
1
YY i1 = 3 Z (Niyet1 + Aer,i) i + Aeg1,041 Yo

=1
¢
Z (Miyeg1 = Nijer1) Yi + Aeg1e01 Vo1 = Neg1,o401 YVeogr

i=1

N =

Setting Ap+1 = A¢gt1,041 we obtain (1.26).
Summarizing, the necessary optimaity conditions for (1.19) are given by the symmetric m x m eigenvalue
problem

(1.29) YYTu; = Nu; fori=1,...,0.
It follows from SVD that {u;}¢_; solves (1.29). The proof that {u;}{_, is a solution to (1.19) and that
argmax (1.19) = Y2¢_, 02 holds is analogous to the proof for (P1); see Exercise 1.1). O

Motivated by the previous theorem we give the next definition.
DEFINITION 2.2. For £ € {1,...,d} the vectors {u;}¢_; are called POD basis of rank .

The following result states that for every ¢ < d the approximation of the columns of Y by the first ¢
singular vectors {u;}{_; is optimal in the mean among all rank ¢ approximations to the columns of Y.
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COROLLARY 2.3 (Optimality of the POD basis). Let all hypotheses of Theorem 2.1 be satisfied. Suppose

that U? € R™*4 denotes a matriz with pairwise orthonormal vectors G; and that the expansion of the columns
of Y in the basis {1;}%_, be given by

Y =U%C?,  where Cidj = (Ug, Yj)gm for 1 <i<d,1 <5 <n.
Then for every £ € {1,...,d} we have
(1.30) [V = U'B|| < |IY = U*CY|l .

n (1.30), || - | p denotes the Frobenius norm given by

Syl =

i=1 j=1

Al m = trace (ATA) for A € R™*",

the matriz U denotes the first £ columns of U, B* the first £ rows of B and similarly for U’ and C*.

REMARK 2.4. Notice that

14 n m 14
|V — U’ZCZHF = ZZ i Z ik ij‘ =3 Y =D (s yi) g Ul i
=1 j=1 =1 j=11:=1 k=1
n 2
ol T TR

k=1

Analogously,

¢ 2
E y]auk RmukH "
k=1

Iy —U'B||; =
_j:

Thus, (1.30) implies that

2

n n
3{ [T SR o] M) ST
j=1 j=1 k=1

for any other set {a;}¢_, of ¢ pairwise orthonormal vectors. Hence, the POD basis of rank ¢ can also be
determined by solving

2

R s.t. <ﬂ’i7’&j>R 51]’ 1 < 7 ] < L.

n e
(1.31) ) mj{n Z Hyg - Z (Y Wi) g Wi
j=1

=1

PrROOF OF COROLLARY 2.3. Note that (see Exercise 1.2))

d n
2 2 2
Iy - O'C |y = [T4C — ch)lly = et - cilp = 3 Yot
i=0+1 j=1
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where C§ € R4*™ results from C' € R4*" by replacing the last d — ¢ rows by 0. Similarly,

d n
2 2 2 2
IY —UB | =IlUB* = Bj)llp = 1B = Billp = > > |B|

i=0+1 j=1
d n )
= Z Z‘<yﬂ’7“i>n@m‘
(1.32) =t = 4
= Z<<yjaui>Rmyjuui>Rm = Z YYTui, ui)gom
i=0+1 j=1 i=0+1

2
0,

|
M=

i=0+1
By Theorem 2.1 the vectors uy, ..., ug solve (1.19). From (1.32),

d n
A~ 2 2 2
Y15 = 1090 = 1 = > |

i=1 j=1

and
2
1Y) = [UeB; = | B4 = ZZ B[’ Zo
=1 j=1

we infer that

d d Y4 / n
Iy -U'Blp= Y o :Z N =yl - Y03 [ wid g |
i=l+1 i=1 i=1 i=1 j=1
n d n / n
<2 —Z o g | = DD [CAP =D N |
i=1 j=1 i=1 j=1 i=1 j=1
d n ) ) 5
=5 ST el =y - 0 s
i=f+1 j=1
which gives (1.30). O

REMARK 2.5. It follows from Corollary 2.3 that the POD basis of rank ¢ is optimal in the sense of
representing in the mean the columns {yj} ', of Y as a linear combination by an orthonormal basis of rank

%
£ n
22 Mo uidin | fo = ZA SH RN
i=1 j=1 i=1 j=1
for any other set of orthonormal vectors {Uz‘}i:r O

The next corollary states that the POD coefficients are uncorrelated.

COROLLARY 2.6 (Uncorrelated POD coefficients). Let all hypotheses of Theorem 2.1 hold. Then.
Z (s Ui) g (Y5 Uk) ZB Bkj 020 for1<ik<{.
j=1

PROOF. The claim follows from (1.29) and (ui,ukmm =0 for 1 < i,k <{:

n

Z y]auz R™ yjauk>]R = <Z <ijui>Rmijuk> = <Ui2u’i7uk>Rm - 0.7:25'”(5'

=1 j=1 R

:YYT’U.i
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O
Next we turn to the practical computation of a POD-basis of rank £. If n < m then one can determine
the POD basis of rank ¢ as follows: Compute the eigenvectors vy,...,v, € R™ by solving the symmetric
n X n eigenvalue problem
(1.33) YTV, = Nw; fori=1,...,¢

and set, by (1.14),

1
Vi
For historical reasons [38] this method of determing the POD-basis is sometimes called the method of
snapshots. On the other hand, if m < n holds, we can obtain the POD basis by solving the m x m eigenvalue
problem (1.29).

For the application of POD to concrete problems the choice of ¢ is certainly of central importance for
applying POD. It appears that no general a-priori rules are available. Rather the choice of ¢ is based on
heuristic considerations combined with observing the ratio of the modeled to the total energy contained in
the system Y, which is expressed by

Ef:l Ai

E(l) = =5 .
Dim1 Ai
Let us mention that POD is also called Principal Component Analysis (PCA) and Karhunen-Loéve

Yv;, fori=1,..., ¢

U; =

Decomposition.
Let us endow the Euclidean space R™ with the weighted inner product
(1.34) (u, Wy = u" Wit = (u, W) gm = (W, @)gm for u, i € R™,

where W € R™*™ is a symmetric, positive-definite matrix. Furthermore, let ||u|lw = /{u,u)w for u € R™
be the associated induced norm. For the choice W = I, the inner product (1.34) coincides the Euclidean
inner product.

EXAMPLE 2.7. Let us motivate the weighted inner product by an example. Suppose that Q = (0,1) C R
holds. We consider the space L?(f2) of square integrable functions on €2:

L*(Q) = {(p Q- R’ ; lo? dz < oo}
Recall that L?(€2) is a Hilbert space endowed with the inner product

(D)o = [ ppde for o e 13(@)
and the induced norm [j¢||r2(0) = /{¢, ¥)r2(q) for ¢ € L*(2). For the step size h = 1/(m — 1) let us
introduce a spatial grid in £ by

z;=0l—1)h fori=1,...,m.

For any ¢, ¢ € L*(Q) we introduce a discrete inner product by trapezoidal approximation:
h5h -1 h h
5 Py ~ PmPm
(1.35) (o, 90>L,21(Q) = h( 12 -+ Z (S"?‘P?) + 2_>7
i=2

where

o [h/2
E/ o(x)dz for i =1,
0

:El+h/2
/ p(x)de fori=2,...,m—1,
:Eifh/Q

>N =

1
/ px)de fori=m
1-h/2
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and the @7’s are defined analogously. Setting W = diag (h/2, h, ..., h,h/2) € R™¥™ oh = (ph ... oh)T €
R™ and @ = (pF,...,5")T € R™ we find

(@ P2y = (" " w = (") W"
Thus, the discrete L2-inner product can be written as a weighted inner product of the form (1.34). O

Now we replace (P!) by
~ 2
(P‘l,V) max Z ‘(yj,u>w‘ st Jully =1
j=1

Analogously to Section 1.1 we treat (Piv) as an equality constrained optimization problem. The Lagrangian
L:R™ xR — R for (P}}) is given by

n 9 .
L(u,\) = Z [y u)y |+ A(1 - HuHiV) for (u,\) € R™ x R.
j=1
Suppose that © € R™ is a solution to (P%V) Then, a first-order necessary optimality condition is given by
VL(u,\) =0 in R™ xR

We compute the gradient of £ with respect to u: Since W is symmetric, we derive

n mom 2 m m
§i< = a0 <Z SN Y Woun +/\<1—Zzuywykuk)>
j=1"k=1v=1 k=1v=1
o> (X v ) (L v )
j=1 Mk=lv=1 =1

NE

m
uqu + Z 1kuk)

1

k=
ZWWZYW jv l,kuk —2)\<ZWZ;€U;€)

1p=1 j=1 k=1

B

2y

k=1v

v=1

|
I MS

2 <WYYTWu - /\Wu) )

%

Thus,

(1.36) Vul(u,A) = 2(WYYTWu— AWu) =0 in R™.
Equation (1.36) yields the generalized eigenvalue problem

(1.37) WY)YWY)Tu = \Wa.

Since W is symmetric and positive definite, W possesses an eigenvalue decomposition of the form W =
QDQT, where D = diag (11, ..., 7m) contains the eigenvalues n; > ... >n,, > 0 of W and Q € R™*™ is an
orthogonal matrix. We define

= Qdiag (n?,...,n%)QT for a € R.
Note that (W)™l = W~ and Wot8 = WoW?" for a, 3 € R; see Exercise 1.3). Moreover, we have

(u, @)y = (W20, WY 25)y,,,  for u, @ € R™

and ||lullw = |W/2u||gm for u € R™.
Setting @ = W2y € R™ and Y = W2Y € R™*" and multiplying (1.37) by W~/2 from the left we
deduce the symmetric, m x m eigenvalue problem

(1.38a) YY%4 = Ma in R™.
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From 2% (u, \) < 0 in R we infer the constraint |lu|lw =1 that can be expressed as
(1.38Db) @) gm = 1.

Thus, the first-order optimality conditions (1.38) for (P};,) are — as for (P') (compare (1.18)) — an
m X m eigenvalue problem, but the matrix Y as well as the vector u have to be weighted by the matrix
wh/z,

It can be shown (see Exersice 1.4.1)) that

Uy = W_l/z’ﬁl

solves (P3,), where @1 is an eigenvector of YY7 corresponding to the largest eigenvalue A with ||i1 [|gm = 1.
Due to SVD the vector u; can be also determined by solving the symmetric n x n eigenvalue problem

Y'Y 5 = Moy
where YTY = YTWY, and setting
1 - 1
(139) Uy = W71/2ﬂ1 = —F W71/2Y1_)1 = —Yl_)l.
O oS
As in Section 1.1 we can continue by looking at a second vector v € R™ with (u,u;)w = 0 that maximizes
> 1y u)w|?. Let us generalize Theorem 2.1 as follows.

THEOREM 2.8. Let Y € R™*™ be a given matriz with rank d < min{m,n}, W a symmetric, positive

definite matriz, Y = WY2Y and ¢ € {1, oe d}. Further, let Y = UXVT be the singular value decomposition

of Y, where U = [y, ..., Um] € R™*™ V = [v1,...,0,] € R™*™ are orthogonal matrices and the matriz ¥
has the form

o D 0
T _ _ mxn
U'yvs= ( 0 0 ) =XYeR .
Then the solution to
4 n
- 2 . .
(Pi) o >3 gyl st (@) =0y for 1 <i <
et i=1 j=1
is given by the vectors u; = W~Y2u;, i =1,...,0. Moreover,

¢ ¢
(1.40) argmax (PY;,) = Z of = Z A

=1 =1

PROOF. Using similar arguments as in the proof of Theorem 2.1 one can prove that {u;}¢_; solves (P¥,);
see Exersice 1.4). O

REMARK 2.9. Due to SVD and Y7V = YTWY the POD basis {u;}¢_; of rank ¢ can be determined by
the method of snapshots as follows: Solve the symmetric n x n eigenvalue problem

YIWY0; = Nv; fori=1,...,¢,

and set ) . .
- W71/2 Y—i — W71/2W1/2Y_1' —
) = O s

U; = W71/21_Li = Y@i
forv=1,...,¢. Notice that

VAN
For m > n the method of snapshots turns out to be faster than computing the POD basis via (1.38). Notice
that the matrix W/2 is also not required for the method of snapshots. O

(wiy uj)y, = ul Wu; = for 1 <i,j <V
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2.2. POD for nonlinear dynamical systems. For T" > 0 we consider the semi-linear initial value

problem
(1.41a) y(t) = Ay(t) + f(t,y(t)) fort e (0,T],
(1.41b) y(0) = yo,

where yp € R™ is a chosen initial condition, A € R™*™ ig a given matrix, f : [0, 7] x R™ — R™ is continuous
in both arguments and locally Lipschitz-continuous with respect to the second argument. It is well known
that (1.41) has a unique (classical) solution y € C*(0,T;R™) N C([0,T]; R™) given by the implicit integral
representation

t
o(t) =yt [ eI (s ) ds
0
with et = 3722 ¢" A" /(n!). Let 0 < t; <ty <...<t, <T be a given time grid in the interval [0,7]. For
simplicity of the presentation, the time grid is assumed to be equidistant with step-size At = T/(n—1), i.e.,

t; = (j—1)At. We suppose that we know the solution to (1.41) at the given time instances ¢;, j € {1,...,n}.
Our goal is to determine a POD basis of rank ¢ < n that desribes the ensemble

tj
yi = y(t;) = ey +/ A f (s, y(s))ds, j=1,....m,
0

as well as possible with respect to the weighted inner product:

2
st (@, )y, for 1<4,5 <,
w

14
N4 . ~ ~
Py) _ min |y = > W i)y
1 =1

j=

where the «;’s denote non-negative weights which will be specified later on. Note that for a; = 1 for
j=1,...,nand W = I problem (P};’) coincides with (1.31).

EXAMPLE 2.10. Let us consider the following one-dimensional heat equation:

(1.42a) 01 (t, ) = 0,0 (t, ) for all (t,z) € @ = (0,T) x €,
(1.42b) 0.(t,0) =0,(t,1) =0 for all t € (0,T),
(1.42¢) 0(0,z) = Op(x) for all z € Q= (0,1) CR,

where 6y € C () is a given initial condition. To solve (1.42) numerically we apply a classical finite difference
approximation for the spatial variable z. In Example 2.7 we have introduced the spatial grid {z;}!"; in the
interval [0,1]. Let us denote by y; : [0,7] — R the numerical approximation for (-, z;) for i = 1,...,m.
The second partial derivative 0, in (1.42a) and the boundary conditions (1.42b) are discretized by centered
difference quotients of second-order so that we obtain the following ordinary differential equations for the
time-dependent functions y;:

=20 + 2(t)

Y1 (t) — 2
a 0= @) )
(1.43a) vi(t) = : 12 + , 1=2,...,m—1,
. =2y (t) + 2ym—1(t)
Im(t) = o

for t € (0,T]. From (1.42c) we infer the initial condion
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Introducing the matrix

-2 2 0
1 -2 1
1 . . . mXxXm
A= 72 e eR
1 -2 1
0 2 =2
and the vectors
v (t) 0o (1)
y(t) = g for t € [0,T], yo= g e R™
Ym (t) Oo(zm)
we can express (1.43) in the form
§t) = Ay(t) forte (0,7],
1.44
(4 y(0) =10

Setting f = 0 the linear initial-value problem coincides with (1.41). Note that now the vector y(t), ¢t € [0,T],
represents a function in 2 evaluated at m grid points. Therefore, we should supply R™ by a weighted inner
product representing a discretized inner product in an appropriate function space. Here we choose the inner
product introduced in (1.35); see Example 2.7. Next we choose a time grid {t;}”_, in the interval [0, 7] and
define y; = y(t;) for j = 1,...,n. If we are interested in finding a POD basis of rank ¢ < n that desribes
the ensemble {y;}7_, as well as possible, we end up with (f”;vg) O

To solve (f’;vé) we apply the techniques used in Sections 1.1 and 1.2, i.e., we use the Lagrangian
framework. Thus, we introduce the Lagrange functional
L:R™x...xR™ xR - R
~—_——

¢—times

2 4 4
w22 2 (= ) y)
i=1

=1 j=1

¢
=1

for ui,...,us € R™ and A € R with elements Aij, 1 < 4,5 < L. It turns out that the solution to (f’rvlvg) is
given by the first-order necessary optimality condions

Llugy...,ug, A) = Zaj
j=1

(1.45a) YV L(ui,...,ug, A) =0 inR™ 1<i<¢,
and

From (1.45a) we derive
(1.46) YDYTWu; = \u; fori=1,...,¢,

where D = diag (a1,...,a,) € R™ ™. Inserting u; = W24, in (1.46) and multiplying (1.46) by W'/2
from the left yield

(1.47a) W2y DY Tw?a; = M.
From (1.45b) we find
(147b) <’(7,i, ﬂj>Rm = ﬂ?ﬂj = ’U,;TW’U,J = (ui,uj>W = 61']', 1<4,5< /.

Setting Y = W2y DY2 € R™*" and using W' = W as well as DT = D we infer from (1.47) that the
solution {u;}¢_, to (IT’CVZ) is given by the symmetric m x m eigenvalue problem

YYT’l_Li = )\i’l_l,i, 1 S ) S ¢ and <ﬁivﬂj>R7n = 5ij; 1 S Z,j S L.
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Note that
YTy = DYV2yTwyDY? ¢ R*n,

Thus, the POD basis of rank ¢ can also be computed by the methods of snapshots as follows: First solve the
symmetric n X n eigenvalue problem

YTYT)Z':)\iﬁi, 1§ZS€ and <51‘,5J‘>Rn :5ij; 1§Z,j§é

Then we set (by SVD)

U; = W_1/27i = L W_1/2Y’17i = 1 YD1/2’Di, 1<i<¥;
compare (1.39).
Note that
1 Ai Aidij
N T o ~T 1/2yT 1/2 - _ i T _ Nl
Ui, U =u; Wu; = v; DY WY DYy, = U; Uy =
( ilw J Ny ~ Jj NN, j NN,
for 1 < 4,57 < 4, i.e., the POD basis vectors uy,...,uy are orthonormal in R™ with respect to the inner

product (-, )w.

2.3. Continuous POD for nonlinear dynamical systems. Of course, the snapshot ensemble {y; };‘:1
for (If’;vl) and therefore the snapshot set span {y1, ...,y } depend on the chosen time instances {t;}_,. Con-

sequently, the POD basis vectors {u;}{_; and the corresponding eigenvalues {);}/_, depend also on the time
instances, i.e.,

up=uy and N =2\, 1<i</l
Moreover, we have not discussed so far what is the motivation to introduce the non-negative weights {o; }'_;
in (f’;vl) For this reason we proceed by investigating the following two questions:
e How to choose good time instances for the snapshots?
e What are appropriate non-negative weights {a;}7_;?

To address these two questions we will introduce a continuous version of POD. Let y : [0,7] — R™ be
the unique solution to (1.41). If we are interested to find a POD basis of rank ¢ that describes the whole
trajectory {y(¢) |t € [0,T]} C R™ as good as possible we have to consider the following minimization problem

2
dt

w

(PYy) i, g /OT Hy(t) _i@(t%ﬁﬂw Ui

=1
s.t. <ai7aj>w = 6ij7 1<d,5 <Y,

To solve (f’f,v) we use similar arguments as in Sections 1.1 and 1.2. For ¢ = 1 we obtain instead of (f’f,v)
the minimization problem

T 2
: -~ 12
(1.48) min / v = @)y a| | at se Jalf =1,
Suppose that {@;}™, are chosen in such a way that {@,dsz,...,%n} is an orthonormal basis in R™ with

respect to the inner product (-, -}y . Then we have

y(t) = (y(t), @)y i+ Y (Y(t), i)y @ for all ¢ € [0, 7).
=2
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Thus,
/OT Hy(t) - <y(t)’ﬁ>WﬁHivdt - /OT H i (y(t),a) 0 zvdt
moor
=3 [ 0. aa

we conclude that (1.48) is equivalent with the following maximization problem

T
~ 2 ~
(1.49) max / (y(t) @y | dt st fall? = 1.

aer™
The Lagrange functional £ : R™ x R — R associated with (1.49) is given by
T
L(u,\) = / |<y(t),u>w|2dt +A(1 - HuH?,V) for (u,\) € R™ x R.
0
First-order necessary optimality conditions are given by

VL(u,\) =0 in R™ x R.

Therefore, we compute the partial derivative of £ with respect to the ith component u; of the vector u:

oL 0 r,mem 2 m m
= (| PG RIS ZZw))
T m m m m
= 2/0 (Z Zyk(t)wkuuu> Z Yu ()W, dt — 2)\2 Wik
n=1 k=1

k=1v=1

2

_ (/OT ((8), )y Wy (t) dt — )\Wu>

for i € {1,...,m}. Thus,

VoL(u,\) = 2</OT (y(t), u)yy Wy(t) dt — /\Wu) =0 inR™,
which gives

T

(1.50) /0 (y(t),u)y Wy(t)dt = A\Wu in R™.
Multiplying (1.50) by W~! from the left yields
(1.51) /OT (y(t), u)yy(t)dt = Au  in R™.
We define the operator R : R™ — R™ as
(1.52) Ru = /OT (y(t), u)y y(t)dt for u e R™.

LEMMA 2.11. The operator R is linear and bounded (i.e., continuous). Moreover,
1) R is non-negative:
(Ru,u)y, >0 for all u € R™.
2) R is self-adjoint (or symmetric):

(Ru, i)y, = (u, Ri)y, for all u, i € R™.
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PRrROOF. For arbitrary u, u € R™ and «, & € R we have

T
R(au + ai) :/O (y(t), au + aa)y, y(t) dt
T
= [ o0+ . uoa

T T
= a/ (y(t), u)y y(t) dt—|—d/ (y(t),a)y, y(t) dt = aRu + &R,
0 0

so that R is linear. From the Cauchy-Schwarz inequality we derive

T T
IIRUIIWS/O H<y(t)7U>Wy(t)||Wdt:/0 [(y(0), why | Iy ()l dt

T T
2 2 2
sAnmwmmww=(A|Mmmw)mw=mmmmmmww

for an arbitrary u € R™. Since y € C([0,T]; R™) C L?(0,T;R™) holds, the norm ||y||12(o,7;rm) is bounded.
Therefore, R is bounded. Since

<Rwumf=(AT@@»wWywdQ
:/OTKy(t),u)Wﬁdtzo

for all w € R™ holds, R is non-negative. Finally, we infer from
T T
Rusihy = [ w00 o0yt = ([ w020t

= (R, u)y, = (u, Ra)y,
for all u, w € R™ that R is self-adjoint. O

T T
Wa= [ (o). by vl Wt
0

w

Utilizing the operator R we can write (1.51) as the eigenvalue problem
Ru = Au in R™.

It follows from Lemma 2.11 that R possesses eigenvectors {u;}7; and associated real eigenvalues {\;}"
such that

(1.53) Ru; = u; for 1 <i<m and A > >...> )\, > 0.
Note that

T T
2
A!mmWMIM=A<wmmwwmmww=m%mm=Mwm;=&
for i € {1,...,m} so that u; solves (1.48).

Proceeding as in Sections 1.1 and 1.2 we obtain the following result.

THEOREM 2.12. Let y € C([0,T];R™) be the unique solution to (1.41). Then the POD basis of rank
¢ solving the minimization problem (PY,) is given by the eigenvectors {u;}¢_, of R corresponding to the ¢
largest eigenvalues A1 > ... > Ag.

REMARK 2.13 (Methods of snapshots). Let us introduce the linear and bounded operator Y : L(0,T) —
R™ by
T
Y= / v(t)y(t)dt for v e L*(0,T).
0
The adjoint Y* : R™ — L2(0,T) satisfying
(V'u,0) 20,1y = (u, Yv)y,  for all (u,v) € R™ x L*(0,T)
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is given as
(YV*u)(t) = (u,y(t))y, for u e R™ and almost all ¢ € [0,T].
Then we have
T T
9= [ Oy ol de= [ {y0) 0y y(e) de = Ru
0 0
for all u € R™, i.e., R = YY* holds. Furthermore,

T T
(y*yv><t>—< / v(s)y(s)dt,y<t>>w— / ((s), y (1)) v(s) ds = (o) (1)

for all v € L%(0,T) and almost all ¢ € [0,7]. Thus, K = Y*Y. It can be shown that the operator K is linear,
bounded, non-negartive and self-adjoint. Moreover, K is compact. Therefore, the POD basis can also be
computed as follows: Solve

T
(154) Kv; = A\w; for 1 <4 < f, A > > >0, / ’Ui(t)’l}j (t) dt = 5ij
0
and set

\/_yzz\/_/ t)ydt fori=1,...,¢.

Note that (1.54) is a symmetric eigenvalue problem in the infinite-dimensional function space L?(0,T). For
the functional analytic theory we refer, e.g., to [36]. ¢

Let us turn back to the optimality conditions (1.46). For any u € R™ and i € {1,...,m} we derive

moom m

(YDYTWU Zzzagﬁgykgwkuuu—zl% i (Y Wy
=1j=1k=1 j

y]a )a

H'M: \

where (y;); stands for the ith component of the vector y; € R™. Thus,

YDYTWu = Zaj (Wj, u)yy; = R"u.
j=1

Note that the operator R" : R”™ — R™ is linear and bounded. Moreover,
. n n 9
Ry = (S swsson) =D as iy 20
w j=1

j=1

holds for all w € R™ so that R™ is non-negative. Further,

(R"u u>W_<Za] (yj,u Wy_]7 > Zaj Yj, U yp >

Jj=1
= <Zaj <yj=ﬁ>wyj,u> = (R"0,u)y = (u,R"0)y,
j=1 w

for all u, @ € R™, i.e., R"™ is self-adjoint. Therefore, R™ has the same properties as the operator R.
Summarizing, we have

(1.55a) R™Mul = \l'ul', Al >0 >
(155b) Ruz:/\zuu /\12)\62)\d>)\d+1::/\m:0
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Let us note that

T d m
(1.56) [T S S
1=1 =1

In fact,
T
Ru; = / (y(t), us)y y(t)dt  for every i € {1,...,m}.
0

Taking the inner product with w;, using (1.55b) and summing over ¢ we arrive at
d d m

d T
Z;/O (@), i)y dt = S (Rusuidy =S A=Y A

i=1 =1 =1

Expanding y(t) € R™ in terms of {u;}™, we have

y(t) =Y () ui)y us

=1

/ IR e = i /

which is (1.56). Analogously, we obtain

and hence
T

[y uidy | dt =S A,
=1

n d(n) m
(1.57) Zaj Hy(tJ)H?,V = Z)\f :Z)\? for every n € N.
j=1 i=1 i=1
For convenience we do not indicate the dependence of a; on n. Let y € C([0,T];R™) hold. To ensure
n T
(1.58) >yt — /O ly(8)llyy dt - as At —0
j=1

we have to choose the a;’s appropriately. Here we take the trapezoidal weights

At At

1.59 ap=—, aj=Atfor2<j<n-1, ap = —.
2 7 2

Suppose that we have
(1.60) lim [|[R" = R| pgm) = lim sup [[R"u—Rully =0

O lullw =1

provided y € C1([0, T]; R™) is satisfied. In (1.60) L(R™) denotes the Banach space of all linear and bounded
operators mapping from R™ into itself. Combining (1.58) with (1.56) and (1.57) we find

(1.61) Z)\?—»Z/\i as n — 00.
i=1 i=1
Now choose and fix
(1.62) £ such that Ag # Apsq.
Then by spectral analysis of compact operators ([19, pp. 212-214]) and (1.60) it follows that
(1.63) A=\ for1<i<{lasn— oo.

Combining (1.61) and (1.63) there exists 7 € N such that

doar<2 N foralln>n,
i=0+1 i=L+1
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if Z:;Hl A # 0. Moreover, for ¢ as above, i can also be chosen such that

d(n) m
(1.64) Z ‘(yo,u?>W’2 <2 Z ‘(yo,ui>w‘2 for all n > 7,
=41 i=l+1

provided that >, [(yo, us)w|* # 0 (1.60) hold. Recall that the vector yo € R™ stands for the initial
condition in (1.41b). Then we have

(1.65) lwollz = D (wo. i) |
i=1
If t; = 0 holds, we have yo € span {y;}7_; for every n and
) d(n) )
(1.66) lyollyy = [wo, uf |-
i=1
Therefore, for ¢ < d(n) by (1.65) and (1.66)
d(n) ) d(n) ) ¢ ) ‘ )
Z ‘<y07“?>W’ = Z ‘<y07“?>w‘ - Z ‘<y07“?>W’ + Z ’<y0=“i>W’
i={+1 i=1 i=1 i=1
+ 3 o widw " =3 oo, uidw |
i=l+1 i=1
: 2 2 - 2
:Z(Kyoﬂmw} - }<y07u?>W} )+ Z }<y07ui>w} .
i=1 i=0+1
As a consequence of (1.60) and (1.62) we have lim, o ||uf — u;|lw = 0 for ¢ = 1,...,¢ and hence (1.64)

follows.
Summarizing we have the following theorem.

THEOREM 2.14. Assume that y € C1([0,T];R™) is the unique solution to (1.41). Let {(u?, \)}™, and

{(ui, M)}, be the eigenvector-eigenvalue pairs given by (1.55). Suppose that £ € {1,...,m} is fized such
that (1.62) and

Z Ai # 0, Z ’<y0aui>wl27£0

i=0+1 i=0+1
hold. Then we have
(1.67) nlLII;O IR™ — R”L(]Rm) =0.

This implies

lim A — N| = lim [lu] —willyy, =0 for1<i</,

lim Z (A =X) =0 and ILm Z |(wo, ul)w|™ = Z | (o, wiy |
Rararas) T =041

PRrROOF. We only have to verify (1.67). For that purpose we choose an arbitrary v € R™ with |Ju|lw =1
and introduce f, : [0,7] — R™ by

fult) = (y (@), w)y y(t)  for t € [0,T].
Then, we have f, € C'([0,T];R™) with

Full) = (@), w)yy y(t) + {y(t)suhy §(8)  for ¢ € [0, 7]
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By Taylor expansion there exist 71 (t), 7j2(t) € [t;,t;41] depending on ¢

tjt1 1 [ti+r .
[ nwa=5 [ nue) + fun o) - ) e
tj tj
1 [ti+e .
by [ At + Fulma0)(e -ty
tj
At 1 [t
= F ) At 5 [ Rt a
J
1 [hi+r
by [ Rt
tj
Hence,
n T
HR”u - RuHW = Zajfu(fj) —/ Ju(t)dt
j=1 0 w
=l /A tjt1
| (F o+ neen - [ nwa)
j=1 tj w
1) i :
<3 Z/t | Fu (T O] [t = 5] + ([ fu (i) ||y [E = ti42] At
=17t
n—1 t=t;
1 . (t—t;)%  (tjp1 — )27
<= Lt -
< 3 ol 3 (0 - et
At . il AtT ,
=75 max [lfu®lly ;At = = max [fu®lly
AT -
AT . .
= —5— max [15(8), w)y y(t) + (), whyy 5],
. 2
= AtTtIer[lng%] l9Ollw lly@®lly < AT ||y||cl([0,T];Rm)'
Consequently,
n n At—0
[R™ — RHL(Rm) = | SHUP ) [R™u — Rully, <24t ||y||2cl([0,T];1Rm) — 0
ul|w =
which is (1.67). O

2.4. POD for parabolic problems. Let V' and H be real separable Hilbert spaces and suppose that
V is dense in H with compact embedding. By (-, )y we denote the inner product in H. The inner product
in V is given by a symmetric bounded, coercive, bilinear form a : V x V — R:

(1.68) (o, )y = a(p,v) forall p,ip eV

with associated norm given by || - ||v = /a(-,-). Since V is continuously injected into H, there exists a
constant ¢y > 0 such that

(1.69) lelle < ev llglly forall o€ V.
We associate with a the linear operator A:

<A507w>\/’7\/ = a((pu Q/J) fOI' all ®, dj € ‘/7
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where (-, ), , denotes the duality pairing between V' and its dual. Then A is an isomorphism from V' onto
V'. Alternatively, A can be considered as a linear unbounded self-adjoint operator in H with domain

D(A)={peV:Apec H}.
By identifying H and its dual H' it follows that
DA)—V—H=H <V

each embedding being continuous and dense, when D(A) is endowed with the graph norm of A.
We introduce the continuous operator R : V — V', which maps D(A) into H and satisfies

&
IRelly < cr el Il Agll  for all o € D(A),

146 1-5
[(Bes o)y vl < erllelly el ™

for a constant cg > 0 and for d1,d2 € [0,1). We also assume that A + R is coercive on V|, i.e., there exists a
constant 1 > 0 such that

forall p e V

a(p,9) + (Re, @)y =1 |lolly forall p € V.

Moreover, let B : V x V — V’ be a bilinear continuous operator mapping D(A) x D(A) into H such
that there exist constants cg > 0 and 03, d4, 95 € [0,1) satisfying

<B(%¢)7¢>ng = 07
[(Ble,v)s v | < e Il llelly 18l 113 1]l
1B, )l + 1IBOGo) e < en lellvlixly ‘5“||Ax||

1B, )y < e lelilely

for all p,¢,¢ € V, for all x € D(A). To simplify the notation we set B(p) = B(p, ¢) for p € V.
For given f € L?(0,T; H) and yo € V we consider the nonlinear evolution problem

d

= W), o)y +aly(t), ) + (By(®) + Ry(t), @)y = (F(): )1

for all o € V and t € (0,7] a.e. and
(1.70b) y(0) =yo in H.

It follows from Theorem 2.1 in [39, p. 111] that (1.70) has a unique solution satisfying
(1.71) y € C([0,T); V)N L*(0,T; D(A)) N H*(0,T; H).

Next we discuss the POD method for (1.70). We denote by y the unique solution to (1.70) satisfying
(1.71). Moreover, we suppose that f € C([0,T]; H). For given n € N let

O=th<teo<...<t, <T

A

(1.70a)

denote a grid in the interval [0,T] and set 6t; =¢; —t;_1, j = 1,...,n. Define
At = max (0t1,...,0t,) and dt =min (0tq,...,0t,).
Suppose that the snapshots y(¢;) of (1.70) at the given time instances ¢;, j =0, ...,n, are known. We set
V =span {y(to), ..., y(tn)},

and refer to )V as the ensemble consisting of the snapshots {y(t;)}7_,, at least one of which is assumed to
be nonzero. Notice that V C V by construction. Throughout the remainder of this section we let X denote
either the space V or H.

Let {1;}¢; denote an orthonormal basis for V with d = dim V. Then each member of the ensemble can
be expressed as

M&

(1.72) ), i) s for j=0,...,n

z:l
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The method of POD consists in choosing an orthonormal basis such that for every ¢ € {1,...,d} the mean
square error between the elements y(t;), 0 < j < n, and the corresponding ¢-th partial sum of (1.72) is
minimized on average:

min
(173) {1111 le 1_1

subject to <1/’i’7/’j>x =6;; for1<i<e,1<5 <.

MN

wz sz

Here {a; }?:0 are positive weights, which for our purposes are chosen to be

5—;1, aj = % forj=1,....,n—1, and an:&Tn.
A solution {¢;}¢_; to (1.73) is called POD basis of rank £. The subspace spanned by the first £ POD basis
functions is denoted by V*.

The solution of (1.73) is characterized by the necessary optimality condition. For that purpose we endow

R™*! with the weighted inner product

Qo =

(U, W) gns1 = Zoejvjwj for v = (vg,...,vn)", w= (wo,...,w,)" € R"H1L
§=0

Let us introduce the bounded linear operator ), : R"*! — X by

n
Vv = Zozjvjy(tj) for v € R™*1,
3=0

Then the adjoint Y : X — R"*! is given by

Viz=({zyto)) 5, (zy(ta))x)" for z € X,
It follows that R, = Y,V € £L(X) and K,, = Y}V, € RO+DX(+1) are given by

)

Rz = Z aj{z,y(t;) xyt;) for z € X and  (Ky).. = (y(t;),y(t:) 5

respectively. Here £(X) denotes the Banach space of all bounded linear operators on X.
Using a Lagrangian framework we derive the following optimality conditions for the optimization problem
(1.73):
Rnt) = A9,
compare e.g. [12, 43]. Note that R,, is a bounded, self-adjoint and nonnegative operator. Moreover, since
the image of R,, has finite dimension, R,, is also compact. By Hilbert—Schmidt theory (see e.g. [36, p. 203])
there exist an orthonormal basis {1; };en for X and a sequence {);};cn of nonnegative real numbers so that

Rndji:)\iwia AM>...>2 x>0 and \; =0 for i >d.

Moreover, V = span {¢; }_;.
Note that {\;}ien as well as {1; }ien depend on n. Contents permitting the notation of this dependence
is dropped.

REMARK 2.15. Setting

v; = fori=1,...,d

1
oy
we find K,v; = Ajv; and (v, v5)ge+r = 03 for 1 < 4,5 < d. Thus, {v;}4_, is an orthonormal basis of

eigenvectors of KC,, for the image of K,,. Conversely, if {v;}&_, is a given orthonormal basis for the image of
K, then it follows that the first d eigenfunctions of R,, can be determined by

Y = Vv fori=1,....d. ¢

1
Vi
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The sequence {1;}_, solves the optimization problem (1.73). This fact as well as the error formula
below were proved in [12, 43], for example.

PROPOSITION 2.16. Let A1 > ... > Ag > 0 denote the positive eigenvalues of R™ with the associated
eigenvectors ¥y, ..., q € X. Then, {¢?}._, is a POD basis of rank ¢ < d, and we have the error formula
¢

(1.74) n > alfutts) = D twits), i) le zd: il

j=0 i=1 i=0+1

The eigenvalues {\;}ien depend on the time instances {t;}7_,. Next we investigate E o1 N as At
tends to zero, i.e., n — oo. Let us define the bounded linear operator ) : L?(0,T;R) — X by

T
Vo= [ ptiwtar oroe 2O.TR)
0
The adjoint Y* : X — L2(0,T;R) is given by

(V*2)(t) = (z,y(t))x for z € X.
For R = YY* € L(X) we find

T
Re= [ () ud forz e X,
0
Notice that R, is the trapezoidal approximation for the integral Rey. If y, € L?(0,T; X) then we obtain
(1.75) A%&Eloo Ry — R”L(X) —0.

Let us mention that as far as the following analysis is concerned any other choice of positive weights o; is
possible provided that (1.75) hold.

We proceed to investigate the relationship between R, and R. Notice that R is self-adjoint and
nonnegative. Since y € C([0,T];V), the Kolmogorov compactness criterion in L?(0,7;R) implies that
V*: X — L?(0,T; X) is compact. Boundedness of )V implies that R is a compact operator as well. From
the Hilbert—Schmidt theorem it follows that there exists a complete orthonormal basis {1{°};cn for X and
a sequence {A®}en of nonnegative real numbers so that

Ry = AFY°, AT 2> A >..., and \J° —» 0asi— oo.

REMARK 2.17. Analogous to Remark 2.15 we set

o_ L o L , dt forie {j € N: A >0}
v; \/ATOJM/) \/— Vi yt)) x ori € {j ¥ }

Let K =Y*Y € L(L*(0,T;R)) be given by

T
Ky = / (), () xo(s)ds for p € L2(0, T;R).

It follows that
(Kvi®) (t) = Ao (t)
and consequently, the v{°’s are the eigenfunctions of K for ¢ € N with A* > 0. ¢
Henceforth we denote by {)\"}d(") the positive eigenvalues of R,, with associated eigenfunctions {wn}d(")
Similarly {A\°};en denote the positive eigenvalues of R with associated eigenfunctions {1°};en. In each
case the eigenvalues are considered according to their multiplicity. Now choose and fix

(1.76) ¢ such that A7° # 75 .
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It follows from spectral analysis of compact operators ([19, pp. 212-214]) and from [22] that there exists
At > 0 such that

(1.77) dTAr<2 Y A® forall At <A
i=0+1 i=0+1
if 327, ,1 A # 0. Moreover, for £ as above, At can also be chosen such that

d(n)

(1.78) ST Wik <2 3 W mo)|” forall A < AT,
i=L+1 i=L+1

provided that Y277, . [(y0,¥5°)x|* # 0. As a consequence of (1.75) and (1.76) we have limas—o ¢} = ¥{°
for i =1,...,¢ and hence (1.78) follows.

2.5. POD for parameter-dependent elliptic systems. As in the previous let V' and H be real
separable Hilbert spaces and suppose that V' is dense in H with compact embedding. By (-, )y and (-, )y
we denote the inner products in H and V', respectively. Since V' is continuously injected into H, there exists
a constant cy > 0 satisfying (1.69).

For pig, up € R with p, < pp we introduce the interval Z = [p,, ] containing the admissible values for
the parameters. Then we define the parametrized bilinear form a: V x V xZ — R as

a(p, ¢sp) = (p, )y + (e, )y for v, €V and pel.
For any p € 7 we obtain
la(p, ¢; )| < (1+ ¢f max{|pal, [l }) [l 6]l forall o, ¢ €V,

i.e., the bilinear form a(-,-; u) is continuous on V' x V for any pu € Z. Since

2 2
ale, o;p) = llelly +ullely forallp €V and peZ,
it follows that a(-,-;u) is coercive on V' x V for every p € Z provided
(1.79) Na = 1+ 2¢} min{0, y1,} > 0.

Let f € V'’ be given. For given parameter u € Z we consider the following variational problem: Find
u=wu(u) € V such that

(1.80) a(u, p; ) = (fyp)yy forallp eV,

where (-, )y v stands for the duality pairing of V' and its dual space V.

If (1.79) holds, it follows from the Lax-Milgram lemma [5] that for every p € Z there exists a unique
solution u = u(u) € V to (1.80).

Together with (1.80) we will consider a discretized variational problem, where we apply POD for the
discretization of V. We follow the arguments for time-dependent systems. Henceforth, we denote by u =
u(p) € V the associated solution to (1.80) for chosen parameter p € Z. We define the bounded linear
operator ) : L?(Z) — V by

Yo = / p(pu(p)du  for ¢ € L*(I).
T
Its Hilbert space adjoint Y* : V — L2(Z) is given by

(V*2) (1) = (z,u(p))y forz€Vandpel.

Furthermore, we find that the bounded, linear, symmetric and non-negative operator R = YY* : V — V
has the form

(1.81) Rz = A(z,u(u))vu(u) dy for z e V.
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The operator K = Y*Y : L*(Z) — L3(Z) is given by

(1.82) ()@ = [ (i) ulyolo) e tor ¢ € L3(2).

It follows that L = Y*) is compact and, therefore, R = YY* is compact as well. From the Hilbert-Schmidt
theorem it follows that there exists a complete orthonormal basis {t; };en for V and a sequence {\; };en of
non-negative real numbers so that

R’lﬁi:)\ﬂ/}i, )\12)\22..., and)\i—>0asi—>oo.

REMARK 2.18. Analogous to the theory of singular value decomposition for matrices, we find that the
bounded, linear, symmetric and non-negative operator K (see (1.82) has the same eigenvalues {\; };en as the
operator R and the eigenfunctions

1

i(t) = C*; = i
w(t) = = () = = W)y
fori € {j € N: A; >0} and almost all p € D. O
For given ¢ € N we introduce the mapping
J:Vx...xV =R
~———
{—times
by
¢
(18 3,0 = [ [t = 3 fut, vy an
I

i=1
In the following proposition [12, Section 3.3] we formulate properties of the eigenvalues and eigenfunctions
of R.

PROPOSITION 2.19. Let {\; }ien and {t; }ien denote the eigenvalues and eigenfunctions, respectively, of
R introduced in (1.81). Then, for every £ € N the first £ eigenfunctions i1, ...,1%e € V solve the minimization
problem

(1.84) minJ(P1, ..., ) st (W), =0 forl1<ij<t,
where J is defined in (1.83). Moreover,

J(W1, .. 9e) = Z)\ for any £ € N.

1=0+1

In applications the weak solution to (1.80) is not known for all parameters p € Z, but only for a given
grid in Z. For that purpose let

(1.85) fha = p1 < po < .o <l = b

be a grid in Z and let u; = u(u;), 1 <i < n, denote the corresponding solutions to (1.79) for the grid points
;. We define the snapshot set V"* = span{u,...,u,} C V and determine a POD basis of rank ¢ < n for
V™ by solving

2

(1.86) manaJ

Z <uJ7 1/)1>V1/)z

=1

where the a;’s are non-negative weights. The solution to (1.86) is given by the solution to the eigenvalue
problem

an/}?:A?q/}?? 7::17""67



3. BALANCED TRUNCATION AND POD METHOD 37
with
n
n
R™p = E aj (uj, )y, u; for €V,
i=1

In contrast to R introduced in (1.81) the operator R™ and therefore its eigenvalues and eigenfunctions
depend on the grid {u; 7_,. Furthermore, the image space of R"™ has finite dimension d" < n, whereas, in
general, the image space of the operator R is infinite-dimensional. Since R™ is a linear, bounded, compact,
non-negative, self-adjoint operator, there exist eigenvalues {\?}¢", and orthonormal eigenfunctions {17 }¢_,
With/\l Z/\QZZ/\dn > 0 and

2ol

REMARK 2.20 (Snapshot POD [38]). Let us supply R" with the weighted inner product

-

1=0+1

Z <uJ7¢’L le

=1

(v, W)gn = Zaiviwi for v = (vi,...,v0)",w= (w1,...,w,)" €R™.
i=1

If the a;’s are trapezoidal weights corresponding to the parameter grid {x;}, then the inner product (-, -)gn
is a discrete version of the inner product in L?(Z). We define the symmetric non-negative matrix K* € R"*"
with the elements (u;, uj)v, 1 <1,7 < n, and consider the eigenvalue problem

(1.87) Ko =N, 1<i <l and (v, v)),, =0, 1<id,j <£<d"

’L’L’ ]

From singular value decomposition it follows that ™ has the same eigenvalues {\}}¢ 1 as the operator R";
compare Remark 2.18 and [22]. Furthermore, the POD basis functions are given by the formula

P = )\nZaJ juj fori=1,...,¢,

where (v}'); denotes the jth-component of the eigenvector v € R". O

3. Balanced truncation and POD method

In Section 1.4 the controllability Gramian L. and the observability Gramian L, have been introduced.
Both Gramians can be computed by solving the Lyapunov equations (1.8) and (1.7), respectively. In another
approach, see [26, 32], L. and L, can be derived from numerical simulations. This gives the possibility to
extend the balanced truncation method to nonlinear systems. In this context, L. and L, are called empirical
Gramians.

Let us consider the linear, time-invariant system (1.1) with m,, inputs. We write B = (b1]...|bm,) €
R™eXMu with b; € R™e for 1 < 4 < m,. Then, its solution/response z'(t) € R™= to unit impulses
ut(t) = §(t)e;, where e; € R™= denotes the i-th canonical unit vector and

T
/ 0(s)f(s)ds = f(0) for any continuous f : [0,T] — R,
0
satisfies
2 (t) = ey —|—/ et=DABY (1) ds = et —|—/ 8(s)e*94Be; ds
0 0

T
= etz + / 5(s)et=5)4b; ds = eAxy + b,
0
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In particular, for zg = 0 we find 2*(t) = e*4b; for 1 <i < m,. From Lemma 1.15 we have
L, = / e BBT " dt = / e by b, ) (b [bm, ) AT At
0 0
= / (D1 . .| b, ) (1] .. | by, ) dt
0
> m m T
_/0 (2" @)z () (&' ()] ... |2™(t))" dt
OO 1 1 T m m T
:/ ' () (' (1) + .. ™) (2™ (1) de.
0

Hence, the controllability matrix can also be computed from m, the simulations z%(t) with the inputs
ut(t) = d(t)ei, 1 <1 < my,.
Let us introduce the snapshot set

V= U span {z'(t)[t € [0,00)} C R™=.
i=1

We consider the following problem
14
(1) — Z (@7 (1), i)gm. Vi

oo My
min /
(1 . 1) P1,-5%e Jo ]; P

s.t. <1/)i,1/)j>RmZ = 51’3’ fOI‘ 1 S ’L,j S E
The first-order necessary optimality conditions for (1.1) are given by the symmetric eigenvalue problem
Ry = Mp; for 1 <i </

with R = L.. Hence, the POD eigenvectors for the snapshot set V of the impulse responses are the
eigenvectors of the controllability Gramian corresponding to the largest eigenvalues. Therefore, 91, ..., 1
are the most controllable modes of the realization.

Utilizing the dual equations an analogous approach can be used for the computation of the observability
Gramian [37].

2
dit
R™ma




CHAPTER 2

Reduced-Order Modelling with POD

If the POD basis is computed, it can be used to derive a so-called low-dimensional approximation or a
reduced-order model (ROM). This is the focus of this chapter, which is organized as follows: In Section 1 we
consider a ROM for dynamical systems in R™ and derive error estimates in Section 2. A ROM for parabolic
problems (see previous chapter in Section 2.4) are studied in Section 3. Error estimates are presented from
the works [21, 22, 23]. A ROM for elliptic problems is investigated in Section 4. For the error analysis
estimates are presented from [15].

1. ROM for dynamical systems
Suppose that we have determined a POD basis {uj}le of rank ¢ € {1,...,m} in R™. Then we make

the ansatz

4
(2.1) => 0 w u; forallt € (0,7,
1%,—/

=g

where the Fourier coefficients yﬁ, 1 < j <4, are functions mapping [0, T] into R. Since
= (y(t),u;)yy u; for all t € [0,7]
j=1
holds, () is an approximation for y(¢) provided ¢ < m. Inserting (2.1) into (1.41) yields

4
(2.2a) ZYf(t)uy Zy] ) Auj + f(t,y"(1), te€(0,T),

14
(2.2b) > ¥i0)u
j=1

Note that (2.2) is an initial-value problem in R™ for ¢ < m coefficient functions yf(t), 1 <j</?and
t € [0,T7], so that the coefficients are overdetermined. Therefore, we assume that (2.2) holds after projection
on the ¢ dimensional subspace V¢ = span {u;}|_,. From (2.2a) and (u;, u;)w = d;; we infer that

(2:3) Zyj (Auj, )y + (F(EY (1), i)y

for 1 <i</¢andte€ (0,7]. Let us introduce the matrix
A= ((a”)) S szz with a5 = <AUJ',UZ'>W,

the vector-valued mapping
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and the non-linearity F = (Fy,...,F,)T : [0,T] x R* — R by

¢
Fi(t,y) = <f(t,2yjuj>,ui> for t € [0,T] and y = (y1,...,y¢) € R
j=1

w
Then, (2.3) can be expressed as

(2.4a) vO(t) = Ay'(t) + F(t,y*(t)) fort e (0,T]
From (2.2b) we derive
(2.4b) y*(0) = yo,
where
(Yo, u1)yy
Yo = : eR’
(Yo, we) vy

holds. System (2.4) is called the POD-Galerkin projection for (1.41). In case of £ < m the ¢-dimensional
system (2.4) is a low-dimensional approximation for (1.41). Therefore, (2.4) is a reduced-order model for

(1.41).
2. Error estimation

In this section we focus on error analysis for POD Galerkin approximations. For a more detailed
presentation we refer the reader to [21, 22, 23] and [15].

Let us suppose that y € C([0,T];R™) N C*(0,T;R™) is the unique solution to (1.41) and {u;}{_, the
POD basis of rank ¢ solving

(2.5) min /OT Hy i w i

=1
The reduced-order model for (1.41) is given by (2.4). We are interested in estimating the error

T
2
| 1o -y 0l .
0
Let us introduce the finite-dimensional space

V¢ =span{ui,...,us} C R™

2
dt s.t. <’UJj,'U:i>W =0, 1 <i4,5 <L

and the projection P*: R™ — V¢ by
¢
Phu = Z (u, ui)y u;  for u e R™,
i=1

Then,

¢
’P au + au Z au + &, Ug) yy Ui = Z (a (U, ui)y, + & (ﬂ,ui>w> U;

= oz’Pgu +aPla
for all a, & € R and u, @ € R™ so that P’ is linear. Further,
[

2 2
prgHL(Rm) = sup H’PquW = sup Z‘ W, Us; W|
(2.6) llullyy, =1 ||UHW*1 i=1
< sup Z| (u,us)y,|” = sup HuH?,V =1,

lullw=13=1 ully =
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i.e., P* is bounded and therefore continuous. In particular, (2.6) and ||P‘u|lw = ||u||w for any u € V* imply
[Pl L@my = 1.
Throughout we shall use the decomposition

(2.7) y(t) =y (t) = y(t) = Pry(t) + Ply(t) — y'(t) = o' (t) + 0°(2),

where o(t) = y(t) — Ply(t) and ¥*(t) = Py(t) — y*(t). Note that

T 1
/0 ) = > (wt), wihyy i

i=1

2 T . 9 T , 9
dt= [y = Pyl de = [ e Ol o
0 0

Since {u;}{_, is a POD basis of rank ¢ we have

T
(28) [ i@iar= 3 a
0 i=0+1
Next we estimate the term ¥*(¢). Utilizing (1.41a) and (2.4) we obtain for every u‘ € V* and ¢ € (0,7
(W), u )y = (P
(2.9) =

We choose uf = 9¢(t) € V¥, Let

4] = max | Auly

the matrix norm induced by the vector norm || - ||w. Further,
LI = 00, 0Oy for every ¢ € (0.7,
holds. Then, we infer from (2.9)

SO < 1A Ol + WOl 19Ol

(2.10) FIFCEwE) = £y )l 19Oy
FIPY3E) — 50 [0 -

N~

Suppose that f is Lipschitz-continuous with respect to the second argument, i.e., there exists a constant
L > 0 satisfying

flt,u)— f(t,a <Lf||u—1u for all u, w € R™ and ¢ € [0,T].
w f w

Moreover, we have

1P — @)l = | S GO udwu| = 3 @), w)w !
i=0+1 W =1
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for all ¢ € (0,7"). Consequently, (2.10) and (2.7) imply

S < Lo, 1wy + 14119,
+Lf 16°(t) + 9 @)l 19° () | e

+ 3 (IP90) — 90l + 19Ol

A 2
s”2—”||f @l + (5 141+ 3 +Lf)||19f<>||w

+ Ly [l @) llw 19 @)l + Z (), u

i=4+1
|A] + L 2 3 1 2
< e Ol + (5 A+ Lg) + 5 )19l
+ > [t
i=0+1

Consequently,

SOl < (30041 + L) +1) WO + (141 + L) I Ol

+ 3 ), uidw |

i=4+1

Using Gronwall’s lemma (see Exercise 2.1)) and (2.8) we arrive at
t
2 2 2
901 Scl(nﬁf(muw 141+ L) [ 16 as)
2
(2.11) +er Z / [(9(s), wi)yy | ds

i=0+1

<02(||19é i + Z )\ +/ ui)W|2dt>)

1=0+1
where ¢1 = exp(3(||A|| + L) + 1)T') and ¢o = ¢y max{||A| + Ly, 1}.

THEOREM 2.1. Let y € C([0,T];R™) N C(0,T;R™) be the unique solution to (1.41), £ € {1,...,m} be
fized and {u;}¢_, a POD basis of rank { solving (2 5). Let y* be the unique solution to the reduced-order

model (2.4). Then
/OTny(t) W a <oy ( / ORI dt)

=041
for a constant C' > 0.

PrOOF. From (2.8), (2.11) and 9*(0) = P*yo — *(0) = 0 we find
T 9 T 9
/ () — 4 @)% dt = / 16" (8) + )] dt
0 0
T

<2 / 16" @)1y + 19 1 dt
T

gzz i+ c3 Z ( / ORI dt)
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with c3 = 2c¢9. Setting C' = 2 + c¢3 the claim follows directly. 0

REMARK 2.2. The term

3 / () )y |

i=0+1
can not be estimated by the sum over the eigenvalues Agy1, ..., \p. If we replace (2.5) by
T ¢ 2 ¢ 2
(2.12a) min / () =3 e wid ]|+ |50 = 3 0wy w| at
0 i=1 i=1
subject to
(212b) <Uj, ul>W = 5ij for 1 < i,j < f,

we end up with the estimate
T ) m
[ o -yl Y 5
0 i=0+1
for a constant C' > 0. In this case the time derivatives are also included in the snapshot ensemble. Of course,

the operator R defined in (1.52) has to be replaced. It turns out that the POD basis {u;}¢_, is given by the
eigenvalue problem

Rii; =N for 1<i<m and A\ > >...>A\p >0
where the operator R : R — R™ is defined by

N T
Ru = / ((E), uhyy y(8) + (G0, )y ()
0

for u € R™. ¢

From a practical point of view we do not have the information on the whole trajectory in [0, T']. Therefore,
let At =T/(n— 1) be a fixed time step size and t; = (j — 1)At for 1 < j < n a given time grid in [0,T]. To
simplify the presentation we choose an equidistant grid. Of course, non-equidistant meshes can be treated
analogously [22]. We compute a POD basis {u} le of rank ¢ by solving the constrained minimization

problem (f’rvlve) After the POD basis has been determined, we derive the reduced-order model as described
in Section 2.1. Thus,

14
yg(t) = ZY§(t)u?7 le [OvT]v
=1

solves the POD Galerkin projection of (1.41)

(2.13a) ), ul)y = (Ay () + F(t, ¥ @), ul) fori=1...,¢and ¢ e (0,7,
(2.13b) W 0),u?) i = (Yo, ul)y fori=1...,¢.
To solve (2.13) we apply the implicit Euler method. By Y; we denote an approximation for y¢ at the time
tj, 1 <j <n. Then, the discrete system for the sequence {Y;}7_; in V.t = span {u?, ..., u}} looks like

Y, -Y,;_
(2.14a) <]Tt]1,uf> = (AY; + f(t,Y)),ui )y fori=1...,¢4,2<j<n,

w

(2.14b) (Y1,ui )y = (Mo, ui)w fori=1...,¢

We are interested in estimating

S asllyts) = Y515,
j=1
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Let us introduce the projection P! : R™ — V.* by

¢
(2.15) Pl = Z (u, ui')yy, ui for u € R™.
i=1

It follows that P is linear and bounded (and therefore continuous). In particular, ||Pf||,@m) = 1.
We shall make use of the decomposition

y(ts) = Y5 = y(ts) = Pry(ts) + Pry(ts) = ¥; = & + 7,
where ¢f = y(t;) — Piy(t;) and 9§ = Ply(t;) —Y;. Note that

n L n
> ay it - =Y alyty) - Phyts)ly, = Z% 15,
j=1 i=1 j=1
Since {u?}_, is the POD basis of rank ¢, we have
n 9 m N
(2.16) Yoaglleflly, = Do A
j=1 i=0+1
Next we estimate the terms 19?. Using the notation 519§ = (195 - ﬁ?_l)/At for 2 < j < n we obtain by (1.41a)
and (2.14a)
(00, u;) = <73f < ) u?>
w
= (y(t;) - (AY +f %YJ))
+(Ps < UE 1)) tj),uf>
w
(217) A(y ) }/J) (tjv (tJ f(tja )a u?>W

_|_
/\ /\
R
S~
VR
QQ
MH.
@
\_/
MH.
|>
MH.
L
5
=3
\/
=

= (Aly(t) = Y)) + [ty y(ty) = f(t;,Y5) + 25 +wjuf)
for 1 <i</¢and2<j<n, where

_ Pﬁ(y(tj) —Azi(fjﬂ)) v —yti) e yt) —ytioy)

Multiplying (2.17) by (9%, u

]’1

(2.18) (005, 95) = (Ay(t;) = Yi) + f(tj y(t;) = £(8,Y)) + 25 +wj, 05)

3777 VAR

™w and adding all £ equations we arrive at

for 5 =2,...,n. Note that
~ 2 ~
2 (u — t,u)y = 2ullyy — 2 (@, u)y,
2 2 . 2 12
= llully + llully =2 (@ w)y + llally, —llaly
2 12 2
= llully = llally + v = ally

for all w,% € R™. Choosing u = 19§ and 4 = 19?71 we infer from (2.18)

1 2 2 2
(2.19) 2 @05, 05) = s (10515, — W05l + 195 - 0505, ).
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Inserting (2.19) into (2.18) and using the Cauchy-Schwarz inequality we obtain

2 2
19511 < 105111y + At ALl g5l + 1951, ) 1951

o+ A (1 59 (E)) = £y YDy + 128y + Sl ) 9511

Suppose that f is Lipschitz-continuous with respect to the second argument. Then there exists a constant
Ly > 0 such that

£, y(t5) — f(t5, Y llw < Ly lly(t;) = Yjlly, forj=2,...,n.

Hence, by Young’s inequality we find
2 2 2 2 2 2
194115, < 19—, + At (ex llgklly, + ca 19511, + 124115, + Iy, ),
where ¢; = max{||A||, Ly} and ¢ = max{3||A||,3Ly,2}. Suppose that

1
2.20 0< At < —
( ) < — 2co

holds. With (2.20) holding we have

1 1
0<1—2cAt<1—cyAt and 1—02At21—§:§.

Thus,

1 - 1-— CQAt + CQAt 14+ CQAt
1-— CgAt - 1— CgAt - 1— CgAt.

(2.21) <1+ 2cAt
Using (2.21) we infer that
2 2 2 2 2
195112, < (L 2eant) (54 13, + AL, + T, +er 115 ).

Summation on j yields

J
2 : 2 2 2 2
19515, < (1 + 2eat)? (10515, + 203 (st + Tk -+ bl ) )-
k=1

Note that
< 20 AL’ ,
(14 2c2At) = (1 + 702]_ ) < g2e20At,
J

Thus,

J
2 . 2 2 2 2
19515 < 3¢ (10515, + e 35 (1l + okl + ea ekl ) )
k=1
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We next estimate the term involving wy:

J
2
ALY willy =
k=1

y(t) — y(te—1) 2

—y(tr)

w

J
Z y(t1) — Atg(t)l
J k 2
K;/ (te-1 = 5)is)ds||
J k 23 2
< Z/ s = sPds [ i)l ds
tr—1

l>'>|

2

J
12 (At)?
3 § ||yHL2(tk,1,tk;]Rm) B ||y||L2 (0,t;;Rm)"
k=1

The term zf; can be estimated as follows:

||Z£HW =

|

Pﬁ(y(fk) ;Zé(%—l)) ~ y(tk) —Az(tk—ﬁ ?

X
y(t) = ylte-y) |

Pﬁ(y(tk) = y(te-1) ’
w

) = Pl + Prte) -

At
2 y(te) —ylte—1) . 2
2
' ~ ~ tr) — y(te—
[Ptaten — e + ) - L2

t w

2
; y ) 2 : y(tr) — y(te—

w

. . 2 2
= 4(|Pry(te) — 9(tk) ly + 6 [lwg ]y -
Recall that At < 2q;, for 1 < k < n. Hence,

2 .
AtZ Izl < 82% PR te) = 58l + 2080 G122 0,1,2m)-
Further, 9§ = Plyo — Y1 =0 and 0 < jAt < T for j =0,...,n — 1. Summarizing
P < (S 8ar (IPLate) — 50l + 26 lob% ) + - (A6 312
19511y, < ea( > 8aw (I1PRo(te) — o(t) lw + 2¢1 okl ) + 3 (A7 1911220, mm) )
k=1
where c3 = €227 max{7/3, 2¢;,8} is independent of ¢ and {tj}j=1- From Y7, ap =T and (2.16) we infer
- 2 " . ) 2 2
> a9l < cﬂ(zaj (IPLats) = 9ty + 11 )
j=1 j=1
12
222 807 il e

m( 3 <A"+Z% ) + (At)?)

i=0+1
with Cy = CngaX{l, ||y|‘%2(O,T;Rm)}'
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THEOREM 2.3. Let y € C([0,T);R™) N C(0,T;R™) be the unique solution to (1.41) satisfying i €
L0, T;R™) and ¢ € {1,...,m} be fized. Suppose that {u _, is a POD basis of rank £ solving (P!, E).

Assume that (2.14) possesses a unique solution {Y;}7_, Then there exists a constant C > 0 such that
>y lutt) - vl < (807 + 3 (mzaj Jathl’))
j=1 1=0+1

provided At is sufficiently small and f is Lipschitz-continuous with respect to the second argument.

PROOF. The claim follows directly from (2.16), (2.22), and

n ) n 9 9
- oy llwtty) = Villg <23y (19415, + liefil, )
j=1

j=1
<o 35 (vl mnl?) + oot
i=0+1
+2 ) A7
i=0+1
provided At is sufficiently small and f is Lipschitz-continuous with respect to the second argument. 0

REMARK 2.4. Compared to the estimate in Theorem 2.1 we observe the term

- . 12
(2.23) D s [t ul)y |
j=1
instead of the term

T
(2.24) /0 [ (8), ws) | dt.

Note that (2.23) is the trapezoidal approximation of (2.24). Furthermore, the error O((At)?) appears in the
estimate of Theorem 2.3 due to the Euler method. O

Next we address the fact that the eigenvalues { A"}/ and the associated eigenvectors {u]'} (i.e., the POD
basis) depend on the chosen time grid {¢;}_;. We apply the asymptotic theory presented in Section 1.3.
Then, it follows from Theorem 2.14 that there exists a number n € N satisfying

zm: Ap <2 i Ais

i=(+1 i=0+1
m n 9
> Mol <2 35 [ 0.wul a
i=0+1 j=1 i=0+1

for n > n provided 1", | A # 0 and fOT |(w(t), ui>W|2 dt # 0 hold. Thus, we infer from Theorems 2.1 and
2.3 the following result.

THEOREM 2.5. Let all hypothesis of Theorems 2.14, 2.1 and 2.3 be satisfied. If fOT ‘(y(t),ui>w‘2dt #0,
then there exists a constant C > 0 and a number n € N such that

i%ly(t ~ Yl <O< Z ()\ +/ (i t),uiﬂzdt))

1=0+1

for alln >n.
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3. ROM for evolution problems

This section is devoted to error estimates for the Galerkin POD method applied to (1.70) combined with
the backward Euler method for the time integration. For more details and the proofs we refer the reader to
[21, 22, 23|.

3.1. Case X = V. Let us choose X = V in the context of Chapter 2, Section 2.4. To study the
backward Euler POD Galerkin method for (1.70), we introduce the Ritz projection P¢:V — V¥ 1 </ < d,
by

(2.25) a(Plp, ) = alp, ) for all ¢ € V¥,

where ¢ € V. Since the Hilbert space V is endowed with the inner product (1.68), P¢ is the orthogonal
projection of V on V. In particular, this implies that ¢ has norm one.
The POD Galerkin method for (1.70) is described next. For m € N we introduce the time grid

O=mo<n<...<Tpm=1T, d5=1j—1j1forj=1,...,m,

and set
0r =min{o7r; : 1 <j<m} and A7 =max{dr;:1<j<m}.
Throughout we assume that A7/d7 is bounded uniformly with respect to m. To relate the two time dis-
cretizations {t;}7_o and {7;}7L, we set for every 74, 0 < k < m, an associated index k = argmin {|7, — ;]| :
0 < j < n} and define o, € {1,...,n} as the maximum of the occurrence of the same value ¢; as k ranges
over 0 < k <m.
The problem consists in finding a sequence {Y;}, in V¥ satisfying

(2.26a) (Yo, )y = (yo,¢)y forall p € V*
and
(2.26b) (0 Y3, )y + a(Yi, ) + (B(Yi) + RYi, ) s v = (f(Th),¥) gy
for all v € V¢ and k = 1,...,m, where we have set
3.y, = Y ;::“‘1.

For every k = 1,...,m there exists at least one solution Y; of (2.26b). If At is sufficiently small, the
sequence {Y3}}" , is uniquely determined [22].
Our next goal is to present an error estimate for the expression

> B 1Yk = y(m)l 37
k=0

where y(7%) is the solution of (1.70) at the time instances t = 7, k = 1,...,m, and the positive weights 3;
are given by
0 0Tj + 075 0Tm
Bo = %, B = % forj=1,...,m—1, and G, = TT

We make use of the following assumptions:
(A1) y, € L?(0,T;V) and yiy € L*(0,T; H).

(A2) There exists a normed linear space W continuously embedded in V' and a constant cg > 0 such that

y € C([0,T); W) and
(2.27) a(e, ) < co ll@llgllvlly  forallp € V and 4 € W.
(A3) y € W22(0,T; V).
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EXAMPLE 3.1. For V = H}(Q), H = L?*(Q), with Q a bounded domain in R! and

alipt) = [ V- Vuda for all ¢, € ().

choosing W = H?(Q) N H}(Q) implies a(p,v) < ||p|lw ¢l for all ¢ € W, 4 € V, and (2.27) holds with
ce=1.9¢

REMARK 3.2. Note that (A2) implies the existence of a constant cp > 0 depending on ¢ and A\, such
that

(2.28) ||Pé||L(H) <ecp foralll</<d,
see [22]. ¢
In [22] the following result is proved.

THEOREM 3.3. a) Assume that (Al), (A2) hold and that At is sufficiently small. Then there
exists a constant C' depending on T', but independent of the grids {t;}}_, and {7;}]", such that

> B Ve =yl

k=0
d
(2.29) . 2 on(l ‘ 2
<C l;l (’<¢zay0>v} + E(E + AT) Az) + Con ATAL [yell 720,70
+ Con(1+ B)AT (Al 0.1 + (AT + ADlyllF o0, roar ) -

b) If (A3) is satisfied and At sufficiently small, then there exists a constant C' depending on T, but
independent of the grids {t;}7_, and {1;}]L,, such that

m
2 2

Z B 1Y —y(m)ly < ConAT(AT + At)Hytt”L?(o,T;V)

(2.30) =0 .
2 ag 2
(3 (v + 2 (5= + A7)A) + o ATAIE 2 0 0 )-
i=0+1
Compared to standard finite difference, finite element or spectral element approximation results the

basic POD-Galerkin backward Euler convergence result of Theorem 3.3 has an unusual format. This is due,
in part, to the fact that one can not rely on function space rate of convergence results, which are typically
at the basis for approximation theory of partial differential equations. The terms in the second line of (2.29)
depend (through v;, A;, d) on the way in which the snapshots are taken, on the number ¢ of basis elements
and on the relative location of the snapshots and the time discretization (through o).

REMARK 3.4. In (2.29) and (2.30) the eigenvalues and eigenfunctions depend on n, i.e., A; = A" and
¥ = Y. If £ satisfies (1.76) and 7%, A # 0 or D02, [(thi, yo)y|? # 0, then by (1.77), (1.78) we have

d
32 (G5 +a))

S 0o 2 on /1 - o
§2i:;»1 (|< i 7y0>v| +g(E+A7))\i ) for all At < At

and the dependence of the estimates of eigenvalues and eigenfunctions on n in (2.29) and (2.30) is thus
eliminated. ¢

Let us next derive some corollaries to the proof of Theorem 3.3. At first we consider the case, where the
two grids coincide so that n =m and 7; =¢; for j =0,...,m.
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COROLLARY 3.5. Suppose that the assumptions of Theorem 3.3-a) hold. If the two time discretizations
coincide, then there exists o constant C' > 0 depending on T', but independent of the grid {r; Lo, such that

2 2
> B 1Yk —y(m) 5 < OO+ p)AT Nyiillrz 0.0
(2.31) k=0

+o( Zd: (16900 + (55 + 1)20) +A72 lalaoran )
1

7=

REMARK 3.6. Again, as in Theorem 3.3 b) compared to a), the factor 1 + ¢% can be avoided in (2.31),
if in place of (A1), (A2) we assume (A3) and replace the term [|ys||z2(0,7;m) by [|Yetll 220,75 ©

Let us briefly reflect on the behavior of the right-hand side of (2.29) and (2.30). First we note that
if the number of POD elements for the Galerkin scheme coincides with the dimension of V then the first
additive term on the right-hand side disappears. Secondly, if the number of snapshots is refined so that
At — 0 then the factor multiplying Zf:e 41 A blows up. As noted above the term Zf:e 41 i itself changes
as the snapshots are refined. While computations for many concrete situations show that Z?: ¢41 Ai 18 small
compared to A7, the question nevertheless arises whether the term 1/(d70t) can be avoided in the estimates.
For this purpose we choose

(2.32) V = span {y(to), .. . ,y(tn),gty(tl), . ,gty(tn)},
where
y(t;) —y(tj—1)

gty(tj) = St
J

forj=1,...,n,

(1.74) must be replaced by
¢

Ovy(t;) — Z (Owy(t;), 1/31>V1/31

=1

2

n
v

2

\%4

i g utts) - Z (L), bi)y s

where {\; }ien, {1; }ien are the eigenvalues and eigenfunctions of R,, € £(V) given by
Rnz =Y a; ((,y(t)yyt;) + (2, 0w(t;)y 0uw(t;))
5=0

and satisfying
Rothi = N, M > ... > Xgny >0 and \; = 0 for i > d(n).

COROLLARY 3.7. If in addition to the assumptions of Theorem 3.3—a) the snapshots set is taken as in
(2.32), then

7B 1Y = y(m) Iy

k=0
OnAT «

d
<cC Z (|<1&i7yo>v|2 T 5 )‘i) + ConATAL ||yt|\i2(o,T;V)
=041

+ C(1+ B)AT (AT + 0u A lyue 30,10, + O A 20,110 )

where C' has the same properties as in Theorem 3.3.

If we suppose that
(2.33) At =0(dt) and AT = 0(dt),
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then there exists a constant ¢; > 0 independent of {t;}7_q and {7;}"" such that

(2.34) max (O’n, Un(S?T) <.

For y € W22(0,T;V), i.e., (A3) holds, we introduce the operator R € L(V') corresponding to R by

T
Rz = / (zy())yy(t) + (2, y:(t) yye(t)dt - for z € V.
0
Note that R = YY*, where Y* : V. — W12(0, T;R) is given by
(V*2)(t) = (z,4(1))y -

Let us choose and fix ¢ such that
(2.35) AR # N2

Then, we have the following result, see [22].

COROLLARY 3.8. Assume that y € W22(0,T;V) and let the snapshots be chosen as in (2.32). If (2.33)
holds and ¢ satisfies (2.35), then there exists a constant C' > 0, independent of £ and the grids {t;}"_, and

{7}, and a At > 0, depending on £, such that

Zﬁk 1Y = y(m)l5 < C Z ( (o, 05y |” +)\°°)

(2.36) =11
+ O (ATA Il 0,200 + ATAT + A1) gl oo v )

for all At < At.

REMARK 3.9. In (2.36) the first term on the right-hand side of the inequality reflects the spatial ap-
proximation error of the Galerkin-POD scheme and the second the approximation error due to the temporal
backward Euler scheme. If the latter is replaced by the Crank-Nicolson method then, assuming A7 = At and
appropriate regularity on y, it can be shown with the techniques of this section that an estimate analogous
to (2.36) holds with the first additive term on the right-hand side unchanged and the second one of fourth
order in Ar. O

3.2. Case X = H. Suppose that the POD basis is constructed with respect to the H-norm. Differently
from the situation, where the POD basis was constructed in V, the right-hand side of the estimate will
involve the stiffness matrix

S =((Si)) € R with S;; = a(v;,1).

THEOREM 3.10. Suppose that (A3) holds and that At is sujﬁciently small. Then there exists a constant
C > 0 depending on T, but independent of the grids {t;}7_, and {7;}%,, such that

(2.37) Zﬂk 1¥i -yl ||H<012ej+1|\sn (10 o)ul” + 2 (5 +87)x0)

+ ConAr ((AT + A yael 2o vy + At ||yt|\L2(O)T;V)) .

REMARK 3.11. Let us briefly discuss the asymptotic properties of the expression on the right-hand side
of (2.37), which are restricted due to the appearance of §td7 in the dominator, and the terms o, and ||.S]|2.
As in section 3.1 the factor 1/67 can be eliminated by adding the set {dy(t;) -1 to the set of snapshots.
Assuming that At = O(d7) and A7 = O(6t) implies (2.34) and consequently, o, and 0, A7/t are uniformly
bounded with respect to refinement of the ¢- and 7-grids. The factor ||S||2, which tends to infinity as m — oo
appears to be unavoidable in case the POD basis is computed in H. %
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4. ROM for parameter-dependent PDEs

4.1. POD Galerkin scheme. In this section we discuss the ROM for (1.80). Let us fix £ € N and
compute the first £ POD basis functions 1, ...,1%, € V. Then we define the finite dimensional linear space

VE =span {¢1,..., ¢} C V.
Endowed with the topology in V it follows that V¢ is a Hilbert space. Next we introduce the orthogonal

projection P¢ of V onto V*:

4
(2.38) Plo=> (o ti)ythi forpeV.

i=1
From (2.38) and P%y) = 1 for all ¢ € V* it follows that

(239) <Pé@7 1Z)>V = <<Pa 1/}>V

for all ¢ € V and all ¢ € V. Since the v;’s are orthonormal in V, we have |P*|| .y = 1, where L(V)
denotes the Banach space of all bounded linear operators from V into itself endowed with the common norm.

The POD Galerkin scheme for (1.80) leads to the following linear problem: for given p € Z determine a
function uf € V* such that

(2.40) a(u’ i 1) = (f, )y forall € V*

The proof of the existence of a unique solution u’ to (2.40) follows by the Lax-Milgram theorem [5].

4.2. POD error estimates. The goal of this section is to present error estimates for the difference
between the solution u = u(x) to (1.80) and the POD solution u*(p) to (2.40) for u € Z in terms of the sum

Z;’ié 41\, 1.e., in terms of the sum over the eigenvalues corresponding to the not-modelled eigenmodes. Fir

the proofs we refer to [15].

THEOREM 4.1. Suppose that (1.79) holds. For ju € T = [a, ] we denote by u(p) and u’(u) the solutions
to (1.80) and (2.40), respectively. Then there exists a constant C' > 0 depending on pi,, pp, ¢y such that

(2.41) Lt —uiiian<e Y A

i=l+1
REMARK 4.2. Let us introduce for given ¢ € N the mapping

J:Hx..xH—>R
N———’

{—times

2d
u

4
B = [ ot = 32 ) 0

Analogous to Section 3.1 we can compute the POD basis by solving the minimization problem

(2.42) min J(Pr, ..., %) st (@, hi), =06 forl<i,j<CL
It turns out that the constant C in (2.41) depends on the spectral norm of S*, where S¢ € R*** denotes the
stiffness matrix with the elements (¢;,¥;)v, 1 <1i,7 </£. O

Suppose that the weak solution to (1.80) is not known for all parameters u € Z, but for the parameter
grid {u;}?, introduced in (1.85). Let u; = u(u;), 1 < i < n, denote the corresponding solutions to (1.79)
for the grid points u;. We define the snapshot set V" = span {u1,...,u,} C V and determine a POD basis
of rank ¢ < n for V™ by solving (2.26).
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PROPOSITION 4.3. Suppose that (1.79) holds and that {u;}}_, is a grid in the interval T satisfying

(1.85). For p;, 1 < j < mn, we denote by u(u;j) and u*(p;) the solutions to (1.80) and (2.40), respectively.
Then there exists a constant C' > 0 depending on pg, pp, cv, but independent on the grid {MJ} _ such that

Pid

ZonHu tg) — ulp; HV<C Z Al

=041

Next we suppose that we are given two different grids {p;}7_; and {fx}j; in Z satisfying

(2.43) fo = p1 < p2 < .o < fon = b, o =1 < fl2 < ..o < [y = fp-
We set

Opj = Hj = pj-1, ] =2,...,m, Op = min Opj, Ap= max ofu;,
2<5< 2<j<n

O = ik — flk—1, k=2,...,m, 5u:2g]1€m O flk A/L—Qg}%xm(sﬂk-

Moreover, let

) Ophi + Op; YT
alzﬂ, aj:Mfor2§j§n—l, an:L,
2 2 2

T Ofiy + 01 Ofhm,
51:%7 ﬁk:wforQSkSm—l, gm:“T.

Next we present an error estimate for the term
m
_ 0/~ 2
Z Brelluliur) — v (an)lly,

whereas the POD basis of rank ¢ is computed by using the snapshots ensemble {u(y;)}}_; depending on the
grid {u;}7_;. Let i, € Z, k € {1,...,m}, be given. Then there exists an index jj € {1 .,n — 1} such that

Mg < e < fhji+1-
Let us define o, € {1,...,m} as the maximum of the occurrence of the same value jj as k ranges over
1 < k < m. Notice that
max { |k — il | — w1} < Opjpn < A

THEOREM 4.4. Suppose that (1.79) holds, that {u;}?_, and {fix}jL, are two grids in the interval T
satisfying (2.43). For fir,, 1 < k < m, we denote by u(fix) and u’(fi) the solutions to (1.80) and (2.40),
respectively. Then there exists a constant C' > 0 depending on g, pp, cv, but independent on the grids such

that
dn

m
zﬁknu ) — u( >||V<c("5ﬂ“ ) >\"+Au>

1=0+1

In Theorem 4.4 the eigenvalues {\;}¢";, the eigenfunctions {1;}¢", and o,, depend on the discretization
of 7 for the snapshots as well as for the numerical integration. We address this dependence next. For a proof
we refer to [15].

THEOREM 4.5. Suppose that (1.79) holds, that {u;}7_; and {ji};L, are two grids in the interval T
satisfying (2.43). Moreover, for both grids we have Ap = O(5i) and A = O(0u). For fig, 1 < k < m, we
denote by u(fiy) and u’(fiy) the solutions to (1.80) and (2.40), respectively. If Ay # Agy1 holds, then there
exists a constant C' > 0 depending on pg, pp, cv, but independent on the grids such that

Zmnu ) =@l <0 (3 A o).

1=0+1
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4.3. Continuous POD for semi-linear problem. Let us turn to a certain non-linear problem. Sup-
pose that F': V — V' is a non-linear, locally Lipschitz-continuous mapping satisfying

(2.44) (F(¢) = F(¢), ¢ —¢)yry 20 forall p,9 €V,
i.e., F' is monotone. Instead of (1.80) we consider
(2.45) au, g p) + (F(u), @)y vy = (fi o)y forallp eV,
EXAMPLE 4.6. Let us give an example for a semi-linear problem satisfying (2.44). We consider
0
(2.46) —Au+vP+pu=gin Q and 8—u+u=gR0nI‘.
n

A weak solution to (2.46) satisfies v € V and

(2.47) /Vu-Vga—i—(uS—l-uu)gpdx—l—/ugpds:/ggpdx—l—/gRgads
Q r Q r

for all ¢ € V. We utilize the parametrized bilinear form a(-,-;u) : V x V — R given by
alep, ; p) = / Vw-V¢dx+/sﬁ¢dS+u/ ppdr = (o, @)y + plp, )y
Q r Q

for all p,¢ € V, u € Z and the linear and continuous functional f : V — R defined as

(£, o)y v Z/Qgsod:H/FgRsods

for all ¢ € V. Moreover, we define the non-linear operator F': V' — V' by

<F(¢)7<P>V/7V = /Q ¢3<Pd33 for ¢, p € V.

Then, a weak solution to (2.46) satisfies the variational formulation (2.45). Recall that ¢ € V implies
¢ € L5(9). Consequently, F(p) € HC V'. Let ¢,p € V and x = ¢ — p € V. From

(F(¢) — F(p) V,V—3//¢+sx Zdads >0
it follows that (2.44) holds. Existence of a solution to (2.47) is proved in [7]. Suppose that u,v € V are two
solutions to (2.47). Then we have
a(u —v, ;) + (F(u) — F(v),9)y, y, =0 forallp eV and peZ.
Choosing ¢ = u — v, using (1.79) and (2.44) we derive that « = v in V. Thus, (2.47) has a unique solution.¢

Suppose that we have computed a POD basis {¢;}_, of rank £ by utilizing the solution u(u) to (2.45)
for all 4 € Z. The POD Galerkin scheme for (2.46) is as follows: Find u’ = u*(u), u € Z, such that
(2.48) a(u’, ;) + (F(u'), )y = (f00)ysy forall i € VE

In the following theorem an error estimate is presented. The proof is ananlogous to the proof of Theo-

rem 4.1.

THEOREM 4.7. Let F : V. — V' be a locally Lipschitz-continuous mapping satisfying (2.44). Suppose
that for every pn € T = [fia, o] there exist unique solutions to (2.45) and (2.48) denoted by u(u) and u®(u),
respectively. Then there exists a constant C' > 0 depending on (i, t, cv and a Lipschitz constant for F

such that
JAC R S
=041

REMARK 4.8. If the POD basis is computed by the strategy in Section 3.2, POD error estimates can
also be derived combining the techniques in Section 4.2 and the arguments in the proof of Theorem 4.7. ¢



CHAPTER 3

Suboptimal control using POD

Optimal control problems for nonlinear partial differential equations are often hard to tackle numerically
so that the need for developing novel techniques emerges. One such technique is given by reduced order
methods. Recently the application of reduced-order models to optimal control problems for partial differential
equations has received an increasing amount of attention. The reduced-order approach is based on projecting
the dynamical system onto subspaces consisting of basis elements that contain characteristics of the expected
solution. This is in contrast to, e.g., finite element techniques, where the elements of the subspaces are
uncorrelated to the physical properties of the system that they approximate. The reduced basis method as
developed, e.g., in [6, 13, 31, 35] is one such reduced-order method with the basis elements corresponding
to the dynamics of expected control regimes.

In our application we apply POD to derive a Galerkin approximation in the spatial variable, with basis
functions corresponding to the solution of the physical system at pre-specified time instances. This leads to a
drastic reduction of the degrees of freedom and allows for a fast solution of the optimal control problem. This
chapter is organized in the following manner. In Section 1 we recall basic facts from finite-dimensional optimal
control theory necessary for the investigation of PDE constrained optimization problems. In Section 2 we
focus on the choice of the POD ansatz functions in the context of optimal control problems. Finally, in
Section 3 we discuss a-posteriori error estimates that can be used to determine the cardinality of the POD
basis functions in order to guarantee a given tollerance for the difference between the (unknown) optimal
control and its computed suboptimal POD control.

1. The finite-dimensional case

Before we investigate PDE-constrained optimization problems we start with optimization problems in
finite dimensions. This emphasizes the optimization aspects, whereas in PDE-constrained optimization we
also have to deal with functional analysis and PDE theory. The presentation follows parts of the book [40].

Suppose that J : R™ x R™ — R is a given cost functional. Then we consider the minimization problem

(3.1) min J(y,u) s.t. (y,u) € R" x Uyq with Ay = Bu,

where Uy,q is a non-empty subset of R™ and A € R"*" B € R™*™ hold. We suppose that A is non-singular
and define the admissible set

F(3.1) = {(y,u) €ER" x R™ | Ay = Bu and u € Uagq}-

Then, each pair (y,u) € F(3.1) satisfies y = A~ Bu. Hence, for any u € U,q there exists a unique y € R" so
that (y,u) € F(3.1) holds. For that reason we call u the control and y the associated (unique) state. Let us
introduce the matrix S = A~!Bu € R"*™. Then, for any control u € U,q the associated state is given by
y = Su. Moreover, we define the so-called reduced cost functional J:R™ - R as

J(u) = J(Su,u) for u e R™.
Now, (3.1) can be equivalently expressed ny
(3.2) min J(u) st u € Ung.

DEFINITION 1.1. A wector u* € U,q is called an optimal control for (3.2) if J(u*) < J(u) holds for all

*

u € Uyq. The associated optimal state is y* = Su*.

55
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Now we can give sufficient conditions so that (3.1) possesses at least one optimal control.

THEOREM 1.2. Ifj is continuous, Uyzq non-empty, bounded, closed and A be invertible, there exists at
least one optimal control u* solving (3.2).

An optimal solution to (3.2) can be characterized by optimality conditions.

THEOREM 1.3. If J is continuously differentiable and u* an optimal control for (3.2) (or (3.1)), then
(3.3) J (W (u—u*) >0 forallu € Uy,
where J'(u*)h denotes the directional derivative of J at u* in direction h € R™.
Note that (3.3) is a first-order necessary optimality condition for (3.2). Moreover,
Jw*)h =V, J(Su*,u*)T (Sh) + V,J(Su*,u*)Th
=V, J(Su*, u)T (A7 Bu*) + V,J(Su*,u*)Th
— (BTATV,J(Su*, u*) + VoI (Su™,u*)) " h.
Therefore, (3.3) is equivalent with
(3.4) (BTA™TV, J(Su*,u*) + Vi J(Su*, u*),u — u*)g,, >0 for all u € U
To avoid the numerical realization of A~7 we introduce the adjoint state
p*=—-A"TV,J(Su*, u*)
i.e., p* solves the linear system
(3.5) ATp* = —V,J(Su*, u*)
that is called the adjoint equation. Then,
J'(u*) = V. J(Su*,u*) — BTp*
Inserting p* into (3.4) we find
(Vo J(Su*,u*) — B'p*,u — u*)pm >0 for all u € Uyg.

Summarizing we obtain

(3.6a) Ay* = Bu”, u* € Ugq
(3.6b) ATp* = —V,J(Su*,u*),
(3.6¢) (Vo (Su*,u*) — BTp*,u— u*)g, >0 forall u € Uyg

If U,q = R™ holds, we have instead of (3.6¢)
Vo J(Su*,u*) — BTp* = 0.

A different approach in deriving optimality conditions is based on the Lagrange functional L : R™ x
R™ x R™ — R defined by

L(y,u,p) = J(y,u) + (Ay — Bu)Tp for y, p € R™ and u € R™.
We find that (3.6a) and (3.6b) are equivalent with
VoL(y*,u*,p*) =0 and V,L(y",u*,p*) =0,
respetively. Furthermore, (3.6b) can be written equivalently as
(VuL(y",u™,p"),u —u)pm >0 for all u € Uygq.

Consequently, the adjoint equation can be derived from the partial derivative of the Lagrangian with respect
to y. Therefore, its solution p* is also called the Lagrange multiplier associated with the optimal solution

pair (y°, u”).
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Note that (y*,u*) is a solution to the first-order necessary optimality conditions for the minimization
problem

min L(y,u,p*) st. y €R™, u € Uyq.
A specific situation is the admissible set
Uad:{ueRm‘uagugub}
where ‘<’ is interpreted componentwise, i.e, ug; < u; < up; for 1 <4 < m, and u, < up holds. Then, (3.6¢)
implies
(Vo J(Su*,u*) — BYp* u*) g < (VuJ(Su*,u*) — BTp* u)g, for all u € Uy
Thus, u* solves

min (V,J(Su*,u*) — BTp*, u)gm.
u€Uqa

Since u € Ugq holds, the components u;, 1 < ¢ < m, of u are not coupled. Thus, v can be computed
componentwise by solving

min (VUJ(S’u*,u*) - BTp*)iui, 1<i<m.

Uq,i <ui <up i
We obtain
up,; if (VUJ(S’u*,u*) - BTp*). <0,
(3.7) wl = | Z
Uq,; if (VUJ(S’u*,u*) — BTp*)Z. >0

In case of (VuJ(S’u*, u*)— BTp*)l. = 0 we do not get any information from the variational inequatlity (3.6¢).
Define

(3.8) pa = [BTp+VuJ(G,u)], and w = [B'p+V,J(50)]_

where [s]+ = max(s, 0) stands for the positive part function and [s]- = — min(s,0) denotes for the negative
part function. From (3.7) we derive the conditions

(3.9) fa >0, ug —u <0, (ua — Q)Tua =0,up >0, ©—up <0, (a — ub)Tub =0.

The system (3.9) is called the complementarity system. Utilizing (3.8) we find po — pp = Vo J (3, 4) + BTp,
ie.,

(3.10) VuJ (§, @) + BT'p + py — pe = 0.

Next we extend the Lagrange function by

Ly, t, Py ras i5) = J(y,0) + (Ay — Bu) ' p+ (ta —u) " pa + (u — wp) " pip.
Then, (3.10) can be written as
Vil (Y, @, p; Has ) = 0.
Moreover, the equation
Vy Ly, @, p, pa, 5) =0
is equivalent to the adjoint equation (since V,L = V, L). The vectors p, and pu are the Lagrange multipliers
for the inequality constraints u, —u < 0 and u — up < 0. The first-order necessary optimality conditions
(Karush-Kuhn-Tucker conditions) are given as follows:
VyL(G, @, pas 5) = 0,
Vul (9,4, p, pas ) = 0,
Ay = Bu, @ € Uy,

fa =0, iy >0, (uq —u) pa =0, (u—up)" pp =0.
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2. Proper orthogonal decomposition for optimality systems

The POD method is based on a Galerkin type discretization with basis elements created from the
dynamical system itself. In the context of optimal control this approach may suffer from the fact that the
basis elements are computed from a reference trajectory containing features which are quite different from
those of the optimally controlled trajectory. A method is proposed which avoids this problem of unmodelled
dynamics in the proper orthogonal decomposition approach to optimal control. It is referred to as optimality
system proper orthogonal decomposition (OS-POD). For more details we refer the reader to [24].

2.1. The augmented optimal control problem. The dynamical system under consider is of the
form

(3.11a) % (W(t), @) + aly(t), ) + N (YD), ooy = Y un(t) (brs )y
k=1

for allmost all ¢ € (0,7 and

(3.11b) (0),0) y = (o, p)yy forallp eV,

with the following specifications holding throughout

e T >0,V and H are separable real Hilbert spaces, with V dense and compact in H, and V C H =
H* C V* a Gelfand triple,

e a:VxV — Ris asymmetric bilinear form satisfying a(¢, ¢) > o |||, for some o > 0 independent

of ¢,

N :V — V* is a twice continuously Fréchet-differentiable operator,

the control shape functions by are chosen in H with control intensities u € L?(0, T; R™),

e yoeV.

We associate with a the isomorphism A : V' — V* which can alternatively be considered as linear unbounded
selfadjoint operator in H with domain D(A) = {¢ € V : Ap € H}. Defining B : R™ — H by B(v) =
> ope, vk b we can express (3.11) in operator form as

(3.12) 77 VO + Ay(t) + N(y(1)) = Blu(t)) for t € (0,7,

y(0) = yo.

Further assumptions are necessary for the nonlinearity A". We choose conditions which are satisfied for
nonlinearities of Navier-Stokes type, see [39, Chapter III], for example.

For every u € L?(R™) there exists a unique solution

(H1) y =y(u) € L*(D(A)) N HY(V) and moreover
there exists a continuous function ¢; : R — R such that
ly(u)ll2(paynm vy < e (l|lullp2@my) for all w € L2(R™).

Here and throughout we shall abbreviate L%(0,7;Y) by L?(Y), and analogously for H'(0,T;Y) and C([0,T];Y).
We further require the assumptions

there exist real constants ¢ and c3 such that
(H2) —N@), 0)v-v < 5 0I5 + o [9[l5 + ca for all € V and
N maps bounded sets in V' to bounded sets in V*,

and

(H3) D(A) embeds compactly into V.
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For the Navier-Stokes nonlinearity, (H2) is satisfied with c; = ¢ = 0. We consider an optimal control
problem of tracking type. Different cost functionals could be treated quite analogously.

- — min? /T 2 1 /T 7
(3.13) minJ(y,u) =ming [ ly(t) - 2@l dt+3 | ) Ru(t)dt
subject to u € L2(R™) and (3.11),

where 3 > 0, z € L?>(H), and R € R™*™ is positive definite and symmetric. To denote the reduced cost
functional we write J(u) = J(y(u),u), with y(u) the solution to (3.11) for given w. With (H1) holding it is
standard to argue existence of a solution (y*,u*) = (y(u*),u*) to (3.13).

2.2. The POD approximation. Next we introduce a POD-Galerkin model for (3.13). To define the
POD reduction with basis {1;}¢_, let
X=H or X=V

and for y € L?(X) let R : X — X be given by

T
Ro= [ (W dhcu®de for v e X.
0
Clearly R is a bounded, nonnegative, selfadjoint operator which can be expressed as
R = yy*a
where ) : L?(R) — X is defined by

T
Vv = / v(t)y(t,)dt for v € L*(R),
0
and the adjoint Y* : X — L2?(R) is given by
Vi = (y(t,-), () x for¢ e X.
We shall also utilize the operator K : L2(R) — L?(R) defined by
K=Yy
or explicitly
T
(00 = [ (wlt). 0l ) 5 v(s)ds for v e LA(R),
0

For x € L?(X) it follows that the operator K is compact. Moreover, except for possibly 0, K and R possess
the same eigenvalues which are positive with identical multiplicities and 1) is eigenvector of R if and only if
Y = (y(t,-),¥)x is an eigenvector of K.

We shall utilize POD bases {t;(y)}_, with respect to X = H or X = V satisfying \; > Ay > ... >
Ae > 0, and

T
(3.140) R = [ (0t by 6} dt = A, fori=1,....L,
0
(314b) <¢i,2/1j>X :5ij for i,j: 1,...,[.
The POD-subspaces are denoted by

V¢ =span {¢1,..., 1}

Note that V¢ depends on y. In this paper the POD-subspaces are generated by trajectories y which arise as
controlled trajectories of (3.11). We shall require the following condition

(H4) min{\¢(R(y)) | y solves (3.11) with u € L*(R™)} > 0.

Note that 1; € V also for X = H. This follows from (3.14a) using that y € L?(V). Moreover, 1; € D(A)
for y € L2(D(A)).
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To obtain the POD-Galerkin approximation to (3.11) we make the ansatz
¢
yi(e) = () vy,
j=1

replace y by y* in (3.11), take inner products in H with respect to {1; }¢_; and obtain the system of ordinary
differential equations in R

E() &(t) + A() x(t) + N(z(t), ¢) = B(y)u(t) for te(0,T]
{ E() 2(0) = zo(¢).
Here E : X! x X! — R with X! = ®!_, X is defined by
Eij(@,0) = (pi, ¢5) y and E(p) = E(p, @),
A XEx Xt — R is defined by
Aij(@,0) = alpi, ¢;) and A(p) = A(e, @),
B: X! — R and xg : X* — R are given by
Bij(p) = (@i, bj) g 20,i(#) = (Yo, i) g
and the nonlinearity 9 : R x X* x X* — R’ by
14
Mo = (N () o) with 9o p) = M)
j=1 .

Discretizing the cost function in the same manner we obtain

T =5 [ @ B0 =200 + 0] e

1",
+ - u' (t) Ru(t) dt,
2 Jo
where z¢ : (0,T) x X* — R is given by
Zl(tv <P)’L = <Z(t)5 @Z>Ha

and J*: L2(Rf) x X* x L2(R™) — R+,

We are now prepared to specify the POD-Galerkin reduced optimal control problem augmented with
the POD-generation criteria:

min J¢(x,,u) over (x,v,u) € L2(RY) x X! x L2(R™),

subject to

E()&(t) + A()z(t) + N(x(t),) = B(y)u(t) for t € (0,77,

E(y) 2(0) = zo(¥),

G y(t) + Ay(t) + N(y(t) = Blu(t)) for t € (0,71,

y(0) = wo,

Ry = Ny fori=1,...,¢,

(i, i)y =055 ford,j=1,...,L

If the POD-eigenvalue problem is solved at a reference trajectory y(u) corresponding to a fixed reference

control @, this results in the last four equations from (3.15). The remaining optimization is the standard one
in the POD-Galerkin optimal control approach. In [24] te next result is proved.

THEOREM 2.1. If (H1)-(H4) is satisfied, then (3.15) admits a (global) solution (z*,v*,u*) € WL2(R¥)x
X x L2(R™) with (\*,y*) € R™ x (L2(D(A)) N W2(V)) and y* = y(u*).

(3.15)
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2.3. The optimality system. Suppose that (z*, 1%, u*) € W12(R?) x X* x L?(R™) is a local solution
to (3.15). We proceed by deriving an optimality system. For this purpose we assume that the eigenvalues
of R(y*) with y* = y(u*) are distinct. If this is not the case then in the following results we have to keep
the orthonormality condition on the subspace corresponding to a multiple eigenvalue as explicit constraints.
For \; # A; we have (1;,1;)x = 0 since R is selfadjoint. Therefore (3.14b) will be replaced by ||¢]|x =1
fore=1,... ¢

Henceforth the state and the control variables are considered in the space

Z = H'RY) x W(0,T) x X* x R x L2(R™),

where W(0,T) = L?>(V) N H*(V*) and the generic element of Z is denoted by z = (x,y,, \,u). We utilize
adjoint variables form the space

E=L*RH) xR x L3(V) x H x X* xR*

with generic element & = (q, qo,p, Po, it,n). For i = 1,...,¢ we introduce G; : H*(R?) x X* x L?(R™) x
H'(R*) — X' by

T ¢ ¢ ¢
Gi(z,9,u,q) = /O (%(Z!Eﬂﬂj - 2) Faq Y dvi Y g ¢j> dt
=1 =1 =1
T ’ ¢ ej jn
+/ <Qizl‘j-f4¢j+$iZQjA1/)j—qz'Zbkuk)dt
0 j=1 j=1 k=1

14

+ ) (2(0) 15 4:(0) + 2 ()5 ¢;(0)) — yo :(0)

j=1
¢ ¢ 14 *
+N<Zl“k1/1k>ih +$iZN/<Z$k1/)k) 4j1j-
k=1 j=1 k=1
THEOREM 2.2. Let (H1)-(H4) hold and let
z=(x,y,0,\,u) € WH(RY) x WH2(V) x X* x R™ x L?(R™)
denote a solution to (3.15). Assume that the eigenvalues of R(y) are distinct and that

%v +Av+ N (y(t))v — Bi=w fort € (0,T] and v(0) =y

admits a solution (v,%) € W(0,T) x L2(R™) for every (w,vo) € L*(V*) x H. Then there exist (q,p, u,n) €
L3(R*) x L3(V) x X* x R® such that the following optimality system holds:

{ —E() (t) + (A@W) + N (x(t),¥)) q(t) = =B(E@)x(t) — 2(t,1)),
q(T) =0,

—p(t) + Ap(t) + N'(y(t))* p(t)

4
= ; (y(t), i) x T2 + (y(t), i) T s,
=0,

(3.16)

p(T)
{ i = =5 (Gi(z, ¥, u,q), i) o x

pi=—(R=XI)"' 2mi0 + TGi(z, b, u,q)] fori=1,...,4,
Ru(t) = BT () q(t) + B*p(t).

The optimality conditions can also be formulated in terms of the operator K. This is helpful if K is of
smaller dimension than R.
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COROLLARY 2.3. Let z = (x,y,¥,\,u) € Z denote a solution of (3.15) and let the assumptions of
Theorem 2.2 hold. Then there exists (q,p’, u*,n) € L?2(R*) x L?(V) x X* x R? satisfying the optimality
system consisting of (3.16) and

() + APE() + N ()P ()
14 T
= -1 S. - ’C S S ©;
—E/ 2Ty (s, )uk (s) ds i(t)

L T
+Z/ I~ y(s, )ei(s) ds i (1)
i=1"0

(1) =0,
N = _% <gl(x7 Q/Jiu u, q)7 wi>X*,X
P = (K =N D)1 G + 20 00),

Ru(t) = B" () q(t) + B*p"(¢),
where /A Vi = Y*1b; and G; = /X VI Gi(x, 14, u, q).

3. POD a-posteriori error estimates

The main focus of this section is on an a-posteriori analysis for the method of proper orthogonal de-
composition (POD) applied to optimal control problems governed by parabolic and elliptic PDEs. Based
on a perturbation method it is deduced how far the suboptimal control, computed on the basis of the POD
model, is from the (unknown) exact one. For more details and for the proofs we refer the reader to [41].

3.1. The linear-quadratic parabolic optimal control problem. Let V and H be real, separable
Hilbert spaces and suppose that V is dense in H with compact embedding. By (-,-}y we denote the
inner product in H. The inner product in V is given by a symmetric bounded, coercive, bilinear form
a:VxV-R

(@, )y = alp,p) forall p,p € V

with associated norm || - ||y = /a(-,-). By identifying H and its dual H’ it follows that V < H = H' — V|
each embedding being continuous and dense.

Recall that for T' > 0 the space W(0,T)

W(0,T) = {p € L*(0.T:V) : ¢, € L*(0, T V') }

is a Hilbert space endowed with the common inner product (see, for example, [3, p. 473]). It is well-known
that W(0,T) is continuously embedded into C'([0,T]; H), the space of continuous functions from [0, 7] to H.

Let J be an open and bounded subset of R? with d € N. By U,q C L?(J) we define the closed, convex
and bounded subset

Usa = {u € L*(9) | ua(s) < u(s) < up(s) for almost all (f.a.a.) s €7}

with u,,u, € L?(J) satisfying u, < wup almost everywhere (a.e.) in J. For yo € H, r € L*(0,T;V’) and
u € U,g we consider the linear evolution problem

(3.17a) % W), o)y +aly(t), ) = ((r + Bu)(t), 9)v v faa. t€0,T], VpeV,

(3.17b) Y(0): )i = Wo L) i Vo eV,
where B : L2(J) — L?(0,T; V') is a continuous, linear operator.
It is well-known (see, e.g., [3]) that for every r € L?(0,T;V’), u € L*(J) and yo € H there exists a
unique weak solution y € W (0,T) satisfying (3.17) and
”y”W(o,T) < O(HUHN(j) + llyollr + HT”L?((J,T;V/))
with a constant C' > 0 independent of y.
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REMARK 3.1. Let go € W(0,T') be the unique solution to
d

3 o), 0y +aldolt), ) = (r(t), )y v faa. t€0,T], VpeV,
(90(0), 0} = (Yo, P 1 Vo e V.

Moreover, we introduce the linear and bounded operator S : L?(J) — W(0,T) as follows: § = Su € W(0,T)
is the unique solution to

d . .
& <y(t)7 90>H + a(y(t)u 90) = <(Bu)(t)7(p>V’1V f'a"a“ t € [OvT]u VSD € Va
((0), 9}y =0 Y V.
Then, y = §o + Su is the weak solution to (3.17). O

Next we introduce the cost functional J : W(0,T) x L?(J) — R by
aq 2 (e} 2 a 2
T = 2 ey — 211y, + %2 DY) — 201y, + S Nulag,

where Wy, Wo are Hilbert spaces, C : L2(0,T; H) — Wy and D : H — W5 are bounded linear operators, and
(21,22) € W1 x W holds. Furthermore, oy, as are nonnegative parameters and o > 0.
The optimal control problem is given by

(3.18) min J(y,u) s.t. (y,u) € W(0,T) x U,qg solves (3.17).

Applying standard arguments (see [28], for instance) one can prove that there exists a unique optimal
solution Z = (g, ) to (3.18).

Suppose that T = (g, ) is the optimal solution to (3.18) (in the paper, a bar indicates optimality). Then
there exists a unique Lagrange-multiplier p € W (0,T) satisfying together with Z the first-order necessary
optimality conditions, which consist of the state equations (3.17), the adjoint equations in [0, T]

d
(3'198“) _Eqa(t)v (p>H + a(ﬁ(t)a (P) = <Zl - CQ,C(P>W1 fa.a. te [07T]7 V(p € V=

(3.19b) (1), p) g = az(z2 = DY(T), D)y, Yo €V,
and of the variational inequality

(3.20) (ou—Bpu—1u)p2g =20 Vu€ U

Here, the linear and bounded operator B* : L2(0,T;V) — L*(J)' ~ L%(J) stands for the dual operator of B.
Utilizing the solution operator S (see Remark 3.1) we introduce the so-called reduced cost functional as

J(u) = J(Jo + Su, u).
Then, we can express (3.18) as the reduced problem

(3.21) min J(u) s.t. u € Usg.

It follows that .J' (i) = 0w — B*p € L*(J) is the gradient of J at @, where p solves the dual sytem (3.19) for
7 = Jo + Su. Moreover, the variational inequality (3.20) is equivalent to

1
(3.22) a(s) = 'P[ua(s)ﬂb(s)] (;(B*ﬁ) (S)) fa.a. s €7,

where Py, 5 : R — [a, b] denotes the projection operator onto the convex interval [a,b] C R.
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3.2. A-posteriori error analysis. In principle, this section contains the main idea underlying our
a-posteriori error analysis. Suppose that u, is an arbitrary control of U,q. Our goal is to estimate the
difference

l|u— up||L2(j)
without the knowledge of the optimal solution .

If u, # @ then u, does not satisfy the necessary (and by convexity sufficient) optimality conditions (3.20)
respectively (3.22). However, there exists a function ¢ € L?(J) such that

(3.23) (oup = B*pp + Cu—up) 2y 2 0 Vu € Uag,

where p, € W(0,T) solves the adjoint equation associated with w,

d

(3.24) _E@p(t)’ o) g T app(t),p) = ar(z1 — Cyp,Cp)yy, faa. t€[0,T],Vp eV,

(pp(T), ) gy = a2(z2 — Dyp(T), D)y, Yo €V,

and y, = ¥ + Su, is the state corresponding to u,. Therefore, u, satisfies the optimality condition of a
perturbed parabolic optimal control problem with “perturbation” ¢. The smaller ¢ is, the closer u, is to u.
The computation of ¢ is possible on the basis of the known data u,;, ¥, and py.

THEOREM 3.2. Let @ be the optimal solution to (3.18), § the associated optimal state, and p the associated
Lagrange multiplier. Suppose that u, € U,q is chosen arbitrarily, y, = § + Sup, and p, is the solution to
(3.24). Then it follows that

lla— uP||L2(j) < pu ||<||L2(f])a
where ¢ is chosen such that (3.23) holds.

The function ¢ satisfying (3.23) can be constructed from knowledge of w, and the associated adjoint
state p, solving to (3.24).

PROPOSITION 3.3. Suppose that the hypotheses of Theorem 3.2 are satisfied. Define ¢ € L*(J) as follows:
[(oup — B*pp)(s)] . on A_ = {s € T|up(s) = ua(s)},
(3.25) C(s) =1 [(oup — B*pp)( )Lr on Ay = {s €T|up(s) = us(s)},
—(oup —B*pp)(s)  ond=T\ (A_UAL).

Then, the estimate

(3.26) 1~ gl 2gsy < = Il
is satisfied.

We will call (3.26) an a-posteriori error estimate, since, in the next section, we shall apply it to suboptimal
controls u, that have already been computed from a POD model. After having computed u,, we determine
the associated state y, and adjoint state (Lagrange multiplier) p,. Then we can determine ¢ and its L?-norm
and (3.26) gives an upper bound for the distance of u, to @. In this way, the error caused by the POD method
can be estimated a-posteriorily. If the error is too large, then we have to include more POD basis functions
in our Galerkin ansatz. This approach compensates the lack of a-priori error estimates for the POD method.

Next we turn to the POD approximation for (3.18). Let an arbitrary u € L?(J) be chosen such that the
corresponding state variable y = 4o + Su € W(0,T) belongs to C([0,T]; V). Then,

(3.27) V = span{y(t)|t € [0,T]} C V.

If yo # 0 holds, then span{yo} C V and d = dimV > 1, but V may have infinite dimension. We define a
bounded linear operator ) : L?(0,7) — V by

T
Vo = /0 o(t)y(t)dt for ¢ € L*(0,T).
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Its Hilbert space adjoint Y* : V — L2(0,T) satisfying
<y<PaZ>V = <@7y*Z>L2(07T) fOI‘ (9072) € L2(05T) X V
is given by
(V*2)(t) = (2,y(t)),, for z€V and fa.a. t €[0,7].
The bounded linear operator R = YY* : V — V C V has the form

(3.28) Rz = /0 (z,y(t)y y(t)dt for ze V.

Moreover, let K = Y*Y : L*(0,T) — L?(0,T) be defined by

(lCcp) (t) = /0 (y(s),y(t)), p(s)ds for ¢ € L*(0,7T).

The operator K is linear, bounded, self-adjoint, and compact. This implies that R is compact as well.
Moreover, R is non-negative. From the Hilbert-Schmidt theorem [36, p. 203] it follows that there exists a
complete orthonormal basis {1;}&_, for V = range (R) and a sequence {);}¢_; of real numbers such that

(329) R’lﬁi:)\i’lﬁi forizl,...,d and )\12)\222)\,120

REMARK 3.4. 1) To obtain a complete orthonormal basis in the separable Hilbert space V we
need an orthonormal basis for (range (R))*. This can be done by the Gram-Schmidt procedure.
Hence, we suppose in the following that {1;}5°, is a complete orthonormal basis for V.

2) Analogously to the theory of singular value decompositions for matrices, we find that the linear,
bounded, compact and self-adjoint operator K has the same eigenvalues {\;};cn as the operator
R. For all A\; > 0 the corresponding eigenfunctions of IC are given by

’Ui(t) = L L

T 0= 5

(i, y(t)y faa. te[0,T]and 1 <i < L.

O

In the following proposition we formulate properties of the eigenvalues and eigenfunctions of R. There-
fore, for given £ € N we introduce the mapping

T ¢
F VX xV=R, 3@, ) :=/0 Hy(t)—Z;@(t),wi)v% zvdt-
£—times =
Note that
T
(3.30) 3(1#17""1”):/0 Hy(t)_sz(t)szdt'

PROPOSITION 3.5. Suppose that V is a separable Hilbert space, y € C([0,T]; V') holds and V is given as in
(3.27). Let the linear operator R : V. — V be defined as in (3.28). Then, R is bounded, self-adjoint, compact
and non-negative, and there exists {\; }ien and {;}ien satisfying (3.29). Moreover, for any £ < d = dim'V
the elements {1; }i_, solve the minimization problem

(3.31) minJ(P1, ..., ) st (W), =0 for1<i,j<{

and

3(¢17--'7¢6) = Z Al

i=0+1
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For a proof we refer to [12, Section 3] and [36, Sections II and VI, for instance.

In real computations, we do not have the whole trajectory y(¢) for all ¢ € [0,T]. For that purpose let
0=t; <ta<...<t, =T beagiven grid in [0,T] and let y; = y(¢;) denote approximations for y at time
instance t;, j = 1,...,n. We set V" = span{yi,...,y,} with d* = dim V" < n. Then, for given ¢ < n we
consider the minimization problem

2
v st (Y7, 9),, = 0y for 1 <, j </

n 4
(3.32) min Y " ally; — > (5, 07y ¥F
=1 i—1

instead of (3.31). In (3.32) the «;’s stand for the trapezoidal weights
to —1 tit1 —tj—
%7 ajz%for2§j§n—l, =

The solution to (3.32) is given by the solution to the eigenvalue problem

tn - tnfl

a1 = B

ROYP =0y (y, ¥y yj = MUY, i=1,...,1,
=1

where R"™ : V — V™ C V is a linear, bounded, compact, self-adjoint and non-negative operator. Thus, there
exists an orthonormal set {17}, of eigenfunctions and corresponding non-negative eigenvalues {A?}¢",
satisfying

(3.33) RO = AP, N> AL > > A > 0.

Let y = §o + Su be the state associated with some control v € L?(J), and let V be given as in (3.27).
We fix ¢ with ¢ < dimV and compute the first /£ POD basis functions ¥1,...,%¢ € V by solving either
R = \ith; or Kv; = M for ¢« = 1,...,¢ (see Remark 3.4). Then we define the finite dimensional linear
space

VE =span {¢1,..., ¢} C V.

Endowed with the topology in V' it follows that V* is a Hilbert space. Let P¢ denote the orthogonal projection
Pt of V onto V¢ defined by

14
(3.34) Plo=> (o ti)y i forpeV.

i=1

Combining (3.30) and (3.31) we obtain that

T fe’e)
5(1&1,...,@):/0 ly®) =Pyl dt = |y = Pyl ez = D Mo

i=0+1
The POD Galerkin scheme for the state equation (3.17) leads to the following linear problem: determine
a function y* = Ele yi(t); such that

%<yé(t)7w>H + a(yg(t)ﬂﬁ) = <(T + Bu)(t)adj)\/’,v fa.a. t € [OvT]vvw € Véu

(3.35D) Y (0),¥) = (yo, )y Voo € VE.

For every r € L2(0,T; V"), u € L?(J), yo € H and for every £ € N problem (3.35) admits a unique solution
y* € HY(0,T;V*); see [11, Proposition 3.4]. From V* — V it follows that y* € W (0,T) holds.

Let 9§ € H'(0,T;V*) be the solution to (3.35) for u = 0. Analogously to Remark 3.1 we introduce the
linear operator S¢ : L?(J) — H'(0,T;V*) for fixed £: For given u € L*(J) the element §* = Su solves (3.35)
with 7 = 0 and yo = 0. Thus, y* is given by y* = 9§ + ¢°. It follows from [11, Proposition 3.4] that the
operator S¢ is bounded independently of /.

(3.35a)
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PROPOSITION 3.6. For givenr € L%(0,T; V"), u € L*(J), and yo € H we suppose that y = §+Su belongs
toy € C([0,T); V). Suppose that, for £ < dimV, the elements {1;}¢_; solve (3.31). Then, there exists a
constant C' > 0 such that

o0
2 2 2
lly — yZHW(O,T) < C(H?/(O) - PéyOHH + Hyt - ,PéytHL%O,T;V’) + Z )‘i)=
i=0+1
where the linear projector P* : V. — V* is given by (3.34) and y* = 95 + S*u denotes the unique solution to
(3.35).
Proposition 3.6 permits to show that the POD approximations y* converge to y in the W (0, T)-norm:

PROPOSITION 3.7. For givenr € L?(0,T; V'), u € L2(J), and yo € V we suppose that y = j+Su belongs
toy € HY(0,T;V). Suppose that, for £ < dimV, the elements {1;}i_, solve (3.31). Then, it follows that

. 0 _
Jim ly =90 = 0,
where y* = §§ + S*u denotes the unique solution to (3.35).

REMARK 3.8. 1) Due to the continuous embedding of W (0, T) into the space C([0,T]; H), Propo-
sition 3.7 implies y* — y in C([0,T]; H) as £ — oc. In particular, y*(T') converges to y(T) in H as

¢ tends to oo.
2) Let us mention that the convergence result in Proposition 3.7 is true for any fixed u provided that
the system {t;}5°, computed from the snapshots associated with u is complete. O

We turn to the POD Galerkin scheme for the adjoint system (3.19a). For that purpose let u € L?(J)
be arbitrarily given, {¢1,...,1,} the associated POD basis of rank ¢, and let y* € H'(0,T;V*) denote the

unique solution to (3.35). Then, p* = Zle p;(t)); satisfies the linear system

(3360)  — SO (0),0) ol (1),%) = aaler — Oy Cudyy, fan 1€ (0,7 V€ VY,

(336b) ("(T), ) g = az(z2 — DY (T), DY)y, V€ V'

PROPOSITION 3.9. For given r € L*(0,T; V"), u € L*(J), yo € H suppose that y = 4§ + Su belongs to
HY(0,T;V). Suppose that for £ < dimV the elements {1;}i_, solve (3.31). Let y* = 9§ + Su, p, and p* be
the solutions to (3.35), (3.19) and (3.36), respectively. Then there exists a constant C > 0 depending on
s, C, and D

[0 = 2oy < C(IPT) =P 1 + 2 = PPllwior)
+ (@ = 5" @l + 1y = " oo oy )

where the linear projector P* : V — V¥ is given by (3.34). If, in addition, yo € V and p € H*(0,T;V) hold,
then élirn lp = Pl 2(0,75v) = O holds.

REMARK 3.10. Arguing as in Remark 3.8-2) we derive that the convergence result of Proposition 3.9
remains true if the POD basis is computed using an input @ € L?(J) that differs from u. Of course, the
convergence rate of p’ to p as £ — oo depends on the approximation properties of the POD basis for the
adjoint variable p; see [4, 11]. O

The Galerkin projection of (3.21) leads to the discretized optimal control problem
(3.37) min J’(u) st. u € U,

where J¢(u) = J(y*(u), u) is the reduced objective function and 3 (u) denotes the solution to (3.35) associated
with w € Usq . We call (3.37) a reduced-order model for (3.21).
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Problem (3.37) admits a unique optimal solution @* that is interpreted as a suboptimal solution to (3.21).
First-order necessary optimality conditions for (3.37) are given by

(o’ — B*p*,u— ﬂ€>L2(j) >0 for all u € Uyg,

where, 7* € H'(0,T;V*) denotes the optimal state solving (3.35) with u = @ and p* € H'(0,T;V?) is the
adjoint state for the POD model.

We proceed similarly as in [11, Section 4]. However, an essential difference is that we derive convergence
results utilizing a POD basis of rank ¢ that is not necessarily related to the optimal control @ as an input
function for the generation of the snapshots.

ProOPOSITION 3.11. Suppose that the POD basis of rank € is computed using an arbitrarily chosen
u € L2(J). Let @ and u® be the optimal solutions to (3.21) and (3.37), respectively. Moreover, p € W(0,T)
denotes the adjoint state associated with w. Then,

||’ﬁ — ’ﬁZHLz(g) <c ”15 - ﬁZHLQ(O,T;V)’

where pt solves

— =), ) g + a(® (1), %) = ar(z1 — C§*,C¥)yy, fa.a. t €[0,T), V¢ € VY,
(P'(T), )y = aalzs — DYY(T), D)y, Vb € V*

and ¢ is the solution to

S0, 0+l (1), 9) = {4 Ba)(D), ¥y faa b€ [0,T], 0 € VY,

(G°0), ) = (yo. )y Vo €V

Notice that p’ is the POD-approximate associated with §° and 9 = 9§ + S*a. Therefore, both §* and
pt are associated with the same optimal control % so that we can apply Proposition 3.6 and Proposition 3.9
to estimate the difference 5 — 9 and p — p’, respectively. In contrast to this, g* = §§ + S*@’ corresponds to
the suboptimal control #¢, which we estimate in the next theorem.

THEOREM 3.12. Suppose that the POD basis of rank { is computed using an arbitrarily chosen u € L*(J).
Let @ and @’ be the optimal solutions to (3.21) and (3.37), respectively. Moreover, let §j and p denote the
optimal state and adjoint, respectively, associated with w. Then there exists a constant C > 0 not depending
on { such that

o = a|] 2 o)

(3.38) - - - - -
< (1= P5lhwiay + 150 = Pmlly + 1= Pl )

where the linear projector P*:V — V¢ is given in (3.34).
If, in addition, yo € V and 3, p € H'(0,T; V) hold and {;}52, is a complete orthonormal basis for V,
then

lim [ja —a[| . = 0.

{—00

REMARK 3.13. Let us consider the following idealized situation [11]: Let @ be the optimal solution to
(3.21). Moreover, let 3, p € H*(0,T;V) denote the optimal state and adjoint state, respectively, associated
with @ and let yo € V. Then we consider the minimization problem

. _ 2 _ 2 .o
. g — ’PZyHHl(O,T;V) +p— PépHHl(o,T;v) st (Vi ¥j)y = dij, 1<, 5 <L

Its solution {1;}¢_, of rank ¢ satisfies the eigenvalue problem

Ripy = Ny, 1 <i <4,
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where the linear, bounded, non-negative and self-adjoint operator R is defined as

T
732:/0 (@), 2)y y(t) + (G:(1), 2)y G2 (8) + (P(2), 2)y () + (Pe(1), 2)y Pe(t) At

for z € V. Then, (3.38) can be replaced by

o0
-1, = €(150) - Pl + 3 5
i=0+1

with a constant C' > 0. Now we can estimate the decay of the norms || —P*g||w (o,r) and ||[p— P Dllw (o, in
(3.38) in terms of the eigenvalues ); and obtain an error estimate with respect to the remainder > i, 1 i
In contrast to this, the decay of the eigenvalues \; can only be used to bound || — P* llz2(0,1;vy from above,
but not the expression ||g; — PfgtHLz(o,T;v«) +p— PlﬁHW(QT). O

Now we complete the discussion of the a-posteriori estimate by combining Theorem 3.12 and Proposi-
tion 3.3. The proposition permits to estimate || — @*|| by the norm of an appropriate ¢, while Theorem 3.12
will be used to show that ¢ tends to zero as ¢ — oo, since it ensures convergence of @‘ to the optimal solution
@ of (3.21).

For any ¢ let 4’ € U,q be the optimal solution to (3.37). This optimal @ is taken as a suboptimal wu,

for (3.21), i.e. in Proposition 3.3 we take u, := u’.

THEOREM 3.14. 1) Let £ < d be arbitrarily given and u* € U,qg be the optimal solution to (3.37).
Denote by i = §(a’) = g0 + Su’ the solution to (3.17) with v = @’ and let p = p(ua’) solve the
associated adjoint equation

d -

59 —S4p0), )y + Al (D), 9) = a0 (21— CG.C)yy, S L€ 0.T], Vo eV,

(B(T), )y = az(z2 = DY(T), D)y, o€ V.
Define, according to (3.2 ) the functwn ¢t e L2(9) by
[(ou p(at))(s) on A* = {sej‘ﬂe(s):ua(s)},
(3.40) Ct(s) = [(ou’ — B*p(u*))(s) on AY ={seJ ’ u(s) = up(s)},
—(ou* — B*p(a"))(s) on g =7\ (AL UAL).

[ —1

Jr
)
Then

o 1
la— ué”L2(J) < P HCéHB(J)

2) If all hypotheses of Proposition 3.9 and Theorem 3.12 are satisfied, in particular {1;}5°, is a com-
plete orthonormal basis for V , then the sequences {1’} en and {B*p*}een converge to U respectively
B*p in L*(J) as £ — oo and

||<e||L2(3) — 0.

REMARK 3.15. 1) Notice that § and p must be taken as the solutions to the (full) state and
adjoint equation, respectively, not of their POD-approximations.

2) Part 2) of Theorem 3.14 shows that ||¢*||12(s) can be expected smaller than any ¢ > 0 provided

that ¢ is taken sufficiently large. Motivated by this result, we set up the Algorithm 1. O

REMARK 3.16. In the numerical realization of Algorithm 1, Step 6 requires the solution of the state as
well as of the adjoint equation by, e.g., a finite element or finite differerence scheme. O
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Algorithm 1 POD reduced-order method with a-posteriori estimator.

1: Choose an input u € U,g, an initial number ¢ for POD ansatz functions, a maximal number £™2* > { of
POD ansatz functions, and a stopping tolerance € > 0; compute y = o + Su.

2: Determine a POD basis of rank ¢ utilizing the state y = g + Su and derive the reduced-order model
(3.37).

3: repeat

4:  Establish the discretized optimal control problem (3.37).

5. Calculate the optimal solution @ of (3.37).

6:  Evaluate §(ua*) = o + Su’* and compute the solution p(u) to (3.39) as well as ¢¢ from (3.40).

7. if [|¢Y]|L2(g) < € or £ = (™ then

8 Return ¢ and suboptimal control @‘ and STOP.

9

:  else
10: Set £ =0+ 1.
11:  end if

12: until ¢ > ¢max




CHAPTER 4

Further topics

1. Parameter identification

1.1. Galerkin proper orthogonal decomposition methods for parameter dependent elliptic
systems. In [16] estimates for Galerkin POD methods for linear elliptic, parameter-dependent systems are
proved. The resulting error bounds depend on the number of POD basis functions and on the parameter
grid that is used to generate the snapshots and to compute the POD basis. The error estimates also holds
for semi-linear elliptic problems with monotone nonlinearity. Numerical examples are included.

1.2. Impedance identification. The acoustical impedance of a component or trim part is one of its
most important characteristics. The trim and its absorption behavior contributes significantly to the comfort
inside the car. Therefore, correct impedance values are needed when acoustical simulations of car interior
noise are carried out.

A generally used methodology to determine the acoustical impedance is to use cut-out round samples of
the material in question and measure the acoustic characteristic in the impedance tube. As a result values
for the normal impedance and absorption coefficients can be obtained for this material. Disadvantages
of this method are that the measurement considers normal acoustic waves, only, that some materials are
inappropriate for the impedance tube and that the effects of the shape of the whole part have to be neglected.
Therefore efforts have been made to develop methods for impedance mearurements of entire trim parts, such
as carpets, dashboards or seats.

In [44] we formulate the identification problem as an optimal control problem, where the cost functional
contains a regularization term as well as a least-squares term for the difference of the mearurements and the
sound pressure p computed by solving the Helmholtz equation. In contrast to [10] we identify the admittance
A € C instead of the impedance Z = 1/A. Due to the the term Ap in the Robin boundary conditions for
the Helmholtz equation (normal impedance boundary) the obtained optimal control problem has a bilinear
structure, whereas in [10] the non-linearity is of the form p/Z. If the admittance A has been estimated,
then Z = 1/A is an estimate for the impedance. The optimal control problem is solved by a globalized
quasi-Newton method with BFGS update of the Hessian [34]. Furthermore, a discretization based on proper
orthogonal decomposition (POD) is utilized for the solution of the Helmholtz equation. POD is a powerful
technique for model reduction of nonlinear systems.

Let us mention that in [10] a standard finite element discretization for the Helmholtz equation is applied.
Alternatively, the wave based technique (WBT) is used in [9]. A-posteriori analysis in utilized in [41] to
determine the number of POD ansatz functions in the POD Galerkin projection for an optimal control
problem governed by the Helmholtz equation.

1.3. Estimation of regularization parameters in elliptic optimal control problems. In [17]
parameter estimation problems for a non-linear elliptic problem are considered. Using a Tikhonov regular-
ization techniques the identification problems are formulated in terms of optimal control problems which are
solved numerically by an augmented Lagrangian method combined with a globalized sequential quadratic
programming algorithm. For the discretization of the partial differential equations a Galerkin scheme based
on proper orthogonal decomposition (POD) is utilized, which leads to a fast optimization solver. This method
is utilized in a bilevel optimization problem to determine the parameters for the Tikhonov regularization.
Numerical examples illustrate the efficiency of the proposed approach.

71
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1.4. Estimation of diffusion coefficients in a scalar Ginzburg-Landau equation. In [18] work
POD is applied to estimate scalar parameters in a scalar non-linear Ginzburg-Landau equation. The pa-
rameter estimation is formulated in terms of an optimal control problem that is solved by an augmented
Lagrangian method combined with a sequential quadratic programming algorithm. A numerical example
illustrates the efficiency of the proposed solution method.

2. Feedback strategies

2.1. Reduced order output feedback control design for PDE systems. The design of an optimal
(output feedback) reduced order control (ROC) law for a dynamic control system is an important example
of a difficult and in general non—convex (nonlinear) optimal control problem. In [27] we present a novel
numerical strategy to the solution of the ROC design problem if the control system is described by partial
differential equations (PDE). The discretization of the ROC problem with PDE constraints leads to a large
scale (non-convex) nonlinear semidefinite program (NSDP). For reducing the size of the high dimensional
control system, first, we apply a POD method to the discretized PDE. The POD approach leads to a low
dimensional model of the control system. Thereafter, we solve the corresponding small-sized NSDP by a fully
iterative interior point constraint trust region (IPCTR) algorithm. IPCTR is designed to take advantage of
the special structure of the NSDP. Finally, the solution is a ROC for the low dimensional approximation of
the control system. In our numerical examples we demonstrate that the reduced order controller computed
from the small scaled problem can be used to control the large scale approximation of the PDE system.

2.2. HIB-POD based feedback design for the optimal control of evolution problems. The
numerical realization of closed loop control for distributed parameter systems is still a significant challenge
and in fact infeasible unless specific structural techniques are employed. In [25] we propose the combination
of model reduction techniques based on POD with the numerical treatment of the Hamilton-Jacobi-Bellman
(HJB) equation for infinite horizon optimal control problems by a modification of an algorithm originated by
Gonzales-Rofman and further developed by Falcone-Ferretti. The feasibility of the proposed methodology
is demonstrated numerically by means of optimal boundary feedback-control for the Burgers equation with
noise in the initial condition and in the forcing function.
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