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Exercise 10 (4 Points)

Let Q = (a,b) C R. Decompose ) into subdomains €; using the mesh {x;}¥:
a=xg< T < - <any_1<zN =0

Set ; = (x;_1,2;) for i = 1,...,N. Furthermore, we introduce the local step size
notation h; := x; — x;_q for ¢ = 1,..., N. Compute the piecewise linear and globally
continuous nodal basis functions. Further draw graphs of the basis function and compute
the derivatives. Repeat this for piecewise quadratic and globally continuous nodal basis
functions.

Exercise 11 (4 Points)

Let us consider the boundary value problem

—(p(2)u) + q(x)u = f(x), z €0 (1)
u(0) =0, u(l) =0, (2)

where Q= (0,1), p € C(Q), ¢ € C(Q), f e L) with p(x) > ¢ > 0 and ¢(z) < 0 for all
x €
1. State the weak formulation of the problem.

2. Using piecewise linear and globally continuous nodal basis functions on a uniform
mesh of size h = 1/N, N > 2, write down the finite element approximation to this
problem if p and ¢ are assumed to be constant. What do you observe when looking
at the obtained system compared to a finite difference discretization?

3. Replace (2) by
w(0)=0 and «'(1)=0.

Write down the finite element approximation to this new problem (i.e., repeat steps
1 and 2). What changes compared to the Dirichlet problem?



Exercise 12 (4 Points)

Given A € RV*N a symmetric and positive definite matrix. The vectors dg,d1, ..., dn_1 €
RY are called A-orthogonal if df Ad; = 0 for i # j, 0 < 4,7 < N — 1 and d] Ad; # 0 for
0<i<N-1

a) Verify that do,ds,...,dy_1 are a basis of RY.

b) Given the equation Az = b show that the solution x = A~'b can be written with

the basis dy,...,dy_1 as:
N-1
. df Az
r = Zakdk with o = T Ad, k=0,...,N—1.
k=0 k
c¢) Show that for every zo € RY the sequence
) —dl(Axy, — b
Tpyr1 — Tk + Oékdk with ap = %

for k > 0 gives the solution zy = A~'b after at most N steps.



