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Motivation

Theorem (Hilbert)

Letf € R[X, Y], degf <4and f>0onR? Thenf=3,g7

(O <> <=

a
i

Q>



Theorem (Hilbert)

Letf e R[X,Y],degf <4andf>0onR2 Thenf=73",g?

» What does hold in the non-commutative case?
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Matrix-positive polynomials

» R(X,Y) polynomial ring in non-commuting variables X, Y
Definition

f e R(X,Y) is called matrix-positive (f > 0) if

f(A,B) = Oforall A, Bec SR™*! teN.
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R(X, Y) polynomial ring in non-commuting variables X, Y

f € R(X,Y) is called matrix-positive (f > 0) if

f(A,B) = Oforall A,Bc SR> teN.

non-commutative sum of squares:
A? is not psd for all A € SRI*!
but A*A



R(X, Y) polynomial ring in non-commuting variables X, Y

f € R(X,Y) is called matrix-positive (f > 0) if

f(A,B) = Oforall A,Bc SR> teN.

non-commutative sum of squares:
A? is not psd for all A € SRI*!
but A*A

3 g7 replaced by 3~ g’ g;
Involution x: fixes R U {X, Y} pointwise, (XYX2)* = X2YX



Theorem (Hilbert)

Letf e R[X,Y],degf <4andf>0onR2 Thenf=>3",¢?

Theorem (Helton)

Letf e R(X,Y),f>=0.Thenf=73",g/g;.
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f e R(X,Y) is called trace-positive (tr(f) > 0) if

tr(f(A,B)) > 0 forall A,B e SR*! t c N.

Further structure
tr(AB) = tr(BA) for all A, B € SR*!

cyc
VA~ WS AU, Ui V= U, W= Uplj
tr([A,B]) =0
cyc
VvV~ W< V—W:[U1,U2]=U1U2—U2U1

trace is linear
flgef—g=3uu]l
v.we (X,Y), f,g e R(X,Y)



Theorem (Hilbert)

Letf e R[X,Y],degf <4andf>0onR? Thenf=3,¢?

Theorem (Helton)

Let f e R(X,Y),f>=0.Thenf=73"9/gi.

Theorem

Let f € R(X, Y) homogenous of deg f < 4, tr(f) > 0. Then
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Relation to semidefinite
programming (SDP)
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Theorem (commutative case)
Let f € R[X, Y], degf < 2d and v a monomial vector of deg < d.
Then

JG € SRS f=v*@Gv.
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Theorem (commutative case)

Let f € R[X, Y], deg f < 2d and v a monomial vector of deg < d
Then

3G € SR%*S: f=v*QGv.

Theorem (non-commutative case)

deg < d. Then

Let f e R(X,Y), f=f*, degf < 2d and v a monomial vector of

3G € SRS f = v*QGv.
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Theorem (commutative case)

Let f € R[X, Y], deg f < 2d and v a monomial vector of deg < d
Then

AG € SR%*°: f=v*QGv.
Theorem (trace case)

Let f e R(X,Y),
deg < d. Then

cyc

~

f*, deg f < 2d and v a monomial vector of
3G € SRS X v*Gy.
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Theorem (commutative case)

Let f € R[X, Y], deg f < 2d and v a monomial vector of deg < d
Then

AG € SR%*°: f=v*QGv.
Theorem (trace case)

Let f e R(X,Y),
deg < d. Then

L+, deg f < 2d and v a monomial vector of

3G c SRS : X v*Gv.
Useful fact

f is sos < 3 Gram matrix G = 0.
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f=X2Y2 4 Y2X2

X2 X4 X3Y  X2YX X2Y?
XY YX3  YX2Y YXYX YXY?
YX XYX?2 XYXY XY2X XYy3
y?2 Y2X2 Y2XY Y3X y#



f=X2Y2 4 Y2X2

X2 X4 X3Y X2YX X2y2
— XY . YX3 YX2Y YXYX YXY?
Tl Yx XYX2 XYXY XY2X XY8
y2 Y2X2 Y2XYy Y3X Y4
0O 0 0 1
0O 00O .
Gne = 00 0 0 # 0 = fis not sos
1 0 0O



f= X2Y2 1 y2x2

X2
XY
YX
Y2

VvV =
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X3y  X2YX  X2Y?
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f:X2Y2—|— Y2x2

Gnc =

oo =0 O O oo

o=+ 00 [eNeNelNo]l

O O OO O OO =

X4 X2Y?
YX2Y YXYX YXY?
XYXY XY2X Xy®

Y2X2 y2xy y3x Y4

# 0 = fis not sos

=0 = L (XY)(XY)+ (YX)*(YX)



Let f € R(X,Y), deg f = 2d, v monomial vector of deg < d and G
a fixed Gram matrix of f. Then the following is equivalent:

LS grgi
mintrG s.t. fX viGv:G> 0 is feasible




Let f € R(X,Y), deg f = 2d, v monomial vector of deg < d and G
a fixed Gram matrix of f. Then the following is equivalent:

e e]
mintrG s.t. fX viGv:G> 0 is feasible

G:Go+Mt0forsomeMeM
M:={Aec SR | v*Av ~

cyc

0}.




Dual problem

~ (A,B) :=tr(B*A) on SR®*®

— M' = {Ac SR | tr(AM) = 0 YM € M}

={Ac SRS | Aj = Ay if viv;  vjv).

[m] «Fr «E>»

DA



(A,B) :=1r(B*A) on SR®*®

— Mt ={Aec SR |tr(AM) =0 YM € M}

= {AC SRS | Aj = Ay if viv; ¥ viv).

Linear functional £; : M+ — R, £;(M) = tr GoM.

Assuming (M*1)* contains a positive definite matrix. Then

cyc

XY g9 < Lr=00n (MH)*




Assuming (M*)* contains a positive definite matrix. Then

> gigi & 4>00n (MH)T

primal problem J strict solution dual problem

)

primal proof: dual proof:
Find G = 0 with f < v*Gv Show ¢; > 0 on (M*)*



Primal proof

f=X*+aY*+2bX2Y2 +2cXYXY + 2dXY3
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f=X*+aY* +2bX2Y2 + 2cXYXY + 2dXY?3
v = (X2, XY, YX, Y?)

1 0 0 A
Go_|0 b=r ¢ ape
ATlo0 ¢ b-X d/2
A d/2 d/j2  a
c<0: A = Acomm
c>0,b<c,a< b?+5c? - 6bc: A=b-c

c>0,c<borc>0,b<c,a>b’+5c%—6bc:

_b+tc 1 2
A= 3 3 3a+(b+c)




Dual proof

(M) = {M e SR¥* | Mj = My for viy; X

vkv,,M = 0}
={T | T = (tr(v; (A B)v,(A, B)));, for some A, B € SR'**1%}
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(MH)* = (M e SR¥™* | Mj = My for vi'v; X vivi, M = 0}
={T | T = (tr(v; (A, B)vj(A, B))),; for some A, B € SR'**}

0/(M) = tr(GoM)

= tr(Go(tr(v;"(A, B)v;(A, B)))i)
= tr(v*(A, B)GoV(A, B)) = tr(f(A, B)) > 0.



primal proof

+ constructive

dual proof

— difficult to generalize

— non constructive
+ more general

«4O0>» «Fr» « > «

v

DA



