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Exercise 7 (4 Points)

Let A ∈ R(M−1)2×(M−1)2 be the matrix obtained by the classical finite difference method
for solving the boundary value problem −∆u = g in Ω = (0, 1)× (0, 1) and u = γ on ∂Ω.
Show that the vectors ukl ∈ R(M−1)2 with stepsize h = 1/M ,

(ukl)ij = sin

(
ikπ

M

)
sin

(
jlπ

M

)
, 1 ≤ i, j ≤M − 1

are the eigenvectors of A. What are the corresponding eigenvalues λkl?

Exercise 8 (4 Points)

Given the problem

−∆v = λv in Ω, (1)
v|∂Ω = 0,

Ω ⊂ R2 a bounded domain with piecewise smooth boundary ∂Ω. A solution v ∈ C2(Ω) ∩
C(Ω̄), v 6= 0 is called an eigenfunction to the eigenvalue λ.

a) Show that all eigenvalues λ of (1) are positive.

b) Let v1, v2 be eigenfunctions to the corresponding eigenvalues λ1 and λ2 with λ1 6= λ2.
Show that v1, v2 are orthogonal in the associated inner product

〈u,w〉 =

∫
Ω

u(x)w(x)dx.

c) Compute the eigenvalues and eigenfunctions of (1) in the case Ω = (0, 1) × (0, 1)
and compare them with the results of Exercise 7.

Exercise 9 (4 Points)

Given the problem

−∆u = 1 in Ω = (0, 1)× (0, 1), u = 0 on ∂Ω. (2)

Make a Ritz-Ansatz with the Ansatzfunctions

ukl(x, y) = sin(kπx) sin(lπy), (x, y) ∈ Ω, l = 1, . . . , l̂, k = 1, . . . , k̂.

What solution do you obtain for u?


