OPTIMAL CONTROL OF ELLIPTIC PARTIAL DIFFERENTIAL
EQUATIONS

S. VOLKWEIN

ABSTRACT. This lecture is an introduction to the theory of optimal control
problems governed by elliptic partial differential equations. The main focus is
on existence results for optimal controls as well as on optimality conditions.
Linear-quadratic and semilinear problems are considered. It is basically based
on the books [2, 3].

1. Optimal control in finite dimension

Some basic concepts in optimal control theory can be illustrated very well in the
context of finite-dimensional optimization. In particular, we do not have to deal
with partial differential equations and several aspects from functional analysis.

1.1. Finite-dimensional optimal control problem. Let us consider the mini-
mization problem

(1.1) min J(y,u) subject to (s.t.) Ay =DBu and u € Uy

where J : R” x R™ — R denotes the cost functional, A € R"*" B € R"*™ and
() £ Uyq C R™ is the set of admissible controls.
We look for vectors y € R™ and u € R™ which solve (1.1).

Example 1.1. Often the cost functional is quadratic, e.g.,
J(y,u) = |y = yal® + Aluf?,
where | - | stands for the Euclidean norm and y; € R™, A > 0 hold. O

Problem (1.1) has the form of an optimization problem. Now we assume that A
is an invertible matrix. Then we have

(1.2) y= A"'Bu.

In this case there exists a unique vector y € R™ for any v € R™. Hence, y is
a dependent variable. We call u the control and y the state. In this way, (1.1)
becomes a finite-dimensional optimal control problem.

We define the matrix S € R™*" by S = A~'B. Then, S is the solution matrix
of our control system: y = Su. Utilizing the matrix S we introduce the so-called
reduced cost functional

J(u) = J(Su,u).
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This leads to the reduced problem
(1.3) min J(u) s.t. u € Uy

In (1.3) the state variable is eliminated.

1.2. Existence of optimal controls.

Definition 1.2. The vector u* € U,q is called an optimal control for (1.1) provided
J(w*) < J(u) for all u € Uggq.

The vector y* = Su* is the associated optimal state.

Theorem 1.3. Suppose that J is continuous on R™ x Uyq, that Uy is nonempty,
bounded, closed and that A is invertible. Then, there exists at least one optimal
control for (1.1).

Proof. Since the cost functional J is continuous on R™ x U,q, the reduced cost
J is continuous on U,q. Furthermore, U,y C R™ is bounded and closed. This
implies that U,q is compact. Due to the theorem of Weierstrass J has a minimum
u* €Uy # 0, ie., j(u*) = minyey,, j(u) ]

In the context of partial differential equations the proof for the existence of
optimal controls is more complicated. The reason for this fact is that bounded and
closed sets in infinite-dimensional function spaces need not to be compact.

1.3. First-order necessary optimality conditions. To compute solutions to
optimal control problems we make use of optimality conditions. For that purpose
we study first-order conditions for optimality.

We use the following notation for a function J:R™ 5 R:

2
D; = %7 D, = %, D,, = % (partial derivatives),
J'(z) = (D1J(x),...,DpJ(zx)) € RP™ (derivative),
VJ(z)=J'(x)" (gradient).

For functions J : R" x R™ — R we denote by D,J(y,u) € R'*™ the derivative
with respect to y € R", i.e., DyJ(y,u) = (Dy, J(y,u), ..., Dy, J(y,u)). The vector
VyJ(y,u) = DyJ(y,u)T € R"*! is the gradient of .J with respect to y. Analogously,
D, J(y,u) and V,J(y,u) are defined.

The Euclidean inner product is denoted by

T T

m
(u,v)Rm:u-v=Zuivi for uw=(u1,...,Um) ,v=_V1,...,0m)
i=1

For the directional derivative in direction A € R™ we have
j’(u)h = <Vj(u), h)gm = Vj(u) - h.

Throughout we assume that all partial derivatives of J exist and are continuous.
From the chain rule it follows that J(u) = J(Su, u) is continuously differentiable.
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Example 1.4. Let us consider the cost functional
Ju) = 318w~ yal? + Sl
see Example 1.1. We obtain
VJ( ST(Su—yq) + \u,
J'(w) = (ST (Su—ya) + M) T,
J'(u)h = (ST (Su — ya) + Au, h)pm
at u € R™ and for h € R™. O

u) =
u) =

Theorem 1.5. Suppose that u* is an optimal control for (1.1), Uuq is convex and
J is differentiable. Then the variational inequality

(1.4) JWw(u—u*)>0  forall ue Uy
holds.

It follows from Theorem 1.5 that at u* the cost functional J can not decrease
in any feasible direction. The proof follows from a more general result (see [3,

pag. 63]).

From the chain rule we derive
J'(w*)h = Dy J(Su*,u*)Sh + Dy J(Su*, u*)h
(1.5) = (V,J(y*,u*), A" Bh)gn + (Vo J (y*,u*), h)gm
= (BTA™ TV, J(y*, u*) + Vo J (y*, u"), h)gm,
where (AT)™1 = (A7!)T := A~ 7 holds. Thus, we derive from (1.4)
(1.6) (BT AT, (5" u) + Vo (5" u"),u— ") > 0
for all u € Uyy. In the following subsection we will introduce the so-called adjoint

or dual variable. Then, we can express (1.6) in a simpler way.

1.4. Adjoint variable and reduced gradient. In a numerical realization the
computation of A~! is avoided. The same holds for the matrix A~T. Thus, we
replace the term A~ TV, J(y*,u*) by p* := —A~ "V, J(y*,u*), which is equivalent
with

(L.7) ATy =V, ).

Definition 1.6. Fquation (1.7) is called the adjoint or dual equation. Its solution

*

p* is the adjoint or dual variable associated with (y*,u*).

Example 1.7. For the quadratic cost functional J(y,u) = 3|y —ya|* + 3 Alu? with
Y,yq € R™ and A > 0 we derive the adjoint equation

ATp* =y — y*
Here we have used V,J(y,u) =y — yq4. %

The introduction of the dual variable yields two advantages:

1) We obtain an expression for (1.6) without the matrix A~ T.
2) The expression (1.6) can be written in a more readable form.
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Utilizing y* = Su* in (1.5) we find that
VJ(u*) = =B p* + V., J(y*,u*).
The vector V.J (u*) is cal}ed the reduced gradient. The directional derivative of the
reduced cost functional J at an arbitrary u € U,q in direction h is given by
J'(u)h = (=BTp+ V. J(y,u), h)rm,

where y = Su and p = —ATV,J(y,u) hold. From Theorem 1.5 and (1.6) we derive
directly the following theorem.

Theorem 1.8. Suppose that A is invertible, u* is an optimal control for (1.1),
y* = Su* the associated optimal state and J is differentiable. Then, there exists a
unique dual variable p* satisfying (1.7). Moreover, the variational inequality

(1.8) (=B p* + V. J(y*,u"),u—ugm >0 for allu € Uyg
holds true.
We have derived an optimality system for the unknown variables y*, u* and p*:
Ay* = Bu*, u* € Ugg
(1.9) Alp* =V, J(y",u")
(=BTp* + Vo J(y*,u*), v —u*)gm >0 forall v € Uyg.

Every solution (y*,u*) to (1.1) must satisfy, together with the dual variable p*, the
necessary conditions (1.9).

If Uyg = R™ holds, then the term u—u* can attain any value h € R™. Therefore,
the variational inequality (1.8) implies the equation

—BTp* + V. J(y*,u*) =0.
Example 1.9. We consider the cost functional
T,w) = 510y — yal + S P

with C' € R™*" y, yq € R®, A >0 and u € R™. Then,

Vyd(y,u) = CT(Cy —ya),  Vud(y,u) = lu.
Thus, we obtain the optimality system

Ay* = Bu*, u* €Uy

ATp* =CT(ya - Cy")

<—BTp* + A, v —u)pm >0 for all v € Uyy

If Uyg = R™ holds, we find —BTp* + \u* = 0. For A > 0 we have

1
(1.10) ut = XBTp*.
Inserting (1.10) into the state equation, we obtain a linear system in the state and
dual variables: )
ATp* = CT(ya = Cy").
If (y*,p*) is computed, u* is given by (1.10). %
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1.5. The Lagrange function. The optimality condition can be expressed by
utilizing the Lagrange function.

Definition 1.10. The function £ : R?*™"+t™ — R defined by
L(y,u,p) = J(y,u) + (Ay — Bu,p)gn, (y,u,p) € R" x R™ x R,
is called the Lagrange function for (1.1).

It follows that the second and third conditions of (1.9) can be expressed as
VyL(y*,u*,p*) =0
(Vo L(y* v, p"),u — u)gm >0 for all u € Uyg.
Remark 1.11. The adjoint equation (1.7) is equivalent to V,L(y*,u*,p*) = 0.
Thus, (1.7) can be derived from the derivative of the Lagrange functional with

respect to the state variable y. Analogously, the variational inequality follows from
the gradient V, L(y*, u*, p*). O

It follows from Remark 1.11 that (y*,u*) satisfies the necessary optimality con-
ditions of the minimization problem

(1.11) min L(y,u,p*) s.t. (y,u) € R® x Upq.

Notice that (1.11) has no equality constraints (in contrast to (1.1)). In most appli-
cations p* is not known a-priori. Thus, (y*,u*) can not be computed from (1.11).

1.6. Discussion of the variational inequality. In many applications the set of
admissible controls has the form

(1.12) Uga = {u € R |ug <u < upt,

where u, < wup are given vectors in R™ and “<” means less or equal in each
component: u,; < u; < up,; for i =1,...,m. From (1.8) it follows that

(=BTp* + Vo, J(y*,u*),u")gm < (=BT p* + V., J(y*, u"), u)gm

for all u € U,gq. This implies that u* solves the minimization problem

m

min <fBTp* + Vo J(y*,u*), u)gm = min (fBTp* + Vo J (™ u"))iu;.
u€Uqq u€Uqq =

If Uyq is of the form (1.12), then the minimization of a component u; is independent
of uj, i # j:
(=B'p" + Vi J(y*,u*))iu; = min  (=BTp* + V., J(y", u"))iu,

Uq, i <uiSup i
1 <i < m. Thus,
up; if (=BTp* + Vo J(y*,u*)); <0
(1.13) wi=4{ " ( . "))
Ug; if (—B'p"+V,J(y"u")); > 0.
If (=BTp* + V,J(y*,u*)); = 0 holds, we have no information from the variational

inequality. In many cases we can use the equation (—B ' p* + V,J(y*,u*)); = 0 to
obtain an explicit equation for one of the components of u*.
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1.7. The Karush—Kuhn—Tucker system. Define the vectors

pa = (=BTp" + Vi (y*,u"))4

(1.14) ) o
py = (=B p* + V, J(y*,u*))_.

where 15, = (=BT p* +V,J(y*,u*)); if the right-hand side is positive and pq,; = 0
otherwise. Analogously, up; = |(—BTp* + V. J(y*,u*));| if the right-hand side is
negative and p;; = 0 otherwise. Utilizing (1.13) we have

Ha > 07 Uq — u” S 07 <ua - U*7MG>R"” =0

o > 07 u* — up < Oa <U* - ub),ub>]Rm =0

These conditions are called complementarity conditions. The inequalities are clear.
We prove (u, —u*, tig)rm = 0. Suppose that u, ; < u} holds. Due to (1.13) we have
(=BT p* + V.J(y*,u*)); <0. Thus, pg,; = 0 which gives (uq; — u})pa,i = 0. Now
we assume fi,; > 0. Using (1.14) we derive (=B p* + V., J(y*,u*)); > 0. It follows
from (1.13) that u,; = u} holds. Again, we have (uy,; — 4] )pte; = 0. Summation
over i =1,...,m yields (uq, — u*, ptg)rm = 0.

Notice that

fha — iy = —B T p* + V, J(y*,u").
Hence,
(1.15) VoJ(y*,u*) = B p* + pp — pta = 0.

Let us consider an augmented Lagrange functional

L(Y, w, ps pras o) = J(y, ) + (Ay — Bu, p)rn + (g — U, pra)ren + (U — up, pip)rm
Then, (1.15) can be written as

Vo Ly u 0", fra, i) = 0.

Moreover, the adjoint equation is equivalent with
Vyﬁ(y*, U*7p*7 Has ,U/b) =0.

Here, we have used that V,£ = Vyﬁ. The vectors p, and pp are the Lagrange
multipliers for the inequality constraints u, — u* < 0 and u* — u < 0.

Theorem 1.12. Suppose that u* is an optimal control for (1.1), A is invertible
and Ugq has the form (1.12). Then, there exist Lagrange multipliers p* € R™ and
La, iy € R™ satisfying
Vy‘é(y*’U*7p*7Ma7,U/b) =0
=0

Vo L(y* u*, D", flas i)
(1.16) fa >0, pp >0

(Ug —u", pa)rm = (U* — up, pp)rm =0
Ay* = Bu*, u, <u < uyp.

The optimality system (1.16) is called the Karush-Kuhn-Tucker (KKT) system.
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2. Existence of optimal controls for linear quadratic optimal control
problems

In this section we present strategies to prove existence of optimal controls for
linear quadratic problems. The cost functional is quadratic and the constraints are
linear elliptic equations together with linear inequality constraints.

Assumption 1. Let Q@ C RY be a bounded domain with Lipschitz-continuous
boundary and suppose that X > 0, yq € L2(Q), yr € L*(T), B € L>=(Q), a € L>(T)
with a(z) > 0 for almost all (f.a.a) x € T and uq, up, va, vy € L*(E) with
Ua () < up(x), vo(z) < vp(x) fia.a. x € E. Here, E=Q or E=T.

2.1. Optimal stationary heat source. We consider the problem

(210) min J(.1) = 1 1y~ vl + 5 120
subject to

(2.1b) —Ay=puinQ, y=0onT,

(2.1c) Ug(z) <u(z) <up(x) faa. zell

Let us introduce the set of admissible control by
Uaa = {u € L*(Q) : uq(z) < u(z) < wp(z) faa. z € Q}.

Note that U,q is non-empty, convex and bounded in L?(£2).
The following proposition follows from the Lax-Milgram lemma. For a proof we
refer to [3, pag. 33|, for instance.

Proposition 2.1. With Assumption 1 holding there exists a unique weak solution
y € H () to (2.1b), for every u € L*(Q), i.e.

/ Vy-Vedr = / Bupdz  for all ¢ € HY ().
Furthermore, ’ ’
(2.2) 19l 10y < Cllull 2o
for a constant C' depending on § € L*>(Q).
Remark 2.2. Let us introduce the linear operator e : H} () x L?(Q) — H~1(Q)
by
(e(y,u), ‘P>H*1(Q),H(}(Q) = /QVy -V — Bupdz  for ¢ € H} (Q)
with (y,u) € H}(2) x L*(Q). Then, (2.1) can be expressed equivalently as
minJ(z) subject to (s.t.) 2= (y,u) € Xaq and e(x) =0 in H*(Q)
with Xeq = H(Q) X Ung. 0O

The unique solution y to (2.1b) is called the state associated with u. We define
the state space
Y = H(Q)
and we write y = y(u) to emphasize the dependence on w.

Definition 2.3. An element u* € U,q is called optimal control and y* = y(u*) the
associated optimal state provided

Jy*,u) < J(y(u),u) for all u € Ugg.
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By Proposition 2.1 the solution operator G : L*(Q) — HZ(Q), u — y(u) is
well-defined. We call G the control-to-state mapping. Notice that G is linear and
continuous. The continuity follows from (2.2).

Remark 2.4. The space H'(Q) (and therefore also H}(Q) C H'(2)) is continu-
ously embedded into L?(£2). In particular,

lyllzzo) < llyllm@) < Cllullrz(e)
for y = Gu and u € L?(Q2). Hence, we consider G' as a mapping from L?*() to
L?(€2). More precisely, we define the solution operator
S =EyG: L*(Q) — L*(Q),

where Ey : H'(Q) — L?*(Q) denotes the canonical embedding operator. The
advantage of the operator S is that its adjoint S* is also defined on L?(Q) and we
have

(Su, @) 20y = (u, S )r2(q) for all u,p € L*(Q).
This will be used in Section 3.3. O

We introduce the so-called reduced cost functional J by
B 1 A
J(u) = J(Su,u) = 3 [1Su — yQHQLz(Q) + 5 ||u||2L(Q)2 for all u € U,q.

To prove the existence and uniqueness of an optimal control for (2.1) we make use
of some facts from functional analysis.

Definition 2.5. A subset M of a real Banach space U is called weakly sequentially
closed if u, € M, u, =~ u €U (n— o0) imply u € M. The set M is called weakly
sequentially compact if every sequence {u,}nen in M has a weakly convergent
subsequence in U and if M is weakly sequentially closed.

Definition 2.6. A subset C' of a real Banach space U is called convex if for all
u,v € C and for all X € [0,1] we have

A+ (1—=NwveCC.
The mapping f : C — R is said to be convex if for allu,v € C and for all X € [0, 1]
it follows that
FOw+ (1= XNo) < Af(u) + (1= N)f(v).
We call f strictly convex if for all u,v € U with u # v and for all X € (0,1) we
have

FOu+ (1 =Xv) < Af(u)+ (1= X)f(v).

To prove the existence of optimal controls we will make use of the following
result.

Theorem 2.7. A convez and closed subset of a Banach space is weakly sequentially
closed. If the space is reflexive (e.g. a Hilbert space) and if the subset is also
bounded, then the subset is weakly sequentially compact.

Theorem 2.8. FEvery convexr and continuous functional f defined on a Banach
space U is weakly lower semicontinuous, i.e., for any sequence {up tnen in U with
Uy — U for n — 00 we have

liminf f(u,) > f(u).

n—oQ
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Example 2.9. The norm is weakly lower semicontinuous. From
A+ (1 =Nl < Au|l+ (1= A)|jv]| forall A €]0,1]

it follows that the norm is convex. Moreover, || - || is continuous. Thus, the claim
follows from Theorem 2.8. O

Theorem 2.10. Suppose that U and H are given Hilbert spaces with norms || - ||lu
and || - ||, respectively. Furthermore, let Uyq C U be non-empty, bounded, closed,
convex and yq € H, X > 0. The mapping S : U — H is assumed to be a linear and
continuous operator. Then there exists an optimal control u* solving

N 1 2 A2
(2.3) Jnin. J(u) == 5 1Su — yaly + 5 lJwllz-

If A > 0 holds or if S is injective, then u* is uniquely determined.
Proof. Since J(u) > 0 holds, the infimum
j= inf J(u)

u€EUqq

exists. By assumption, U,q # 0. Thus, there is a minimizing sequence {u, }nen
satisfying lim,, s J () = j. The set Uy,q is bounded and closed (but in general not
compact). From the convexity of U,q and Theorem 2.7, we infer that U,q is weakly
sequentially compact. Thus, there exists a subsequence {uy, }ren of {un}nen and

an element u* € U,q satisfying
Up, —u* for k — oco.

Since S is continuous, J is continuous. From the convexity of J and Theorem 2.8
we infer

J(u*) < lim J(up,) = j.

k— o0
Recall that j is the infimum of all function values J (u), u € Uyq. From u* € Uyq
we have J(u*) > j. Thus, J(u*) = j and v* is an optimal control for (2.3).
Note that J”(u) = §*S + A\ : U — U is the hessian of .J, where §* : H — U is
the Hilbert space adjoint of S : U — H satisfying

(Su, h) y = (u,S"h), for all (u,h) € U x H.
Notice that
(J" (W), v}y = (S*Sv + M, v)y, = [[Svl3 + AlvllF-

If A > 0 then (J”(u)v,v) > 0 for all v € U \ {0}. On the other hand we have that
S is injective. Then [|Sv||% > 0 for all v € U \ {0}. Thus, we have in both cases
that J” (u) is a positive operator. This implies that J is strictly convex and there
exists a unique optimal control. ([

Remark 2.11. In the proof of Theorem 2.10 we have only used that J is continuous
and convex. Therefore, the existence of an optimal control follows for general convex
and continuous cost functionals J : U — R with a Hilbert space U. O

Next we can use Theorem 2.10 to obtain an existence result for the optimal
control problem (2.1).
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Theorem 2.12. Let Assumption 1 be satisfied. Then (2.1) has a local solution
(y*,u*) with y* = Su*. For A >0 or B(x) #0 f.a.a. x € Q the optimal solution is
UNIqUE.

Proof. In the context of Theorem 2.10 we choose U = H = L?(Q), ya = yo and
S = EyG. The set Uyg = {u €L*) :uy <u< ub} is bounded, convex and
closed. From Theorem 2.10 we derive the existence of an optimal solution (y*, u*),
y* = Su*. For 8 # 0 the operator S is injective: from Su = 0 we have y = 0. This
implies fu = Ay = 0 and, hence, u = 0 follows. O

Remark 2.13. In the proof of Theorem 2.10 the optimal control u* is the limit of
the weakly convergent sequence {uy,, }ren. Since G : L?(Q) — HZ () is linear and
continuous, the sequence {yn, }keN, Yn, = Stn,, converges also weakly (in H}(Q))
to y* = Su*. O

Next we consider the case that u, = —oo or/and u, = +oo. In this case U,q is
not bounded. Hence, U,, is not weakly sequentially compact.

Theorem 2.14. If A > 0 holds and U,q4 is nonempty, convez, closed, problem (2.3)
admits a unique solution.

Proof. By assumption there exists an element ug € Uyq. For u € U with |ul|?, >
2271 J(up) we have

R 1 A A 5
J() = 5 1Su—yally + Sl = 5 ully > J(wo).

Thus, the minimization of J over Uy is equivalent with the minimization of J over
the bounded, convex and closed set

Ua N {u U : |ul? < 2)\_1j(u0)} .
Now the claim follows as in the proof of Theorem 2.10. O

We directly obtain the next result.

Theorem 2.15. Let u, = —o0 or/and uy = +00. Moreover, A > 0 holds. Then,
(2.1) has a unique solution provided Assumption 1 is satisfied.

Next we modify our state equation by changing the boundary conditions. For
given control variable u the state variable is given by
. Oy
(2.4) —Ay = fu in Q, I a(ys —y) on I
n
Here, y, € L?(T") is a given temperature and the coefficient o € L>(T") satisfies
afx) >0 faa. ze€Qand [ a’ds > 0. The analysis for the state equation (2.4) is
similar to the one for (2.1b). We recall the following theorem, which ensures unique
solvability of (2.4).

Theorem 2.16. Suppose that Q) C R™ is a bounded domain with Lipschitz contin-
uous boundary. For given coefficients ¢co € L*>(Q) and o € L*™(T") with co(A) > 0
fa.a. © € Q and a(z) >0 fa.a. x €T let y be given by

0
(2.5) —Ay+coy = f in Q, %+ay:g onT.
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Suppose that
/ co(z) dz + / afz)?ds(z) > 0.
Q r

Then, (2.5) has a unique solution y € HY(Q) for any f € L*() and g € L*(T).
Moreover, there exists a constant C > 0 (independent of f and g) so that

19l g () < C(Hf”m(g) + H9HL2(F))
holds.

A proof of Theorem 2.16 is given in [3, p. 36]

In contrast to the Dirichlet problem, we choose Y = H!(Q). Theorem 2.16
ensures for any u € L*(T") and y, € L*(T) that exists a unique solution y € Y.
Then, each solution to (2.4) can be expressed as

y = y(u) + Yo,
where y(u) solves (2.4) for the pair (u,y, = 0) and yg solves (2.4) for the pair
(u = 0,9,). The operator G : u — y(u) is linear and continuous from L?(2) to
H'(Q). We consider G as a mapping from L?(Q) to L?():
S=EyG, S:L*Q)— L*Q).
Then, the state variable y is given as y = Su + yo. The optimal control problem
can be expressed as

. 1 2 A 2
(2.6) Jnin J(u) = 3 [1Su = (yo = yo)ll 72y + 3 l[ullz2(q)-

From Theorems 2.10 and 2.14 the existence of an optimal control follows. If A > 0
or 5 # 0 in Q hold, the optimal control is unique.

2.2. Optimal stationary boundary temperature. We consider the boundary
control problem

. 1 A

(2.7a) min J(y,u) := 3 lly — yQHQLz(Q) + 3 ||u||i2(r‘)
subject to

. dy
(2.7b) —Ay =0 in Q, = alu—y)on T,

n
and
(2.7¢) Ug(z) <u(z) <up(x) faa zel.
For the existence of a unique solution to the elliptic problem (2.7) we suppose
(2.8) / afx)*ds(x) > 0.
r

The control space is L?(T), the state space Y = H'(£2). We define
Uaa = {u € L*(I) : uq(z) < u(z) < wp(z) faa. z €T},

It follows from Theorem 2.16 that (2.7b) has a unique weak solution y = y(u) €
H(Q) for any u € L*(T). The operator G : u — y(u) is continuous from L?(T") to
HY(Q) C L*(Q). We use S = EyG : L*(T') — L?(2) and obtain the next result
from Theorem 2.10.

Theorem 2.17. Let Assumption 1 and (2.8) be satisfied. Then, (2.7) possesses an
optimal control, which is unique for X\ > 0.
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Remark 2.18. With Theorem 2.14 we obtain also an existence result for un-
bounded sets U, . O

3. First-order necessary optimality conditions

Numerical methods for optimal control problem are often based on optimality
conditions, which leads to gradient-type algorithms.

3.1. Differentiability in Banach spaces. In this subsection we recall the no-
tion of Gateaux and Fréchet derivatives. These derivatives are needed to derive
optimality conditions for PDE constrained optimization problems.

Suppose that U and V are real Banach spaces. & C U an open subset and
F:U DU — V a given mapping.

Definition 3.1. Let u € U and h € U. If the limit
1
dF(u,h) = }{I{l) n (F(u—+th) — F(u))

exists in 'V, we call §F (u, h) the directional derivative of F' at u in direction h. If
0F (u, h) exists for all h € U, the mapping h — 0F (u, h) is called the first variation
of F at u.

Example 3.2. We consider the mapping f : R? — R, z = 7e¢’? = rcosp. At
x = 0 we have the first variation

1

= (trcosp —0) =rcose = f(h),

7(0,1) = lim 7 (F(th) — £(0)) = lim +

where we have used that h = re®® and th = tre'¥. Thus, f(th) = trcosy and
f(h) = rcosp. Notice that h — f(h) = §f(0,h) is a nonlinear mapping. O

= lim
£\,0

Definition 3.3. Let u € U. Suppose that there exist the first variation 6F (u,h)
and a linear, continuous operator A : U — V satisfying

0F(u,h) = Ah  for all h € U.

Then, F is Gateaux-differentiable at u and A is the Gateaux derivative of F' at .
We write A = F'(u).

Remark 3.4. The Gateaux derivative can be derived from the directional deriva-
tive. If F': U D U — R is Gateaux-differentiable at u, then F'(u) belongs to the
dual space U*. O

Example 3.5. 1) A nonlinear point functional: Let U = U = C([0,1]) and
f U —=Rbegiven by f(u(-)) =sinwu(1). Then, f is well-defined. Suppose
that h € C([0,1]). We compute the directional derivative of f at u in
direction h. It follows that

lim % (f 0+ th) = () = limy % (sin(u(1) + th(1)) — sinwu(1))

d .

= sin(u(1) + th(l))’t:O
= (cos(u(1) + th(l))h(l))’f;o = cosu(1)h(1).

Thus, §f(u,h) = cosu(1)h(1). The mapping h — §f(u,h) is linear and

continuous in C([0,1]). Thus, f is Gateaux-differentiable and f'(u)h =

cos(u(1))h(1).
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2) Quadratic function in a Hilbert space: Let H be a Hilbert space with inner
product (-, )y and induced norm | - ||gz. We set f(u) = |lu||%. Then,

o1 1 2 2
lim = (F (- th) = () = lim = ([fu+ ], — ul)
T 1 2 2 _
= lim © (215 (u, h) g+t ||h||H) =2(u, Ry,

Hence, u — f(u) is Gateaux-differentiable and f'(u)h = (2u,h)y. By
Riesz theorem, the dual space H* can be identified with H. The Riesz
representation of f/'(u) = (2u, )y is 2u € H. Often we write V f(u) = 2u €
H and call Vf(u) in this case the gradient of f at w.

3) Application to the Hilbert space L?(Q): Consider

Fw) = ul2agy = /Q u()? da.

From part 2) we obtain the derivative
f(uw)h = / 2u(z)h(x) dz
Q

and — by identifying L?(Q)* with L?(Q2) — the gradient (f'(u))(z) = 2u(x)
faa. x e %

Definition 3.6. Let w € U and F : U D U — V be given. The mapping F is
called Fréchet differentiable at u € U if there exists an operator A € L(U,V) and a
mapping r(u,-) : U = V satisfying
F(u+h)=F(u)+ Ah+r(u,h) forallh e U withu+h €U,

where

[[7(u, P)llv

12]lu

The operator A is said to be the Fréchet derivative of F' at u. We write A = F'(u).

=0 for |||, — 0.

Remark 3.7. To prove Fréchet differentiability, one often considers
|1F'(u+h) — F(u) — Ahlly

—0 for ||h||, =0

l[7llu
with a candidate A for the derivative. O
Example 3.8. 1) Define the mapping f : R? — R by

F@,y) 1 ify=22and z #0,
x? = .
Y 0 otherwise.

Then, f is Gateaux-differentiable in (0,0), but not continuous. Thus, f is
not Fréchet-differentiable in (0, 0).
2) The mapping f(u) = sinu(1) is Fréchet-differentiable in C([0, 1]).
3) The function f(u) = |lu||% is Fréchet-differentiable in a Hilbert space H.
4) Any linear and continuous operator A is Fréchet-differentiable. From

A(u+h) = Au+ Ah+0

we observe that » = 0 holds. In this case, the operator A is the Fréchet
derivative of itself. O
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If F is Fréchet-differentiable, then F' is Gateaux-differentiable. Thus, a Fréchet
derivative can be computed utilizing the directional derivative.

Theorem 3.9 (Chain rule). Suppose that U, V, Z are Banach spaces and U C
U,V CV are open sets. Let F : U — V, G :V — Z be Fréchet-differentiable at
u € U and F(u) € V, respectively. Then E = Go F : U — Z, u — G(F(u)) is
Fréchet-differentiable at u satisfying
E'(u) = G'(F(u))F'(u).
Example 3.10. Let (U, (-,-)v), (H, (-, -y ) be real Hilbert spaces, z € H be fixed,
S e L(U,H) and
E(u) = ||Su — z||3, forue U.
Then, E(u) = G(F(u)) with G(v) = |[v||% and F(u) = Su — 2. From Example
3.5-2) and Example 3.8-4) we find
G'(v)h = (2v,h)y, F'(u)h = Sh.

Using Theorem 3.9 it follows that
E'(u)h = G'(F(w)) F'(u)h = (2F(u), F'(u)h)

=2(Su—z,Sh)y =2(S*(Su—z),h),
for any h € U. In (3.1) the operator S* € L(H,U) is the adjoint operator of S and
will be defined in the next subsection. O

(3.1)

3.2. Adjoint operators. If A € R™*", then,
(Au,v)gm = (u, ATv)gn for all u € R™ and v € R™.

Here, AT is the transpose of A. Analogously, we can define an adjoint operator A*
for A € L(U,V) with real Hilbert spaces U, V:

(Au,v)y = (u, A*v)yy forallue U and v e V.

More generally, we can define a dual operator in real Banach spaces U and V. Sup-
pose that A € L(U,V) and f € V* € {f : V — R| f is linear and continuous} =
L(V,R). We define g : U — R by

9(u) = f(Au).
Since f and A are linear, g is linear. Moreover, we have
(W) < [ flly-lAully < 1Flv- Al 2w, llully-

Consequently, ¢ is bounded and thus g € U*. We obtain

gl = sup g(u)= sup f(Au)= sup (f, Au>v*,v
ullu=1 llullv=1 lullov=1
= sup (A"f, U>U*,U = [|A* ] v < ||AH£(U,V)||f| Ve

lullv=1
Here, we have used the notation of the duality pairing
f(w)={f,v)y. forveV

The mapping V* > f +— g € U* is called the adjoint or dual operator associated
with A € L(U,V). We denote this dual mapping by A*. Note that

(A" fu) e p = g(u) = f(Au) = (f, Au)y. , forallu e U.
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Thus, for the dual operator A* € L(V',U’) we have
(f, Au)y v = (A" fiu)y. p forall fe€ V™ and ue U

Concerning the notation we do not distinguish between the dual and the (Hilbert
space) adjoint operator.

3.3. Optimality conditions. In this subsection we derive first-order necessary
optimality conditions.

3.3.1. Quadratic programming in Hilbert spaces. In section 2 we have con-
sidered the quadratic programming problem

. 1 2 A2
(3.2) min J(u) = 3 1Su — yally + 3 llwllg-

Thus we can apply the following lemma.

Lemma 3.11. Let U be a real Banach space, U C U be open, C C U be convex and
J :U — R a function, which is Gateaux-differentiable in U. Suppose that u* € C
is a solution to

(3.3) Lnelg J ().

Then the following variational inequality holds
(3.4) J W) (u—u*)>0 foralueC.
If u* € C solves (3.4) and J is convex, then u* is a solution to (3.3).

Proof. Let u € C be chosen arbitrarily. We consider the convex linear combination
u(t) =u* +t(u—u") foranyte[0,1].
Since C' is convex, u(t) € C for all ¢ € [0,1]. From the optimality of u* we infer
that there exists a t* € [0,1]
J(u(t)) > J(u*) fort e [0,t"].
Thus

% (F + =) = J(w)) 2 0

for all ¢ € (0,¢*]. Since J is Gateaux-differentiable on U, we obtain (3.4) by taking
the limit ¢ — 0. .
Let u € C be arbitrary and u* € C' a solution to (3.4). Since J is convex, we have

J(w) = J(w) > J () (u—u").
By (3.4) we obtain J(u) > J(u*), so that u* is a solution to (3.3). O
In Lemma 3.11 a first-order necessary optimality condition is formulated. If J

is convex, then (3.4) is also a sufficient condition. Next we apply Lemma 3.11 to
(3.2).

Theorem 3.12. Let U, H be real Hilbert spaces, Uy,q C U nonempty, convex and
yqa € H, A\ > 0 be given. Furthermore, assume that S € L(U,H). Then, u* € Uy
solves (3.2) if the variational inequality

(3.5) (S*(Su™ —yq) + A", u—u*), >0 for allu € Uyq
holds.
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Proof. The gradient of .J is given by
VJ(u*) = S*(Su* — yq) + ™.
Thus, the claim follows directly from Lemma 3.11. (]
The variational inequality (3.5) can be expressed as
(Su™ — ya, Su— Su™) y + N{u*,u—u*),;, >0 forall u € Uyg,

where the use of S* is avoided.

3.3.2. Optimal stationary heat source. We consider the problem (compare
Section 2.1)

(3.6a) win 7y, 1) = 1 1y~ a3y + 5 Il
subject to

(3.6b) —Ay=0fuinQ, y=0onT,

and

(3.6¢) ug <u<wuy, inQ ae.,

where “a.e.” stands for “almost everywhere”. We have introduced the solution
operator S : L%(Q2) — L?()). From (3.5) we derive that an optimal solution to
(3.6) satisfies the variational inequality

(3.7) (S™(Su™ —ya) + M, u—u") 12 =0 forall u € Usa.
To determine the adjoint operator S* we make use of the following lemmas.

Lemma 3.13. Suppose that z,u € L*(Q), co, € L>=(Q) with co > 0 in Q a.e.
and y,p € HY(Q) are the weak solutions to

—Ay+coy=pu inQ, —-Ap+cp=z in§,
y=20 on I, p=0 onl.
Then,

(3.8) /szdx:/ﬂﬂpudx.

Proof. The weak formulations and p,y € H}(Q) imply

Vy-Vp+coypder = | PBupdx
Q Q

and
/ Vp - Vy + copydx = / zy dx.
Q Q
Since the left-hand sides are equal, we obtain (3.8). O
Lemma 3.14. The adjoint operator S* : L*(Q) — L?(Q2) is given by

5"z = Pp,
where p € HE(Q) is the weak solution to —Ap =z in Q andp=0 onT.
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Proof. The adjoint operator S* is defined by
(2, 8u)r2(0) = (S"2,u)p2(q) forall z € L*(Q) and u € L*(Q).
The claim follows from Lemma 3.13 with ¢g = 0 and y = Su:
(2,5u) 2y = (2:9) 12 () = (BP, W) 12()-

The mapping z +— (p is linear and continuous from L?(Q) to L?(Q2) (by the Lax-
Milgram lemma). Since z and u are arbitrarily chosen and S* is uniquely deter-
mined, we have S*z = fp. (]

Remark 3.15. The derivation of S* is based on Lemma 3.13. However the con-
struction is not obvious. Later we will discuss a technique which is based on a
Lagrangian framework. In this case it is straightforward how the operator S* can
be computed. O

If S* is known, (3.7) can be simplified.
Definition 3.16. The weak solution p € H}(2) of the adjoint or dual equation
(3.9) “Ap=yo—y* " inQ, p=0onl
with y* = Su* is called the associated adjoint or dual state.

Recall that yo € L?(Q). Furthermore y* € H}(Q) — L?*(Q). Thus, yo — y*
belongs to L?(2). By Lax-Milgram there exists a unique adjoint state p € Hg (£2)
satisfying (3.9). Choosing z = yg — y* in Lemma 3.14 we find

S*(Su” —ya) = 5"(y" — ya) = —Fp.
Hence, (3.7) implies
(M* — Bp,u — u*>L2(Q) >0 forall ue Ug.
Using (3.4) we derive the following result.

Theorem 3.17. Suppose that u* is an optimal solution to (3.6) and y* the as-
sociated optimal state. Then there exists a unique solution p € HI(Q) to (3.9)
satisfying the variational inequality

(3.10) /Q (M (z) = B(z)p(x)) (u(z) —u*(x)) de >0 for all u € Uyq.

On the contrary, if u* € Uyq solves together with y* = Su* and the solution p to
(3.9) the variational inequality (3.10), then u* is an optimal solution to (3.6).

Summarizing, a control u is optimal for (3.6) if and only if u satisfies together
with y and p the following first-order necessary optimality system

7Ay = ﬁuv *AP =Ya — Y,
y|F =0, p|F =0,
(3.11) -
</\u — Bp,v — u>L2(Q) >0 for all v € Uyg.

Next we turn to a pointwise discussion of the optimality conditions. From (3.11)
we derive

/()\u* — Bp)u*dx < /()\u* — pp)udx  for all u € Uyg.
Q Q
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This implies

(3.12) /Q()\u* — Bp)u”* dx = min /Q()\u* — Bp)udz.

u€Ugqq

If Au* — Bp is known, (3.12) is a linear programming problem.

Lemma 3.18. The variational inequality (3.10) holds if and only if for almost all
x € Q we have

~ ua(a), i dar* () — Ble)p(z) > 0.
(3.13) u*(z) § € [ua(z), up(x)], if A\u*(z) — B(z)p(x) =0,
— w(@) if dar*(2) — Bla)p(z) < 0.

The following pointwise variational inequality is equivalent to (3.13):
(3.14) (Mu*(z) — B(x)p(z)) (v —u*(x)) > 0 for all v € [uy(x),up(z)], fa.a. x € Q.

Proof. 1) (3.10) = (3.13): We suppose that (3.13) does not hold and define

the measurable sets

Ap(u) ={z € Q: M’ (z) — B(z)p(x) > 0},

A_() = {z € Q : (@) — Ba)p(x) < 0},
where u* is an arbitrary representant of the equivalence class for u*. Anal-
ogously, u, and u; stand for arbitrary, but fixed representants. If the claim
follows for the chosen representants, the claim holds also for any chosen
representants. By assumption, (3.13) is not satisfied. Thus, there exists a
set B4 C A4 (u*) with positive measure and u*(z) > uq(x) for all z € Ey
or a set E_ C A_(u*) with positive measure and u*(z) < up(x) for all
re FE_. Let

u(x) = uq(x) for z € E4 and u(z) = u*(z) for x € Q\ E;.
Then,

/Q(/\U* (z) = B(z)p(x))(u(z) — u*(x)) dz
= /E (Au™(z) = B(x)p(x))(ua(x) — u(z)) dz <0,

because Au* — Bp > 0 and u, < u* on Ey C Ay(u*). Since u € Uyq
holds, we have a contradiction to (3.10). In the second case we proceed
analogously and define

u=wu,on E_ andu=u"on Q\ E_.

2) (3.13) = (3.14): We have u* = u, on Ai(u*) a.e. Thus, v — u*(z) >
0 for any real number v € [uq(z),up(z)] for x € Ay (u*) a.e. Utilizing
A (z) — B(z)p(z) > 0 in A4 (u*) we find

(Au*(x) — B(x)p(x))(v —u*(x)) >0 in Ap(u") ae.
Analogously, we derive

(A (x) — B(x)p(x)) (v —u(x)) >0 in A_(u*) a.e.
Clearly, (3.14) holds on Q\ (A4 (u*) U A_(u*)) a.e.
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3) (3.14) = (3.10): Let u € U,y be chosen arbitrarily. We have u(z) €
[ua(x), up(x)] fa.a. x € Q. Using (3.14) with v := u(x) we have

(Au*(z) = B(x)p(x))(u(z) —u*(z)) >0 faa. ze.

By integrating (3.10) follows immediately.

From (3.14) we deduce
(3.15) (Au*(z) = B(z)p(x))u”(z) < (Au* () — B(x)p(z))v for all v € [uy(x), up(z)].

Theorem 3.19. The control u* € U,q is optimal for (3.6) if and only if one of the
following conditions holds f.a.a. © € Q: the weak minimum principle

min (A’ (z) = B(z)p(r))v = (A (z) = f(2)p(z))u”(z)

VE[ug (x),up(z)]

or the minimum principle

min ivzf z)p(z)v :iu*xz— z)p(z)u*(z
i (507 = Blapla)n) = Gut (@ - Bapo (o),

where p is the dual variable solving (3.9) with y* = Su*.

Proof. The weak minimum principle follows directly from (3.15). We turn to the
minimum principle and consider the (convex) quadratic optimization problem in R:

3.16 min v) = —v° — B(x)p(x)v.
10 ve[ua(z),ub(x)]g( )= 50" = Bla)p(z)

The real number v* solves (3.16) for any fixed x € § if and only if v* satisfies the
variational inequality

g W) (w—v*)>0 forall ve [u.(z),us(z),
Consequently,
(" = B@)p(@))(0 = ") 20 for all v € [ug(e), up(x)

which holds with v* = u*(z). O

From the choice for the regularization parameter A we can deduce further con-
sequences.

Case A = 0. Using (3.13) we find

vty = [uata) it Bawla) <o
up(z) if B(x)p(z) > 0.
If B(z)p(x) = 0 holds, we do not get any information for uw*(x). In the case

B(x)p(z) # 0 fa.a. z € Q we have u*(z) = uqs(x) or u*(x) = up(z) fa.a. x € Q. In
this case we have a so-called bang-bang control.
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Case X > 0. We derive from (3.13) that u*(z) = 18(z)p(z) holds if Au*(z) —
B(x)p(x) = 0. This leads to the following theorem.

Theorem 3.20. Let A > 0. Then u* is a solution to (3.6) if and only if

(3.17) u* (2) = Py, (2),us ()] (iﬁ(m)p(m)) fa.a. x € Q,

where P, 41, a < b, is the projection of R on [a,b] given by
Pla.p)(u) := min(b, max(a,u)).
Proof. Theorem 3.20 follows directly from Theorem 3.19: the solution to

. A, )
min —v — X X )v
V€ ([uq(z),up ()] (2 Aajp(e)

is v =Py, (2),u, ()] (3 8(x)p(2)), where we have used that

30— Bmtaye = 5 (v Bap(e)) + 55 B olo)?

holds. O

Case X\ > 0 and Uyq = L*(Q) (no control constraints). From (3.14) or (3.17) it
follows directly

1
(3.18) ut = Xﬁp.

Thus, we obtain the following optimality system

1
—Ay = 15D, —Ap = ya — v,
y|F = 07 p|F =0
which is a coupled system of two elliptic equations. If p is computed, u* is given
by (3.18).

By introducing a Lagrange multiplier the variational inequality (3.10) can be
formulated as an additional equation, compare Section 1.7.

Theorem 3.21. The variational inequality (3.10) is equivalent to the existence of
two functions pi, uy € L?(Q) satisfying pia, pp > 0 in Q a.e.,

(3.19) At = Bp+ py — pe =0
and the complementarity condition
(3.20) pa () (ug(z) — u*(z)) = wp(z)(u*(z) —up(x)) =0 fa.a. x €.

Proof. a) First we show that (3.19) and (3.20) follow from (3.10). Analogously
to Section 1.7 we define

pa(x) = (M (z) = B(a)p(z))y faa zeQ,
2 () = (@) — B@p(@) - Lo 2 €0
where sy = 1(s+ [s]) and s = }(|s| — s) for s € R. Then, we have

L,y > 0 fa.a. = € Q. Moreover,
Au*(z) = B(x)p(x) = pra — o,
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which is (3.19). From (3.13) it follows that
(M =6p)(z) >0 =  u'(z)=uq(x),
M =8p)(z) <0 =  u'(x)=up(z),
ug(z) < u*(z) <up(x) = (Au*—PBp)(x)=0.
Thus, (3.20) holds because one of the factors is zero. For instance, if
1o (x) > 0 is satisfied, then pup(z) = 0. Hence, Au*(x) — B(x)p(x) = pa(z) >
0. This implies u*(z) — uq(z) = 0. For almost all z €  with u*(x) > u.(x)
we have (Au* — fp)(z) < 0. Due to (3.21) we have p,(x) = 0. Summariz-
ing, pe(z)(uq(xr) —u*(z)) = 0. Analogously, the second identity in (3.20)
follows.
b) Suppose that (3.19)-(3.20) and u* € U,q hold. Let u € Uyq and x € Q2 be
chosen arbitrarily. Then we have three cases.
u*(x) € (uq(z),up(x)): Using (3.20) we find pq(z) = pp(x) = 0. By (3.19)
it follows that
(Au* — Bp)(z) = 0,
so that

(3.22) (W™ () = B(a)p(x))(u(zx) — u*(x)) = 0.

ug(x) = u*(2): Now u(x) —u*(x) > 0 for u € Uyq. In addition, we have
(3.20), so that uy(z) = 0 holds. Using (3.19) we conclude

Aut(z) = B(2)p(z) = pa() 2 0,
which implies (3.22).
up(z) = w*(x): Utilizing u(x) —u*(z) < 0 for u € Uygq, (3.19) and (3.20) we
derive (3.22), because p4(x) = 0 and

At (z) = Bx)p(r) = —p(z) < 0.
Summarizing, by integration, (3.22) implies (3.10).

O

Theorem 3.21 directly leads to the following Karush-Kuhn-Tucker (KKT) System
(compare (3.11))

—Ay = Bu, —Ap =yo — Y,
ylr =0, plr =0,
Au—PBp — pa + pp, = 0,
Ug <u < Uy, flas iy >0, Ha(ta —u) = pp(u —up) = 0.

Definition 3.22. The functions p, and pp defined by (3.21) are called Lagrange
multipliers associated with the inequality constraints u, < u and u < uyp, respec-
tively.

Using the adjoint state p one can express the gradient of the reduced cost func-
tional J(u) = J(y(u),u).

Lemma 3.23. The gradient of

1 A
J(w) = J(y(u),uw) = 5 [ly — yall720) + 5 lul720
2 @) "9 (



22 S. VOLKWEIN

is given by R
VJ(u) = \u — Bp,
where p € H(Q) is the weak solution of the adjoint equation
(3.23) Ap=yog—yinQ, p=0 onTl
and y = y(u) is the associated state variable.
Proof. In the proof of Theorem 3.12 we have derived
J'(u)h = (§*(Su — ya) + \u, h)2(q) forany he L(9).
By Lemma 3.14 we have S*(y — yo) = —Bp, where p solves (3.23). Thus,
J'(u)h = (Au — Bp, h)p2(q) forany he L*(Q).
Utilizing the Riesz theorem, we identify j’(u) with Vj(u) = Au — (p. O

3.3.3. The formal Lagrange principle. In this section we derive the optimality
conditions by utilizing the Lagrange functional. We treat all Lagrange multipliers
as functions in L?(Q) without any proof. Therefore, we call this procedure “formal”.
But the main goal of this subsection is to explain the used strategy which can be
also applied to much more complex problems.

We consider the following optimal control problem

: 1 2 A
(3.24a) min J(y,u) := 3 ly = yallz2) + 3 llullz2(ry
subject to
. y
(3.24b) —Ay=01in Q, n +ay=auonl,
n
(3.24¢) () <ul(z) <wup(r) onl ae.

To ensures existence and uniqueness of a solution to (3.24b) we suppose that

/ a(r)*dz >0
r
holds. We define formally the Lagrange function for (3.24)

Llvwp) = T + [ —dypmas+ [ (5L —atu—)pds
Q r \on

where p; : Q@ — R and p; : I' — R are the Lagrange multipliers associated with
the partial differential equation and the boundary condition, respectively. We set
p = (p1,p2)-
The definition of £ is not completely clear. From y € H(2) we conclude that Ay
and g—z need not to be functions. Without any further regularity conditions we only
have Ay € H(Q)* and % € H~'Y/2(T"). Thus, the integrals are not well-defined.
Moreover, we have to specify the regularities of p; and ps.
However, we continue by applying Green’s formula twice

dp1 0Oy dy
L =J — —p1—ds— Ap; d = - - ds.
(v, u,p) = J(y, u) + Vo Mg, ¥ /Qy 1 m+/r 5, ~ @(u—y))p2ds
From the Lagrange principle we conclude that (y*, u*) together with the Lagrange
multipliers pi, po satisfies the first-order necessary optimality conditions for

{nir;[,(y,u,p) s.t. u € Uyyg.
Y,u
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Since there are no restrictions for y we have
DyL(y*,u*,p)h=0 forallheY = H'(Q).
Utilizing the box constraints we find that
D L(y*,u*,p)(u—u*) >0 for all u € Uyg.

Notice that
- . oh

D, b= [ (" = ve) — Apohedo+ [ (b2 =) ds

(3.25) o r "

+/<%+ap2>hd520 forall h €Y,
r \ on

where we have used that the derivative of a linear mapping is the linear mapping
itself. We choose specific direction h € Y. More precisely, let h € C§*(Q) C YV
satisfying h = 9% = 0 on I'. From (3.25) we find

n

/ (y" —ya—Ap1)hdz =0 for all h € C§°(Q).
Q

Recall that C§°(Q) is dense in L?(€2). Therefore,
—Ap; =yq—9 in Q.

This is the first adjoint equation. In contrast to the approach in Section 3.3.2 we
derive the adjoint equation utilizing the Lagrange principle. Next we assume that
h €Y satisfies h|r = 0. Then,

/(pg fpl)% ds =0 forall h € C*(Q) with hlr = 0.
r n

Thus, p; = p; on I a.e. Finally, let h € C*°(Q) satisty g—z = 0. Then, (3.25) implies

0/<8pl+ozp2) hds/<8p1+0£p1>hd5~
r on r on

19)
ﬂ+ap1:() on I'.
on

Summarizing, p; and py satisfy

Consequently,

0
—Ap; =yo —y* in Q, ﬂ+ap1:00n1“,

(3.26) on

p1 =paonl.
Analogously, we find

DLyt p)(u — u*) = / (\u* — ap)(u — u*)ds > 0.

Now we introduce the Lagrange functional so that all integrals are well-defined.

Definition 3.24. The Lagrange function £ : H*(Q) x L?*(T') x H*(2) — R for
(3.24) is defined by

£(y,up) = T(y,u) + / Vy- Vpde + / ofu - y)pds.
Q T

Notice that
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1) DyL(y*,u*,p)h =0 for all h € H*() is equivalent with the weak form of
(3.26),

2) D, L(y*,u*,p)(u—u*) > 0 for all u € U,y is equivalent with the variational
inequality J'(u*)(u — u*) > 0 for all u € Uyq.

Remark 3.25. 1) Let us mention that we have ensured the existence of the
Lagrange multiplier p € H'(f) by the solvability of the adjoint equation
—Ap = yo — y* in Q, %’i 4+ ap = 0 on I The existence can also be
guaranteed by the Karush-Kuhn-Tucker theory in Banach spaces.
2) The gradient of the reduced cost functional J(u) = J(y(u), u) is given by

j,(u) = Duﬁ(y(u)au;p(u))
3) Let us mention that the mappings

m s H3(Q) — HY*() x HY2(T), hw (h|p, ZZ‘F) :
o HY(Q) — HY*(), h — hlp
are surjective. Therefore, we can choose h satisfying %| r=0or hlr =0.0

We can extend the Lagrange function by including the inequality constraints. In
this case we define

Ly, u, p, fias o) =J(y7u)+/ Vy-Vpder/a(y—U)pds
Q r
+/ ta (g — ) + pp(u — up) de.
Q

4. Existence of optimal controls for semilinear optimal control problems

In this subsection we consider optimal control problems governed by semilinear
elliptic differential equations. An example is given by the following problem

1
(4.1a) min J(y,u) = f/ |y—yg\2dx+/ u? dz
2 Ja Q
3 : dy
(4.1b) st. —Ay+y+y’ =uin Q, a—:OonI‘
n
(4.1c) ug <u<wup forae xe.

We call the elliptic equation (4.1b) semilinear. Tt will be shown that the adjoint
equation for (4.1) has the form

) 0
(4.2) ~Ap+p+3y)p=yo—y" inQ, a—i =0onT,
where y* is an optimal state for (4.1), i.e.,

*

(4.3) Ay 4yt + ()P =ut in Q 8% —0onT,

with an optimal control u*. Moreover, we have

. 1
(4.4) U = Pl () up (@)] (Ap($)>

as in the linear-quadratic case; see (3.17). Summarizing, the first-order neces-
sary optimality conditions consist in (4.2), (4.3), (4.4) and u* € U,q = {v €
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L2(Q) | uq(7) < v(z) < up(z) in Q a.e.}. To justify our formal derivation we have to
prove the differentiability of the non-linear mapping y(-) + y(-)2. Here, the choice
of the right function space is not trivial. Moreover, (4.1) is a non-convex optimal
control problem. Although J is convex, the non-linear term in (4.1b) makes the
problem non-convex. Therefore, the first-order necessary optimality conditions are
not sufficient, so that the second-order conditions come into play. As a consequence,
(4.1) may posses several solutions.

4.1. Semilinear elliptic equations. Let us consider the following problem

(4.5a) Ay + co(x)y +d(z,y) = fin Q
(4.5b) Ov,y+a(z)y+blz,y) =gonl.

First we discuss existence and uniqueness of solutions to (4.5) in H*(£2). The proofs
are based on the theory of monotone operators. The basic idea is the following.
Suppose that a : R — R is continuous and strictly monotonously increasing with
lim, 4.0 a(z) = +o00. Then there exists a unique solution y to a(y) = f for any
f € R. This argument can also be applied to more complex equations in Banach
spaces. Suppose that V is a real and separable Banach space, e.g., V = H(Q)
or V.= H}). Recall that a Banach space is called separable if there exists a
countable and dense subset V C V.

Definition 4.1. The operator A : V — V* is called monotone if
(Ayr — Ay2, 41 —y2)y. y 20 forally;,y2 €V
holds. Furthermore, A is said to be strictly monotone if
(Ay1 — Ayz, 41 — ya)y vy > 0 for all yr,yo €V with y1 # ya.

If
(Ay,y>v*,v
llyllv

the operator A is called coercive. The operator A is said to be hemicontinuous if
the function

=00 for |lylly — o0,

2 [07 1} - R7 t— (A(y + t’U)7w)V*,V

is continuous for any fized y,v,w € V. If there exist a constant By > 0 with

2
(Ay1 — Aya,y1 — 3/2>V*,v > Bollyr —y2lly,  forallyi,y2 €V
then we say that A is strong monotone.

Theorem 4.2. Suppose that V is a separable Hilbert space and A : 'V — V* q
monotone, coercive, hemicontinuous operator. Then there exists a solution to the
equation Ay = f for every f € V*. The set of solutions is bounded, convex and
closed. If A is strictly monotone, then y is uniquely determined. If A is strong
monotone, then A~' : V* =V is Lipschitz continuous.

A proof of Theorem 4.2 can be found in [4]. We apply Theorem 4.2 to problem
(4.5) with V' = H'(Q). First we introduce a weak solution to (4.5). For that
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purpose we multiply (4.5a) by a test function in H'(£2) and integrate over Q. After
applying Green’s formula and using (4.5b) we find

/Q(AVy)-Vso+Coy<p+d(-,y)sodfc+/Fanrb(-,y)wdS(x)
(4.6)

:/fgodm—i—/ggads for all p € H' ().
Q r

In (4.6) we have the problem that the integrals

[ dtapeds and [ be)edst)

are not well-defined if d and b are unbounded, respectively. For instance, the
functions e and y* may not be bounded for functions y € H'(£2). Therefore, we
make use of the following assumptions.

Assumption 2. Let Q C RY, N > 2, be a bounded Lipschitz domain with boundary
I'. We suppose that f is of the form

N
(fy)(@) = = > Di(ai;(x)Djy(x))
i,j=1
with bounded and measurable coefficients a;; satisfying
N

a;j =aj, 1<4,j <N, and Z aij(2)&& > lé* for all § € RY,
ij=1
where vo > 0 is a constant. Let cg € L>°(Q) and ag € L®(T") with co > 0 in 2 a.e.
and ag > 0 on T a.e., satisfying

/ch(x) dz+/a2(x)ds(z) > 0.

r
The functions d = d(z,y) : QxR +— R and b = b(x,y) : T xR — R are bounded and
measurable with respect to x for any fired y and are continuous and monotonously
increasing with respect to y for almost all . (In particular, d(x,0) and b(x,0) are
bounded and measurable).

To handle the problem of unboundedness we also utilize the following assump-
tion.

Assumption 3. For almost all z € T or x €  we have b(x,0) =0 or d(z,0) =0,
respectively. Moreover, there exists a constant M > 0 so that

bz, y)| < M and |d(z,y)| < M
for almost all x € T or x € Q and for all y € R.
Let us define the bilinear form
N
a(y,v) :/ Z a;;D;y(x)Djv(z) der/ co(z)y(x)v(x) dx + / a(z)y(z)v(z)ds.
Q. Q T
7,7=1

Definition 4.3. With Assumptions 2 and 3 holding, we call y € H'(Q) a weak
solution to (4.5) provided

a(y,v)+/Qd(-,y)vdx—F/Fb(-7y)vds(x):/vadx-i-/rgvds(x).
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Theorem 4.4. With Assumptions 2 and 3 holding there exists a unique weak solu-
tion to (4.5) for every (f,g) € L*(Q) x L3(T"). In particular, there exists a constant
cy > 0 independent of d, b, f and g so that

||y||H1(Q) < CM(||fHL2(Q) + ||g||L2(F))'

Remark 4.5. a) Notice that in (4.1b) we have d(z,y) = y3, which does not
satisfy Assumption 3. In the proof of Theorem 4.4 the boundedness of d is
utilized to prove that d belongs to L?(Q2). From y € H(£2) we derive that
y € L%(Q) for Q C R3. Hence, y* € L*(Q2) holds.

b) Theorem 4.4 remains valid provided f € L"(Q2) and g € L*(T) with r > &
and s > N — 1; compare Theorem 4.6 below. For N € {2,3} we observe
that both 7 and s can be smaller than 2. O

Following [1] we can prove continuity of the weak solution.

Theorem 4.6. Suppose that Assumptions 2 and 3 hold. Moreover, let r > N/2,
s > N — 1. Then there exists a unique weak solution y € H'(2) N L>(Q) to (4.5)
for any f € L™() and g € L*(T"). Furthermore, the following estimate hold

(4.7) 19l e ey < oo (1 Ly + ]
for a constant coo > 0, which is independent of d, b, f, g.

LS(F))

Remark 4.7. Let us mention that

||y||L°°(F) < Hy”Loo(Q)
Thus, estimate (4.7) also holds for [|y||ze ). O
The boundedness of d and b is not essential for the previous existence results.

The important property is the monotonicity. In [1], this fact is utilized to prove
the next theorem.

Theorem 4.8. Suppose that Assumption 2 holds, 1 C RY is a bounded Lipschitz
domain and r > N/2, s > N — 1. In addition, b(x,0) = 0 and d(x,0) = 0 for
almost all x € T and x € ), respectively. Then, (4.5) possesses a unique solution
y € HY(Q) N L>®(Q) for any (f,y) € L™(Q) x L¥(T). Furthermore, there exists a
constant — independent of d,b, f and y — satisfying

(4.8) ||3/||H1(sz) + ||y||c(ﬁ) < cOO(Hf”LT‘(Q) + llgl Ls(r))

Remark 4.9. 1) If the assumptions b(z,0) = 0 and d(z,0) = 0 do not hold,
we obtain

llls @ + Illom) < e (1 = 6.0l + g = b0l ey ) -

2) In [3] weaker assumptions are presented, so that the existence of a unique
solution y € HY(Q) N C(Q) to

—Ay+eY=fin ), @:Oonf
on

and 5
—Ay+y*=finQ, Y _oonT
on

follows. O
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4.2. Existence of optimal controls. We make use of the following assumption.

Assumption 4. a) Q CRY is a bounded Lipschitz domain.

b)

The functions d = d(z,y), ¢ = p(z,y) : QxR =R, b=0b(z,y) : I'xR =R
and Y = Y(z,y) : EXR >R, E=Q or E =T, are measurable in x for
ally € R or u € R and two times differentiable with respect to y or u
for almost all x € Q or x € I'. Moreover there exist constant R > 0 and
L(M) >0, such that the following conditions hold

|d(z,0)] + |dy(z,0)| + |dyy(x,0)] < R fa.a. x €9,
9, 0)] + oy (2,0)] + [y, (2, 0)] < R faa zeQ,
|b(z,0)| + |by(z,0)] + |byy(x,0)] < R fa.a. zel,
[Y(x,0)| + |y (z,0)| + [ty (z,0)] < R fa.a z€FE
and
|dyy (2, y1)| + |dyy (2, y2)] < L(M) |y1 — y2| fa.a z e,
lyy (T, y1)| + |pyy(z,y2)| < L(M) [y1 — yo fa.a zeQ,
[byy (@, y1)| + [byy (2, y2)| < L(M) [y1 — 32| fa.a zeT,
[yy (@, u)] + [tbyy (2, u2)| < L(M) [ur — uz fa.a z€E,

and for all y1,y2 € [—M,M] and all uy,us € [—M,M]. Here, L = L(M)
depends on M > 0.
For almost all x € Q or x € T and for all y € R we have

dy(z,y) >0 and by(z,y) > 0.

In addition, there are subsets Eq C Q and E, C I with positive measures
satisfying

dy(z,y) > Ag for all (z,y) € Eq xR, by(z,y) > Ny for all (z,y) € B xR

d)

for positive constants Aq and \p.

The lower and upper bounds g, Vq, Up, vp : E — R belong to L>°(E) for
E=Q or E=T. Moreover, us(x) < up(z) and vy(x) < vp(z) for almost
allx € E.

Remark 4.10. To prove existence of optimal controls we only need part b) for the
functions ¢ and 1, but not for the their derivatives. For the first-order optimality
conditions, the conditions for the second-order derivatives are not needed. O

Example 4.11. The following functions satisfy Assumption 4:
() = alz)y + B(x)(y — yo(@))?  with o, 8,50 € L=(9),
d(z,y) = co(x)y +y* if k € Nis odd and ¢o(z) > 0 in €, l[coll e () > 0,
d(z,y) = co(x)y + exp(a(z)y) with 0 < a € L*°(Q) and ¢ as above.

With Assumption 4 holding, we can apply Theorem 4.6. We write

(4.9)

d(z,y) = co(z)y + (d(z,y) — co(z)y) = col(a)y + d(=,y)
b(z,y) = ao(z)y + (b(z,y) — ao(z)y) = ao(x)y + b(z,y)
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with ¢o = xg,Aa and ag = x g, A\». Then, d and b satisfy Assumption 2-2). Analo-
gously, we proceed for b and define oo = x g, Ap.
Let us consider the problem

(4.100) winJ () = [ ploy@)do+ [ vlzu()ds
Q Q
subject to
(4.10b) —Ay+d(z,y) =u in Q,
(4.10¢) % =0 on T,
(4.10d) uq () <u(z) < up(x) fa.a. z €.

Since u occurs as a source term on the right-hand side of (4.10b), we call (4.10) a
distributed control problem. We define

Upa ={u € L=(Q) : ug <u < uyp in Q ae.}.
Definition 4.12. We call u* € Uyq an optimal control for (4.10) if
Jyw*),u*) < J(y(u),u) for all u € Uyg.

The function y = y(u*) is said to be the (associated) optimal state. We say that
u* € Ugq ts a local optimal solution for (4.10) in L™(S2), if there exists an € > 0 so
that

J(y(u),u”) < J(y(u),u) for all u € Usq with [|u — u*| o) <&
We define
(4.11a) F(y) = [)@(w,y(rﬂ))d%

Then the following lemma holds; see [3].

Lemma 4.13. Let Assumption 4 hold. Then F is continuous on L (). Moreover,
for all r € (1, 00] we have

1E(y) = F) ey < LIM) [ly = zll 1)
for all y,z € L>(Q) satisfying ||yllr=@) < M, ||zllz=~@) < M for a constant
M > 0.

Remark 4.14. 1) It follows from Lemma 4.13 that F' is Lipschitz-continuous
on the set {y € L2(Q) : [|y[|r=(0) < M} with an arbitrary M > 0.
2) We set

(4.11b) Qu) = A Y(x,u(x)) de.

Then @ is also Lipschitz-continuous on U,g, since U, is bounded in L>°(€2).
Moreover, @ is convex on Ugg if 9 is convex in u for almost all x € F, i.e.,

(1.12) B 2+ (1= Ao) < Mb(a,u) + (1 — Apb(a,v)
holds for almost all z € Q, for all u,v € R and for all A € [0, 1]. O

Theorem 4.15. We suppose that Assumption 4 holds and v satisfies (4.12). Then,
(4.10) possesses at least one optimal control with associated optimal state y* =

y(u®).
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Proof. Using (4.9) we can express (4.10b)-(4.10c) as

—Ay+ co(z)y + cZ(x, y)=u inQ
dy

%:0 OHF,

compare (4.5). Now we apply Theorem 4.8. It follows that for every u € U,q there
exists a unique y = y(u) € H(Q) N C(Q). Since Uy,q is bounded in L>®(2), U,q is
bounded in L"(Q2) for r > N/2. We suppose r > 2. Then, we conclude from (4.8)
that there exists a constant M > 0 satisfying

(413) ()l oy < M

for all states y(u) with u € U,q. By Assumption 4 the cost functional J is bounded
from below. For example, from Assumption 4 and (4.13) we conclude that

|g0(x,y(x))| < |<p(m,0)} + |<p(m,y(a:)) — <p(a:,0)} <R+LM)M faa. zeQ.

Since  is bounded, we infer that F(y) is bounded. Hence, there exists j € R so
that

j= inf J(y(u),u).

u€Uqq

Let {(Yn,Un)}nen be a minimizing sequence, i.e., u, € Uz, Yn = y(un) and
J(Yn, upn) — j for n — oo.

Notice that Uyq is a subset of L™(2). Then, U,q is nonempty, closed, convex and
bounded in L"(€). Since L"(Q2) is a Banach space, U,q is weakly sequentially com-
pact. Thus, there exists subsequence {u,, }ren that converges weakly to an element
u¥ € U,q. To simplify the notation we denote this subsequence again by {uy, }nen.

up — uf as n — oo.

We proof that v* is an optimal control. For that purpose we have to show the
convergence of the associated state sequence {yn nen-
Consider the sequence
zn = d(,yn (")) = Yn-
All states y,, are bounded in L*°(Q2) by M. In particular, the states are bounded
in L™(2). Therefore, there is a subsequence {zn, }ieny which converges weakly to an
element z € L"(Q2). As above, we suppose that already z, converges weakly to z.
Then,
_Ayn +Yn = —d(l“, yn) +Yn+ Un = R,
—_—
— —u*

where R, — —z 4+ u*. Note that y,, solves

—Ayn +yn = Ry, in
OYn
8%:0 onlT.

The mapping R,, — ¥, is linear and continuous from L?(Q) to H!(£2), in partic-
ular from L"(2) to H'(Q). Since any linear and continuous mapping is weakly
continuous, the existence of an element y* € H'(Q) follows with

Yn — y* as n — oo in H'(Q).
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Recall that H'(Q) is compactly embedded into L*(€2). Thus, y, — y* as n — oo
in L2(2). From (4.13) we derive that |y,(z)| < M for all z € Q. Utilizing similar
arguments as for the proof of Lemma 4.13, we see that

(s ym) = dC 4 ) 2y < LM [[yn = 47| 120y
Thus, d(-,y,) — d(-,y*) in L?(Q). Next we prove y* = y(u*).
We have for an arbitrary ¢ € H*(Q)

/ Vyn - Vo +d(-,yn)pde = / Upp da.
Q Q
From y, — y* in H'(Q2) we derive
/ Vyn - Veodz — / Vy* - Vepdr as n — oo.
Q Q

Utilizing y, — y* in L?(2) and [Jyn || o) < M we have

/d yncpdx—>/d Vo dx as n — oo.

Finally, u,, — «* in L"(Q2) implies that

/umpdx%/u*gpdx as n — oo.
Q Q

Consequently, y* = y(u*). It remains to prove the optimality of v*. By Remark
4.14-2) the functional @ is convex and continuous. It follows form Theorem 2.8
that @ is weakly lower semicontinuous:

U, =~ u* = lirginf Qun) > Qu").
Therefore,
j= nl;rr;o J(Yn, upn) = nl;rr;o F(y,) + hm Q(uy)
= F(y") + liminf Q(un) > F(y* )+Q( ) =JyT ),

where we have used that y, — y* in L?(Q2). We conclude that u* is optimal for
(4.10). O

Remark 4.16. 1) The proof for homogeneous Dirichlet boundary conditions

is analogous.

2) Notice that y, — y does not imply d(-,y,) — d(-,y) in general. Nonlinear
mapping need not to be weakly continuous.

3) The assumptions on the boundedness and Lipschitz-continuity for ¢ and
are only required for the functions itself, but not for their derivatives.

4) Due to the nonlinear mapping ¢, ¥, d and b, problem (4.10) is not convex.
Thus, uniqueness of an optimal control can not be proved without further
assumptions. O

Example 4.17. Consider the problem
1
min J(u) = —/ cos(u(z))dz s.t. 0 <w(x) <2m, ue L®(0,1).
0

Obviously, the optimal value is —1, choosing u*(x) = 1. However, every u €
L*>(0,1) attaining either the value 0 or 27 at x € (0,1) gives the same optimal
value. Thus, there are infinitely many optimal solutions. O
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4.3. The control-to-state mapping. We consider the problem

(4.14) —Ay+d(z,y) =u inQ, (‘%yl =0 only

see (4.10b) and (4.10c). Due to Theorem 4.8 and Remark 4.9-1) there exists a
unique state y € Y = H*(Q)NC(Q) for every control u € U = L"(2) with r > N/2
(provided Assumption 4 holds). We define by G : U — Y, u — y = G(u) the
associated solution operator.

Theorem 4.18. With Assumption 4 holding, the operator G is Lipschitz-continuous
from L™(Q) to Y = HY(Q)NC(Q), r > N/2: there exists a constant L > 0 so that

[y — yQHHl(Q) + vy — y2||c(ﬁ) < Ljur — ug]
for all u; € L™(Q)), i = 1,2 and associated y; = G(u;).

L7(Q)

Proof. The continuity follows from Theorem 4.8. Using (4.14) with u; and uy we
obtain

5’(91 —Y2)

on =0onl.

—A(y1 —y2) +d(,y1) — d(-,y2) = u1 —ug in Q,

Notice that

e (@) = dla (@) = = [ e (@) + s(nle) = (@) ds

- / 0y (2,10 (2) + 5(u2(2) — 12(2))) ds (12.(2) — v(a)).

Since d, > 0 holds, the integral is a non-negative function ky = ko(z) in L>()
(recall that dy,y1 and y» are continuous). On E; we have a positive integrand.
Setting y = y1 — y2 and v = u; — uy we obtain

—Ay + ko(z)y =u in Q, % =0onl.
on

From ky > 0 in Q we infer that ko(x)y is monotone increasing in y. Applying
Theorem 4.8 (with ¢g = ko, d =0, f =u, g = b= a =0) we have

19l 1 @) + Wlle@ < Lllullprq)
for all u and associated y, in particular for v = u; — ug and y = y1 — yo. (]

Remark 4.19. For the next results we only need the assumptions on the nonlinear
mappings and their derivatives. O

Lemma 4.20. Suppose that ¢ = o(x,y) is measurable in x € Q for ally € R
and differentiable with respect to y for almost all x € ). Furthermore, there exist
constants K and L(M) satisfying

|Dé<p(x,0)| < K for almost all z € Q and 1 = 0,1
|D}o(a,y1) — Dip(a,ya)| < L(M)|yr — ya| for all y; € R with |y;| < M, i =1,2.

Then, the mapping ®(y) = (z,y) is Fréchet differentiable in L>(Q). For all
h € L>=(2) we have

(@' (y)h)(z) = oy(z,y(z))h(x) for almost all x € .
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Proof. For arbitrary y,h € L*(Q) satisfying ||y(z)|| < M and |h(z)] < M for
almost all z € {2 we obtain

o(z,y(z) + h(x) — p(z — y(x)) = @y (2, y(x))h(x) + r(y, h)(2),
where

@) = [ (ol u(e) + 5h(@) = oy (. (@))) dsh(a)

holds. Since ¢, is Lipschitz-continuous and |y(x) + h(z)| < 2M, we have

1
[r(y, h)(2)] SL(2M)/O s [h(z)| ds [h(z)|

L(2M) L@M) . s
2 \ 5 1l (02)

for almost all z € Q. Consequently, ||7(y,h)| L) < c||h||%oo(ﬂ) and

h(z)|* <

W)y =5 O E || s — O

The multiplication operator h — ¢, (-,y(-))h is linear and continuous in L>((2).
Here we use that

oy (, y(@))] < loy(z,y(z)) — @y, 0)] + |py(z, 0)]
<LM)ly(x)|]+ K<LMM+K=C
for almost all z € Q. O

Using Lemma 4.20 we can prove the differentiability of the control-to-state map-
ping G.
Theorem 4.21. Let Assumption 4 hold and r > N/2. Then, G is Fréchet differ-
entiable from L™(Q) to Y = HY(Q)NC(Q). Its derivative at u € L™(Q2) is given by
G'(u)u =y, where y is the weak solution to

(4.15) —Ay+dy(z, 7))y = u in Q, g—y =0onT.
n

Notice that (4.15) is the linearization of (4.14) at § = G(q).
Proof. We have to prove
G(a+u) — G(a) = Du+ r(a,u),
where D : L"(Q) — H'(2) N C() is a linear continuous operator and

(4.16) (@, Wl g1 ()@

— 0 for ||lull;ry — O,
||u||LT(Q) L

with [|7]| g1 o)ne@) = Tl @) + I7llo@)- In this case, G'(a) = D.
For § = y(@) and § = y(@ + u) we have

—Ag-’-d(.’ﬂ,’g):ﬂ, —Aﬂ—&—d(%ﬂ):ﬂ—l—%
oy 9y
an 0, n 0.
Thus,
9y — )

—A(gj—gj)—kd(x,;&) —d(l‘,g) =u, =0.
—_—

=dy(2,9)(§—Y)+7a

on
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By Lemma 4.20 and Assumption 4, ®(y) = d(-,y) is Fréchet differentiable from

C(Q2) to L>(Q). Therefore,
(y) — 2(y) = d(-,9(-) — d(-,5(-)) = dy (- 5(-)(@() = y(-)) + ra,

where

[7all L (0 L
(4.17) % — 0 for ||y — yHC(Q) — 0.

17— 9l
It follows that

Y=9=Y+Y,
where y solves (4.15) and y, is the solution to
o . Oy,
(4.18) —Ay, +dy(-,9)y, = —rq in Q, I = OonT.
n

Namely, we have

Ay +yp) = —dy( DY +¥p) +u—ra=—dy(9)(§ —§) —ra +u=—d(,7) +d(7) +u

=A@ -9).

Recall that dy(z,y) > Mg > 0 in Eq C Q. Hence, (4.18) is uniquely solvable. From
Theorem 4.18 we conclude that

19 = 9llm + 17— 9lca < Llullzr ).
Moreover, by (4.17)

||7’d||L<x>(Q) _ HTdHLoo(Q) HQ—QHC(E) HTdHLoo(Q)L||U||Lr(Q) _ ||7’d||Loo(Q)
luller@)y 19 =9lo@ luller@y  ~ 19— dllecalullire 117 -dlcgm)’

for ||y — gj||C(§) — 0. Consequently, [|r4][z o) = o([|ul| (o)) By (4.18) we have

HyP”Hl(Q) + ||yp||c(§) = O(HUHLT(Q))-
We denote the linear and continuous mapping u +— y by D. Therefore,
Glu+u) —Gu)=9—g=y+y,=Du+y,=Du+r(a,u),
where 7(@, u) =y, satisfies (4.16). O
Remark 4.22. Notice that Theorem 4.21 implies that G is Fréchet-differentiable
from L>(Q) to HX(Q) N C(Q). O
Remark 4.23. In case of boundary control the results are similar. Let us consider
Jy

(4.19) —Ay =0in Q, n +b(,y)=uonT.

Using Assumption 4 the mapping G is continuously Fréchet-differentiable from
U=LT)toY = H(Q)NC(N) for s > N — 1. The derivative G’ at i is given by
G'(u) = y, where y is the weak solution to
0
—Ay =0in Q, —y—kby(-,g)y:uon Ir.
on
and § = G(u) is the weak solution to (4.19) with u = @. O
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4.4. Necessary optimality conditions. We suppose that u* € L () is a local
optimal solution to (4.10), i.e.,
J(y(u®),u”) < J(y(u),u) forall u € Usq With [[u —u"||pe(q) < €.

Let G : L>=(Q) — HY(Q) N C(Q) denote the control-to-state mapping. Then we
can introduce the reduced cost functional

J(u) = J(G(u),u) = F(G(u)) + Q(u),
where the mappings F' and G have been defined in (4.11a)-(4.11b). With Assump-
tion 4 holding, J is Fréchet differentiable in L™ (Q). Here, we use that F,@Q and G
are Fréchet differentiable (see Lemma 4.13 and Theorem 4.21).
If w* is optimal, Uy,g is convex and u € U,q arbitrary, then v = u* + AMu —u*) €

Uad fqr all suﬂﬁciently small A > 0. Moreover, v lies in an e-neighborhood of u* so
that J(u*) < J(v). Thus,

Jw* + Mu—u*)) > J(u*) forall 0 < X< Ag.
Dividing by A and taking the limit A > 0 we get
J ) (u—u*) >0 forall u € Uyg.
The derivative J' can be computed by using the derivative:
J'(w)h = F'(G(u)G (u)h + Q' (u)h = F'(y")v + Q' (u*)h
= /ngy(x,y*)vdx +/Q1/)y(x,u*)hdx,

where v = G’ (u*)h solves the linearized problem

(4.20) —Av+dy(-,y")v =hin Q, g—v =0onT
n

(compare Theorem 4.21). Let us define the adjoint state p € H'(Q) N C(Q) as the
(weak) solution to

(4.21) —Ap+dy(yIp=—py(y) inQ ZE=0onl.

Lemma 4.24. Suppose that v is the (weak) solution to (4.20) for an arbitrary given
h € L*(Q). Moreover, p solves (4.21). Then, we have

—/(p(-,y*)vdx:/phdx.
Q Q

Proof. Since v and p solve (4.20) and (4.21), respectively, we have

/Vv-Vap—i—dy(-,y*)vcpdx:/h(pdx for all p € H'(Q),
Q Q

/ Vp -V +dy(-,y")ppde = —/ oy y")pda for all o» € H*(Q).
Q Q

Choosing ¢ = p and ¥ = v we obtain the claim. ([l

Using Lemma 4.24 we derive a formula for the gradient

T = [ @) = phda.

This implies the next result.
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Theorem 4.25. Let Assumption 4 hold. Suppose that u* € U,q is a local solution
to (4.10) and y* denotes the associated state. Then,

(4.22) /Q(z/)u(,u*) —p)u—u*)dx >0 for allu € Uyg,

where p € H*(Q) N C(Q) is the solution to (4.21).
Proceeding as in Section 3 we can formulate (4.22) as a minimization principle.

Corollary 4.26. Suppose that Assumption 4 hold, u* € Uqaq is a local solution to
(4.10) and p € HY(Q) N C(Q) denotes the solution to (4.21). Then, the solution to

(4.23) min )(% (z,u"(x)) = p(x))v

uq () <v<uy(z
is given by v = u*(x) for almost all x € Q.

If Y(z,u) = %uz, A > 0, holds, then v satisfies Assumption 4. Moreover, (4.23)
leads to

min - (W(2) = pla))o

Uq (@) Sv<up ()

for almost all z € Q. As in Section 3 we obtain

. 1
() = Pl (2),up(2)] (AP($)>

(for A > 0). If u, and wup are continuous, then u* is continuous. In fact, p is
continuous and Py, (4),u, ()] maps continuous functions to continuous functions.

For ug, up, € H*(Q) we even have u* € H'(Q) N C(Q).

Example 4.27. Let us consider

. 1 2 A2
min Iy, ) = 3 1y~ vo 2@ + 5 lll2aqe)
subject to

9
Y —0onr,

—Ay+y+1y>=uinQ,
on

—2<u<2 in .

Setting

w(m,y)=%(y—y9(ﬂr))2, i/f(x,U):%uz, d(z,y) =y +y°

with yo € L>(Q), we can verify that Assumption 4 holds. The existence of at least
one solution u* follows from Theorem 4.15. The adjoint equation reads

) 0
*AP+P+3(y*)2p:yQ*y in €, 8—‘2:0 onI.

We derive the variational inequality
/()\u* —p)(u—u*)dz >0 forall u € Uyg.
Q
For A > 0 we obtain

u*(z) = P_3 9] (;\p(x)) c HI(Q) Nno(Q).



OPTIMAL CONTROL OF ELLIPTIC PDES 37

If A = 0 holds, we have (compare Lemma 3.18)
-2 if
wimy =2 D0
2 if p(z) > 0.
Thus, u*(x) = 2sign p(z). O

Analogously, we obtain first-order optimality conditions for boundary control
problem. We cite a result from [2].

Theorem 4.28. Let Assumption 4 hold. suppose that u* is a (local) optimal solu-
tion to

wmin J(y0) = [ play(@)do+ [ (o) dsto)

subject to

0
—Ay+y=0inQQ, 6.—y—|—b(-,y):uonf7
n
UEUgg:={0€ L) : ug <u<uy onT ace}

and y* = y(u*) is the associated state. Then,
/(¢u(~,u*) —p)(u—u)ds(x) >0 forallu € Uyqg
r

where p € H*(Q) N C(Q) is the (weak) solution to

op
on

4.5. Application of the formal Lagrange principle. Let us consider the prob-
lem

(4.24a) min J(y, v, u) :/ng(%y(x),v(x))dx—i—Aw(x,y(x),u(x)ds(m)

subject to

_Ap +p: _‘Py(ay*) in Qv +b’l}(’y*)p:0 on L.

(4.24b) —Ay+d(,y,v) =0in Q, g—y+b(~,y,u) =0onT
n

(4.24¢) UwEUpg:={u € LT) : ug <u<u,onl ae}

(4.244d) vE Vg ={0€ L) : vy <v<upin N ae}.

Notice that problem (4.24) is more general as the problems considered in the pre-
vious sections. We suppose that ¢, ¥, d, b are measurable in x and differentiable
in y,v,u. Moreover d, and b, are non-negative.

We suppose that (4.24) has a local optimal solution pair (v*,u*) € V,q X Uag
and y* = y(u*,v*) is the associated optimal state. To derive first-order necessary
optimality conditions we introduce the Lagrange function by

‘C(y7 v, U,p) = J(y7 v, ’LL) + / Vy : Vp + d(? Y, ’U)pdif + / b(a Y, u)pds(x)
Q r
We expect the existence of a function p € H*(Q) N C(9) satisfying
DyL(y",v",u",p)y =0 for all y € H'(),

Dvﬁ(y*vv*aU*ap)(v - ’U*)
Du‘c(y*vv*a'LL*ap)(u - ’LL*)

for all v € Vg,

>0
>0 for all u € Ugqg.
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‘We find

Dyﬁ(y*,v*,u*m)y=/Qapy(-,y*,v*)ydwr/Fwy(ny*,u*)de(w)

+/ Vy - Vp+dy(y" v )pde + / by (", u")y ds(z) =0
Q r
for all y € H'(Q). This leads to the weak formulation for the solution p to
—Ap+dy(-,y",v")p = =@y (- y",0") in Q
(4.25) ap
on

We call (4.25) the adjoint equation, and p is the adjoint state. The solution exists
if by, dy, ¢y, ¥, are bounded and measurable, b,, d,, are non negative and

/dy(-,y*,v*)2dm+/by(-,y*,u*)zds(x) >0
Q r

+b,(,y", u )p=0—¢, (-, y",u*) on T,

holds.
Furthermore, we find the variational inequalities

/ (oo y"0") +pdy (-, y*,0")) (v—0")da >0 for all v € V4,
Q

/ (W Coy™,u™) + pby (9", u")) (w—u*)ds(z) >0 for all u € Uyg.
r
Example 4.29. Let us consider the following problem
min J(y, u,v) = / v* +yoy + Mov? +vgudr + / Aou® ds(x)
Q r

subject to

0 .
—Ay+y+e¥y=vinQ, a—y+|y\y5:u4 on I,
n

—1<v<1inQae, 0<u<lonTl ae.,

where yq, vq belong to L (). The adjoint equation is given by

. 0
—Ap+p+e’ p=-2y"—yqinQ, % +4(y")?ly* lp=0onT.
Furthermore, we have the variational inequalities
/ 2Mv* +vg —p)(v—0v")dx >0 for all v € Vg4,
Q
/ (8A2(u*)" — 4(u*)?p) (u — u*)ds(z) >0 for all u € Uyq.
r

O

4.6. Second-order optimality conditions. First we introduce the notion of the
second Fréchet derivative.

Definition 4.30. Let U,V be Banach spaces, U C U be an open set and F : U D
U — V be a Fréchet differentiable mapping. If w— F'(u) is Fréchet differentiable
at uw € U, then F s called twice Fréchet differentiable at uw. The second derivative
is denoted by (F')'(u) :== F"(u).
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By definition F”(u) is a linear and continuous operator from U to Z = L(U, V),
ie., F"(u) € L(U,L(U,V)). Here we do not need the operator F"'(u) itself, but its
application in given directions.

For u; € U we have F"(u)uy € L(U,V). Hence, (F"(u)ui)uz € V. We make
use of the notation

F" (u)(u1,ug) :== (F" (u)uy)us.
Notice that for given u the mapping (u1,u2) — F”(u)(ui,us) is a symmetric,
continuous bilinear form. Using Taylor expansion we find for twice differentiable
functions F : U — V:

F(u+h) = F(u)+ F'(u)h + % F" (w)(hy h) + 1% (u, h),

where
I3 (s, h)|lv
I1RI
We call F' twice continuously Fréchet differentiable if u — F”'(u) is a continuous
mapping, i.e.,

— 0 for h — 0.

lu = ally — 0 implies [[F(u) = F"(@)ll . £v,vy) = 0-

Here,

IE" (Wl 20, c0,vy) = | sup || F"(w)url vy

lo=
= sup sup  |[(F"(w)ur)uz|y |
lurllu=1 \ lluzllu=1

which can be expressed as

IF* (Wl ew.ewvy = sup 1" (u) (w1, uz) |y
[Juz||lu=1,|luz|lv=1

To compute the bilinear form F”(u)(u1,us) we determine the directional deriva-
tives. Let F'(u) = F'(u)us. Then, F is a mapping from U to V. We find

- d ~ d
F’(U)Ug = aF(u + tU2)|t:0 = a (F,(U + tu2)u1) |t:0
= (F"(u + tug)u1 )uz|i=o = (F"(u)u1)us = F" (u)(u1,us),
which is the bilinear form. Now we turn to second-order optimality conditions.

Theorem 4.31. Let U be a Banach space, C C U a convex set and J:U >R
twice continuously Fréchet differentiable in a neighborhood of u* € C. Furthermore,
w* satisfies the first-order necessary optimality condition

J(u)(u—u*)>0 foralueC.
Moreover, there exists a § > 0 so that
(4.26) J"(uw*)(h,h) > 8 ||hl; for all h € U.
Then there exist constants € > 0 and o > 0 so that
Jw) > J(u) +ollu— u*||?] for all uw € C satisfying ||u —u*||, < e.

Thus, u* is a local minimum for J on C.
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Proof. Notice that the proof is the same as in the finite-dimensional case. Let

F : [0,1] — R be given by F(s) = J(u* + s(u — u*)). Then, F(1) = J(u) and

F(0) = J(u*). Using Taylor expansion

(4.27) F(1) = F(0)+ F'(0) + %F”(H), 0 (0,1)
we obtain
J(u) = Ju*) + J' (u*)(u — u*) + % J"(w* 4 0(u — u))(u — u* u— u*)
> J(u*) + %j"(u* +0(u—u*))(u—u,u—u)

o 1 -
J(u*) + §J”(u*)(u —u*,u—u¥)
1 T * T % * *
+§ (J (W +0(u—u"))—J"(u )) (u—u" u—u").
Since u > J”(u) is continuous (in a neighborhood of u*), we conclude from (4.26)
7 T * d *(12 d *12
0 R R R
provided |lu — u*||y < e. Thus,
7 Tl % J *(12
Juy = J)+ G fu
which gives the claim for o = 6/4. O

Theorem 4.31 can be used for optimal control problems governed by semilinear
equations, if the control-to-state mapping G is twice continuously Fréchet differ-
entiable and the control is at most quadratic in the cost functional. An essential
equation is given by

" (W) (hayha) = Ly ) oy @ w05 (Y1, h1), (Y2, h2)),

where y* = G(u*) and p are the associated state and dual variables and y;, i = 1,2
solves the linerized state equation for h;, i.e., y; = G'(u*)h;.
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