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BMV conjecture

Conjecture (Bessis, Moussa, Villani, 1975)

For all symmetric A, B € R**%, B >0, s € N, exists a measure p > 0 s.t.

trlexp(A — tB)] = /e_txdu(x).

Using Bernstein's Theorem leads to

For all symmetric A, B € R***, B > 0, s € N, the function

f:t— trlexp(A— tB)]

is completely monotone.

S. Burgdorf (KN/Rennes) ShS and BMV



Introduction

BMV conjecture — algebraic version

Conjecture (Lieb, Seiringer, 2004)

For all symmetric A,B € SR***, A, B>0,s<N, and all me N, the
polynomial

tr[(A+ tB)"] = > tr[Sm(A, B)|tF € R[t]
k

has only nonnegative coefficients.

Sm k(A, B) is the sum of all products with m — k times A and k times B.
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Introduction

BMV conjecture — algebraic version

Conjecture (Lieb, Seiringer, 2004)

For all symmetric A,B € SR***, A /B> 0,s €N, and all m €N, the
polynomial

tr[(A+ tB)"] = > tr[Sm(A, B)|tF € R[t]
k

has only nonnegative coefficients.

Smk(A, B) is the sum of all products with m — k times A and k times B.

Su2(A, B) = AABB + ABBA + BBAA + BAAB + ABAB + BABA
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Introduction

BMV conjecture — algebraic version

Conjecture (Lieb, Seiringer, 2004)

For all symmetric A,B € SR***, A, B>0,s<N, and all me N, the
polynomial

tr[(A+ tB)"] = > tr[Sm(A, B)|tF € R[t]
k

has only nonnegative coefficients.

Sm k(A, B) is the sum of all products with m — k times A and k times B.

Let m, k € N be fixed.
Is tr[Sm (A, B)] > 0 for all psd A, B € SR***, all s € N ?

S. Burgdorf (KN/Rennes) ShS and BMV



Sums of hermitian squares

Identify symmetric matrices A, B € SR**°, s € N, with non commuting
variables X, Y
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Sums of hermitian squares

Identify symmetric matrices A, B € SR**°, s € N, with non commuting
variables X, Y

» Matrix product » word w € (X,Y)
» Matrix polynomial f(A, B) » polynomial f(X,Y) € R(X,Y)
» Matrix conjugation * » involution * on R(X,Y)

» A, B symmetric, » *fixes RU{X, Y},

» (ABAAB)* = BAABA > (XYXXY)* = YXXYX
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Sums of hermitian squares

Identify symmetric matrices A, B € SR**° s € N, with non commuting
variables X, Y

» Matrix product » word w € (X,Y)
» Matrix polynomial f(A, B) » polynomial f(X,Y) € R(X,Y)
» Matrix conjugation * » involution * on R(X,Y)
» A, B symmetric, » *fixes RU{X, Y},
> (ABAAB)* = BAABA > (XYXXY)* = YXXYX
» tr(AB) = tr(BA) > equivalence relation X
» tr([A,B]) =0 v wev-w=[u ]
» triw(A, B)] = tr[o(w(A, B))] » v we v=o0(w)
> tr linear » F L gef-g=3au,u]

where v, w, u, 0’ € (X, Y); f,g € R(X,Y); a; € R; o cyclic permutation;
commutator [a, b] := ab — ba

S. Burgdorf (KN/Rennes) ShS and BMV



Introduction

Definition

For g € R(X,Y) the product g*g is called a hermitian square

» A*Ais psd, in particular tr(A*A) > 0

» the same holds for hermitian squares g*g(A, B),
independent of Aand B

» F L g = tr(f(A B)) =tr(g(A, B)) for all A, B € SR***

XY gfgi = tr(f(AB)) Zg, g(A B)) >

i

for all A, B € SR***, all s € N.

S. Burgdorf (KN/Rennes) ShS and BMV



Introduction

Let m, k € N be fixed.

Is tr(Sm (A, B)) > 0 for all psd A, B € SR**%, all s e N ?

Let m, k € N be fixed.

Is Smk(X, Y) X 3. grg; for some gj € R(X, Y) ?
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Introduction

Let m, k € N be fixed.
Is tr(Sm (A, B)) > 0 for all psd A, B € SR**%, all s e N ?

Let m, k € N be fixed.
Is Smk(X, Y) X 3. grg; for some gj € R(X, Y) ?

Question 2 is quite too strong since A, B psd not provided.

tr(Ss,0(A, B)) = tr(AAA) > 0 for all psd A € SR***. But
S50(X, Y) = X3 is not (equivalent to) a square in R(X, Y).

S. Burgdorf (KN/Rennes) ShS and BMV



Introduction

> If Ac SRS is psd, then A= C*C = C? for some C € SRS*S
» consider Sy, k(C2, D?) instead of S, x(A, B)
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Introduction

> If Ac SRS is psd, then A= C*C = C? for some C € SRS*S
» consider Sy, k(C2, D?) instead of S, x(A, B)

Let m, k € N be fixed.
Is Smk(X,Y) X 3, grg; for some g; € R(X, Y) ?

Let m, k € N be fixed.
Is Spmk(X2,Y2) XY, gt g for some g; € R(X, Y) ?

S. Burgdorf (KN/Rennes) ShS and BMV



Introduction

Question 3 is weaker than Question 2.

S50(X?, Y2) = X® = (X3)*(X3) is a square in R(X, Y).
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Introduction

Question 3 is weaker than Question 2.

S30(X2,Y?) = X = (X3)*(X3) is a square in R(X, Y).

But not equivalent to Question 1.

Example (Hagele,Klep, Schweighofer)

tr(Se,3(A, B)) > 0 for all psd A, B € SR*** but

Se63( X2 Y2 Zg,g,

Theorem (Hillar)

If the BMV conjecture is true for some M, K € N then it is true for all
mkeNwthm<Mk<Km-k<M-K.
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Question 3 is weaker than Question 2.

S30(X2,Y?) = X = (X3)*(X3) is a square in R(X, Y).

But not equivalent to Question 1.

Example (Hagele,Klep, Schweighofer)
tr(S6.3(A, B)) > 0 for all psd A, B € SR*** but

Se63( X2 Y2 Zg,g,

Theorem (Hillar)

If the BMV conjecture is true for some M, K € N then it is true for all
mkeNwthm<Mk<Km-k<M-K.

Plan: Find an infinite sequence (m, k) with m, k — oo, m — k — oo for
which the answer of Question 3 is 'yes'.

S. Burgdorf (KN/Rennes) ShS and BMV



Gram matrix method
Let f € R(X,Y) symmetric, deg f = 2d and v = (v;) be a vector

containing all words v; € (X, Y) with degv; < d. Then there exists a real
symmetric matrix G such that

f=vGr.

» G is called a Gram matrix of f.

» Using Cholesky decomposition of real psd matrices:
Gis psd = L symmetric: G = L*L
=f= Zg,-*g,-with Lv=1(g,...,8)"

> Semidefinte programming to obtain psd Gram matrices G possible

S. Burgdorf (KN/Rennes) ShS and BMV



How to find shs ?

Want
FEY gia
i

= ldentify entries in G which correspond to cyc. equivalent words
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How to find shs ?

Want
cycC
X gte

1

= ldentify entries in G which correspond to cyc. equivalent words

Example
S31(X%,Y?) = X2Y24Y2X2 v = (X2, XY, YX, Y?)

X4 X3y X2vYX X2Y?

— YX3  YX?Y YXYX YXY?
T XYX2 XYXY XY2X  XY3
Y2X? Y2XY Y3X Y4
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How to find shs ?

Want
cycC
X gte

1

= ldentify entries in G which correspond to cyc. equivalent words

Example
S31(X%,Y?) = X2Y24Y2X2 v = (X2, XY, YX, Y?)

0001 X4 X3y X2vYX X2Y?
- 0000 40 — YX3  YX?Y YXYX YXY?
ne 0000 XYX%2 XYXY XY2X XY3
1 000 Y2X? Y2XY Y3X Y4
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How to find shs ?

Want
cycC
X gte

1

= ldentify entries in G which correspond to cyc. equivalent words

Example
S31(X%,Y?) = X2Y24Y2X2 v = (X2, XY, YX, Y?)

0 000 X4 X3y X2YX X2y?

c - 0100 -0 S YX3  YX2Y YXYX YXY?
~ 00 10|~ XYX%2 XYXY XY2X Xy3
0 00O Y2X?2 Y2XY Y3X Y4

S. Burgdorf (KN/Rennes) ShS and BMV



How to find shs ?

Want
cycC
X gte

1

= ldentify entries in G which correspond to cyc. equivalent words

Example
S31(X%,Y?) = X2Y24Y2X2 v = (X2, XY, YX, Y?)

0000 X+ X3y X2yX X?y?
c 0100 o YX3  YX2Y YXYX YXY?
~ 0010]~ T XYX? Xyxy Xy x o xy®
0000 Y2X?2 vexy vix oyt
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How to find shs ?

Want
cycC
X gte

1

= ldentify entries in G which correspond to cyc. equivalent words

Example
S31(X%,Y?) = X2Y24Y2X2 v = (X2, XY, YX, Y?)

0000 X+ X3y X2yX X?y?
c 0100 o YX3  YX2Y YXYX YXY?
~ 0010]~ T XYX? Xyxy Xy x o xy®
0000 Y2X?2 vexy vix oyt

L (XYY (XY) + (YX)*(YX)

In general G is not unique.

S. Burgdorf (KN/Rennes) ShS and BMV



Results |

For which (m, k) exists a psd Gram matrix of Sp, x(X2, Y?) ?

k=0,1,m e N trivial

k=2;m & N easy

k=4;,me N [ind.: k=4; m odd by Landweber, Speer]|
(14,4); (14,6) by Klep, Schweighofer

by symmetry: If (m, k) is 'yes' then (m, m — k) is.

vV v.v. v VY

S. Burgdorf (KN/Rennes) ShS and BMV



Results I

For which (m, k) exists a psd Gram matrix of Sp, (X, Y) ?
Then tr(Sm «(A, B)) > 0 for all A, B € SR**® not even psd.

» k=0,m € 2N trivial

» k=2, me2N

>» k=4 m=4/+2,1eN

» by symmetry: If (m, k) is 'yes' then (m, m — k) is.
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Examples
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Question 3

cyc

» Each word in Smyz(Xz, Y2) is & to Xky2Xxky2Xk  with even k.
This is a palindrome and (obvious) a square.

Si2(X?,Y?)
= XYL VAXAEXPYAX? £ YPXAY? 4 XPY2X2Y? 4+ Y2 X2y X2
N————— N -~
Xox2ysx2 Xoxy2x2y2x
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Question 3

cyc

» Each word in Smyg(Xz, Y2) is & to Xky2Xxky2Xk  with even k.
This is a palindrome and (obvious) a square.

Si2(X?,Y?)
= XYL VAXAEXPYAX? £ YPXAY? 4 XPY2X2Y? 4+ Y2 X2y X2
N————— N -~
Xox2ysx2 Xoxy2x2y2x

» Using the Gram matrix:

» Palindromes of even length are of the form v;v; for some v;
» they correspond to diagonal entries of G
> All (diagonal) entries are positive, thus G is psd.

» Does not work for Sp, (X, Y)

S. Burgdorf (KN/Rennes) ShS and BMV



Question 2

> 'Yes' only possible for even m, since Sp, (X, Y) is homogenous.

S32(X, Y) = XY2 4 YXY + Y2X = tr(S32(—1s,15)) = 35 < 0

S. Burgdorf (KN/Rennes) ShS and BMV



Question 2

> 'Yes' only possible for even m, since Sp, (X, Y) is homogenous.

S32(X, Y) = XY2 4 YXY + Y2X = tr(S32(—1s,15)) = 35 < 0

> m even

Example
Sa2(X,Y) = X2Y24Y2X2 4 XY 2 X+ YX2Y +XYXY 4+ YXYX
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Question 2

> 'Yes' only possible for even m, since Sp, (X, Y) is homogenous.

S32(X, Y) = XY2 4 YXY + Y2X = tr(S32(—1s,15)) = 35 < 0

> m even

Example
Sa2(X,Y) = X2Y24Y2X2 4 XY 2 X+ YX2Y +XYXY 4+ YXYX

2
> 7= (YX, XY) VT = (YX Y YXYX)

XYXY XY?X
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Question 2

> 'Yes' only possible for even m, since Sp, (X, Y) is homogenous.

S32(X, Y) = XY2 4 YXY + Y2X = tr(S32(—1s,15)) = 35 < 0

> m even

Example
Saa(X,Y) = X2Y24Y2X2 4 XY 2 X+ YX2Y + XYXY + YXYX

> 7= (YX, XY)
G 3)

S. Burgdorf (KN/Rennes) ShS and BMV

e (YXPY YXYX
V= AXYXY  XY2Xx

» G




Question 2

> 'Yes' only possible for even m, since Sp, (X, Y) is homogenous.

S32(X, Y) = XY2 4 YXY + Y2X = tr(S32(—1s,15)) = 35 < 0

> m even

Saa(X,Y) = X2Y24Y2X2 4 XY 2 X+ YX2Y + XYXY + YXYX

_ oo (YXPY YXYX
» vi=(YX,XY) VV_(XYXY XY2X>

=6 )-(F B (5 )

> Sao(X,Y) T 2(YX 4 IXY) (YX + 3XY) + 2(XY)*(XY)

NIlw

S. Burgdorf (KN/Rennes) ShS and BMV



Se2(X,Y) = X*Y2 4 X3Y2X + X2Y2X2 + XY2X3 + V2X4 + vXA Y+
+ YX3YX + X3YXY + X2YXYX + XYXYX? + YXYX3+
+ XYX3Y + X2YX?Y + XYX?YX + YX?YX?
T 6X Y2 +6X3YXY +3X2YX?Y

S. Burgdorf (KN/Rennes) ShS and BMV



cyc

Se2(X, Y) L 6X4Y2 4 6X3YXY 4 3X2YX2Y
X2Y2X2 X2YXYX X2YX2Y

Vo= (YX2,XYX,X2Y)  v*v = [ XYXYX2 XYX2YX  XYX3Y
YX2YX2  YX3vX  YX‘Y

S. Burgdorf (KN/Rennes) ShS and BMV



Examples

cyc

Se2(X,Y) & 6X*Y? 4+ 6X3YXY +3X2YX2Y
X2Y2X2 X2YXYX X2YX2Y

Vo= (YX2,XYX,X2Y)  v*v = [ XYXYX? XYX2YX  XYX3Y
YX2YX2  YX3vX  YX‘Y
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cyc

Se2(X, Y) L 6X4Y2 4 6X3YXY 4 3X2YX2Y

X2Y2X2 X2YXYX X2YX? Y)

NI

G =

Nlw

V= (YX2,XYX,X2Y)  vv= (XYXYX2 XYX2YX  XYX3Y
3 2
2 0 \/; 3

YX2YX?  vyx3vyx YX4Y
( 4
Vi o o

cyc 1 1
Se2(X,Y) X3(YX2 + EXYX)*(YXQ + 5 XYX)+

1
> 10y (V20 0 (V2 i o
12 1|=3 0 /3
012 0

wIN

+ (XYX + gx2 Y ) (XYX + gxz Y) 4+ 2(X2Y)*(X?Y)

S. Burgdorf (KN/Rennes) ShS and BMV



Examples
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Question 3, m odd

So.a(X2, ¥Y?) L ox0y8 L gxOy2x4y0 1+ oxOY4X4Y* L oxOyOxty2y
+9X8Y2X2Y® 1 oxXBY4X2Y* L oXBYOX2Y2 L oX*Y2X2Y2 XA YAy
+9XAY2XAY2X2Y A 1 oXAY2XAYAX2Y2 4+ 9XOY2X2Y2X2Y A+
+9XO0Y2X2Y4X2Y? £ +OXOVAX2Y2X2Y2 4+ 9X4Y2X2Y2 X2 Y2 X2Y?
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Question 3, m odd
Soa(X?,Y2) X ...

vi= (Y2X2Y2X3, YAX5, Y2XAY2X, X2Y4X3, X4 Y4X, X2Y2X2Y2X)

111000
111000
111000
€=% 00010 0
000011
000011
Soa K93 | gt > g1 = Y2X2Y2X3 4 YAX5 4 y2X4y2X
>g2:X2Y4X3

> g3 = X2Y2X2Y2X + X4Y4X

S. Burgdorf (KN/Rennes) ShS and BMV



cyc
51774 ~ oL

Vo= (Y2X10 Y2X3, Y2X8 Y2X5, Y2X6 Y2X7, Y2X4 Y2X9, Y2X2 Y2X11,
Y4X13 Y2X12 Y2X X2 Y2X4 Y2X7 X2 Y2X6 Y2X5 X2 Y2X2 Y2X9
X2 Y4);11, X2 Y2X8,Y2X3, x4 Y2X2,Y2X7, x4 Y4X9: X4y2x4 Y2X5:
XOVAXT XBYAX5, XOY2X2Y2X5, XBY2X2Y2X3, XOv2X4Y2 X3,
XAY2XO0Y2X3 X12yAx, X10YV2Xx2y2 X, XP0y4x3 XBy2Xx4y2X,
XOY2XOY2X XA Y2XBY2X, X2Y2X10y2X)

S. Burgdorf (KN/Rennes) ShS and BMV



Examples

o
0000!

Ooomo

N
o 0!0
—
0!0 o

00!000

0“0000

~
[o]°

o O O o

o

o

o

G=17

where

ShS and BMV
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Vo= (Y2X10 Y2X3,Y2X8 Y2X5, Y2X6 Y2X7,Y2X4 Y2X9, Y2X2 Y2X11,
Y4X13 Y2X12 Y2X X2 Y2X4 Y2X7 X2 Y2X6 Y2X5 X2 Y2X2 Y2X9
X2 Y4)7<11 X2 Y2X8’Y2X3 X4 Y2X2,Y2X7 X4 Y4X9,X4 Y2X4 Y2X5,
XOy4x’ ;<8 y4x5 X8 Y2;<2 y2Xx5 X8 Y2;<2 y2x3 ;<6 Y2x4y2x3 |
X4 Y2X67Y2X3,X1£’ Y4x3 x1t? Y4X,,X1° .G Y2X7,X8 Y2 x4 Y2X,,
XOY2XOy2X X4 Y2XBY2X X2Y2X10y2X)

1)

oo ooo[lo
o ooofloo
oo oo oo
o o[fJo o oo
OFOOOOO
c.’HOOOCDOO

O O O O O o
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Question 3, m even
S104(X2, Y?) L 10X12y8 4 10X5Y2X0Y® + 10X8Y2Xx* Y0+

+10X8YAX4Y* £ 10X8YOXA Y2 +10X10Y2X2Y0 110X Y4X2 Y4t
+10X10YOX2y2 L 10X4Y2XAY2XAY4 4 10XO Y2 X2Y2X2Y2X2Y2 4
+10X0Y2X2Y2X4 Y4 £ 10X0Y2X2YAXA Y2 +10X0 Y2 XA Y2 X2 Y4+
+10X0Y2XAY4X2Y2 £ 10X0Y4X2Y2 X4 Y2 + 10X YAXA Y2 X2 Y2+
+10X8Y2X2Y2X2Yy* +10X8Y2X2Y4X2Y2 + 10X8Y4X2Y2X2Y2+
+10X4Y2X4Y2X2Y2X2Y2 £ 5XAY2X2Y2 XA Y2 X2Y? 4 5X0 YA XO Y4

S. Burgdorf (KN/Rennes) ShS and BMV



Question 3, m even
S104(X2, Y2 X .

Vo= (Y2XAY2X2 Y2X2Y2 XA YAXO X2y XA YRXO Y2 X2V XY X2,
XY2X2Y2X3 XY4 X3 XY2X4Y2X X3Y*X3)

222010
222010
222010
000201

.t 11030

G_500010%

2210
2210
1130
000 3
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Question 3, m even
S104(X2, Y2 X .

Vo= (Y2XAY2X2 Y2X2Y2 XA YAXO X2y XA YRXO Y2 X2V XY X2,
XY2X2Y2X3 XY4 X3 XY2 X4 Y2 X X3Y*X3)

222010
222010
222010
000201

.t 11030

G_500010%

2210
2210
1130
000 3
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S104(X2, Y2) L .
V = (Y2XAY2X2 Y2X2Y2 XA YAXE X2YAXA, YAXO Y2 X2Y2X2Y2X?)

22201 0
22201 0
(1)(13(13593 222111
G_s 2 0 , 222111
00010 3 =6 =5 171201
2210 111010
2210 111101
11 1%o0
000 3

> S104(X2, Y2) LS, gFgi where g; € R(X?, Y?)
> Si04(X,Y) XX, hih

S. Burgdorf (KN/Rennes) ShS and BMV



G cinmaat g
Vioo o ool 0 0 W3 E
¢=|£ Vi o o000 0o 0 0 o 1/}
28 Vool 0 0 0 0 o
2 Jt ~Jtooo/\o 0o 0o 0o 0o o

S10.4(X%, Y?) L[

%(X2Y2X2 YV2XZ 4+ XPYAX 4+ YPXOY2 2V X Y XP 422X YA XY 42V X0
(X2Y2X2Y2 X2+ XPYAX 4+ V2XOY2 422X Y2 X2 422X Y2 X 42V X0+

+ %(X2Y2X2 Y2X2 4+ 3X2YAX — YAXO YR (X2 YAXPY2AX? 43X YAXY — YVAXO YY)+

n %(X2Y2X2Y2X2 —VAXOYA) (XPYAX2YAXE — Y2XOY?)]
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Question 2

S104(X, Y) X 2. hrh; for some gi € R(X, Y)
The same is true for all m =4/ +2, | € N but i.g. not for m = 4/.

Example

Ssa(X,Y) =8X*Y* +8X2YX2Y3 +8X3YXY3 + 8X3Y2XY2 +
8X3Y3XY 4 8X2YXYXY? 4+ 8X2YXY2XY + 8X2Y2XYXY +
4X2Y2X2Y2 4 2XYXYXYXY

Vo= (Y2X2Y2X2 YAXA, Y2XAY2 X2YAX2 XYA X3, XY2X2Y2X)

4 4 20
4 4 20
2 210
6=215 0 0 1
4 2
2 1
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Question 2

S104(X, Y) X 2. hrh; for some gi € R(X, Y)
The same is true for all m =4/ +2, | € N but i.g. not for m = 4/.

Example

Ssa(X,Y) =8X*Y* +8X2YX2Y3 +8X3YXY3 + 8X3Y2XY2 +
8X3Y3XY 4 8X2YXYXY? 4+ 8X2YXY2XY + 8X2Y2XYXY +
4X2Y2X2Y2 4 2XYXYXYXY

Vo= (Y2X2Y2X2 YAXA, Y2XAY2 X2YAX2 XYA X3, XY2X2Y2X)

4 4 20
4 4 2 0
2 210
6=215 0 0 1
4 2
2 1

S. Burgdorf (KN/Rennes) ShS and BMV
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