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1 Introduction

The modern computer and telecommunication industry relies heavily on the use and devel-
opment of semiconductor devices. The first semiconductor device (a germanium transistor)
has been built in 1947 by Bardeen, Brattain and Shockley, who have been awarded the
Nobel prize in 1956. In the following decades, a lot of different devices for special appli-
cations have been invented; for instance, semiconductor lasers, solar cells, light-emitting
diodes (LED), metal-oxide semiconductor (MOS) transistors, quantum dots, to name only
a few.

A very important fact of the success of the semiconductor technology is that the device
length is much smaller than that of previous electronic devices (like tube transistors).
The first transistor of Bardeen, Brattain and Shockley had a characteristic length (the
emitter-collector length) of 20 pm, compared to the size of a few centimeters of a tube
transistor. The first Intel processor 4004, built in 1971, consisted of 2250 transistors, each
of them with a characteristic length of 10 pgm. This length has been reduced to 90 nm
for the transistors in the Pentium 4 processor (put on the market in June 2004). Modern
quantum-based devices (like tunneling diodes) have structures of only a few nanometer
length. Clearly, on such scales, the physical phenomena have to be described by equations
from quantum mechanics.

Usually, a semiconductor device can be considered as a device which needs an input (an
electronic signal or light) and produces an output (light or an electronic signal). The device
is connected to the electric circuit by contacts at which a voltage (potential difference)
is applied. We are mainly interested in devices which produce an electronic signal, for
instance the current of electrons through the device, generated by the applied bias. In
this situation, the input parameter is the applied voltage and the output parameter is the
electron current through one contact. The relation between these two physical quantities
is called current-voltage characterestic. It is a curve in the two-dimensional current-voltage
space and does neither need to be a monotone mapping nor a function (but a relation).

The main objective of these lecture notes is to derive mathematical models which
describe the electron flow through a semiconductor device due to the application of a
voltage. Depending on the device structure, the main transport phenomena may be very
different, caused by diffusion, drift, scattering, or quantum mechanical effects. Moreover,
usually a large number of electrons is flowing through a device such that a particle-like
description using fluid-dynamical or kinetic equations seems to be appropriate. On the
other hand, electrons in a semiconductor crystal are quantum mechanical objects such
that a wave-like description using the Schrodinger equation is necessary. For this reason,
we have to devise different mathematical models which are able to describe the important

physical phenomena for a particular situation or for a particular device. Moreover, since in



some cases we are not interested in all the available physical information, we need simpler
models which help to reduce the computation cost in the numerical simulations.

This leads to a hierarchy of semiconductor models. Roughly speaking, we distin-
guish three classes of semiconductor models: quantum models, kinetic models, and fluid-
dynamical (macroscopic) models. In order to give some flavor of these models, we explain
these three view points, quantum, kinetic, and fluid-dynamical, in the following in a sim-

plified framework.

The fluiddynamical view. Consider an ensemble of electrons in a spatial domain €2 C
R? under the influence of an electric field. We wish to find equations which describe the
evolution of the number Ng(t) of electrons and the electric field. For this, we first introduce

the electron density n(x,t) at time t by

Na(t) :/Qn(x,t) dx.

Another important physical quantity is the electron current density J(z,t). We assume

that it is given as the sum of the drift current, qupnF, and the diffusion current, ¢D,,Vn,
J =qD,Vn+ qu.,nk, (1.1)

where ¢ is the elementary charge, i, the mobility and D,, the diffusivity of the electrons.
Physically, it is reasonable to assume that the temporal change of the electron number is
equal to the (normal component of the) current flow through the semiconductor boundary

dN, 1

Z -vd
dt Q(?wJVS’

where w C €2 and v is the exterior unit normal to dw. The divergence theorem implies

@dx—de—l
Lot T dt g

/divJ dx for all w C 2.

Therefore,
on 1

— — —divJ =0 in (2. 1.2
% g (1.2)
This equation expresses the conservation of mass.
It remains to find an equation for the electrostatic potential. We start with the Maxwell

equations
curl £ =0, divD = o in R3, (1.3)

valid for vanishing magnetic fields. Here, D is the displacement vector and o the total space

charge. The first equation provides the existence of a potential V' such that £ = —VV.



The function V is called the electrostatic potential. We assume that the displacement
vector D and the electric field E are related by

D =c¢c,F,

where ¢, is the semiconductor permittivity. Generally, €, is a matrix and depends on
the spatial variable. In an isotropic homogeneous semiconductor, €, is a scalar. The total
space charge p is given by

0= —qn+qC(x),

where C(x) is the concentration of the fixed charged background ions in the semiconduc-
tor crystal and will be subject of later investigation (see Section 2.4). Thus, the second

equation in (1.3) gives
esAV = div(—e,VV) = —divD = ¢(n — C(z)), (1.4)

if 4 is a constant scalar (the semiconductor permittivity). This equation is called the
Poisson equation.

We have motivated that the electron density n(z,t) and the electrostatic potential
V(z,t) are solutions of (1.1), (1.2), and (1.4). This set of equations,

aa—:;‘ —div(D,Vn — p,nVV) = 0, g AV = gq(n— C(z)), reR’, >0,

is called the drift-diffusion model and is one of the most important semiconductor models.

The kinetic view. Consider a single electron in the semiconductor and interpret it as

a particle at position z(t) with velocity v(t). These functions are a solution of Newton’s

equations
dx dv
— = —=F t>0 1.5
dt U? mdt Y Y ( )
z(0) = xo, v(0) = vy,
where m is the electron mass and F' a force given by ' = —qFE. The state of the electron

is given by a distribution function f(x,v,t), i.e. a probability density in the (x,v)-phase

space. More precisely,
/f(x,v,t) dx dv
B

is the probability at time ¢ to find the electron in the phase space set B. It is reasonable
to assume that f(x,v,t) does not change along the trajectory (x(t),v(t)) of the electron,

f(z(t),v(t),t) = f(xo,vo,0) for all ¢ > 0.



This implies that

_d _of dx dv
and, by (1.5),
of q B .
ot +v-Vaf mE Vof =0 in R3. (1.6)

This equation is called the Liouwville equation.
Macroscopic quantities, like the electron density n(z,t) and the electron current den-

sity, are defined in terms of the distribution function by
n(x,t) = f(z,v,t)dv,
R3

J(x,t) = —q | f(z,v,t)vdv.

R3
The macroscopic particle velocity u(z,t) is then given by

w(a 1) = [ f(z,v,t)vdv _ J(z,t)
’ [ fz,v,t)dv qn(z,t)’

We notice that equation (1.2) can be easily derived from the Liouville equation. Indeed,

(1.7)

integrating (1.6) over v € R? yields, by the divergence theorem,
0 — /R (%{ + div, (vf) — %divv(Ef)) dv

= 2 fdv—i—divx/ vf dv
R3

ot Jgs
on 1

= — — —div,J.
BT . v,/

The quantum view. We consider now a single electron interpreted as a wave. Then
it is described by the complex-valued wave function v (z,t) which is a solution of the
Schréodinger equation

o

—5 My —qV(z)p, t>0, (2,00 =v(x), zER.  (18)

F O
! ot 2m

Here, 7 is the complex unit with i> = —1, i = h/27 the reduced Planck constant, and V' (z)
the (time-independent) electrostatic potential. The measurable, macroscopic quantities
n(x,t) and J(x,t) are defined by

net) = WG OP, It) = i 5V, (1.9)



where Im (z) denotes the imaginary part of a complex number z and Z its conjugate
number.

Usually, the Schrodinger equation (1.8) is solved by the ansatz

b(x,t) = w(t)u(z).

Inserting this expression into (1.8) and dividing by v gives

The left-hand side only depends on ¢, the right-hand side only on z. Therefore, both sides
must be constant. We call this constant F (since physically, it has the unit of an energy).
The solution of

dw

h— = E
7 di w

is given by w(t) = exp(—iEt/h) (neglecting the integration constant which is put into
u(z)). The function u(x) solves

2

—%Au —q¢V(z)u = Eu in R3. (1.10)

This is the stationary Schrodinger equation for a single electron with energy F. Mathe-
matically, (1.10) is an eigenvalue problem and solutions to (1.8) are eigenfunctions with

eigenvalues E. Then, the solution to (1.8) is given by
(1) = e P u(x),

which oscillates in time with a frequency w = E/h.
The above models are all stated or motivated in a very simplified situation. For a more

precise description, the following questions have to be answered:

e How can the above models be derived (and not only motivated) from basic princi-

ples?
e How can the motion of many electrons be modeled?
e What is the influence of the semiconductor crystal on the motion of the electrons?

e How can collisions of the electrons with the crystal atoms or with other particles

can be taken into account?
e Do there exist relations between the above models?

These questions will be answered (at least partially) in the following chapters.



2 Basic Semiconductor Physics

In this chapter we present a short summary of the physics and main properties of semi-
conductors. Only those subjects relevant to the subsequent chapters are included here. We
refer to [1, 3, 40, 61] for introductory textbooks of solid-state and semiconductor physics

and to [11, 37, 45, 50, 65] for more advanced expositions.

2.1 Semiconductor crystals

What is a semiconductor? Historically, the term “semiconductor” has been used to de-
note solid materials whose conductivity is much larger than that for insulators but much
smaller than that for metals, measured at room temperature. A modern and more pre-
cise definition is that a semiconductor is a solid with an energy gap larger than zero and
smaller than about 4eV (electron volt). Metals have no energy gap, whereas it is usually
larger than 4eV in insulators. In order to understand the notion “energy gap”, we have
to introduce to the crystal structure of solids.

A solid is made of an infinite three-dimensional array of atoms arranged according to
a lattice

L= {nlc_il + 712(3:2 + ngag 1M1,No, N3 € Z} C R3,

where @y, ds, ds are the basis vectors of L, called primitive vectors of the lattice (see
Figure 2.1). The set L is also called a Bravais lattice. The lattice atoms generate a periodic

electrostatic potential V7,
V(e +y)=Vi(z) forallz R’ ye L,

which is the superposition of the Coulomb potentials

1 q2

CAr |z — ]

Vi(a) =

of the crystal atoms located at * = x; (see Figure 2.2). The state of an electron moving in
this periodic potential is described by an eigenfunction v (z) of the stationary Schrodinger
equation (1.10):
h2
—2—A1/1 —qVp(z) = By inR?, (2.1)
m
where ¢ : R® — C is the (stationary) wave function, and as in Chapter 1, A = h/27 is
the reduced Planck constant, m the electron mass (at rest), ¢ the elementary charge, and
E the energy (or the eigenvalue corresponding to 10). We illustrate this equation and its

solutions by two examples.
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Figure 2.2: Potentials V;(z) of a single atom at z = z; and net potential Vi (z) of a

one-dimensional crystal lattice.

Example 2.1 (Motion of a free electron)
Consider a free electron moving in a one-dimensional vacuum, i.e. V7 (z) = 0 for all z € R.

Then the eigenfunctions of
h2
—2—¢" = FEy in R (2.2)
m
are given by

Yr(x) = Ae™* + Be ™7, r € R,
where k? = 2mFE /h?, and the eigenvalues are
h2k?

E=E(k)=75— keR

To be precise, k is complex but the purely imaginary part iy (v € R) leads to solutions
of the type exp(+ikx) = exp(Fyz) for = € R. The integral

JERE
9



is the particle mass (or particle number) and should be finite. However,

/ exp(Fa)| da
R

is never finite. Therefore, only k € R gives physically reasonable solutions.
We have found that the eigenvalue problem (2.2) has infinitely many solutions parametrized
by k € R and corresponding to different energies E(k). The functions exp(+ikz) are called

plane waves. Thus, the eigenstates of a free particle are plane waves. 0

Example 2.2 (Infinite square-well potential)

The infinite square-well potential is a one-dimensional structure of length L with a van-
ishing potential inside the well and with an infinite potential at its boundaries. As the
potential is confining an electron to the inner region, we have to solve the Schrodinger

equation (2.1) in the interval (0, L) with boundary conditions

and potential V7 (x) = 0 for z € (0, L) (see Figure 2.3). The eigenfunctions to (2.1) are as
in Example 2.1
w(x) — Aeik-z + Befik-:r

with k2 = 2mFE/h? and k € R. The constants A and B are determined by the boundary
conditions:

0=1(0)=A+B, 0=y(L)=Ae*" + Be ™"

Inserting the first equation in the second one gives
. . A
0= A — 7y = % sinkL.
i

Disregarding the trivial solution A = 0 (and hence ¢ = 0), the parameter k should be
such that sin kL = 0, i.e., kL is a multiple of 7. Thus

k‘:nfﬂ-, nGNO.

The eigenfunctions become

Yi(x) = Asin kz, z € [0, L],

where A = A/2i, with eigenvalues

10



0 L

Figure 2.3: Infinite square-well potential.

The integration constant A € R can be determined by assuming that

L
/ (@) Pz = 1
0

holds. A simple computation shows that A =+2L. The system only allows discrete energy

states. In particular, the parameter k can only take discrete values. 0

Since the lattice potential V7, is periodic, one might hope that the whole-space Schro-

dinger problem (2.1) can be reduced to an eigenvalue problem on a cell of the lattice.

Bloch’s theorem states that this is indeed possible. Before we can formulare the result,

we need some definitions.

Definition 2.3 [49, p. 12f]

(1)

(2)

(3)

The reciprocal lattice (or dual lattice) L* of L is defined by
L* = {naj + nads + n3d; : ny,ne,ng € 7},
where the primitive vectors @}, @, a; € R® are uniquely given by the relation
Ay + @ = 2T O, m,n =1,2,3. (2.3)
The connected set D C R? is called primitive cell of L (or L*) if the volume of D
equals the volume of the parallelepiped spanned by the basis vectors of L (or L*),
vol D = @, - (dy x a3) (orvol D =aj - (a5 x a;)),

and if the whole space R? is covered by the union of translates of D by the primitive

vectors (see Figure 2.4).

The (first) Brillouin zone B C R? is the primitive cell of the reciprocal lattice L*

which consists of all points being closer to the origin than to any other point of L*
(see Figure 2.4):

B:{k€R3:|kJ|§méin|k—|—€|, te L, (#0}.

11



Figure 2.4: The primitive vectors of a two-dimensional lattice L and its reciprocal lattice
L* and the Brillouin zone B.

We give some explanations of the above definition. What is the meaning of the reci-
procal lattice? The reciprocal lattice vectors and the direct lattice vectors can be seen as
conjugate variables, like time and frequency are conjugate variables in signal analysis. In
fact, let z € L and k € L* be given such that

3 3
T = E Gy, and k= E B,
m=1 n=1

where oy, B, € Z. Then, by (2.3),

3 3
e“” = eXp (Z Z Oémﬁn : 27r(smn> = exXp (27TZ Z Oémﬁn) =L (24)
m=1

m,n=1

As x has the dimension of length, £ has the dimension of inverse length and therefore,
k is called a wave vector. (More precisely, k is called a pseudo-wave vector; see below).
Physically, the reciprocal lattice appears in X-ray diffraction experiments on crystals. It
can be shown that the peaks of intensity of the reflected X-ray are obtained when the
change in momentum Ak of the X-ray wave is an element of the reciprocal lattice [11, p.
404]. This allows to determine the structure of the crystal lattice.

How can the Brillouin zone of the reciprocal latice be constructed? Mathematically,
the primitive vectors @ of the Brillouin zone are given as the inverse of the matrix

-,

A whose columns are the vectors d,,. More precisely, let @, = (aln,agn,agn)T,a:n =

(a%,,, @5y 0l )T € R® and A* = (@}, a5, a@5), A = (@, dy,a3) € R*3. Then (2.3) implies

12



that
3

(ATA ) n = 4jm@3,, = G+ G = 276

Jj=1

and thus A" A* = 271, where [ is the unit matrix of R3*3. Hence
A =2r(AT)yP =2r(A7H)T. (2.5)

Graphically, the Brillouin zone can be constructed as follows. Draw arrows from a lattice
point to its nearest neighbors and cut them in half. Then the planes through these mid
points are perpendicular to the arrows from the surface of the (bounded) Brillouin zone.
In two space dimensions, the Brillouin zone is a hexagon or a square (see Figure 2.4). In

three space dimensions, the zone is a polyhedron (a “capped” octahedron).

Lemma 2.4 The volumes of a primitive cell D and its Brillouin zone B are related to

(2m)°*

|B=~—~.
Vo vol D

Proof: With the above notations,
vol D = d; - (dy X d3) = det(dy, ds, ds) = det A,
vol B = det(ay, s, dy) = det A”

and hence, by (2.5),

vol B = det[2r(A™1) "] = (27)3 det(A™!) = ((126:24 = \(fiir)D O

Now we can formulate the Bloch theorem.

Theorem 2.5 (Bloch)
Let Vi, be a periodic potential, i.e., Vi(x +y) = Vi(z) for allz € R® and y € L (the

Bravais lattice). Then the eigenfunctions of

—%A@/J —qVi(z) = EY in R? (2.6)

can be written as
¥(x) = e u(x) (2.7)

for some k € B (the Brillouin zone) and some function u(z) satisfying u(z) = u(z + y)
forallz € R3, y € L.

This theorem asserts that any eigenfunction of the Schrodinger equation is the product
of a plane wave ¢** and a function having the periodicity of the lattice L. Before we
can give a formal proof of this result, we need some preparations. In the following we
do neither specify the underlying (Hilbert) space nor the domain of definition of the

considered operators in order to simplify the presentation.

13



Definition 2.6 Let T be an operator, defined on some Hilbert space X with scalar product
('7 )

(1) The adjoint operator T™* is formally defined by

(Tz,y) = (z, T"y) forallz,y € X.

(2) The operator T is called normal if T*T = TT*.
Example 2.7 (1) Define the translation operator T, for some a € R? by
(T)(z) =d(z +a), xR’ (2.8)

for ¢ € L?(R3; C), where the scalar product is given by

(¥, x) Y(x)x () de.

RS

We claim that T, is normal. From

(¥, Tux) = / (x)x(z +a) de = / Uy — a)x(y) dy = (T-a¥), x)
R3 R3
follows that T = T_,. Furthermore,

TfaTaw = w = Tana%

and thus, (T,)™' = T, = T;. This implies that T;T, = I = T,T*, where I is the
identity operator. Hence T, is normal. (In fact, we have even shown that T, is unitary,
ie. TF = (T,)™1)

Next we claim that the eigenvalues of T, are given by A = e for § € R. To see this,
let T,1) = A\ and set ||¢||* = (¢, ). Then

PP I = 2wl = Tl = [ ot + @) de = [ o) do =
R3 R3

and thus, [\| =1 or A = ¢ with § € R.
(2) We state without proof that the Hamilton operator H, defined by
72
HYp = =5 A = qVi (a0 (2.9)
for appropriate v, is also normal. (In fact, H is self-adjoint, i.e. H* = H.) O

Theorem 2.8 (Spectral theorem for normal operators)
Let T be a normal operator on the Hilbert space X . Then there exists a orthonormal basis

of eigenvectors of T'.

14



Theorem 2.9 Let S and T be two normal operators on the Hilbert space X such that
ST =TS. Then there exists an (orthonormal) basis of X whose elements are eigenvectors

for both S and T

In Example 2.7 and Theorems 2.8 and 2.9 we have simplified the situation. To be
precise, the Hamilton operator is defined for all ¢/ in a dense subset of the underlying
Hilbert space and the operators in Theorems 2.8 and 2.9 have to be compact (i.e., if the
sequence (z,,) is bounded then (T'z,) and (Sz,) contain convergent subsequences).

We are now able to turn to the (formal) proof of Bloch’s theorem.

Proof of Theorem 2.5: By Example 2.7, the translation operator (2.8) and the Hamilton

operator (2.9) are normal. Moreover, since for all @ € L,

(L) (0) = T (g0 = Vi ) (5) = Al +.0) = Vil + )i+ o)

_ _%AW +a) - qVa(@)e(z +a) = H(b(x +a))

= (HT)(2),

by Theorem 2.9, there exists a basis of eigenfunctions for both 7, and H. By Exam-
ple 2.7 (1), for given primitive vector a; € L, there exists §; € R such that

T o = iy, (2.10)

and v is also an eigenfunction of H. We set

where @ € L*. Then (2.4) implies that

We define u(z) = e~ *%¢)(z), r € R®. We have to show that u(z +vy) = u(z) for all z € R3
and y € L. Since every y € L is a linear combination of the @;, it is sufficient to prove the
periodicity for y = @;. We obtain, using (2.10) and (2.11),
u(w) = e p(a) = e N (Tg ) (v + @) = e (x + a@))
= e he i k@t )y (x4 @) = TR Dy (x + d@;) = u(x + d@).
It remains to show that & can be restricted to the Brillouin zone. Let & € R?® and

decompose k = kp+ ¢, where kg € B and ¢ € L* is a point in the reciprocal lattice closest
to k (see Figure 2.5). Then

P(x) = eik'xu(as) = eikB'xqb(a:), (2.12)

15



where ¢(z) = e**u(x) satisfies, in view of (2.4),
oz +y) =T e u(z +y) = e“Tu(r) = d(z)

for all z € R® and y € L. Now, the representation (2.12) is of the form as stated in the

theorem. ]
* ® &3 i
B
[} = &5{
Vi k
° ° kB )

Figure 2.5: [llustration of £k = kg+ /¢ with kg € B and ¢ € L* for the proof of Theorem 2.5.

Inserting the decomposition (2.7) into the Schrédinger equation (2.6) shows that u(x)

satisfies the eigenvalue problem

h? . R, _
——m(Au + 2ik - Vu) + (%W - qVL(x)> u= Eu in D, (2.13)
with periodicity conditions
u(z +y) = u(x), reR® yelL, (2.14)
since
—ik-x —ik-x h2 ik-x ik-x
FEu=e""E)p=e —2—A (e™*u) — qVi(z)e™ u
m

2

h |
= —5— (Bu+2ik - Vu — [ku) = gV (2)u.

For each k € B, there exists a sequence of eigenfunctions v = u,  and eigenvalues
E = E, (k) of (2.13)—(2.14). (This follows from the self-adjointness of the operator defined
by the left-hand side of (2.13); see [56] for details). In particular, the functions (. k)nen
form an orthonormal basis of the underlying Hilbert space (see Theorem 2.8). Then we

can introduce the so-called Bloch functions
Vni() = e %up 1 (2).

16



They satisfy the Schrodinger equation in the primitive cell D of L,

h? )
—%Al/}n,k — @V () g = En(k)n i in D (2.15)

with pseudo-periodic boundary conditions
Vni(x 4+ y) = *Vh, (2), r,x+y € oD. (2.16)

In some sense, the functions 1, are plane waves which are modulated by a periodic
function wy, taking into account the influence of the atom lattice. This also explains why
k is termed pseudo-wave vector. In fact, k appears in distorted plane waves and is thus
not a real wave vector.

The function k +— FE, (k) is called dispersion relation or the n-th enery band. It shows
how the energy of the n-th band depends on the (pseudo-)wave vector k. The union of
ranges of F, over n € N is not necessarily the whole real line R, i.e., there may exist
energies E* for which there is no n € N and no k£ € B such that E,(k) = E*. The
connected components of the set of energies with this non-existence property are called

energy gaps. We illustrate this property by the following example.

Example 2.10 (Kronig-Penney model)

The Kronig-Penney model is a simple model representing a one-dimensional single-crystal
lattice (see also [50, Sec. 3.1.2] or [11, Sec. 8.2]). The potential of the lattice atoms is
modeled by the function

—Vo if —b <0
VL(.Z') _ 0 1 <x <
0 if0<x<a,
and V7, is extended to R with period a + b:
Vi(z) =Vi(x 4+ a+b) for z € R,

where a,b > 0, V5 < 0 (see Figure 2.6). The lattice atoms are supposed to be at the
positions a/2 4+ n(a + b), n € Z.

In order to solve the Schrodinger equation (2.6) we make the Bloch decomposition

U(z) = ™ u(x),

where u(x) is a (a + b)-periodic solution of (see (2.13))

2
" — 2iku + kPu = h—?(E +qV)u iR (2.17)

We proceed as in [50, Sec. 3.1.2]. First we solve (2.17) in the interval (0, a). Then Vi (z) = 0,
z € (0,a), and the ansatz u(x) = 7® (x € R) leads to

(v 4 2ky + k* — a?)e"” = 0,
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—b 0 a a+b 2a +b T

Figure 2.6: The periodic square-well potential V7 (x) of the Kronig-Penney model.

where
_ [2mE
a= R
The solutions of the above quadratic equation are given by 71/, = —k & a and therefore,

uy(x) = Ae'l@=hz 4 Bemilathz z € (0,a).
In the interval (—b,0) we make again the ansatz u(r) = ¢"? yielding
(7" + 2ky + K — %)e"" =0,

where
2m(E — qVp)
f= R

The solutions are 7,/ = —k & 3, and thus

uy(z) = Ce'P=Re 4 pe=ilBthlz, z € (—b,0).

We notice that ( is purely imaginary if £ < ¢V}, i.e., the electrons are bound within the
crystal, and (3 is real if E > ¢Vj.
The constants A, B,C, D are determined from the interface conditions. We assume

that u is continuously differentiable and periodic on R:

u1(0) = wuy(0), u

ui(a) = uz(=b), u

0) = uj
(a) = uy(=b).

_~
—~

_~

We obtain the following four equations:

A+B-C-D =

0
(a—k)A—(a+k)B—=(B-K)C+ (B+k)D = 0,
Aei(afk)a . Befi(aJrk)a . Cefi(,b’fk)b . Dei(ﬁJrk)b - 0

0

(Oz _ k)Aei(a—k)a _ (Oz + k)Be—i(oz—&-k:)a _ (ﬁ _ k)c«e—i(ﬁ—k)b + (5 + k)Dei(ﬁ'Hf)b _
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for the unknowns A, B, C, D. This is a homogeneous linear system which has non-trivial
solutions only if the determinant of the coefficient matrix vanishes. A very lenghty calcu-
lation shows that this condition is equivalent to

203

sin(aa) sin(Bb) + cos(aa) cos(Bb) = cos(k(a + b)). (2.18)

This equation relates the wave vector k to the energy E through the parameters o and f3.
There are values of E for which there does not exist any k satisfying (2.18). In order
to see this we assume that E < ¢V} such that [ is purely imaginary and set 3 = 7. Since

sin(iz) = isinh(z) and cos(iz) = cosh(z), (2.18) becomes

2 _ 2
7 5 a sin(aa) sinh(yb) + cos(aa) cosh(yb) = cos(k(a + b)). (2.19)
ary
Using
. sin(aa)
lim ———= =a,
a—0 6]

we obtain for £ = 0 (which implies o = 0):
va .
5 sinh(vb) + cosh(yb) = cos(k(a + b)).

Since sinh(yb) > 0 and cosh(yb) > 1, the left-hand side is strictly larger than one and thus,
this equation cannot have a solution. By continuity, there is no solution in a neighborhood
of £ =0.

We can compute the intervals for which no solution exists more easily by simplifying
(2.19). For this, we let the potential barrier width b — 0 and the barrier height Vj — oo
such that the product bVy — d € R. Then

2m(qVy — E)b?
vb = \/ ( %2 ) — 0, cosh(yb) — 1

and
(v* —a?)b sinh(7b)  m(qVh — 2E)b sinh(yb)  mqo

— :
20 b h? ~vb h?
Thus, (2.19) becomes in the limit

sin(aa)

flaa) :=Q + cos(aa) = cos(ka), (2.20)

aa

where Q = mgda/h?*. Figure 2.7 shows the function f(aa). In regions, where |f(aa)| <1,
there exist one or two solutions & of (2.20); in regions with | f(«a)| > 1, no solution k exists.
Every connected subset of [0, 00)\R(E), where R(E) = {Ey > 0: 3k € R: E(k) = Ey},
is an energy gap. ([l
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Figure 2.7: The function f(aa) of (2.20) depending on the energy aa.

conduction
777777 e pand

/\ valence band
k

Figure 2.8: Schematic band structure with energy gap F,.

E

Jo

The energy gap separates two energy bands. The nearest energy band below the energy
gap (if it is unique) is called valence band, the nearest energy band above the energy gap
is termed conduction band (see Figure 2.8).

Now we are able to state the definition of a semiconductor: it is solid with an energy
gap whose value is positive and smaller than about 4eV. In Table 2.1 the values of the
energy gaps for some commun semiconductor materials are collected.

Notice that the band structure of real crystals in three space dimensions is much
more complicated than the one-dimensional situation of the Kronig-Penny model. Indeed,
electrons traveling in different directions encounter different potential patterns, generated
by the lattice atoms, and therefore the E(k) diagram is strictly speaking a function of
the three-dimensional wave vector k. In physics textbooks, usually a projection of the full
E(k) diagram is shown. For instance, Figure 2.9 shows the band structures of silicon and

gallium arsenide. In place of the positive and negative k axes of the one-dimensional case,
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Material Symbol Energy gap in eV
Silicon Si 1.12
Germanium Ge 0.67
Gallium arsenide GaAl 1.42
Aluminium gallium arsenide Aly3Gag7As 1.80
Gallium phosphide GaP 2.20

Table 2.1: Energy gaps of selected semiconductors (from [3, Table 28.1] and [45, Fig.
1.14]).

two different crystal directions are shown, namely the k& = (0,0,1)" direction along the
+k axis (also called the A line) and the k& = (1,1,1)" direction along the —k axis (also
called the A line). The point & = (0,0,0) is termed I' point. The points at the boundary
of the Brillouin zone in the A and A directions are called L and X points, respectively
(see Figure 2.10).

\ Conduction
band
- 25
%O Ly § Ly $
5 =
£5) Valence
band ~  ———
/
I A T A X L A r A X

Figure 2.9: Schematic band structure of silicon (left) and gallium arsenide (right) (see [50,
Fig. 3.23] or [65, Fig. 37 and 3.8]).

2.2 The semi-classical picture

The transport of electrons in semiconductors is based on the Schrodinger equation

2 = T Ay V() 4 Vi)
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ks

Figure 2.10: Projection of a simplified Brillouin zone on the (k1, k3) plane and illustration
of the I', L, and X points and the A and A directories.

where V() is the (periodic) potential due to the atoms of the crystal lattice and V' (z)
is a (non-periodc) potential that is built-in or applied to the semiconductor. The solution
of this equation is extremely difficult such that approximate models need to be used.
One possibility is the semi-classical treatment which describes the carrier dynamics in the
potential V(x) by Newton’s laws without explicitly treating the crystal potential Vy (z).
The influcence of Vi (x) is indirectly taken into account by the use of the energy band
structure in the description of the velocity and the mass of the carrier ensemble. Therefore,
we will first motivate two formulas for the mean electron velocity and the effective mass

as functions of the energy bands:

e The mean velocity (or group velocity of the wave packet) in the n-th band is given
by

on(k) = %VkEn(k). (2.21)

e The effective mass tensor m* is defined by

1 2E
*\—1 _ — n
(M) = 1 a2

(2.22)

First, we motivate (2.21) by following [11, Sec. 8.1]. We omit the index n in the
following and define the group velocity by

o(k) = </D |¢k|2dm>_l/Dak|¢k|2dx, (2.93)
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where D is a primitive cell of the lattice and vy, is the particle velocity,

_ E Im (Ekqubk)

S
qnyg m |¢k|2

Vi =

(2.24)

The first equality follows from (1.7) and the second one from (1.9). The wave functions
i (x) are solutions of (2.15),

h? :
o A V(@) = E(R)s in D, (2.25)
and can be decomposed by the Bloch theorem (see (2.7)),
() = e (x). (2.26)

Differentiating (2.25) with respect to k and using (2.26) gives

h2
(ViE)Y, = —%AAVW) — (¢VL + E)Viy,
B »
B _%Am (e**Viuy, + izy) — (qVo + E) (€™ Vyuy, + iziy)
k2 . .
= 5~ (AL (€™ Vyur) + 2iV 0y, + iz Agthy) — (¢Vi + E) (€™ Vguy, + i)
h2 ik-x 2h2
— _2—Ax — (qVL + E) (6 Vkuk) — — V.,
m m

. h?
+ix (——AI — (¢VL + E)) (1
2m
Observing that the last term vanishes in view of (2.25), multiplication of the resulting
equation with v, and integration over D yields
ih?

Vi [ oo+ 5 [ (9005, ds

— K2 )
- /D O (—%AI—WLM)) (™ Vi) du

A ;2 _
— 0,

where we have used integration by parts and again (2.25). The boundary integral in the

integration-by-parts formula vanishes since wy, is periodic on dD. Thus

VkE _ _@ fDEkvxwk dx

m fD W}k’Q dr
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Taking the real part of both sides of this equation gives

2 ] VeVt d
v = 2 p Vet dr fo(k),
m

fD ’ka dr
employing (2.23) and (2.24). This shows (2.21).

The expression (2.21) has some consequences. The change of energy with respect to

time equals the product of a force F' and the velocity v,,:
OB, (k) = Fu,(k) = i ' FVLE, (k).
Since, by the chain rule, 0;E, (k) = Vi E,(k)Oik, we conclude that
F = 0,(hk). (2.27)

Newton’s law states that the force equals the time derivative of the momentum p. This

motivates the definition of the crystal momentum
p = hk. (2.28)

It should not be confused with the momentum operator pg = —ihV, of quantum me-
chanics.
Another consequence of (2.21) is formula (2.22). Indeed, differentiating (2.21) leads to

1d2En8k_ 1 d’E,
hodk2 7T R dk?2

using (2.27). The momentum p equals the product of velocity and (effective) mass, p =

at’Un =

m*v,. Then, by Newton’s law F = 0;p = m*0,v,,, and we infer that

1 &E,
R2 dk?

This equation is considered as a definition of the effective mass m*. The right-hand side

(m*)fl

of this definition is the Hessian matrix, so the symbol (m*)~! is also a (3 x 3) matrix.
The effective mass has the advantage that under some conditions, the behavior of the
electrons in a crystal can be described as a free electron gas, for which E(k) = h?|k|*/2m
holds (see Example 2.1). In order to see this, we evaluate the Hessian of E,, near a local
minimum (of the conduction band), i.e. Vi E, (ko) = 0. Then d*E,, (ko) /dk? is a symmetric,
positive matrix which can be diagonalized and the diagonal matrix has positive entries.
We assume that the coordinates are chosen such that d*E, (ko)/dk? is already diagonal,

1/m: 0 0

0 1/m; 0
0 0 1/ms

1 d*E,
e ) =
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Assume that the energy values are shifted in such a way that F,, (ko) = 0. (This is possible
by fixing a reference point for the energy.) Let us assume that already E,,(0) = 0, otherwise
define E,(k) = E,(k + ko). If the function k — E, (k) is smooth, Taylor’s formula then
implies

Ea(k) = Baf0) + Via(0) -+ k7 (d;i" (0)) E+ O(K?)

h? [ k? k2 k2
= S 2B ou,

sk
mp My My

where k = (ky, kg, k3) 7. If the effective masses are equal in all directions, i.e. m* = m} =
m5 = mj, we can write, neglecting higher-order terms
R: o,
By (k) = =—k|". (2.29)

- 2m

This relation is valid for wave vectors k sufficiently close to a local band minimum (of the
conduction band). The scalar m* is called here the isotropic effective mass. Comparing

this expression with the dispersion relation of a free electron gas,
h2
E(k) = —|k|?,
(k) = oI

we infer that the energy of an electron near a band minimum equals the energy of a free
electron in a vacuum where the (rest) electron mass m is replaced by the effective mass
m*.

The expression (2.29) is referred to as the parabolic band approrimation and usually,
the range of wave vectors is extended to the whole space, & € R3. This simple model
is appropriate for low applied fields for which the carriers are close to the conduction
band minimum. For high applied fields, however, the higher-order terms in the above
Taylor expansion cannot be ignored. In order to account for non-parabolic effects, often

the non-parabolic band approzimation in the sense of Kane is used (see [61, Sec. 2.1] or

(50, (1.40)]):
h2

E.(1+aFE,) = Yo

K2, (2.30)

where m* is determined from (2.22) at the conduction band minimum at k£ = 0,

1 m*\ 2
- (1-
¢ Eg( m)’

and E, is the band gap. In Table 2.2 some values for o are shown. Formula (2.30) can be

obtained from approximate solutions to (2.13) derived by the so-called k - p theory (see
below).
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Material Si Ge GaAs
ain (eV)™! 0.5 0.65 0.64

Table 2.2: Values of the non-parabolicity parameter « for some semiconductors (from [45,
Table 1.1].

When we consider the effective mass definition (2.22) near a maximum (of the valence
band), we find that the Hessian of FE,, is negative definite. This would lead to a negative
effective mass. However, in the derivation of the mean velocity and consequently of the
effective mass, we have used in (2.24) that the charge of the electron is negative. Employing
a positive charge leads again to a positive effective mass. The corresponding particles are
called holes (or defect electrons). Physically, a hole is a vacant orbital in an otherwise
filled valence band. Thus, the current flow in a semiconductor crystal comes from two
sources: the flow of electrons in the conduction band and the flow of holes in the valence
band. It is a convention to consider the motion of the valence band vacancies rather than

the electrons moving from one vacant orbital to the next (see Figure 2.11).

electron orbital vacancy
t=0: ; /\ / t>0: f
crystal atom  vacancy electron

Figure 2.11: Motion of a valence band electron to a neighboring vacant orbital or, equiv-

alently, of a hole in the inverse direction.

Close to the bottom k£ = 0 of the conduction band in an isotropic semiconductor, we
obtain
h2

Bu(k) = B+ 5—

K2 (2.31)

whereas near the top & = 0 of the valence band we have

h2
2mj

E.(k)=E, — k|2, (2.32)
where E. is the energy at the conduction band minimum, F, the energy at the valence
band maximum, m?} the effective electron mass, and m;j the effective hole mass. Clearly,
the energy gap E, is given by E, = E.— FE, (see Figure 2.12). Some values for the effective

masses of commun semiconductors can be found in Table 2.3.
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Figure 2.12: Schematic conduction and valence bands near the extrema at k = 0.

Material mek/me my, /my,
Si 0.98 0.16
Ge 1.64 0.04
GaAs 0.067 0.082

Table 2.3: Relative effective electron and hole masses for some semiconductor material
(from [32, Sec. 2.3.1]). The electron and hole masses at rest are denoted by m. and my,

respectively.

Now we come back to the semi-classical picture. In this picture, the motion of an
electron in the n-th band is approximately described by a point particle moving with
velocity v, (k). Denoting by (z(t),v,(k,t)) the trajectory of an electron in the position-

velocity phase space, we can write, by Newton’s law,

1
atx = Up = ﬁvkEny 8t(h/€) = F,

where F' represents a driving force, for instance, F' = —¢V, V. Notice that band transi-
tions are excluded since the band index n is fixed in the equations. In this picture, the
wave packet of an electron is treated as a particle. However, by Heisenberg’s uncertainty
principle, the position and the momentum cannot have both sharp values. It is assumed
that the uncertainty in the momentum is so small that the energy of the electron is sharply
defined and that the uncertainty of the position is small compared to the distance over

which the potential varies significantly.
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If a non-periodic (external) potential is superimposed to the lattice potential V7, the
situation is much more complicated. Indeed, the Schrodinger equation (2.6) cannot be
decomposed into the decoupled Schrédinger equation (2.15) and the energy bands are
now coupled. However, it is usually assumed that the non-periodic potential is so weak
that the coupling of the bands can be neglected, and then the above analysis remains

approximately valid. In particular, we can use the semi-classical equations

1

This semi-classical treatment will be used in the following chapters.

2.3 The k- p method

In the previous section we have seen that the mean velocity and the effective mass of the
electrons in a semiconductor can be computed in the semi-classical picture from the energy
band structure; see formulas (2.21) and (2.22). How can the band structure be computed?
In this section we describe the k-p method which allows to derive an approximation of the
energy F, (k) close to the bottom of the conduction band or close to the top of the valance
band. The main assumption of this method is that the energy at k& = 0 is known. Then
E,(k) close to the I'-point £ = 0 can be computed using time-independent perturbation
theory. We proceed in the following as in [11, Sec. 8.7] and [65, Sec. 4.1].

The starting point is the Schrodinger equation (2.13) for the functions w,j of the

Bloch function ), 1, = eik'zumk (see Section 2.1), here written in the form

(Ho + eHy)unp = En(k)unk, (2.34)
where
i A Vi
Hy=——A—
0 2m 9 L(x)

is the single-electron Hamiltonian and

ih?

eHy = ——
m

R,
k- — |k
V+2m! |

is considered to be a perturbation of Hy. Defining the quantum momentum operator

po = —thV, we can formally write

h h?
0= Lhpo + kP2
e m pQ+2mH’

which explains the name of the k - p method.
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We assume that ¢ = |k| is small compared to one. Notice that for £ = 0, the operator
Hy + €H; reduces to the single-electron Hamiltonian. Furthermore, we suppose that the

solutions of the eigenvalue problem
Hyu® = EO49  in D, (2.35)

where D is the primitive cell, together with periodic boundary conditions are known. Since

(0)

the operator Hj is real, also the eigenfunctions uy,’ are real. We will show the following

result.

Theorem 2.11 Let the solutions (ug))) to (2.35) form a mon-degenerate orthonormal
basis of L*(D,C) (i.e., all eigenspaces are one-dimensional). Then, up to second order in
6‘7

h2
E,(k)=EY + EkT(m*)_lk (k — 0), (2.36)

' consists of the elements 1/m’;, with

where the matriz (m*)~

2h? P,.,P,
m :(m__zu (2.37)

;K o E(O) E(O)

Ouy, 8u
m (q ’ 8xj> Duq ox;
Notice that the one-dimensionality of the eigenspaces implies that Eéo) + EY for all
q # n and so, (2.37) is defined. The symbol (-, -) denotes the scalar product on L*(D;C).

and

Proof: We apply a perturbation method to (2.34) (see [11, Sec. 4.1] or [65, app. C.1.1]).

For this, we develop
Unp = ul? + el 4 2P .. E,(k)=E9 + ¢V 4 2E@ 4 ...

Inserting these expressions into (2.34) and equating terms with the same order of ¢ leads

to
e Hyu® = EOy0) (2.38)
el Hould + Hiul® = EQul) + EWy®) (2.39)
e?: Hy u( )+ H ug) = Eno)uff) + Enl)u D E(Q) (0) (2.40)

The zeroth-order equation (2.38) clearly is the same as (2.35). In order to derive the
first-order correction, we multiply (2.39) by uéo) and integrate over D. Then, observing
that

(u((go)v 7(10)) Ogn,
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we obtain
(. o2+ 0, Hio?) = EO 0, D) + EDs,.

g Un

Integrating by parts twice (or employing the self-adjointness of Hy) it follows

(), Houl) = (Houl®, u(V) = B (), ulD),

q7n q n

and therefore,
(B — BO) @ afd) + (0, Hyul®) = B9

n n Ygqn-

For ¢ = n this gives an expression for EY only depending on (u (0)) :

Hiu"). (2.41)

For g # n we have
(2.42)

This is possible since the non-degeneracy assumption implies E ;é EY for all q # n.

The sequence (u %)) is an orthonormal basis, so we can develop u%) in this basis:

ull) = Z(u(o) uM)ul?). (2.43)

n q »%n /Yq
q

In this sum we need an expression for the term ¢ = n, (uflo), u% )). In fact, this term is not

determinable from the above calculation and can be chosen freely. We make the choice
(u%o),ug)) = 0. In view of (2.42), (2.43) becomes

(0) (0)
ud =3 (g, Hiun') (o)

uy .
0 0) “q
q#n E‘g)_E’(‘)

Thus, up to first order, the eigenfunctions are given by

0 0
© 4 (1) _ (ug ", eHyun”) ()
Uy + Uy’ = Uy, —|—E [EONS0 u,
i n

and the eigenvalues are
EV 4BV = BO + (O e,

Notice that these corrections only depend on the unperturbed eigenfunctions u%o) which
are assumed to be known.
In order to derive the second-order correction, we multiply (2.40) by u((}o) and integrate

over D:

(ul”, Houl?) + (ul”, Hiul)) = EQ (WP, w2 + ED (wl, ul)) + EP6,,

q ’n



As above, the first term on the left-hand side equals
(u(O) Hou@)) — E(O)(u(o) U 2))’
such that

(ECSO) — ET(LO))(ugO)’u 2)) + (U(O) Hlu(l)) — E(l)(u(o) u 1)) + E@g

n

Using (2.41) and (2.43), the case ¢ = n yields

E® — @O Hu®) = EO . (u®, 0
= > (), ud) - (u, Hiul?) = (), Hu) - (u

q
=, H?) - ), )
q#n
© 7,0
— 3w, gy W e ).
pe q ElgO) . E’r(LO)

In the last equation we employed (2.42). Thus, the second-order correction to the eigen-
values is

)y, (0) (0)
BO 4 W 1 2@ = pO) 4 (4O pp 0 Z (us”, e Hyug” ) (ug”, e Hyus ).

(0) (0)
a#n — En
It remains to compute the scalar products. We write
) © B @)+ 2 O
(un 7€H1uq ) = _Ek (un 7vuq ) + %Vﬂ (un ’uq )
Zh2 2
= k- Py + m|k]25nq,
where
Py = / Ego)VugO) dr = / uflo)Vu((]O) dz,
D D
since ' is real. The periodicity of Y on D gives
1
nn =3 di 0 = 07
5 / iv| u
and therefore,
—|k|2 n=gq
( (0) €H1U 2m h2
0 P ‘n#q.
m
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This shows that FE, (k) is, up to second order in &,

E.(k) = EY 4+epW +52E(2)

h? (k- Poy) (k- Py,)
— 0) . % 7.2 nq qn
= B+ k- mQZ 0 (2.44)
q#n q
= E(0)+h_2| k|? — Zk k( ”qJ
" 2m En)
q#n Jil
h? kiky
— O L J
" 2 Z m%,
e
which proves the theorem. O

Equation (2.44) shows that the first-order correction of the energy yields simply the
free-electron mass. The second-order correction is needed to obtain an effective mass
which is different from the free-electron mass. This is the reason why we computed the
corrections up to second-order.

Theorem 2.11 can be applied to the bottom of the conduction band of most semi-
conductors since the eigenstates are non-degenerate (the energy bands do not cross; see
Figure 2.9). However, the top of the valence band in all semiconductors is degenerate (the
valence bands cross; see Figure 2.9) and hence, the above result does not hold. Mathe-
matically, we have in such a situation several eigenfunctions with the same eigenvalue, for

instance for n # g,
Hou;O) = Eéo)u;o)’ Houflo) - EéO)u((IO) but ET(LO) _ E(gO)‘

Then, the expression (2.37) is not defined. It is still possible to derive a formula similar
to (2.36) in the degenerate case by applying degenerate perturbation theory. The idea is

to find a linear combination
A

ESZO) = Z coéugg()1

a=1

(0) (0)

of the eigenfunctions uy, with the same energy FEy’ such that the nominator in the

first-order correction

U,

0 0
= 3 D
EtEO) . Eq(q,o) q

q7#n

vanishes if E{” = EY. The problem is to find coefficients ¢, such that (ug ) Hyal ) =0
[11, Sec. 4.2]. It can be shown that the energies FE, (k) are, up to second order, the
eigenvalues of the matrix H,;, € R4 with elements [65, Sec. 4.1.4]

ih? , kj kg
(Hn )HV - Er(LO)(SMV Z kPrl:nj 5 Z MV?
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P%u is defined similarly as in Theorem 2.11 and

A DHA Dav
m pn pn@
e = O~ 23 (2:45)
je

q#n a= 1

As a final remark we notice that analogous results as above can be derived for holes

in the valence band. In this case, the energy F, (k) can be approximately written as
h2
Fu(k) = F5(0) — -k (mi) ',

where E¢(0) is the top energy of the valence band and mj is the effective mass tensor for
the holes, similarly defined as above. In this case, 15#5] = 0 for all j, such that the linear

term in & in (2.45) vanishes.

2.4 Semiconductor statistics

In this section we will answer the question how many electrons and holes are in a semi-
conductor which is in thermal equilibrium (i.e. no current flow)? With the mean number

of electrons in a quantum state of energy E, f(E), the answer is

N=2>"3"f(E.(k)), (2.46)

n keB

where the factor 2 takes into account the two possible states of the spin of an electron

and B is the Brillouin zone. This leads to two questions:
e How can the sum over many k can be computed practically?
e How does the function f depend on the energy?

To answer the first question, we make the following observation. Consider a chain of
N +1 atoms with distance d. Then the length of the chain is L = Nd. The Bloch function

Yr(z) = €%y (x) (see Section 2.1) satisfies at the chain boundaries

Y1(0) = (L)

and uy(x) is periodic, in particular, ug(0) = ug(L). Then

we(0) = ¥i(0) = (L) = €™ uy(L) = ™ (0)

which implies that
kL =27y, j=0,....,N—1.
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The index j runs from 0 to N — 1 since the one-dimensional Brillouin zone equals here
k € B=10,2r/d) (see Lemma 2.4). Thus, the wave vector k can take one of the discrete

values
_ 2mj 27y

L  Nd
Typically, L = 1ym = 107%m and d = 107°m, so N = 10*. Therefore, one can consider

k; j=0,...,N—1.

k to be continuous. The sum N

Z g(k;)

-1
0

for some function g then transforms to the integral

N-1 N-1 . N . 2m/d
B 2y 2m) . L
Zg(kg)—zg<Nd)~/o g(Nd) 4=5: ) ok)dk

Jj=0 Jj=0

In d space dimensions, the factor L/27 becomes (L/27)%. In the continuum limit N — oo

and d — 0 such that Nd is finite we can extend the integration to R? and write

1(€2
L(d)/ g(k) dk instead of Zg(k), (2.47)
(2m)? S keB
where vol(£2) is the volume of the semiconductor. The advantage of the integral formula-
tion is that integrals can be more easily computed than sums.

The answer to the second question is contained in the following lemma.

Lemma 2.12 The mean number of electrons in a quantum state of energy E is given by
the Fermi-Dirac distribution function

1

FE) = T cm=arier (2.48)

where kp is the Boltzmann constant, T the (electron) temperature and p the chemical

potential.

The two parameters T and p can be considered here as given by the corresponding
quantum state. A deeper understanding is possible by means of thermodynamics, but
we refer to [11, Ch. 5] for details since the significance of 7" and p will become more
transparent in subsequent chapters (see also Remark 2.13).

For the formal proof of Lemma 2.12 we notice that electrons are fermions, i.e. particles

with half-integral spin, satisfying the following properties:
e Electrons cannot be distinguised from each other.

e The Pauli exclusion principle holds, i.e., each quantum state can be occupied by not

more than two electrons with opposite spins.
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Proof of Lemma 2.12: We proceed as in [11, p. 293 ff.]. We arrange M electrons into N
bands each of which has g, quantum states, n = 1,..., N. Suppose that m,, electrons
are occupying quantum states in the n-th band, where m, < g,. Notice that, by the
Pauli exclusion principle, each electron is occupying exactly one quantum state. The

number of different arrangements in the n-th band @),, equals the number of all possible

configurations,
gn(gn_1>'-"’(gn_mn+1)a
divided by the number of all possible permutations of the m,, electrons (since they are
indistinguishable),
my!,
hence
_gn(gn_l)"”'(gn_mn+1>_ In!
Qn = ! - m, |
my,! (gn — myp)lmy,!

The total number of configurations reads in the limit N — oo

e}

Q(m1,m2,...):HQn:H Gn! i
n=1

(gn — myp)lmy,!

n=1

In order to manipulate this function, it is convenient to consider

InQ(my, ma,...) = Z[lngn! —1In(g, — my,)! — Inm,!].
n=1

Using the Stirling formula

nn

nl~— or Inn! ~nlnn—n (n— 0),

en

we obtain approximately
InQ(my,ma,...) = Z[lngn! — (gn — my) In(gy, — my,) — my, Inmy, + g
n=1

This function is in some sense related to the thermodynamic entropy (see [11, p. 268]).
The most probable configuration of (mq,ms,...) is that one which maximizes In @), under

the constraints that the particle number and the energy are conserved:

max In Q(mq, ma, .. .) such that Zmn = M, Z E,m, =E.
J n=1 n=1

We solve this constrained extremal problem with Lagrange multipliers, i.e., we extremize

F()\l,)\g;ml,m27...) :th—f-)\l <Zmn—M> +)\2 <ZEnmn —E) .
n=1 n=1
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A necessary condition is

OF

B 8mj

0 = ln(gj —mj) —|— 1 — (lnmj ‘I— 1) +)\1 +/\2Ej = lIl (g—] — ]_> —f-)\l +/\2Ej.

m;
Solving for m;/g; yields
m; 1

g l4e A’

Defining the temperature T' and the chemical potential by

qu 1
AN = —— d Ag = ———
YT e M 27 Tk
we obtain .
m.
— = = [(E)).

g;i 1+ eEi—am/ksT

Since the left-hand side is the mean number of electrons in a quantum state of energy £},

the lemma is shown. O

Remark 2.13 The properties of the Fermi-Dirac distribution can be understood as fol-

lows (see also [11, p. 298 f.]). At zero temperature, this function becomes

1 for £ < qu 1
FE) = d P
f(E) { 0 for B> qu and  f(qu) = 5

(see Figure 2.13). This means that all states which have an energy smaller than the
chemical potential are occupied, and all states with an energy larger than gu are empty.
Physically, this behavior comes from the Pauli principle according to which two electrons
do not occupy the same quantum state. Consequently, at zero temperature, the states
with lowest energy are filled first. The energy of the state filled by the last particle is
equal to the chemical potential. For non-zero temperature, there is a positive probability
that some energy states above qu will be occupied, i.e., some particles jump to higher
energy levels due to thermal exertation.

We notice that the chemical potential gu (more precisely, the product of elementary
charge and chemical potential) in semiconductors is referred to as the Fermi level or Fermi
potential and is usually denoted by Ep.

For energies much larger than the Fermi energy Er = gu in the sense of E—FEp > kT,

we can approximate the Fermi-Dirac distribution by the Maxwell-Boltzmann distribution

F(E) = ¢~ (E=EFp)/kpT

since 1/(14¢") ~ e~* for x > 1 (Figure 2.13). Semiconductors whose electron distribution
can be described by this distribution are called non-degenerate. Materials in which the

Fermi-Dirac distribution has to be used are termed degenerate. 0
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Maxwell-

Boltzmann
‘ / approximation
1 \\\\
Fermi-Dirac
) distribution
0 Er =qu B

Figure 2.13: The Fermi-Dirac distribution at zero and non-zero temperature and the

Maxwell-Boltzmann approximation.

Now we wish to determine the density of states, i.e. the number of quantum states

(n, k) with energy F in the semiconductor €2:

_VOI ZZ&E E,( (2.49)

n keB

9(E

where again the factor 2 comes from the two spin states of an electron and §(z) = 1 if

z=0and §(z) = 0 if z # 0. We show:

Lemma 2.14 The density of states in the continuum limit in R? (d > 1) reads as

_ (2—721')d 3 /Rd §(E — B, (k)) dk, (2.50)

where ¢ s the delta distribution (see below). In the case d > 1 we can also write

dFg_1
(27) (2m)d Z/ |VkE k)|’

where dFy_y is the element of the surface E;'(E).

Before we can give a heuristic proof of this lemma, we need some preparations. First,

we explain the delta distribution. Heuristically, ¢ is defined by

oo : z2=0
i(z) ::{ 0 240 and /Ré(z) dz = 1. (2.51)

Clearly, there is no function satisfying these conditions. However, in the theory of distri-

butions it is possible to give a sense to (2.51). More precisely, d is defined as a functional,

(0,0) = ¢(0) for appropriate ¢ : R — R.
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Usually, the bracket is written as

[ @0tz = o00) (2.52)

which is motivated by (2.51). We refer to [22] for details about distributions.
The second tool needed for the proof of Lemma 2.14 is the coarea formula (see, e.g., [30,

46)).

Theorem 2.15 (Coarea formula)
Let f: BCR? — R (d> 1) be continuous and E : B — R be continuously differentiable
with Vi E(k) # 0 for all k € B. Then

dFd dFy_1(k)
f(k)dk = / / de,
/ !VkE( )l
where dFy_1(k) is the (d — 1)-dimensional hypersurface element.

Proof: In the following we motivate the coarea formula for the case d = 3. The idea
of the proof is to make a transformation of the k- to the e-variable. Let (u,v) be a
parametrization of the surface E~'(¢) = {k : E(k) = ¢} C R? (see Figure 2.14). Then
k = k(u,v,E) and € = E(k(u,v,¢)). Taking partial derivatives gives

Oe ok
0 = & = V,Ek) =
du ViE (k) ou’
Oe ok
0 = — = E(k) - —
v ViB(k) ov’
Oe ok
1 = & = VB =
Oe <B(k) Oe
The first two equations imply that Vi, E L 0k/0u and Vi E 1 0k/0v and
ok 0Ok
E 2.
W) (G x5 ) (259
The third equation shows that |0k/0e| = 1/|VE| and Vi E || 0k/0s. Then we infer from
(2.53)
ok 0Ok
2.54
(5 5)- (254
We conclude from the transformatlon theorem and (2.54) that
ok 0k Ok
dk = |det ——|d de = |det | =—, =—, = ||d d
¢ d(u,v,€) (u, v) de ‘ ¢ (8u’8v’3€>’ (1, v)de
ok (0k Ok ok| |0k Ok
= % . (% X %)‘d(u,v)ds— % : % X % d(u,v)de
1
= dFde
ViEl

38



and hence,

f(k)
k)dk = dFy_1d
/Bf( ) /R/{E(k)e} VBl -

which motivates the theorem. O

ok
Oe
ok

Ok
v
Figure 2.14: Illustration for the motivation of Theorem 2.15.

Proof of Lemma 2.14: In the continuum limit, the substitution (2.47) in the definition
(2.49) of g(F) immediately gives the first equality in (2.50). The second one follows from
the definition (2.52) of the ¢ distribution and the coarea formula since for £ > 0,

/ S(E — En(k))dk = / (/ AFa-y ) §(E — Eyn(k)) de
Rd R \J B, (k)=<} | ViEn|
dFg_
= 0(E —¢)de
/]R/{En(k):s} Vi, | ( )

/ dFg1
= ) ]
(Enk)=E} | ViER]

The above lemmas allow us to determine the particle densities.

Lemma 2.16 The electron and hole densities are given by

n= / 6(E)f(E)dE,  p= / Gu(E)(1 — f(E)) dE

where g.(E), g,(F) are the densities of states of the conduction or valence band, respec-
tively,

2 2
ot | SE =B Bk 0 (B) = g [ 68— Bk d

and f(E) is the Fermi-Dirac distribution function (2.48).

9.(E) =
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Proof: The electron density is defined as the number of electrons N per volume vol(£2).
Thus, by (2.46), (2.47) and (2.52), for a special band E.(k) and B = R,

"= voi\([ Vol Z HE 72T)d /le FELR)) di

~ (2n) /Rd/R‘S(E— E.(k))f(E)dE dk = /RgC(E)f(E)dE.

In the last step we have used (2.50). The formula for p follows similarly, taking into

account that the mean number of holes in a quantum state of energy E equals the mean

number of empty states of energy E, 1 — f(E). O

In the parabolic band approximation, (2.31) and (2.32), the particle densities can be

computed more explicitely. For this, we first compute the density of states.

Lemma 2.17 In the parabolic band approximation E,(k) = Ey+ (h?/2m*)|k|* we obtain
for E > Ejy:

m* +/2m*(E — Ey)

E) = or three-dimensional carriers
9(E) — s f :
m* : _ .
g(E) = e for two-dimensional carriers,
T
m* h . ‘ ‘
g(E) = for one-dimensional carriers.

Th* \/2m*(E — Ej)
For E < Ey, we have g(E) = 0 in all three cases.

It is possible in modern quantum devices to confine carriers in one (or two) dimensions,
i.e., the carriers are confined in the z-y-plane (or in the z-direction) and are free to move
in the z-direction (or in the y-z-plane). Such structures can be constructed with so-
called semiconductor heterostructures and are called quantum wires or quantum wells,

respectively (see [45, Sec. 1.5.2]).

Proof: We start from the first equality in (2.50), use spherical coordinates (o, 6, ¢) in the

three-dimensional case and substitute z = h?p*/2m*:
(E) = 2 / S| E—E W k|? ) dk
g N (271')3 R3 0 2m*

1 21 T 0o h2
= —/ / / S| E—Ey— —0%) 0°sinfdodd do
a3 Jo  Jo Jo 2m*

4T m* \/2m*
= 157 / (E — Ey — 2)v/zdz.
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Introducing the Heaviside function H by H(z) =0 for < 0 and H(z) = 1 for 2 > 0 we
obtain from (2.52):

m* v/2m* m* v2m*
o(5) = 2 /Ra(E ~ By~ )VEH(z) de = TV

For the two-dimensional case, we start again from (2.50) and use polar coordinates
(0, ) and the substitution z = h%g*/2m*,

g(E)-i/%/ooa E—Bo— 1o g?) odods
2m)* Jo Jo 2m*

2r m* m

Finally, for the one-dimensional case,

2 R, 1 V2m* [ dz
g(E)_%/RcS(E—EO—Qm*k)dk_% /Oa(E—EO—z)—

*

~m h
mh? \/2m*(E — Eo) =

Remark 2.18 In the non-parabolic band approximation

E — Ey H(E — Ey).

2

2m*
(see (2.30)), the densities of states become in the three-dimensional case
* V2mrE
g(E) = ”;2 ”; VIt aE (14 2aE)
T T

and in the two-dimensional case

E,(1+ak,) = k|2, a>0

m*

F) =
9(E) =
(see [45, Problem 1.4]). O

(14 2aF)

Lemma 2.19 Let the conduction and valence bands be given by the parabolic band ap-
proximations (2.31) and (2.32). Then, for three-dimensional particles,

— E, E, —
n=N.F (q“ ) . p=N,Fip < ‘-’“) ,

kBT ]’CBT
where . .
m*k‘BT m;]{?BT
N.=2 < , N, =2 2.
( 27h? ) < 27h? ) (2.55)

are the effective densities of states and

2 [ Jxdx
Flyp(2) = —= \/_7_7 z €R,
VTJo l14e" =
is the Fermi integral (of index 1/2). Furthermore, m} and m;j denote the (isotropic)

effective mass of the electrons and holes, respectively.
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Proof: From Lemmas 2.16 and 2.17 and the substitution x = (E — E.)/kgT we obtain

_omg Vg (% VE-E. 4 <m;kBT>3/2/°° VT dx
1+e*
0

B 2w h?2 —(qu—FEc)/ksT

- 7h?  wh g, 1+ eF—am/ksT Nz

- E,
= N,Fy (q‘; — )
B

In a similar way,

\/ﬂ Ey 6(E qu)/kgT
P= / Y 1 + e(E—qu)/kpT dE
( m;, )3/2 B \/E,— EdE

2mh? oo 1+ e~ (B-aw)/kpT

3
no

1
NZa
4 (mpkeT\Y? 0 VZ dx
- J/r\ 2nh? o1+ v Buaw)/kaT
E, -
= NoFiyz (#) -
B 0

We compute the carrier densities in some special situations.

Lemma 2.20 The electron density in a quantum well equals

m:k’BT

mh?

n= In (1 + e(q“_Ec)/kBT) .

Proof: In a quantum well, electrons are confined in one direction. Therefore, using the

density of states function for two-dimensional carriers (see Lemma 2.17),

m o dE mikgT -
= — = ¢ — —(BE—qu)/kpT
"= wh? Jp 1+ elE—aw)/ksT T ah? [ In(1 +e arte )}Ec
mZk‘BT —(E— )/k T
i In(1 4 e~ \Fma/Fsy), .

Lemma 2.21 The electron and hole densities in the three-dimensional parabolic band and

Mazwell-Boltzmann approximation are

— Ec Ev —
v (). e ()

where N. and N, are the effective densities of states defined in (2.55).
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Proof: For z — —oo we can approximate

2 o d 2 > d 2 3
Fijo(2) = e — Ve de Nez—/ Ve de =ef—=I'(=) =¢°,
VT )y €+ et VT Jo er Vroo\2

where I'(p) is the I' function,

F(p):/ 2P~ e " du,
0

with the properties F(%) =mand I'(p+1) = pI'(p), p > 0. Thus, the result follows from
Lemma 2.19. O

Finally, we discuss two notions needed in the subsequent chapters, the intrinsic density
and the doping of semiconductors.

A pure semiconductor with no impurities is called an intrinsic semiconductor. In this
case, electrons in the conduction band can only come from valence band levels leaving
a vacancy behind them. Vacancies in the valence band are called holes (Figure 2.11).
Therefore, the number of electrons in the conduction band is equal to the number of holes
in the valence band,

n=p=n,;.

The quantity n; is called intrinsic density. It can be computed in the non-degenerate

parabolic band case from Lemma 2.21:

== VN e () = Ve (<5 ) (250)

2%kpT 2%kpT

since the energy gap is By = E. — F,. This allows to determine the Fermi energy Er = qpu
of an intrinsic semiconductor [3, (28.22)]:

_ n o n; o Eg kBT Nv
EF—Ec+kBT1nE—Ec+kBT1nﬁC—Ec 9 + 9 In NC

1 3 x
— (B +B.) + TksTn M

.
€

This asserts that at zero temperature, the Fermi energy lies precisely in the middle of
the energy gap. Furthermore, since In(mj /m?) is of order one, the correction is only of
order kgT for non-zero temperature. In most semiconductors at room temperature, the
energy gap is much larger than kT ~ 0.0259 eV (T" = 300K). This shows that the

non-degeneracy assumptions

E, 3 :
E—Ep>FE,—Ep=-2+ kTl > kg,
2 4 m
E, 3 .
Ep—E>Ep—Ey=-2 1 2kpTln 20 > kpT
2 4 m*

e
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Figure 2.15: Illustration of the energy gap E, in relation to the energies E., F,, and Ep
(see [3, Fig. 28.10]).

are satisfied and that the result is consistent with our assumptions (see Figure 2.15).

The intrinsic density is too small to result in a significant conductivity for non-zero
temperature. For instance, in silicon we have n; ~ 6.93 - 10° cm~2 compared to N,, N, ~
10" em 3. Replacing some atoms in the semiconductor crystal by atoms which provide free
electrons in the conduction band or free holes in the valence band allows to increase the
conductivity. Such a process is called doping. Impurities are called donors if they supply
additional electrons to the conduction band, and acceptors if they supply additional holes
to (i.e. capture electrons from) the valence band. A semiconductor which is doped with
donors is termed n-type semiconductor, and a semiconductor doped with acceptors is called
p-type semiconductor. For instance, when we dope a germanicum crystal, whose atoms
have each 4 valence electrons, with arsenic, which has 5 valence electrons per atom, each
arsenic atom provides one additional electron (see Figure 2.16). These additional electrons
are only weakly bound to the arsenic atom. Indeed, the binding energy is about 0.013 eV
(see [3, Table 28.2]) which is much smaller than the thermal energy kT ~ 0.026 eV at
room temperature. More generally, denoting by F; and E, the energies of a donor electron
and an acceptor hole, respectively, then F. — E; and E, — F, are small compared to kgT
(see Figure 2.17). This means that the additional carriers contribute at room temperature
to the electron and hole density and increase the conductivity of the semiconductor.

Let Np(z), N4(z) denote the densities of the donor and acceptor impurities, respec-
tively. Then the doping profile or doping concentration is C'(x) = Na(z) — Np(x) and the
total space charge (see Chapter 1) is given by

0=—qn+qp+qNa(z) — gNp(x) = —q(n —p — C(z)).
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Figure 2.16: Germanium crystal with an arsenic impurity. The bullets e represent electrons

bound to the atoms. The arsenic atom provides an additional electron which is not bound.

Figure 2.17: Illustration of the donor and acceptor energy levels F; and F,.
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3 Classical Kinetic Models

3.1 The Liouville equation

We first analyze the motion of M particles with mass m in a vacuum under the action
of a force. The particles are described as classical particles, i.e., we associate the position
vector z; € R? and the velocity vector v; € R? with the i-th particle of the ensemble.
The trajectories (x;(t),v;(t)) of the particles satisfy Newton’s equations in the (2d - M)-

dimensional ensemble position-velocity space

1

r = )= —F(t t>0 3.1
P=v. b= E), t>0, (3.1)
with initial conditions
z(0) = o, v(0) = vy. (3.2)
Here, z = (x1,...,2m), v = (v1,...,0n), F' = (F1,..., Fy) is a force and the dot means

differentiation with respect to t. For instance, the forces can be given by the electric field

acting on the electron ensemble:
F, = —qFE(z,1), 1=1,..., M,

where ¢ > 0 is the elementary charge. In this case the forces are independent of the ve-
locity. In semiconductors, M is a very large number (typically, M ~ 10%) and therefore,
the numerical solution of (3.1)—(3.2) is very expensive. It seems reasonable to use a sta-
tistical description. Instead of the precise initial conditions x(0) and v(0) we are given
the probability density f;(x,v) of the initial position and velocity of the particles. The

integral
/ fr(x,v)dxdv
A

is the probability to find the particle ensemble at time ¢ = 0 in the subset A of the
(v, z)-phase space.

Let f(z,v,t) be the probability density of the ensemble at time ¢. We wish to derive a
differential equation for f. In Chapter 1 we have already argued that under the assumption

that f is constant along the trajectories (z(t),v(t)), i.e.

f(@(t),v(t), 1) = fi(zo, vo), (3.3)

differentiation with respect to t leads to the differential equation
d
0= %f(w(t),'u(t),t) =0f+3-Vof+0-V,f

zatf+v-fo+%F-va. (3.4)
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This equation is referred to as the (classical) Liouville equation. It has to be solved in

R24M » R and is supplemented by the initial condition

f(.T,U,O)If[(l’,’U), (xJU)ER2dM‘
In the following we show under which conditions (3.3) is satisfied.

Theorem 3.1 (Liouville)

Assume that

SN
Z (axi + 8%) =0  forallt>D0. (3.5)

J=1

Then (3.3) holds.

Notice that (3.5) is trivially satisfied if Newton’s laws (3.1) are assumed. However,
in the semiconductor case, (3.1) has to be replaced by the semi-classical picture (2.33)
for which (3.5) will be verified later. For details about the Liouville equation for gases,
see [19].

! t>0
t=20
dvg | —] \ (Z’(t),’l}(t))
dl’o

Figure 3.1: Infinitesimal volume elements dzydvy at time ¢ = 0 and dxdv at time t > 0 in

the phase space.

Proof: We will examine how the infinitesimal phase-space element dxgdvg will change

during time. In particular, we show that [23, Sec. 1.2]
dzdv(t) = dzodup. (3.6)

This implies the assertion (3.3). Indeed, the number of particles at time ¢ in the volume
dxdv(t) is given by
f(z(t),v(t), t)dxdv(t).
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The conservation of particles implies that
f(z(t),v(t), t)dxdv(t) = f(x0,v0,0)dxodvy
and therefore, (3.6) gives (3.3).

In the following we show (3.6). Assuming sufficient regularity of the functions, the

mapping (zo,v9) — (z(t),v(t)) is continuously differentiable and invertible with continu-
ously differentiable inverse. Then
dxdv(t) = J(t)dzoduvy,

ox(t) Ox(t)

’ = |det [ P O :
ov(t) Ov(t
Oz Ovg

We claim that (3.5) implies 0;J(t) = 0. In order to see this, we use the Taylor expansion

(3.7)

where

A(z(t),v(1))
0 (0, v0)

—

J(t) = 'det

z(t+¢) = z(t) + ex(t) + O(e?), v(t+¢) =v(t) +ei(t) + O(?).

This gives

Jx(t+¢) 0z (t) du(t+¢e) 0v(t) 5
o0) %oz ooty e TOE)

where I denotes the unit matrix in (dM) x (dM). Since z(t) and v(t) are independent

variables, we have

+0(e%),

o) ~ Y aw)
and therefore,
du(t+e)  Oi(t) ) du(t+e)  di(t) )
a0~ o) O ooty Saa) O
Thus we can compute
Jx(t+¢e) Ox(t+¢)
O(z,v)(t+¢) 0x(t) Jv(t)
e, o)D) L du(t 1) vt +e)
0x(t) ou(t)
di(t)  9i(t)
“or(t) “ou(t) 2
= Aot g oy | TOE)
“oz(t) “ou(t)
- Diy(t)  D0y(t) )
=1 “Xi: (axl(t) + avi(t)> +OE)
= 1+0(?),



by using assumption (3.5). Hence, by the chain rule,

g (2E)(t49) O || At o))
“’““)dt( 30, 2)(0) 3(9507@0))‘ 'dt o)D) Bz, v0)

— |de 8(7)795)@) £2) — 2

—‘dt—a(%,vo) +0(e%) = J(t) + O(e7),

and we obtain finally

() = Tim ~(J(t + &) — J(£)) — lim O(e) = 0.

e—0 g e—0
The mapping (xo, vo) — (z(t),v(t)) is the identity for ¢ = 0 such that J(0) = 1. This
implies that J(t) = 1 for all ¢ > 0 and hence, (3.7) reduces to (3.6). The theorem is
proved. O

The Liouville equation (3.4) is valid for an ensemble of particles moving in a vacuum
according to the laws of classical mechanics. An ensemble of M electrons moving in a

semiconductor crystal can be described semi-classically by the equations

: 1 :
ty = va(k) = 2 Vi, Bu(k), k= —%

(see (2.33)), where E,, (k;) is the energy of the n-th band depending on the (pseudo-) wave

V. V(nt), j=1...M  (38)

vector k and V(z,t) is the electrostatic potential. We denote as above x = (z1,...,z))
and k = (ky,...,ky) € R™. We assume that the ensemble stays in the same energy band
so that we can drop the index n in the equations (3.8).

We claim that Liouville’s Theorem 3.1 can be applied to the semi-classical picture.

Since the classical momentum p = muv translates into the crystal momentum p = hk, we

3 Ot Oki\ 0
Actually, & depends on k but not on z, and k depends on z but not on k (see (3.8)) such

that this condition is satisfied. Therefore, (3.3) holds and the Liouville equation (3.4) is

valid here. Observing that Newton’s law (3.1) can be written as

have to verify

p=1F,
and that (3.8) can be reformulated as
p=—qV.V,
the Liouville equation (3.4) becomes
Of + %VkE(k) Vo f — %vxv Vif = 0. (3.9)
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Here, we have used that the classical term V, = %Vu translates into the semi-classical
expression V,, = %Vk. Equation (3.9) is referred to as the semi-classical Liouville equation.

More precisely, the scalar products are defined as

M M
ViE(k)-Vof =) Vi E(k) -V f, ViV -Vif =Y V. V(z)- V.
j=1 j=1
Equation (3.9) has to be solved for z € R*™ k€ BM t > 0, where B is the Brillouin zone
(see Section 2.1). As the Brillouin zone is a bounded subset, we have to impose boundary

conditions. Often, periodic boundary conditions
f($ak1a"'7kj7"'7kMat) = f(xakla"'7_kj>"'akM7t)7 k] € aBa

for all j = 1,..., M are chosen [49, (1.2.47)]. This formulation makes sense since B is
point symmetric to the origin, i.e., k € B if and only if —k € B. We also impose the
initial conditions

f(l',k’,()):f[(l',k?), xeRdMa kGBM

Before we show some properties of the solutions to (3.9), we introduce the electron-

ensemble particle density and the electron-ensemble current density:

n(z,t) = f(z, k,t)dk, (3.10)

BM

J(x,t) = —q f(z, k, t)v(k) dk,

BM

where v(k) = (v(ky),...,v(kwm)).

Remark 3.2 Definition (3.10) of the number density is slightly inexact. Indeed, similar
to Lemma 2.16 and arguing as in [23, Sec. 1.2.2], the total number of electrons at time ¢

in the volume dx dk of the (conduction band) phase space is given by
AN(z, k) = f(z, k. t)g(z, k) da dk.

where g(z, k) is the momentum density of states (in the conduction band) and f(x,k,t)
can be interpreted as an occupation distribution, i.e, the ratio of the number of occupied
states in the phase-space volume dx dk and the total number of quantum states in this
volume (in the conduction band). The volume in phase space occupied by a single quantum
state is of the order of (27)?. Thus, we have dz dk/(27)? quantum states in the volume
dx dk. To be precise, we have to take into account the spin of the electrons. Each quantum

state can be occupied by two electrons with opposite spin. Therefore, the number of
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quantum states is twice such that g(z, k) = 2/(27)%. The correct definition of the electron

density becomes

n@t) = [ f kg kydk= | Flok t)—— dk

BM BM (27T)d

see [23] for details). In the following we ignore the factor 2/(27)¢ which can be achieved,
(see [23] g we ig

for instance, by scaling. ([l

Lemma 3.3 The solution of the semi-classical Liouville equation (3.9) satisfies formally

the following properties:

(1) If fr(z, k) > 0 for all z € RM k€ BM then f(x,k,t) > 0 for all z € RM,
k € BM,

(2) The following conservation law holds:

1
on — —divyJ =0, reRM  ¢>0.
q

(3) The number of particles is conserved:
/ n(z,t)de = / fr(z, k) dk dx.
RAM ReM J BpM

Proof: The first property follows immediately from (3.3). By formally integrating (3.9)

over k € BM we obtain from the divergence theorem,

on = atfdk:—/ divm(v(k‘)f)dk—l—g/ divy(V.V f) dk
BM BM h B

M

1
= ——div,J.
q

Finally, the last property follows from the second one after integrating over z € R*™ . [

We notice that in the parabolic band approximation

h2

- 2m*

E(k;) k%, j=1,...,.M, k; €R?

the semi-classical Liouville equation (3.9) reduces to its classical counterpart (3.4) since
v(k;) = hk;/m* = p;j/m*, which is the classical momentum-velocity relation, and Vi f =
(h/m*)V, f. We obtain from (3.9)

8tf+v-wa—%VxV-va:0, v eRM 150
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3.2 The Vlasov equation

The main disadvantage of the (semi-)clasical Liouville equation is that it has to be solved
in the very high-dimensional phase space R?¥ . Typically, M ~ 10* d = 3, and the
dimension becomes 6 - 10* which is prohibitive for numerical simulations. In this section
we will formally derive a lower-dimensional equation, the so-called Vlasov equation. We
proceed as in [49, Sec. 1.3].

The idea of the derivation is first to assume a certain structure of the force field, then
to integrate the Liouville equation in a certain sub-phase space and finally to carry out the
formal limit M — oo, where M is the number of particles. More precisely, we consider an
ensemble of M electrons and denote by x = (z1...,7y) € R™M k= (ky,..., k) € BY
the position and wave vector coordinates of the particles, respectively. We impose the

following assumptions:

(1) The motion is governed by an external electric field and by two-particle (long-range)

interaction forces

M
Fj(z,t) = —qEex(zj,t) — ¢ Z Eini (x5, 20), j=1,...,M,
(=1,j#0

such that
Eini(xj, x0) = —Eine (24, 75). (3.11)

(2) The interaction force |Eiy| is of order 1/M.
(3) The initial density is independent of the numbering of the particles:
Jr(oy, o on, koo k) = fr(@ays - Trny, Ke(1)s - - - Kr(an) (3.12)
for all z; € R% k; € B, j =1,..., M, and for all permutations 7 of {1,..., M}.

(4) The sub-ensemble initial density
](a)(:cla e 7:Ua7 kla e 7ka> = / f[dxa+1 tee ddeka+1 ce dkM
(RdXB)]Vlfa

can be factorized:

a

R =11 P k), a=1,....M—1.

J=1

We discuss the above assumptions. The first assumption means that magnetic fields
are ignored. In fact, this hypothesis can be discarded, see [49, p. 26ff]. This assumption,

which is crucial for the derivation of the Vlasov equation, also means that the force field F;
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exerted on the i-th electron is given by the sum of an external electric field acting on the i-
th electron and of the sum of M —1 two-particle interaction forces between the i-th electron
and all other electrons. The interaction force Fi, is independent of the electron indices
which interprets the fact that the electrons are indistinguishable. The action-reaction law
implies that the force exerted by the j-th electron on the /-th electron is the negative force
of the ¢-th electron on the j-th electron, i.e. i (%, 27) = —Eint (¢, ;). This property and
assumption (3) imply that also f(z, k,t) is independent of the numbering of the particle!
s for all ¢ > 0. Finally, assumption (4) is needed for the limit M — oo (in order to get a
finite force Fj) and its meaning will become clear later.

We introduce the density f(® of a subensemble consisting of a < M electrons:
f(a)(xh -y Lay kla SRR kaat) - / f(l', ka t) dI(a+1) dk(a-i—l)v
(RIxB)M—a

where drqq1) = dreq1 -+ dry and dky1)y = dkgyr - - dkyy.
Theorem 3.4 Let the above assumptions (1)-(4) hold. Then the function f(x, k,t) is a
particular solution to the semi-classical Liouville equation (3.9) if M > 1,

Oy, wa b, K t) = [ P(a, kg t) (3.13)
j=1

and F(z,k,t) := MP(z,k,t) is a solution to the semi-classical Vlasov equation

OF +v(k) - V,F — %Eeﬁ ViF = 0, az€RY keB t>0,  (3.14)

F(z,k,0) = Fi(zk), reRY keB,
where

Eu@) = Eoalovt)+ [ F(oa ka0 Bun(o,55) doadby

Rix B

= Bant) + / (20, ) B (2, 2.) d, (3.15)

R4

and Fi(x, k) = M P;(x,k) (see assumption (4)). Furthermore,

n(x,t) = / F(x, k,t)dk
B
represents the electron density, and we impose periodic boundary conditions:

F(x,k,t) = F(x,—k,t), reRY kedB, t>0.
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Proof: We integrate the semi-classical Liouville equation

@tf+z ) Vo, f — hZEext 2j,t) - Vi, f — = Z Bini(zj,20) - Vi, f =0 (3.16)
]f 1
with respect to Zai1,...,Tar, Kag1s- .-, ky in order to obtain an equation for f(®. We
reformulate these integrals term by term.
Clearly, the first term on the left-hand side of (3.16) equals d, f(*) after the integration.
For the second term we compute, using the divergence theorem,

a

Z / Vo, f d2(asty dkarny = Y v(ky) - Vi, f Az asn) Akt
RdXB)]W a jil (RdXB)M_a
+ Z / div,, (v(k;) f) da a1y dkas)
ot dx B)yM~-a
v(ky) - Vi, 1.
7j=1
Similarly,
M

/ ) divy, (Bext(z,t) f) do(qt1) dkarr) = Zlek Eexi (25, )f(a)) .
(R¢xB)M—a

j=1
The last integral on the left-hand side becomes

M

/ divi, (Bue (27, 20) f) d(asny dhiasy
je—l (Rde)M a

Z Elnt .TJ,.CEg Vk f + Z Z/ ., dinj (Eintf) dx(aJrl) dk(a+1)
xB)M

=1 j=a+1 (=1
a M
+> Y / dive, (B (2, 0) f) d(ar1) dkasn).
j:l f—at1 (RdXB)M—a

The second integral on the right-hand side of the above equation vanishes by the diver-
gence theorem. For the last integral we use the assumptions (3.11) and (3.12). Indeed, it
is possible to renumber the particles such that the last integral equals

Z(M — CL)/ din]. (Eint(xj,$a+1)f) dl‘(a_H) dk(a—i—l)

j*l (RdXB)]M—a

= Z —a) dlvk / Eini (25, a:*)f,ﬁaﬂ)dx*dk*,
Rex B
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where
flath) — @D wa ke ke, K ).

Thus, integration of (3.16) yields the system of equations

0= 0 f §j )+ Vo, [ }jE&t%, Vi, [ = h}:lﬁdxpxd-vwf@

JA=1

—95" iy, / (M — a) By (2, 22) @Dl ., (3.17)
h =1 Rix B

where 1 < a < M — 1. These equations are called the BBGKY hierarchy (from Bogoli-
ubov [12], Born and Green [14], Kirkwood [39], and Yvon [67]). By assumption (2), |Eiy|
is of the order of 1/M such that for M > 1, the fourth term on the right-hand side of
(3.17) can be neglected. The term (M — a) Eiy, however, stays finite and is approximately
equal to M Ej,;. Therefore, we obtain for M > 1

a a

0 = 8tf(a) + Z?J(kj) . ijf — %ZEeXt($j,t>ijf(a)
j=1 j=1
7<= .
—2N divy, MFOetVE (2. x)dr.dk,. 3.18
hz vy, ny fe o(@j, x)d (3.18)

Now we claim that this equation is solved by the ansatz (3.13). In order to see this we
multiply (3.14) for (x,k) = (z;, k;) by

1
Qi = 37 11 Pl ke 1)
]

and take the sum for j =1,...,a. Then, for F; = M P(x;, kj,t),

ZQ]E)tF ZHng,kg, )0 P(x5, k 8tHPxJ, = 0,f@

J=1 t#j

In a similar way;,

ZQM@-) VoF = Y ulhy) - V. 1@

jzl

ZQ] ext ZE], k = ZEext xja Vk:f
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MP(.T*,k*,t)Eint<xjax*> d.ﬁE* dk*) ’ VkJF‘J

;Qj(Rde
= divj/

M [ P(xe. ke, t) P(x, ko, ) Bing (), 2,) dov, d,
(=1

dx B
= Y div, M fS B (25, 2.) da. dk,.
le RdXB

Putting together the above computations, we see that the ansatz (3.13) indeed solves
(3.18). This proves the theorem. O

The semi-classical Vlasov equation has the form of a Liouville equation for a single
particle with the force —qFE.s. Many-particle physics is taken into account through the
effective field Feg which depends on the density n and hence on F. Thus, (3.14) is a
nonlinear equation with a nonlocal quadratic nonlinearity. The Vlasov equation describes
the macroscopic motion of many-particle systems with weak long-range forces. However, it
does not provide a description of strong short-range forces such as scattering of particles.
This case will be considered in Section 3.3.

As for the Liouville equation, the quantity F'(x,k,t) can be interpreted as the proba-
bility density of a particle to be in the state (x, k) at time ¢. Indeed, we obtain from the

trajectory equations

i=vk), = —%Eeg, t>0,  2(0)=mz,  k(0)= ko,
and (3.14) the equation
: d
0=0F+a-V,F+k- -V F= ﬁF(x(t),v(t),t)

and thus
F(z(t),k(t),t) = Fr(zo, ko) > 0 for all ¢ > 0.
Finally, we wish to reformulate the nonlinear system (3.14)—(3.15) in the case of the
Coulomb force in R3,

1 rt7Y
des o —y|¥’

Eint(x7y> = T,y € R37 x 7£ Y, (319>

which is the most important long-range force between two electrons. Here, the permittivity
€5 is a material constant. We assume that the external field is generated by doping atoms

in the semiconductor crystal of charge +¢:

+q r—y
Eext<£lf,t) = R /RB C(y) W dy, (320)

where C'(x) is the doping concentration (see Section 2.4).
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Proposition 3.5 In the case of the Coulomb force (3.19) and (3.20) the semi-classical
Viasov equation (3.14)-(3.15) can be written as the Vlasov-Poisson system

O.F + v(k) - V,F — %vmveff ViF = 0, (3.21)
esAVeg = q(n—C), r€R® ke B, t>0.(322)

Proof: 1t is well known that the function

1 f()

- dy, r € R3,
AT Jps |2 — |

¢(x) =

solves the Poisson equation A¢ = f in R?® under some regularity assumptions on f.

Therefore,
1 . T—y
=A = — div,——d
f(m) qb('r) 47T R3 f(y) 1V1‘ |x _ y|3 y?
1 =y
0=curl Vo(z) = Ecurlx . f(y) P dy.

This shows that

divEg(z,t) = diVEeXt(ﬂf,t)—{-/ n(xy, t)div By (z, z,) dx,

R3
= divEe(z,t) — 2n(m,zﬁ),
€s
curl Egg(x,t) = CurlEext(x,t)—l—/ n(x,, t)curl B (x, z,) dz,
R3

= curl B (z,t), reR3 t>0.

Furthermore,
divEey = gC’, curl Feyy = 0 in R3,
€s
and hence,
divE.g = —i(n -0), curl Egg = 0 in R3.
Since F.g is vortex-free, there exists a potential V.g such that E.g = —VV.g. Thus,
esAVeg = —e,divEeg = q(n — C),
and the proposition follows. O
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3.3 The Boltzmann equation

The Vlasov equation does not account for short-range particle interactions, like collisions
of the particles with other particles or with the crystal lattice. We wish to extend the
Vlasov equation to include scattering mechanisms which leads to the Boltzmann equation.
We present only a phenomenological derivation; for details on more rigorous derivations,
we refer to [4, Sec. 1.5.3], [15, Ch. 7], and [19]. The Boltzmann equation has been first
formulated by Boltzmann in 1872 for the non-equilibrium transport of dilute gases [13].

The Vlasov equation along trajectories
dF
|
dt
states that the probability F' (of occupation of states) does not change in time. Scattering
allows particles to jump to another trajectory. Our main assumption is that the rate of

change of F' due to convection and the effective field, dF'/dt, and the rate of change of F’

due to collisions, Q(F’), balance:
dF
Q).
o

Clearly, this equation has to be understood along trajectories. By (3.4) this equation
equals (writing f instead of F)

8tf+v(k)~fo—%Eeﬁ-ka:Q(f), reRY keB, t>0, (3.23)

where the effective field is given by (3.15).

It remains to derive an expression for Q(f). We assume that scattering of particles
occurs instantaneously and only changes the crystal momentum of the particles. The rate
P(xz,k' — k,t) at which a particle at (x,t) changes its Bloch state k£’ into another Bloch

state k due to a scattering event is proportional to
e the occupation probability f(z,k’,t) and
e the probability 1 — f(x, k,t) that the state (z, k) is not occupied at time t.
Here, we used the Pauli exclusion principle. Thus,
P(x, k' — k,t) = s(x, K k) f(z, K, £)(1 — f(z, k, 1)),

where the proportionality constant s(z, k', k) is called the scattering rate. Then the rate
of change of f due to collisions is the sum of all in-scattering rates from &’ to k minus the

out-scattering rate from k to &/,

P(x, k' — k,t) — P(x,k — K1),
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for all possible Bloch states &’ in the volume element dk’. In the continuum limit, the sum

becomes an integral and we obtain
(QUM))(x, k,t) = /[P(x, K — kt)— Pz, k — k' t)]dK (3.24)
B
= [ st R0 1) = stk KL= Pl

where f = f(z,k,t), f/ = f(x,k,t). Equation (3.23), together with the effective field

equation
Eeff(x» t) = Eext(~177 t) + / n(?J, t)Eint(xa y) dy7 (325>

Rd
where Eo and Ej, are given functions, and the collision operator (3.24), is called the
semi-classical Boltzmann equation. When E and Ej, are given by the Coulomb forces
(3.19) and (3.20), equations (3.23)—(3.25) are called the Boltzmann-Poisson system which
can be written as (3.21)—(3.22) with f instead of F' and with the right-hand side Q(f) in
(3.21).

Again we impose the initial and periodic boundary conditions

flz k,t) = f(z,—k,t), re€RY kedB, t>0, (3.26)
f(z,k,0) = fi(z,k), xcR% kebB. (3.27)

The Boltzmann equation has two nonlinearities:

e a quadratic nonlocal nonlinearity in the position variable caused by the self-consistent
field Eof in (3.25) and

e another quadratic nonlocal nonlineariy in the wave vector caused by the collision
integral (3.24).

These nonlinearities make the mathematical analysis of the initial-boundary-value prob-
lem (3.23)—(3.27) very difficult. Only at the end of the 1980ies, an existence proof for
global-in-time solutions and large data in the field-free case E.¢ = 0 has been obtained
by DiPerna and Lions employing the theory of renormalized solutions [26, 27]. We refer
to the reviews [44, 63] for details and more references.

We give now some examples of collision operators.

Example 3.6 In semiconductor crystals, scattering of electrons occurs by lattice defects,

phonons, and other carriers. We consider only the following important collision events:
e clectron-phonon scattering,

e ionized impurity scattering, and
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e carrier-carrier scattering.

Extensive treatments of scattering mechanisms in semiconductors can be found in, e.g.,
[11, Ch. 9], [37, Ch. 7], [45, Ch. 2], [61, Ch. 6], and in the textbooks [33, 58, 68].

Phonon scattering. At nonzero temperature, the atoms in the crystal lattice vibrate
about their fixed equilibrium. These vibrations are quantized and the quantum of lattice
vibrations is called phonon. We can distinguish so-called acoustic phonons and optical
phonons. Acoustic phonons arise from displacements of lattice atoms in the same direction
like sound waves. Optical phonos describe displacements in the wave vector and are able
to interact strongly with light. Denoting by Aw, the energy of a phonon, the phonon
occupation number N, is given by Bose-Einstein statistics,

1

No = ohwa/ksT _ 17

where the index « refers to either “op” for optical phonons or “ac” for accoustic phonons.
Notice that Bose-Einstein statistics can be used for indistinguishable particles not obey-
ing the Pauli exclusion principle and therefore also for phonons (see [11, p.307ff.] for a
derivation).

An electron in the Bloch state &’ with conduction-band energy E(k') before the colli-

sion with a phonon can change to the state k after the collision if
E(K') — E(k) = thw,, (3.28)

where the plus sign refers to the phonon emission and the minus sign for phonon absorp-
tion. The acoustic phonon energy hw, is usually a function of the difference k — k" of the
wave vectors before and after a scattering event [8, Sec. 2]. The transition rate s(z, k, k')

is non-zero only if (3.28) is satisfied. Therefore,
Sa(x, k, k') = oa(z,k, E')[(1 + Na)O(E(K') — E(k) + hwa) + Nod(E(K') — E(k) — hw)],

where o, (z, k, k') is assumed to be symmetric in k& and &’ and ¢ is the delta distribution
used in Section 2.4. This transition rate can be derived more generally from Fermi’s golden
rule (see [11, Sec. 4.4], [45, Sec. 1.7.1], or [65, Appendix C]). The collision operator reads
according to (3.24)

(Qul ).k t) = / s K RS (1 f) = salw b K) (L= f)ldE. (3.29)

B

The above expression for s, shows that the scattering rates can be highly non-smooth.
Tonized impurity scattering. A doping atom in the semiconductor material donates
either an electron or a hole, leaving behind an ionized charged impurity center. This fixed

charge may attract or repulse an electron propagating through the crystal lattice. The
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interaction of carriers with neutral impurities is another scattering possibility but we do
not consider it here. Since the scattering is elastic, the electron energy E(k’) after the
collision is the same as the energy F(k) before the interaction, and the transition rate is
[57]

Simp (2, k, k') = ommp (2, k, K" )O(E(K') — E(k)),

where iy is symmetric in & and &'. Again, this expression can be derived from Fermi’s

golden rule (see above). The symmetry of oy, and § implies that

Simp(xu klv k)f/f - Simp(xa k, k,)ff, - O-imp(‘ra k? k/)5<E<k/> - E(k)>(f/f - ff,) = 07

and hence, the collision operator becomes

(Qimp (/) (2, ;1) = / Timp (2, k, K)O(E(K) — E(k))(f" — f) dk'.

B

Carrier-carrier scattering. We only consider binary electron-electron interactions. Also
binary electron-hole scattering or collective carrier-carrier collisions (i.e. interactions of
carriers with oscillations in the carrier density; see [45, Sec. 2.10.2]) are possible but we do
not consider these mechanisms here. The influence of electron-electron interactions on the
carrier dynamics is more pronounced in degenerate semiconductors in which Fermi-Dirac
statistics instead of Maxwell-Boltzmann statistics has to be used (see Section 2.4). The
transition rate that carrier in the Bloch states k' and k| collide and scatter to the states

k and k; is given by
See (T, K, K i, ky) = oce(w, b, K Ry K)O(E(K) + E(ky) — E(k) — E(ky)),

since the collisions are elastic. Therefore, the collision operator becomes [9, (2.7)]:

(Qee(f))(@, k) = /3 See (@, ki, K Ky, ky) [ fi (1= F) (A=) = f 1 (1= ) (1= fD)]dK' dky dky,

7 (3.30)

where f = f(x,k,t), f' = f(z,k,t), f1 = f(z, k1,t), and f] = f(z, k], t). Notice that this
operator has a nonlocal nonlinearity of fourth order.

Generally, the collision operator in (3.23) can be written as the sum of the various

collision operators considered above:

Q(f) = Qop(f) + Qac(f) + Qump(f) + Qee(f)- U

In the following we show some properties of the collision operator (3.24). The transition

rate s(z, k, k') is assumed to satisfy

s(z, k, k) E(k) — E(K)

ik Sk Rk R f eR? kK € B. 3.31
sk k) P kT orrEEL (3:31)
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We explain this hypothesis. The so-called principle of detailed balance [3, 37] asserts that

in thermal equilibrium, the local scattering probabilities vanish,

s(@, K k) feg(1 = feq) = s(x, b, B) feq (1 = fLg) = 0,

and that the equilibrium occupation number density is given by the Fermi-Dirac distri-

bution,
B 1 E(k)— Ep
Jea(w: k) = 1+ eul®)’ kT

(see (2.48)). A calculation shows that
S($, k: k/) féq(l T feCI) _ €U(k)—u(k')

S(ka/7k) feq( - eq) ’

which is (3.31).
The following result is due to Poupand [52] (also see the review [54]).

Theorem 3.7 Let (3.31) hold for some function E(k) and let s(z,k, k") > 0 for all
zeR kK € B.

(1) For all (reqular) functions f there holds:
[@Un@ k=0 jor rert>0
B

(2) For all functions f(x,k,t) € (0,1) and non-decreasing functions x : R — R there

holds:
[@ ki (LR o < 00 @
[ @ ko (AR rwar) g > o

(3) The kernel of Q only consists of Fermi-Dirac distributions, i.e. Q(f) = 0 if and only
if, for some —oo < Ep < o0,

1
R e () Iy 339

The theorem can be physically interpreted as follows. Let f be a solution to the
Boltzmann equation (3.23)—(3.24). Then, by Theorem 3.7 (1),

at/ n(x,t)de = //at (x,k,t)dk dz
Rd R4

_ // ~diva(u(k)f) + Ldivi(Beaf) + Q(F) dkda
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where we have used the divergence theorem. This implies that the total number of elec-

trons is conserved in time:

/ n(z,t)de = / n(z,0)dx for all ¢ > 0.
Rd RY

Physically, this is reasonable: collisions neither destroy nor generate particles. The state-

ment of Theorem 3.7 (2) is also called H-theorem.

Proof of Theorem 3.7: (1) Changing k and k" in the second integral gives

(1= fydk' dk — | s(k,K)F(1— f)dK dk

2

s(K k) /(1= f)dkd¥

2

/B Q(f) i —

(K k) f'(
= | s k)f(1— f)dk dk —

2

BQ

T~

oy

= 0.

(2) We show only the second inequality. The proof of the first one is similar. Set

M(k) = e PW/RET (k) = %gk)M(k). (3.34)

The function M (k) is called Mazwellian. Then assumption (3.31) is equivalent to
s(k' k) sk, k)

M(k) — M(K)’ (3:35)
and we obtain, with the notations F' = F'(k), F' = F(k'), M = M(k), M' = M(k'),
[ ey = [ stew) | Jara- o) - 10 P aa
B B2
- / SR e o p By (Y il d (3.36)
M
and, after changing k and &’ and then using (3.35),
= R N dk i
J R e e S SNSRI
- / SR o1 e — B () d d (3.37)
o M
Adding (3.36) and (3.37) leads to
1 k, k'
[amn@ae = 3 [ 288w pr) -y anar
> 0, (3.38)

since Y is non-decreasing and all the other factors are non-negative.

63



(3) We see from (2), with y(z) = =z, taking into account (3.38), that Q(f) = 0 is
equivalent to
ff(F—F)=0  for almost all k, k' € B.

This implies f =0 or F' = F’ almost everywhere. The latter equation is equivalent to

Lo F) 1 )
e M) = =

We infer that both sides are constant and denote this constant by exp(—FEp/kgT’) with
Er € R. Notice that the constant is positive since 0 < f < 1, except if f = 1. But then

M(K) for almost all k, k' € B.

1— f(k) _ e Er/ksT — o(BE(K)=Ep)/kpT

f(k) M(k)

and solving for f(k) yields (3.33). Finally, choosing Er = oo leads to the other two
possibilities F' =0 of F = 1. O

In the literature, two approximations of the collision operator are frequently used [49,
p. 33fi]:

e the low density approximation

%UN%hOz/UW%%MMf—MVMM (3.39)

B

where o(x, k', k) = s(z, k', k) /M (k) is called collision cross-section,

e the relazation time approximation

(QT(f))(x7 kv t) = -

T@ﬁ%:<é5@$ﬁﬂM>q

is called the relazation time describing the average time between two consecutive

? (f(x, k,t) — M(k)n(z)), (3.40)

where

scattering events at (x, k), and n(z) is some given density such that
m@:/ﬁ@m%
B

These approximations can be derived as follows. The low-density collision operator is
obtained by assuming that the distribution function is small:

0< f(z, k,t) < 1.
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Then 1 — f(z) ~ 1 and we can approximate, using (3.35),
QUN)(k) = /[s(k’, k) f — s(k, k') f] dk’
B

s(k', k)
LM (k) f — MK fl]dK
| S = i) ar
which is (3.39). Notice that (3.35) implies that o(x, k', k) is symmetric in k and &'
When the initial distribution is close to a multiple of M (k) it is reasonable to approx-

imate f’ in (3.39) by n(z)M(k"). Thus, (3.39) yields

QK) = / o (k) (MM’ — M) di

= [ sw.mpar - )i
_ (nM—f)/Bs(k:,k:’) dK.

which is equal to (3.40).
Why is 7(x, k) called relaxation time? In order to see this, we argue as in [49, p. 34f.]
and consider the Boltzmann equation with (3.40) along the trajectories (x(t), k(t))
Ve Zg—nn, >0,
where z(t), k(t) solves @ = v(k), k = —qEeg/h, 2(0) = xo, k(0) = ko for constant relax-
ation time 7. Multiplying this differential equation with f —nM gives
1 d af 1

3 ﬁ(f—an =(f—nM)— = —;(f—”M)Q-

Separation of variables leads to
Fla(t), k(1)) = n(z()M(k(t)) = ce™T =0 as t— oo,

where ¢ € R is an integration constant. This means that the distribution function relaxes
to the equilibrium density nM, starting from f;, along the trajectory after a time of order
T.

Notice that the low-density and the relaxation-time approximations (3.39) and (3.40)
coincide if the collision cross-section only depends on the position variable and if the

Maxwellians are normalized such that [ 5 M dk = 1. Indeed, we obtain

Qo). kot) = / o () (M — M) dk’

= /fdk’ o(z) /M’dk’

= flz k,t) — k)n(z
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which corresponds to (3.40) with 7(x) = 1/0(k) and time-dependent density n(z,t).

Lemma 3.8 Let o(x, k' k) in (3.39) be symmetric in k and k'. Then the kernel of the
low-density collision operator consists exactly of the Mazwellians, i.e. Qo(f) = 0 if and
only if

fla k) = n(z)M(k) = n(x)e” PO"ET,

where n(z) is any (non-negative) function.

Proof: The proof is very similar to the proof of Theorem 3.7, parts (2) and (3), using
x(x) = x and F(k) = M(k)/f(k). Indeed, an analogous computation leads to F(k) =
F(K') or

M(k) _ M) /
R = 70 for almost all k, k' € B.
This implies M (k)/f(k) = const. = 1/n(z). O

Remark 3.9 In the parabolic band approximation

h2
2m*

E(k) = 5— |k — ko|*

we can characterize the kernel of the low-density operator by the family of functions

* d/2 * 2
m m*|v — ul
M,.,, = _ 3.41
et (v) = (27rkBT) P ( 2hpT ) (3:41)
with 0,7 > 0 and u € R. Indeed, the velocity is
1 h
such that E(h) | 2
m*lv —u
M(v) = — = —_ .
(v) = exp ( kBT) exp ( T )
Setting

N
m
w0 =0 (557

then gives (3.41). The constant p represents a density, u a velocity, and T the temperature.
O

The semi-classical Boltzmann equation (3.23) is fundamental in deriving simpler macro-
scopic models for semiconductors (see Chapter 3). It is the basis equation in (classical)
semiconductor modeling and usually, other models are validated by numerical comparisons
with the Boltzmann equation. Nevertheless, it is important to understand its limitations

(see [45, Sec. 37]):
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e The Boltzmann equation is only a single-particle description of many-particle sys-

tems of charged carriers. In particular, correlations between carriers are neglected.

e Quantum mechanical phenomena are only modeled in a semi-classical way. Electrons

are considered as particles which obey Newton’s laws.

e Collisions are assumed to be binary and to be instantaneous in time and local in

space.

We can estimate the range of validity by using Heisenberg’s uncertainty principles
ApAz > h and AENAt > h, (3.42)

which means that it is impossible to determine both momentum and space at the same
time and that the energy of a particle can be defined only if it stays in the same state for

some time [45, p. 152]. For instance, writing

p2

2m*

for the momentum p and assuming that the energy spread is of the order of the thermal

energy kg1, we obtain

Ap = /2m*AE ~ /2m*kpT.

Introduce the de Broglie length
h

vV 2m*kBT

which is the wave length of an electron with thermal energy. Then the first inequality in

Ap =
(3.42) leads to the requirement

Therefore, when treating electrons as particles, they cannot be localized sharper than Ax
which is of the order of Ag. At room temperature and with the effective mass m* = 0.98m,
(see Table 2.3) of silicon, we obtain Az ~ 8 nm.

Taking At to be the time between collisions and again assuming that AE ~ kgT', the
second inequality in (3.42) gives

h h
> N
At_AE kgT

Supposing further that the electron has the velocity v = p/m* ~ \/2kgT /m*, correspond-
ing to the thermal energy, the distance between two collisions is

12kgT h AB
AL = oAt > = —.
Vet = m* 2wkgT T
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Thus, the mean free path AL should be (much) larger than the de Broglie length Ap ~
8 nm.
Finally, in Figure 3.2 we present a summary of the models derived in this chapter and

the relations between them.

semi-classical Boltzmann equation

no collisions

semi-classical Vlasov equation

no two-particle interactions

semi-classical Liouville equation

Figure 3.2: Relations between the models of Sections 3.1-3.3.

3.4 The bipolar Boltzmann model

So far we have only considered the transport of electrons in the conduction band. How-
ever, also holes in the valence band contribute to the carrier flow in semiconductors (see
Section 2.2). It is possible that an electron moves from the valence band to the conduction
band, leaving a hole in the valence band behind it. This process is called the generation
of an electron-hole pair (see Figure 3.3). The electron has to overcome the energy gap,
which is of the order of 1eV; on the other hand, the thermal energy of an electron is
only of the order of kT ~ 0.026eV at room temperature. Therefore, a lot of absorption
energy is necessary for such processes. The inverse process of an electron moving from the
conduction to the valence band, occupying an empty state, is termed the recombination
of an electron-hole pair. For such an event, energy is emitted. The basic mechanisms for

generation-recombination processes are
e Auger/impact ionization generation-recombination,
e radiative generation-recombination,

e thermal generation-recombination.
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An Auger process is defined as an electron-hole recombination followed by a transfer of
energy to a free carrier which is excited to a state of higher energy. The inverse Auger
process, i.e. the generation of an electron-hole pair, is called impact ionization. The energy
for the pair generation comes from the collision of a high-energetic free carrier with the
lattice or from electron-electron or hole-hole collisions.

When an electron from the conduction band recombines with a hole from the valence
band and emittes a photon, we call this process radiative recombination. The energy of
the photon is equal to the bandgap energy. Radiative generation occurs when a photon
with energy larger than or equal to the gap energy is absorbed.

A third source of energy is coming from lattice vibrations or phonons. Thus, thermal

recombination or generation arises from phonon emission or absorption, respectively.

E(k;) conduction band E(k;)‘ conduction band
[ ] @)
energy energy
emission " absorption
@) ®
valence band valence band
k k

Figure 3.3: Recombination (left) and generation (right) of an electron-hole pair.

The recombination-generation operators can be derived as the collision operator of
Section 3.3 from phenomenological considerations. The generation of an electron in the
state k and a hole in the state k' is possible if both states are not occupied, and its rate
is given by

gl K k) (1= £ = £,

where g(z, k', k) > 0 is the generation rate, f, = f.(z,k,t) the electron distribution
function and f) = f,(z, k', t) the hole distribution function. The rate of recombination of

an electron at state k and a hole at state &’ is

r(z, k, k;')fnf;,

where r(z, k, k") > 0. The net rate is the difference of generation and recombination rates:

gz, K k)1 = fo)(X = f)) = r(z, k, K) fu ],
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and the recombination-generation operator for electrons in the conduction band is the
integral over all states k' (see [49, Sec. 1.6]):

(IN(fm fp))('r’ k’t) = /B[g<x’ k/’ k)(l - fn)(l - f];) - T(‘T> k7k,)fnf;/;] dk’. (343>

In a similar way, the recombination-generation operator for holes in the valence band can

be written as
(Ly(fur £,)) (s B 1) = /B (g b K)(L— L)L = f,) = (K RS L) . (3.44)

The recombination and generation rates are related by the equation

r(z, k, k') = exp (En(k)k;TEp(k,)) gz, k' k) (3.45)

which can be derived from the principle of detailed balance as in Section 3.3 (see (3.39)).
This principle holds here since recombination and generation balance in thermal equilib-
rium.

The operators (3.43) and (3.44) are added to the electron and hole collision operators.
Then, the evolution of the distribution functions f, and f, is given by the system of

Boltzmann equations

Outn+ 0n(k) - Vodu = 3 B - Vifu = Qulfa) + Lulfor o) (3.46)
affp + Up<k7) ) vxfp + %Eeff ) Vk’fp = Qp(fp) + ]p(.fna fp)a (3-47)
where . .
onlk) = VB (R), (k) = 3 V4B, (k)

and £, and E, are the conduction and valance band energies, respectively. Denoting by

n(:v,t):/Bfn(x,k:,t) dk, p(:v,t):/pr(:B,k,t) dk

the electron and hole densities, respectively, the effective-field equation (3.25) becomes

Eu(i,1) = (1) + / (n(y,1) — p(y, 1)) Bus (i, ) . (3.48)

R
since electrons and holes have charges with opposite sign. The equations (3.46)—(3.48),
together with the collision operators (3.24) and (3.43)—(3.44) are called the semi-classical
bipolar Boltzmann model.

The bipolar model has an additional nonlinearity due to the coupling between the
carrier densities n and p through (3.48). In particular, the total number of each type of

particles is not conserved anymore since recombination-generation effects can take place.
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However, the total space charge n — p — C' is conserved if the doping atoms are immobile,
i.e., C' is a function of the space variable x only. Indeed, taking the difference of the
Boltzmann equations (3.46) and (3.47) and integrating over (x, k) € R? x B yields

o [ (0 =p=C@)dr= [ [ (1lFufy) =l ) didz =0

by arguing as in the proof of Theorem 3.7 (1).
Finally, we discuss two special cases. In the low density approximation f,, f, < 1 we

can write the recombination-generation operators as
(La(for ) (@, k1) = /B gl k) (1= B O EWNRT  p) g (3.49)
Lp(fo, ) (@, k1) = / 9@, k, k') (1 — En(K)=Bp(k))/ksT f1 f,,) dk',  (3.50)
B
using (3.45). In the case of Coulomb forces in R3, the effective field is given by

1 T —1y
Eeg(x,t) = —— Ny dy,
ilet) = o [ ol )=t dy

where the total space charge p is the sum of the electron density n, the hole density
p, and the densities Np, N4 of the implanted positively charged donor ions and the
negatively charged acceptor ions, respectively, with which the semiconductor is doped

(see Section 2.4), weighted by the corresponding charges +¢ or —g:
0=¢q(—n+p— Ns+ Np).

Defining the electrostatic potential E.g = —VV and the doping profile C' = Np — N4, we
can replace the effective-field equation (3.48) by the Poisson equation

AV =q(n—p—C) in R®. (3.51)

The Boltzmann equations (3.43)—(3.44) and the Poisson equation (3.51) constitute the

so-called bipolar Boltzmann-Poisson system.
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4 C(Classical Fluid Models

The mathematical and numerical solution of the Boltzmann equation of Chapter 3 is
very difficult due to the complex structure of the collision operator and the high number
of independent variables (three position plus three wave vector plus one time variable).
In this chapter we derive simpler models with only four independent variables (three
space and one time variable) from the Boltzmann equation. The main feature of these
models is that they describe the evolution of averaged quantities, like the carrier density
or the current density, rather than a distribution function. Thus the carrier ensemble is

considered as a “fluid” consisting of charged particles.

4.1 Derivation of the drift-diffusion equations

The drift-diffusion equations are one of the simplest semiconductor models. It has been
first derived by van Roosbroeck in 1950 [64]. We derive this model by employing the
so-called Hilbert method which consists in expanding the distribution function in powers
of the scaled mean free path. This procedure has been analyzed in [51]. We follow the
presentation of [49, Sec. 22].

The starting point of the derivation is the bipolar Boltzmann model of Section 3.4 in

three dimensions,

atfn + Un(k) ' vzfn - %Eeff : kan = Qn(fn) + In(fm fp)v (4'1>
atfp + Up(k) ’ szp + %Eeff ' Vk‘fp = Qp(fp) + Ip(fm fp)a (4-2>

together with the field equation
—edivEeg = q(n — p — C(x)), r, k€ R

We assume low-density collision operators,

(@) ht) = /

| ok, k) (e B0kt 1 — =BT 1) i, (4.3)

where j € {n,p} (see (3.39)) and the low-density recombination-generation operators
(3.49)(3.50),

(Ln(fs o)) (2, Ky t) = / g(z, K k) (1—e<En<’“>*Ep<’“’>>/’“BT) fufhdk,  (4.4)
B

(Ip(fo: fo)) (2, k1) = / 9(z, k., K) (1—e<En<k’>—Ep<k>>/kBT) fufydk'.  (4.5)
B

As in Chapter 3, f} means evaluation at &, i.e., fj = f;(z,k',t), j € {n,p}, and B C R®
denotes the Brillouin zone. Furthermore, we assume the parabolic band approximation

h? n?

En(k) = Ec.+ 5 — k[,  Ep(k) = B, — 5 — [k,

* *
2ms 2my
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where F, denotes the conduction band minimum, £, the valence band maximum, and m;
and mj are the effective masses of electrons and holes, respectively. In particular, we can

replace B by R? in the above integrals. The velocities in (4.1)—(4.2) are given by

1 hk 1 hk
v (k) = ﬁVkEn(k) =—, vp(k) = —;LVkEp(k’) =

e

m}

The drift-diffusion equations are derived under the (main) assumption that collisions
occur on a much shorter time scale than recombination-generation events. Indeed, typ-
ically the time scale of collisions is 107!'2s whereas a typical time for recombination-
generation effects is 107%s [49, p. 86]. In order to make this statement more precise, we
scale the Boltzmann equations, i.e., we choose new variables which make the equation

dimension free. We choose the following reference parameter:

e Define the reference velocity v = /kgT/m?. Behind this setting there are two
assumptions: The effective masses of electrons and holes are of the same order and

the thermal energy kgT is of the same order as the kinetic energy m#v?/2.

e Let 7.,7r be characteristic times of collision and recombination-generation events.
Then A\, = 7.v and A = Trv are the so-called mean free paths between two consec-

utive scattering and recombination-generation events. Thus we have to scale

1 1

Qn - _Qn,s; Qp - _Qp,su
fi f

In = _-[TLS7 I, = —I s-
TR b p TR p7

e A reference length )\ is given by the geometric average of A\. and Ag:
Ao = V ArA.
Then x = A\yzs.

e We use the reference time 7p, the reference wave vector mjv/h and the reference
field strength kgT'/qo:

m*v kT
t = Tgrts, k= ——Fk;, Eugt = — Fe 5. 4.6
R 3 ff Mg ff, (4.6)
Our main assumption is
Te K TR.

Then the parameter a® = \./Ar = 7./7r satisfies @ < 1. With the above scaling we can

rewrite (4.1) as

kT

1 1
7Ee s ” n — — Wn,s\Jn _Ins n .
Nomro e Vi, [ TCQ s(fn) + — (fas fo)

e

1
_atsfn + ik;s : vmgfn -
TR Ao
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Multiplying this equation by 7. = A\./v, using a = \./\¢ and kT = m*v?, and omitting

the index s, we obtain the scaled Boltzmann equation

QZatfn + (k ’ V:chn - Eeff : kan) = Qn(fn) + a2[n(fnv fp)- (4'7>

In a similar way, we have

CYQatfp +a <ZZE k- szp + Eet - kap) = Qp(fp) + 042]p(fn7 fp)- (4‘8>

h

The scaled operators @; s and I; ; have the same form as (4.3)-(4.5) but

e—En(k)/kBT and e—Ep(k)/kBT

have to be replaced by

o~ Ec/kpT—|k[?/2 e~ Eo/kBT—(m /m})|k|?/2
)

and

respectively, and the rates 0, 0,, and g are multiplied by (m}v/h)?.

4

We want to study the scaled Boltzmann equations for “‘small” «. First we analyze

the collision operators @), and @,. We proceed as in [53]. It is convenient to write them

in the form
) = [ sk DOLEL-MEL W, Te(nph (@)
where

sn(z,k, k') = Npo(z, k k)e Pe/ksT
sp(z, k, k') = Nyop(z,k, k’)e_E“/kBT,

and . ,
My (k) = 5me M2 My (k) = e (e miy2

n n

are the scaled Maxwellians. The constants

i\ 372
Na= P N, = (en ()

*
m(i

are chosen in such a way that the Maxwellians are normalized, i.e.

My (k)dk = [ M,(k)dk = 1.

R3 R3

Here we have used that fact that
/ e P2 gk = (2m) /2.
Rd
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For the following analysis we introduce the functions
AN = [ sk KDLE) A kR, e fnp) (4.10)
R3

for some fixed z € R¢, and the Banach spaces

X; = {f:R’— Rmeasurable: |f|x, < oo},
Y; = {f:R’— Rmeasurable: |[f|y, < oo}

with associated norms
1/2
I = ([ rwenmanar)

1/2
I = ([ s o ar)

Lemma 4.1 Let j € {n,p} and let s; > 0 be symmetric in k and k'. Then the kernel of
Qj, N(Q;) ={f € X;:Q;(f) =0}, only consists of Mazwellians:

N(Qj) ={oM;: 0 =0(z) € R}.

Proof: The proof is similar to the proofs of Theorem 3.7 and Lemma 3.8. In the following
we omit the index j. First we symmetrize the collision operator by setting f, = (A/M)Y2f

and Q(f,) = AM)~2Q(f). Then

Qs(fs) = (AM)™? (M / s(w,k, ) f k' — Af)

MM\ *Y?
_ kK Ldk — .,
[ stecky (555) T aw - g

where M’ = M(K') and X' = A(K'). Since s is symmetric in k& and k' by assumption, the
operator Q) : L*(R3) — L?(R?) is self-adjoint (see Section 2.1).

Now we analyze the kernel of (). By definition of A we have

M/
/ s(x, k, k' )—dk' =1
- A
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and therefore

MM\ ?
- s(fo)fsdk = = s(z kK 'fodk' | dk
[ Qs /[f [ stekiy (B57) s ]
M/
_ %/R (Ags(x,k,k’)Tdk’> 2 dk
%/R (/R s(x,k,k’)% dk:) (F)2 dk

MM V2
—/ﬂgg/ﬂ@s(m,k,k’)( %Y > fifsdK dk

1 1, ' )2
_ - s(a, b, k) MM s ) gkaw
5 /R /R ( ) <\/>\M INM
> 0. (4.11)

Thus, Qs(fs) = 0 implies that

A
VAM — NM
We conclude that both sides must be constant, fs/VAM = ¢ = const., where 0 = o(z)
is a parameter. In the original variables, Q(f) = 0 implies f = /M/Afs = VM/X -
oV AM = oM for all o € R. Conversely, if f = oM for some o € R, the formulation (4.9)
immediately gives Q(f) = 0. This proves the lemma. O

for k, k' € R3.

Lemma 4.2 Let the assumptions of Lemma 4.1 hold. Then

(1) The equation Q;(f) =g € Y; has a solution f € X; if and only if

/Rgg(k)dkzo.

In this situation, any solution of Q;(f) = g can be written as f + oM;, where

o = o(z) is a parameter.

(2) The solution f € X; of Q;(f) = g is unique if the orthonogality relation
f(k)N\;(k)dk =0 (4.12)
R3
is satisfied.

This lemma is a consequence of the Fredholm alternative which we prove first.
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Lemma 4.3 (Fredholm alternative)

Let X be a Hilbert space with scalar product (-,-) and Q : X — X a linear, continuous

and closed operator (i.e. R(Q)={ge€ X : I fe€ X :Q(f) =g} is closed). Then

Q(f) = g has a solution +—= gc N(Q*)" .

Proof: We show first that N(Q*) = R(Q)*. Indeed,
feN@Q) = Q(f)=0 <« (@ (f)=0 forallgeX
<~ (Qg9),f)=0forallge X <« f L R(Q)
— fecRQ)*
Thus, since (@ is closed,
R ——
R(Q)=R(Q)=R(Q)  =N(@Q)"
This identity is equivalent to the assertion. 0
Proof of Lemma 4.2: Again, we omit the index j.
(1) It is possible to show that the operator Q, : L?(R3) — L?(R3) is linear, continuous,
and closed. Moreover, we have shown in the proof of Lemma 4.1 that @), is self-adjoint. We

conclude from Lemma 4.3 that Q,(f,) = gs has a solution if and only if g, € N(Q?)* =
N(Q,)* or

/ gshdk =0 for all h € N(Qy).
R3

By Lemma 4.1, the kernel of @), is spanned by v AM, such that this equivalent to

o:/ gsx/)\Mdk:/ gdk,
R3 R4

since in the original variables we have
g = Q(f) =V /\MQs(fs) =V )‘Mgs

Let f; and f; be two solutions of Q(f) = g. Then, since @ is linear, Q(f; — f2) =
Q(f1) — Q(f2) =0 and f; — fo € N(Q). This shows that f; = fo + oM for some o € R.
(2) We only give a sketch of the proof and refer to [53] for details. It is possible to

show that the operator —(@) is coercive in the following sense:

[ -QUnsara = el 15 (4.13)

for some ¢ > 0 and for all f € X satisfying (4.12). Clearly, this implies that @ is one-to-
one on the subset of functions satisfying (4.12), and the uniqueness property is shown. In
order to prove (4.13) one needs to show that Id + @ is a Hilbert-Schmidt operator and to

use general properties of these operators (see [53]). O
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Lemma 4.4 Let the assumptions of Lemma 4.1 hold and assume that
sj(x, Ak, AK") = sj(z, k, k') forx, kK € R, j € {n,p}, (4.14)

and for all isometric matrices A € R33. Then the equations

(Qulbn () = KAL), @k ) = kM (k). =123

have solutions hy,(z, k) = (hpa(x, k), ..., hos(z, k) and hy(z, k) = (hpa(z, k), ..., hps(x, k))
with the property that there exist i, (), p,(z) > 0 satisfying

/k@hndk = (@), (4.15)
R3
mg
3 m*k:®hpdk‘ = —pp(z), (4.16)
3 1oy

where I € R*3 is the unit matriz and a @ b= a'b € R¥3 for a,b € R3.

In the statement of the lemma we have omitted some technical assumptions on the
scattering rates s, and s, (regularity conditions). Again, we refer to [53] for the precise

hypotheses.

Proof: Again we omit the index j € {n,p}. The existence of a solution h(k) = (hi(k),
hao(k), hs(k)) of Q(h) = kM (k) follows from Lemma 4.3 (1) since

/ kM (k)dk =0 for alli =1,2,3.
R3

We only show (4.15) since the proof of (4.16) is similar.

Let A be the matrix of a rotation with axis k;. Then (Ak); = ki for all £ =
(k1, ks, ks)T € R3. Since A is isometric, i.e., |Ak| = |k|, we obtain M (Ak) = N~le 4k*/2 =
N~le "*/2 = M (k) and (Ak); M (Ak) = ki M (k). This implies, together with the assump-
tion (4.14) and the transformation w = Ak’ with dw = | det A|dk’ = dk’

QU0 AN = [ sl )M (k) (AR) = MK ) (AR)] d
_ / s(, Ak, AR [M(AR)hy (AK') — M(AK by (Ak)] I

_ /R s, Ak, )M AR (1) = M () (AR)] do
= (Q(M))(Ak) = (Ak)1 M(Ak) = k1 M (k) = (Q(h1))(k),
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and thus Q(hy o A — hy) = 0. Another computation yields (see (4.10))

/ ha(ARA(R) dE = / | / (b K (AR) M (K i db

- / / s(x, Ak, AK')hi (Ak) M (AK') dK' dk
R3 JR3

_ /R /Rgs(x,v,w)hl(v)M(w) dw dv
_ /R?)hl(v))\(v)dv

R3

and

This is the orthogonality condition (4.12) which ensures the uniqueness of the solution of
Q(hy o A — hy) = 0. Therefore, hy o A — hy = 0. We conclude that h; remains invariant

under a rotation with axis k;. In particular, we can write
hi(k) = Hy(ky, [k|* — k7).

Now, let A be the isometric matrix of the linear mapping k — (—kq, ko, k3). Since
k — kiM (k) is odd, a similar computation as above gives Q(h; o A) = —Q(hy) and

/ (hyo A+ h)Adk = 0.
R3

This implies as above that h; o A + h; = 0. Thus, h; is an odd function with respect to
ky.

In a similar way, we can show that
hi(k) = Hi(ki, |k|* — k7)), i=2,3,

and H; are odd functions with respect to k;. In fact, all the functions H; equal H since,

for instance, exchanging k; and ks in
Q(H: (k1 k3 + k3)) = ki M (k§ + k3 + k3)
(with a slight abuse of notation) leads to
Q(Hy(ka, by + k3)) = koM (ki + k3 + k3) = Q(Ha(ka, [K[* — £3))

or Q(H; — Hy) = 0, and a similar argument as above shows that H; = H,. We set
H = Hl.

79



Since H is odd with respect to the first argument and |k|? — k;j2 does not depend on

k;, we obtain for all i # j,

/‘ kil (k) d = / K H (k. K2 — K2) dk = 0. (4.17)
R3 R3

Furthermore,

/ kshi (k) dk = / ko H (K, k|2 — K2) dk = / ki H (k. [k — k2) dik
R3 R3 R3

R3

for all 4, j. This means that the integral is independent of i, and we can set

o= —/ k‘lhl(k?) dk = — Q(hl)th_l dk.
R3

]R3

The parameter p depends on x since h; depends on z through Q. Moreover, by (4.11),

() = / QUM k> 0

and by (4.17)
/ k@ h(k) dk = —p(2)],
R3
which shows (4.15). O
Now, we are able to analyze the scaled Boltzmann equations (4.7)—-(4.8). Setting for-
mally a = 0 gives
Qn(fn) = 07 Qp(fp) =0.

By Lemma 4.1, these equations possess the solutions
frno = n(z, t) M, fpo = p(x,t) M)y, (4.18)

respectively, where n(x,t) and p(z,t) are some parameters. Since

frodk = n(z,t), / fpodk = p(z,1),
R3 R3

we can interpet n and p as scaled number densities of electrons and holes, repectively. In
order to obtain more information from (4.7)-(4.8) we use the Hilbert method. The idea is

to expand f, and f, in terms of powers of «,

fo = footoafu+alfut-, (4.19)
fp = fp0+afp1+a2fp2+"'; ( 20)
and to derive equations for f,; and f,;. We substitute this ansatz into (4.7)-(4.8) and

equate coefficients of equal powers of «, noticing that ; and I; are linear operators,

4.
4.
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e terms a:

Qn(fno) = 07 Qp(fpo) - 0§ (421>

e terms ol
k- fono - Eeﬁ : kanO = Qn(fnl); (422>
k - fopo + Eeff : kapO = Qp(fpl); (423>

e terms o?:
atan + k- Va:fnl — Eeg - kanl = Qn(fn2) + In(.ana pr)a (424)
atfpo + k ) v:cfpl + Eeff : kapl - Qp(fp2) + Ip(fn07 pr)' (425>

Theorem 4.5 The Hilbert expansions (4.19)-(4.20) are solvable up to second order if
and only if

n :/ frno dE, p:/ fpo dk (4.26)
R3 R3
solve the (bipolar) drift-diffusion equations
on — div,J, = —R(n,p), In = pn(Ven + nEeg), (4.27)
Op — div,J, = —R(n,p), Jp = —11p(VaD — DEer), (4.28)
R(n,p) = A(x)(np — nj), (4.29)

where .
A(JJ) = —2/ / g(x, k;) k;’) dk’ dk;, n; = Nan 6(E1)_Ec)/2kBT'
n; Jrs Jr3

Proof: We already solved (4.21). With the solutions (4.18) we can rewrite (4.22)—(4.23),
using Vi M, (k) = —kM,(k), ViM,(k) = —(m}/m})kM,(k),

In

Qn(fnl) - Mnk : (vzn + nEeff) - Mnk T
m’ me J
Qplfy1) = Mk - (Vap — pEe) = ——< Mk - 2.
p( pl) m; p ( ff) m p 1y

By Lemma 4.4, these equations have solutions and moreover, any solution can be expressed

as
Jn J,
fnlzu_'hn+0—nMn7 fplz__p'hp+gpMp
n p

for some unspecified parameters o, (z,t), o,(z,1).
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Equation (4.24) is solvable by Lemma 4.2 (1) if and only if

0 = /R3 (Ot fro + k- Vafur — divie(Eegt fr1) — In(fros fpo)) dk

== atn‘*'/ kvxfnldk_/ In(anapr)dk
R3 R3

We infer from the definition (4.15) of u,, that

/k-fonldk = /k-Vz(ﬁ-hnjLanMn) dk
R3 R3 ,un

3
= E ( / Kl dk) +Vwan-/ kM, dk
n R3
INES

n]zj dvxn
i,0=1

Furthermore,

’/{’2 m* |/€/|2
- fros [ dk:—// :Bkk:{exp( C o — +—i—
/RS ( 0210 R3 JR3 kBT 2 my, 2

sxn M, (k)pM, (k') — 1} dk’ dk

E.—FE np
kK ° ’ — 1| dk' dk
[ foste0 oo (557) 5
// (2, k, K {——l}dk'dk
R3 JR3

= A@)(p —nj).

This shows (4.27) and (4.29). The proof of (4.28) is analogous. O

The first equations in (4.27) and (4.28) show that the quantities .J,, and J, can be
interpreted as particle current densities. They are the sum of the drift currents p,nFeg,
tppEes and the diffusion currents p, V,n, —p,V,p, respectively, which explains the name
of the model.

Equations (4.27)-(4.29) are in scaled form. In order to scale back to the physical

variables we notice that the scaled number densities, now called n, and ps, read

B 3 h2 3/2
ng = an dks = an dk = n,
R3 miv R mkgT

e

h2 3/2
s — n dks = )
ps= fno (mszT) p
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where n and p are the unscaled variables. Thus, using

*

t Lo T m
e

ts = s Eeff,s = U Eeffa Ts = —, [Hns= Hon,
TR T Lo qTc

where Ur = kpT'/q is the thermal voltage, we obtain after some computations the unscaled

equations
omn — édivan = —R(n,p), In = qun(UrVn 4+ nEeg), (4.30)
ohp + %divxjp = —R(n,p), Jp = —qup,(UrVap — pEes), (4.31)
the unscaled recombination-generation rate equals
R(n,p) = A(z)(np — 1)

for some unscaled A(x) and with the intrinsic density

(27TkBT1 /m:mi) 302 (EU — EC)
72 exp | ———r

2%kpT

n; =

3/2_ The reason for this

which equals the intrinsic density (2.56) up to a factor 2/(27)
difference is that we ignored the moment density of states in (4.26) (see Section 2.4).

Equations (4.30)—(4.31) are solved in z € R3, ¢ > 0, together with the initial conditions
n@,0) =ni(z),  p(,0) =pi(z), ©ER

For a self-consistent treatment of the electric field E.g = —VV, equations (4.30)—(4.31)

are supplemented by the Poisson equations
ESAV = q(n 2 C<x))7

where ¢, is the semiconductor permittivity and C'(x) the doping concentration (see Propo-
sition 3.5).
Mathematically, (4.30)—(4.31) are parabolic convection-diffusion equations with diffu-
sion coefficients
D, := p,Ur, D, = pu,Ur

and so-called mobilities 1, and p,. It is remarkable that the quotients of diffusivities and

mobilities are constant; the equations

are called Einstein relations.
The derivation of the drift-diffusion model is mainly based on the following assump-

tions:
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e The mean free path \. between two consecutive scattering events is much smaller
than the mean free path Ag between two recombination-generation events (typically,
Ae ~ 107%m and Az ~ 107°m).

e The device diameter is of the order of \g = v/AgA. (typically, \g ~ 1075m).

e The electrostatic potential is of the order of Ur = kgT/q (at room temperature:
Ur =~ 0.026V).

This implies that the drift-diffusion model is appropriate for semiconductor devices with
typical length scales not much smaller than 107%m and applied voltages much smaller
than 1V. However, in applications, this model is used also for voltages much larger than

Ur, sometimes together with some correction forms.

4.2 Derivation of the hydrodynamic equations

In the previous section we have derived a fluiddynamical model from the Boltzmann
equation by using the Hilbert expansion method. A second approach for the derivation
of fluid models is the moment method which consists in deriving evolution equations for
averaged quantities, like particle density, current density, and energy.

We consider the semi-classical Boltzmann equation in the parabolic-band approxima-
tion

h
8tf + Wk . fo - %Eeff : ka = Q(f)? xz, ke Rda t>0. (432>

We assume that the collision operator splits into two parts

Q(f) = Q1(f) + Qa(f),

with the mean free paths A. for the first part and A for the second part. Similarly as in
Section 4.1 we choose the reference length A, the reference velocity v = \/kgTL/m?, the
reference time 7 = \/v, the reference wave vector m’v/h, and the reference field Ur/\,
where Ur = kg1 /q, and T}, is the lattice temperature. Then, defining

_mgo Ur

:/\su t = Tts, k= ks, Ee = Ty Loeff s
x x T 3 ff \ fF,

and

Q) =~ Q) = Qualf)

where 7. = A./v, inserting this scaling into (4.32), multiplying this equation by 7, and

omitting the index s, gives the scaled equation

8tfoc + k- V:L‘foc - Eeff : kaoz = éQl(fa) + QZ(fOé>’ (433>
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where oo = A\ /.

For the following we set
(90} = [ gk ar
Rd

for any function g depending on k. We call the averaged quantities (x(k)f) moments of
f, In particular, (f), (k;f), and (3|k|*f) are called the zeroth, first, and second moments
of f, respectively.

The collision operators are assumed to satisfy

(a7'Q1(f) +Q2(f)) = 0, (4.34)
k(e Qi () + Q1)) = —(kf), (4.35)
(IR Qu(f) + Q2(1))) = 8(f) — (c3|k*f) (4.36)
(3.40)

for all functions f. The following example shows that the relaxation-time operator (3.40

fulfills these conditions.
Example 4.6 Let
(Ql(f))($a k, t) = a(f(:z;, " t)>M(k)7 (Q2(f))(m7 k, t) = —f(I, k, t)?
where M (k) = (2r)~%2e**/2. Then a~'Q; + Q, satisfies (4.34)(4.36). Indeed, since

1 k22 g
(M) = 5 / dk =1

)42
1 ) :
(kM) = —— /ke K2 dk; H/ e 52 dk; =0,
/2
(2m) o
—k2 L2
< |k| M d/22/ k2 k/2dl€ H/ k/Qdk],

J#

1 1200 yd-1)/2 _ 4
= 3G ;(zw) (27) =3

we obtain

(@' Q1(f) + Q2(f))
(k(a™'Q1(f) + Q2(f)))
GIEP (a7 Qu(f) + Qa2(£)))

(FM) = (f) =0,
(NEM) = (kf) = —=(kf),
(FYGIRPM) = GIRPS) = 5(f) — GGIEI*S). U

Multiplying the scaled Boltzmann equation (4.33) by 1, k, %]k!Q, respectively, and

integrating over k € R? yields the so-called moment equations
O(fa) +dive(kfa) =0 (4.37)
On(k fo) + dive(k @ kfo) + Eea(fa) = —(kfa) (4.38)
O (3|k|2fa) + divy (3k| k| fo) + Eer(k fa) = %’(k:f@ — (LK fa), (4.39)
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where we have used the divergence theorem to compute the force terms:

<Eeff : kaa) = <divk(Eefffa)> =0,
<kiEeff . kaa) = _<vkkz . Eefffa> = _<Eeff,ifa>>
<%|k|2Eeff : kaa) = _<%vk|k|2 ' Eeﬁfa) = _<k ' Eefffa>'

The goal of the moment method is to express all integrals in the moment equations in
terms of the first moments (f,),(kf.) and <% |k|? f.). However, it is not clear how to express
the fluxes (k®k fo) and (3k|k|?fo) in terms of the first moments. Moreover, the third-order
moment flux (3k|k[*f,) cannot be written with the help of the moments up to second
order. Therefore, an additional assumption is necessary. We present two approaches. The
first one consists in assuming that the mean free path A, of the first part of the collision
operator is much smaller than the typical device length A such that & = A./A < 1 and to
perform the formal limit & — 0. This idea is due to Bardos, Golse and Levermore [6, 7|
(also see the review [36]). The second approach closes the moment hierarchy by choosing
a special! function f, which gives the minimum of the entropy functional. This approach
is called the entropy minimization principle and has been used by Levermore [42, 43].

For the first approach we impose the following assumptions. Let f, be a solution to
(4.33) such that, as a — 0,

fa—f pointwise almost everywhere, (4.40)
(X(k)fa) = (X(K).f) for x(k) = 1, k1, ..., ka, [k]%, (4.41)

and assume that
Qi(f)=0 ifandonlyif  f=exp(a+8-k+~v]k]*), (4.42)

where o,y € Rand 3= (B1,...,084)" € R%

The last condition implies that there exist functions n(z,t) > 0, u(z,t) € R, and
T(z,t) > 0 such that f € N(Qi) can be written equivalently as a so-called shifted
Mazwellian (see (3.41))

n(z,t) |k — u(z,t)|?
M(z, k,t) = Wexp (_W> . (4.43)

The functions n, u, and T can be interpreted physically as the particle density, mean

velocity, and particle temperature, respectively.

Lemma 4.7 The Mazwellian (4.43) satisfies

(M)y=mn, (kM)=nu, (k®kM)=n(u®u)+nTlI,
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(BIKPM) = n(dul? + 47),  (k|K[PM) = 2nu(ful® + L27),

where I is the identity matriz in R and a @ b= a'b for a,b € RY.
The quantity J = —nu is called the particle current density, and e = %|u|2 + gT 18 the

total energy consisting of the sum of kinetic and thermal energy.

Proof: We use the identities

/meexz/Q dr=2m—1)2m—3)-...-5-3-1V2m, / g2 e gy = 0 (4.44)
R R
for m € Ny and the transformation z = (k — u)/v/T to compute

(M) = n/ e 12 gy =,
R4

(k@ kM) = (%le /Rd(u +VT2) @ (u+ VT2)e P2z

= n(u ®u) +nT(2r) %> / 2@ ze 2 4z
R4

=n(u®u)+nTl.
From the last identity follows
(3lkPPM) = 5 330, (nuf +nT) = n(3lul® + §7),

=1

and finally,

d
n ]2
J=1

d
B 9 w;nT 9 _122/2
= nu;lul® + 2m)i2 E zje 27/2 g,

j=1

d
nT 2
+2——F E U zizie P12 qz

(2m)d/2 p J /Rd j

T3/2
R4

d
j=1
d+2

1
= 2nu; | =|ul+ —=T) .
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Theorem 4.8 Let the assumptions (4.40)-(4.42) hold. Then, as o — 0, the moment
equations (4.37)—(4.38) become

on —divJ = 0, (4.45)
. (T®J
0, J — div " —V(nT)+nEg = —J, (4.46)
d
O(ne) —divlJ(e+T)|+J -Exg = —nle— 5), (4.47)
where J = —nu and e = % |u|® + 4T

Equations (4.45)—(4.47) are called the (scaled) hydrodynamic equations for semicon-
ductors. They have the same form as the Euler equations of gas dynamics subject to the

electric force Eey and the momentum and energy relaxation terms —J, —n(e — ), re-

spectively. Mathematically, they are nonlinear equations of hyperbolic type. For constant
particle temperature 7'= 1 (or 7' = T}, in unscaled variable) equations (4.45)—(4.46) are
referred to as the isothermal hydrodynamic model. For Coulomb forces E.qg = —VV, they

are supplemented with the scaled Poisson equation
MHAV =n — C(z),

where the so-called Debye length \% = ¢,Ur/(qL? max C') comes from the scaling. Equa-
tions (4.45)—(4.46) are solved for z € R% ¢ > 0, together with the initial conditions

n(z,0) = ns(x), J(x,0) = Jr(z), T(x,0) = Ti(x), r € RY
which determine the initial function e(z,0).

Proof: Assumption (4.40) implies that for all smooth functions ¢,

/ (Ofut k- Vofo — Bt Vifa)odk do — — / Fa(06+ k- Vat— Bu- V3 die da
R2d+1

R2d+1

is bounded; therefore, in the weak sense,
Qi(f) = gi%@l(fa) =0

and by assumption (4.42), f = M. Assumption (4.41) allows us to pass to the limit « — 0
in the moment equations (4.37)-(4.38) yielding

(M) + div(kM) = 0,
O (kM) + div(k ® kM) + Eg(M) = —(kM),
O (S|P M) + div(Lk|k]>M) + Eg(kM) = (M) — (1|k|*M).

Then Lemma 4.7 gives the assertion. 0
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Remark 4.9 The unscaled hydrodynamic equations can be written as follows:

1
omn — 6divJ = 0 (4.48)
1 J&J k 2 J
8tJ — —div < @ ) + g *BV(TLT) — q—*nEeff I (449)
q n mk m T
1., n d
O¢(ne) — 5d1V[J(e +kgT)|—J -Eg = - <e — §kBTL) ., (4.50)
where the energy is given by
* 2 d
me [JE 4o O

€:2q2 n? 2

We now turn to the second approach of deriving the hydrodynamic model. The main
hypotheses of the first approach are @ < 1 and that the kernel of (); consists of the
shifted Maxwellians such that they can be used as a closure function in the moment
equations. The idea of the second approach is to choose a closure function f* in the

moment equations, which minimizes the entropy functional

(H((w.t)= | floxf - 1)k, (4.51)

We will see that f* is in fact equal to the shifted Maxwellian. We present this entropy
minimization method in a slightly more general framework.
Let x;(k) be some monomials in the variables ky, ..., ks for i = 0,..., N and set a = 1.

The moment equations are now

(X (k) f) + diva(kxi(k) f) — Eegr - (xi(k)Vif) = (xi(k)(Q1 + Q2)) (4.52)

forx € R ¢t >0,7=0,...,N. In order to close this system of equations we choose the
distribution function f* which minimizes the entropy (4.51) among those functions whose
moments m(z) = (mo(z),...,my(z)) are given. In the first approach, we have used the
moments mg = n, m; = —nu; (i =1,...,d), and mgy; = e. More precisely, let f* be the

solution to the so-called Gibbs problem
H(f*) =min{H(f) : (xi(k)f) = m;(x) for all z,i}. (4.53)
Notice that the physical entropy is —H(f), i.e., the physical entropy has to be maximized.

Lemma 4.10 The formal solution to (4.53) is
[ () = ), (4.54)
where \(x) are Lagrange multipliers and x(k) = (xo(k), ..., xn(k))".
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Proof: Using Lagrange multipliers, we have to analyze the functional

GUFA) = [ fllog f=1)dk+ 3o N((xif) = mi)

We claim that OG(f )
—ap W= /RdglogfkorN (x9)- (4.55)

Indeed, we compute formally

16 +eg. ) - G =

R4

Eflog (1 + e%) + g(log(f +eg)—1)| dk+ é)\ -(xeg).

Since log(1+¢€g/f) ~eg/f (¢ — 0), we obtain

e—0 € e—0

lim 2 [G(f +29,) — G(,N)] = lim [ glog(f +=2g)dk + A (xg)
R
= Adglogfdk+k~<xg>,

which proves (4.55).

Now, the necessary condition

OG(f*,\)

Tf@) =0 for all functions g

for an extremal f leads to
/ gllog f*+X-x)dk =0 for all functions g
R4
and hence, log f* = —\ - x. O

The Lagrange multipliers A;(x) can be derived by inserting (4.54) into the constraints
(4.53):

m(z) = / xi(kE)e M OxX® qr forz € R i =0,...,N. (4.56)
R4
These are implicit equations for Ag,..., Ay which, generally, cannot be directly inverted
to give explicit expressions for )\, ..., Ay. However, when choosing
Lo
m = (n,nu, ne) and x(k) = 1,k, §]k| ) (4.57)

we can solve (4.56). To see this, we observe that
. 1
JT=exp(=A-x) =exp (—)\0 - ; Ajk; — 5)\d+1|k|2)
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can be equivalently written as the shifted Maxwellians

P n k= ul?
~ @rryitP T

where now the parameters n, u, T play the role of the Lagrange multipliers. The notation

is chosen correctly since the moments of this Maxwellian yield the moments (n, nu, ne).
This shows that (4.56) is satisfied. Then Lemma 4.7 and (4.34)—(4.36) show that the choice
f = f* in the moment equations (4.52) yields the hydrodynamic model (4.45)—(4.47). We

have shown the following result.

Theorem 4.11 Assume that (4.34)-(4.36) hold and let f* be the solution to the Gibbs
problem (4.53). Then, choosing m;(x) and x;(k) according to (4.57), the moments (n, nu, e)
solve the hydrodynamic equations (4.45)—(4.47).

The hydrodynamic equations have been first introduced by Blgtekjeer [10] and Bac-
carani and Wordeman [5] in the context of semiconductor devices. In their model, some-
times called the BBW equations, the heat conduction term —div(k(n,T)VT) is added to
the left-hand side of (4.50). The heat conductivity x(n,T) is usually modeled in R? by

§k%7’

k(n,T) = 5

nT

(see [5]). The heat conduction term makes equation (4.50) parabolic since we can write it
as

d
§k38tT — div(k(n, T)VT) = function of n, J, T and first derivatives.

In particular, the heat conduction term is often used in numerical simulations. However,

it is not clear how to justify this term.

4.3 Derivation of the spherical harmonics expansion equations

In Section 4.1 we have derived the drift-diffusion model from the Boltzmann equation by
the Hilbert expansion method under the assumption that the mean free path between
two consecutive collision events is much smaller than the typical time. In this section we
perform a Hilbert expansion using the same hypothesis but a different collision operator.
We show that this approximation leads to the Spherical Harmonics Expansion (SHE)
model.

We consider the semi-classical Boltzmann equation

Of +v(k) Vif— %Eeff Vif = Qa(f) + Qua(f), x€R* ke€B, t>0, (4.58)

91



where v(k) = A"V E(k), Qa(f) models elastic collisions and is given by

(Quf)) (. k1) = / o, kK )S(E(K) — E(R))(f' — f)dK, (4.59)

B

with the scattering rate o(x, k, k') and f = f(x,k,t), f' = f(x,k',t) (see Example 3.6).
Furthermore, Qin1(f) models inelastic collisions (e.g., inelastic corrections to electron-
phonon and electron-electron scattering) and will not specified in this section. We impose

the following assumptions:
e The operator (e is linear.

e The scattering rate o is positive and symmetric in k£ and £’

o(x,k, k') >0, oz, kK)=0(x, k' k) foralz € R} kK € B. (4.60)

We scale the Boltzmann equation (4.58) by using the same scaling as in Section 4.1,
i.e., we fix the reference velocity vy = \W , the characteristic times 7|, Tine Of elastic
and inelastic collisions, respectively, with corresonding mean free paths A\, = 7,09 and
Ainel = TinelVo, the reference length Ao = v/ AgAina and time 79 = \g/vo. Then, with the

scaling

T = >\0x87 t = Tinelt& k = Mk87 Eeﬁ = ﬁEeff S)
h Ao ’
. 1 1
E(k) = meUgEs(ks)a Qel(f) = T_lQel,s(f>a Qinel(f) = T_lQinel(f)7
we obtain, omitting the index s and introducing a? = Mg/ Ainel,
Oé2atf + o (VkE(k) : fo - Eeff : ka) = Qel(f) + OézQinel(f)? (461>

since vgTe /Ao = . We assume that o < 1.
We now analyze the collision operator ()q. In [8] the following results are shown.

Lemma 4.12 Assume that (4.60) holds. Then

(1) —Qq is self-adjoint and non-negative on L*(B), i.e.
—/ Qa(f)fdk >0 forall f € L*(B).
B

(2) The kernel of Qq is given by

N(Qa) = {f € L*(B) : f only depends on E(k)}.
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(8) The equation Qa(f) = h has a solution if and only if

/ h(k)S(e — E()dk =0 for alle € R(E). (4.62)

(4) For all functions g only depending on E(k) and all f € L*(B) there holds

Qa(g9f) = 9Qal(f). (4.63)

In the statement of the lemma we have omitted some technical assumptions on the
regularity of o(z, k, k') and g(E(k)); we refer to [8] for details.

Proof: (1) Let # € R®, f,g € L*(B), and set f = f(k), f' = f(K'), g = g(k), ¢ = g(K'),
E = E(k), and E' = E(K'). Then, using the property

/ S(E' — E)p(k, k) dk = / S(E — E"(k, k') di/

B

for any (smooth) function ¢) and employing the symmetry of o, we compute

[ Qungdt = 5 [ otk K)S(E = B)S - Pk
B B2

+1/ o(x, K k)S(E — E'(f — f')g dk dk’
2 /o

= =3 | ok K)SE = B = 1)l ) di

- /B Qul9)f dk.

This shows that @ is self-adjoint. Taking f = g gives

—/ Qu(f)f dk = 1/ o(z, kK )S(E' — E)(f — f)*dk dk > 0 (4.64)
5 2 )

and thus, —@Q) is non-negative.
(2) Let f € N(Qe). Then (4.64) implies that

S(E(K)— EE)(f(K)— f(k)>=0  fork, k' € B.
Heuristically, §(x) = 0 for z # 0 and 6(z) # 0 for = 0. This motivates
E(K') = E(k) and  f(K) = f(k) for k, k' € B.

Hence, f must be constant on each energy surface {k € B : F(k) = e}. We infer that f
is a function of E(k) only.
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(3) We show that N(Qe)* only consists of functions satisfying (4.62). Then the self-
adjointness of ), and Fredholm’s alternative give the conclusion. Let h € N (Qel)L and
f € N(Qa). By part (2), we can write f(k) = g(E(k)) for some function g and

0= /B h(k)f(k) dk = /B h(k)g(E(k)) dk = /B hk) /R . g(e)5(E(k) — e) de dk

_ /R . ( /B h(k)S(E(K) — e) dk) g(e) de.

This equation holds for all f € N(Q) and thus for any function g. Hence
/ h(k)o(E(k) —e)dk =0 fore € R(E).
B

Thus, functions of N(Qq)* are satisfying (4.62). On the other hand, if h fulfills (4.62) the
same arguments as above show that h € N(Qq)*.
(4) We claim that

L o, b, K)5(E )meMH—ME%»/ o(r.k, K)S(E — E)f dK.  (4.65)

B

Indeed, by the coarea formula (Theorem 2.15) we can write formally

L (. b, K)S(E' — E) f'g(E') dk’

_ o Ny AP
_ L@/’ kK8l = B(R) S ()g(e) 5o

_ o (e, k. K)o (e — / _AEK)
- Lm[;@ (e )3 = B(R) £ (K )a(B ) oo

— 9(B®) [ ol k K)E - B)f v

B

This gives

(Qulgh)(k) = [;<xkkwa B)f'g(E) dk — [;<xkk>< E)fg(E) I

::gww»/ o,k K)O(E' — E)f' di’

B

—9(E(k)) /B o(x, k,k)o(E' — E)f dk'

= 9(EK)(Qa(f))(F).

This finishes the proof of the lemma. 0
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Remark 4.13 From the proof of Lemma 4.12 (4) we conclude the following general result:
For all functions ¢ (k, k') and g(E(k)) it holds

/B Wk, K)S(E — E)g(E') dk' = g(E(k)) /B Wk K)S(E' — E) k. (4.66)
Now we insert the Hilbert expansion.
f=fotafi+a’f+-- (4.67)

into the scaled Boltzmann equation (4.61), use the linearity of the collision operators Qe

and Qine and identify terms of equal order in « to find

o terms a':
Qalfo) = 0; (4.68)

o terms o'
Qalf1) = ViE(k) - Vi fo — Eer - Vi fo; (4.69)

o terms o?:
Qa(f2) = Ofo + ViE(k) - Vo fi — Eeg - Vifi1 — Quel(fo). (4.70)

These equations can be solved using the properties of the operator Q).

Theorem 4.14 The Hilbert expansion (4.67) is solvable up to second order if and only
if fo(x,k,t) = F(z, E(k),t) and F is a solution of

oJ

N (&) F — divyJ + Eug - 5 = S(F), r€R?} e€ R(E), t>0, (4.71)
where
oF
J(x,e,t) = D(x,¢) (VxF — Eegg) (4.72)
15 the current density,
N(e) = / d(e — E(k))dk (4.73)
B

is called the density of states of energy € (compare with Lemma 2.14),

D(x,e) = /kaE(k:) ® u(r, k)d(e — E(k)) dk € R*? (4.74)
is the diffusion matriz, where p is a solution of Qa(un) = —ViE(k), and

(P 20t) = [ (QualF)) (o, k.6 = B(h) d (4.75)
is the collision operator, averaged over the energy surface € = E(k).
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Equations (4.71)—(4.72) are called the Spherical Harmonic Expansion (SHE) model.
It has been first derived in the physical literature for spherically symmetric band dia-
grams and rotationally invariant collision operators as a numerical approximation of the
Boltzmann equation [34, 35] or through a macroscopic limit [28] which explains the name.
Notice, however, that the above SHE model is derived without the assumption of spherical
symmetric energy bands. The presented expansion is no more “spherical” but rather on

surfaces of constant energy. The SHE model is supplemented by the initial conditions
F(z,e,0) = Fi(z,¢), r€R? € R(E),
and appropriate boundary conditions for e which we do not detail here.
Proof: By Lemma 4.12 (2), any solution to (4.68) can be written as
fo(z, k,t) = F(x, E(k),t)

for some function F. Thus we can reformulate (4.69) as

Qel(fl) = VkE : (VJ;F — Eeff%é) .

We claim that any solution of this equation can be written as

filz, k,t) = —p(x, k) - (VxF — Eeﬁcaa—};) + Fy(z, E(k),t), (4.76)

where I} € N(Qe) and u(x, k) is a solution of
Qa(p) = =V E. (4.77)

Notice that pu depends on the parameter x since ¢ in the definition of ()¢ also depends
on x. By Lemma 4.12 (3), (4.77) is solvable if and only if

/ V. Ed(e — E(k))dk =0  for all e € R(E).
B

To see this we introduce the Heaviside function H, defined by H(x) = 0 for < 0 and
H(z) =1 for x > 0. This function has the property that H'(x) = d(x). Hence

/ V.Ed(e — B(k)) dk = — / Vo H(e — E(k))dk = 0, (4.78)

since E(k) is periodic on B. Thus (4.77) is solvable. Observing that V,F' — E.g(0F/0e¢)
only depends on E(k) (and on the parameters z,t), Lemma 4.12 (4) shows that

Qa(f1) = (VmF — Eeﬁg_];) ViE = Qq (‘M (sz _ EGH%_Z)> ‘
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The linearity of ()¢ implies that

@{ﬁﬂ(VFz%ngo

and therefore, (4.76) follows. In the following, we take a particular solution to (4.69) by
choosing F; = 0.

It remains to solve (4.70). Again, by Lemma 4.12 (3), this operator equation is solvable
if and only if

/ (6th +V.E -V f1 FEor - ka1 Qinel(fo)) 5(6 — E(k)) dk =0 (479)
B

for all e € R(E). We claim that this condition is equivalent to (4.71). To show this, we
compute the terms separately. By (4.66) we obtain for the first term

/ O, fod(e — E(k)) dk = / O.F(x, E(k),t)8(e — E(k)) dk

:8tF(x,e,t)/ d(e — E(k))dk = N(e)O,F(x,e,t).
We introduce the electron current density byB
Iz, e,t) / VL E (k) fi (2, b )5(c — B(k)) d.
Then the second term in (4.79) becomes
/kaE -Vefio(e — E(k))dk = —div,J(z, e, t).

The current density can be reformulated in terms of the function F' by using the expression
(4.76) for f; and the property (4.66):

I o) — /B VB (), ) - (v Fo Eeﬁgf ) (2, E(k), )3(c — E(k)) dk

OF
= D(z,e) (VxF - Eeﬂg) (z,e,t).

For the computation of the third term in (4.79) we choose a smooth function ¢ with
compact support on R(E) and use the definition of the § distribution and integration by

parts to obtain

/ w(e)/kal(x,k,t)a(e—E(k))dkde

/w DVifi(a, k1) d l/ﬁxkt E(K)ViE(k) dk
=/, v /B VL E(k) fi(, b, )5 (e — E(R)) i de
"(e)J(z,e e = — e y x.e e
= [, #eIena /R(E)w( 5 (e, ) de
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Since v is arbitrary, it follows

/kafl(az, k,t)o(e — E(k))dk = —E(m,e,t).

We have shown that (4.79) is equivalent to (4.71)-(4.72). O
The advantage of the SHE model is twofold:

e The SHE equations have to be solved in 3 + 1 dimensions of the position-energy

space instead of the (3 + 3)-dimensional phase space of the Boltzmann equation.
e The SHE model is of parabolic type which simplifies its numerical solution.

In order to see that the SHE model is of parabolic type, we assume that the electric

field Fex is a gradient, i.e, g = —V .V, and we introduce the total energy variable
u=c¢c—V(zxt).
Then, with the change of unknowns

F(z,e,t) = f(x,e = V(x,t),t) = f(x,u,t),
D(z,e) =d(x,e — V(x,t),t) = d(z,u,t),
N(e) = N(u+V(x,t)) = o(z,u,t),

we obtain 5 aF
V. F=V,f— VxV—f =V.f—-V,V—
ou Oe
or 3
V.F = (Vx + VQCV—) F=V.,f
Oe
and p
&;F = 8tf - 8tV—f
ou

Since we can write (4.71)—(4.72) equivalently as
N(E)aF —V.-J=8(F), J=DV.F

we obtain, in the total energy variable,

of
ou’

The parabolicity now follows from the positive (semi-) definiteness of the diffusion matrix

o(z,u, )0 f — divy(d(z,u, t)V,f) = S(F) + o(x,u,t)0,V

d or D, respectively, as stated in the following lemma.

Lemma 4.15 The diffusion matriz D(x,e) € R3*3 is symmetric and positive semi-
definite.
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In [8, Prop. 3.6] a stronger property for D(z,¢) is shown: There exists K > 0 such
that

K oF , OF

NE o ok M ar

In particular, det D = 0 at critical points of E, (i.e. VyE(k) =0 and € = E(k)).

Dij(l'7€) Z

k)o(e — E(k))dk,  i,j=1,2,3. (4.80)

Proof: We use the symmetry of Qo (Lemma 4.12 (1)) and the property (4.63) of Lemma 4.12
(4) to show the symmetry of D(x,¢). Let ¥ be a (smooth) function. Then

| Duteeysterde= [ [ SEusste - B@) ke de

/Qel wi) i (E(k)) dk = — /Qe1 k) i)y dk

_/BQel(@D(E(k))Mj)mdk:/RDji(z,gw(g)da

since 1 is arbitrary, D;;(z,¢) = Dj;(z,¢) for all x € R3, ¢ € R.
In order to show that D(z,¢) is positive semi-definite, let z € R3. Then, by definition

Of Qela

2'D = — Z/ZZQQI pi)p;zi0(e — E(k)) dk

/ / (. KYS(E(K) — B(R))zalpua(K) — pa(k)) 2, ()
]xée— E(k)) dk’ dk.

Similar as in the proof of Lemma 4.12 (1), we can write

STD(ze)s — // (2, b, KVS(E(K) — E(R))3(e — B(R))

x2i(pi(k') — uz(k))zj(uj(k' ) — (k) dk' dk
_ // (2, b, K)S(E(K) — E(k))5(= — E(k))

x (Z 2 (k) - uj(k))> K dk

For the last equality we have used the elementary identity

n n 2
Zaiaj = (ZGZ) for all a,,...,a, € R.

ij=1 i=1
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The lemma is shown. O
More explicit expressions for the density of states N(g) and the diffusion matrix D(z, ¢)

can be derived for special energy bands (see [8, Sec. 3.4]).

Example 4.16 (Spherical symmetric energy bands)
Assume that the scattering rate only depends on E(k), i.e.

o(z,k, k') =s(x,E(k))  for all k, k' with E(k) = E(K'),

and that E(k) is spherical symmetric, i.e. £ = E(|k|), and strictly monotone in |k|, i.e.,
there exists a function v : R — R such that

[k = ~y(E(k])-

Notice that the first assumption makes sense since due to the term §(E (k') — E(k)) in
the definition of Q., the scattering rate needs to be defined only on the surface {k" €
B : E(K') = E(k)} of energy E(k). The second assumption implies that we can choose
B =R3.

We claim that

N(e) = 2m\/v(e)Y (e), (4.81)
4 9
D(z,e) = 343(1’,5)7’(5)2[’ (4.82)

where I € R3*3 is the identity matrix.
First we reformulate D(z,¢). From the first assumption and the definition (4.73) of
the density of states follows, with £ = E(k), E' = E(k'),

(Qa(f))(x, k1) = S(ZE,E(’?))/ O(E' = E)f(K') dk" — s(z, E(k))N(E(k)) f (k)

([f] — f)(l‘fii t)
(w0, E(R)) (4.83)

where 7(z,¢) = 1/s(x,e)N(e) is called relaxation time and

1

NE] L O — M) di

[f1(k) =

is the average of f on the energy surface {k’ : E(k') = E(k)}. The expression (4.83) is
called relazation-time operator (compare with (3.40)).

We claim that the solution of Qe (1) = —ViE can now be written explicitly as

wx, k) =71(x, BE(k))ViE(k).
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Indeed, by (4.64) and (4.78),

(k) = m /R S(E — B)r(e, B)ViB(K) di
_ T(x, E(k)) ’ / r
= NGEWR) S S(E'— E)VyE(K')dK =0,
and hence ]
_ o wm=r
Qel( ) - T(JJ,E(k’)) = VkE(k)
Thus, we can write
D(z,e) = ) ViE(k) @ ViE(k)r(z, E(k))d(e — E(k)) dk
= 7(z,e) | ViE(k)® ViE(k)é(e — E(k)) dk.

This shows that the estimate (4.80) is sharp.
The above expression for D(z, ) can be further simplified under the second assump-
tion. As E only depends on |k|, it is convenient to use spherical coordinates k = gw, where

o> 0 and
sin @ cos ¢

w= | sinf sin¢ |, 0<op<2m, 0<0 <.

cos 0

Then, transforming n = F(p) with dn = E’(o) do,
0o 2w s
D(z,e) = 7(z,¢) / / / E'(o)w ® E'(0)wd(e — E(0))o*sinf df dp do
o Jo Jo

2w ™
= T(x,a)/RE'(Q)(S(a—n)QZdTp/O /0 w ® wsin b df de.

By the definition of the ¢ distribution, the first integral is

/R E'(0)6(c —m)gdn = E(KNM?  with e = E(k|).

For the second integral an elementary computation gives

27 T 4
/ / w@wsinfdidp = —1,
o Jo 3

where [ is the identity matrix. Therefore

D(z,¢) = %”T(x,e)E'(mDW with ¢ — B([k]).

101



Differentiation of |k|> = ~v(E(|k|)) with respect to |k| yields 2|k| = ~'(E(|k|))E'(|k|) and

therefore

E'(|k]) =

with e = B(|k|). (4.84)

We conclude that

_Sn @Y, S (o)
D(z,e) = 7' (e) =3 s(z,e)N(e)v'(e)

The density of states can be computed as

N(s):/RS 5(e — E(|k|)) dk = /// (c — E(0))o?sin 0 d6 do do

_47T/Ra( n)E (o) dn_g('l’;") with e = E(|k|).

Employing (4.84) we infer that

and

This shows (4.81) and (4.82). O

Example 4.17 (Parabolic band approximation)
We assume that o(x, k, k') = s(x, E(k)) for all k, k' € R3 such that E(k) = E(k’) and

1
E(k) = k[
(k) = 21K
Then () = 2¢ and

N(e) = 4nv2z,  D(m,e) = —=

With the specification (see [24, (2.6)] or [45, (3.63)])
1

- = —1 4.
Moo= B>l (489
we obtain s(z,¢) = 1/7(z,e)N(g) = spe” and hence
D(z,e) = 2 oy O
’ 380 ’
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It remains to determine the average collision operator S(F') (see (4.75)). The precise
structure of this term depends on the assumptions on the inelastic collision operator
Qinel- Here we only notice that a simplified expression is given by the Fokker-Planck
approximation [60]

S(F) = % [sleﬁN(s)Q (F + %—Z)] : (4.86)

Remark 4.18 The SHE equations read in unscaled form

1 oJ
N(e)OF — —=divyJ — Eog - — = S(F),
©OF ~ div, ] - Eur- 5 = S(F)

J(LL’,E,‘,Z?) = D(x7€) (vxF - quﬁ%é) )

where
N(e) = /Bé(a—E(k:))dk:,

D(z,e) = %/kaE(k)m(m,m(g—E(k))dk;. O

4.4 Derivation of the energy-transport equations

The SHE model of Section 4.3 is much simpler than the semi-classical Boltzmann equation

since it has a parabolic structure and has to be solved in the one-dimensional energy

variable instead of the three-dimensional wave vector. However, it is numerically more

expensive than usual macroscopic models due to the additional energy variable. In this

section we derive a macroscopic energy-transport model from the SHE model following [8].
We start with the scaled SHE equations of Theorem 4.14

N(£)O,F — divJ — VV - % — S(F), z€R’ecR, t>0, (487
oF
J(z,e,t) = D(z,¢) <VF+ VvV . E) , (4.88)

for the distribution function F'(z,e,t) depending on the position x, energy ¢ and time t.
We have assumed that the effective field in Theorem 4.14 can be written as EF.g = —VV
with the electrostatic potential V' (z,t) which is assumed to be a given function. The
density of states N(e), the diffusion matrix D(z,¢), and the averaged inelastic collision
operator S(F) are defined in (4.73), (4.74), and (4.75), respectively. We recall that the
inelastic collision operator contains the inelastic corrections to phonon scattering and

electron-electron collisions.
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Our main assumption is that the electron-electron collision operator is dominant in
the sense .
S(F) = aSee(F) + Spn(F),

where Se. and Sy, (F) are given by
SulP).2t) = [ @u(P) o k.03 = BR) di,
(Spu(F))(z,e,t) = /B<Qac(F) + Qop(F)) (2, k, 1)d(e — E(k)) dk,

and the collision operators Qee, Qac and Q,p, model electron-electron scattering and scat-
tering with acoustic or optical phonons and are defined by (3.30) and (3.29), respectively.
Our assumption means that the energy loss due to phonon scattering occurs on a longer

time scale than carrier-carrier collisions. Note that the rescaled SHE equation

N(z—:)@tF —divJ — VV . % - ésee(F) + Sph<F) (489)

corresponds to the hyperbolic scaling of Section 4.2 (see (4.33)).

We need the following properties of the operators
SulP)@et) = [ salb kb )P = F)1 - R) - FR(1- F)1- F)
’ xd(e — E(k)) dk dk' dky dk}, (4.90)
(Son(F))(@,2,t) = / [sun(K B)F/(1 = F) = sy (b, ) F(1 = F')]6(= — B(k)) db i,
where F' = F(E(k)), F' = F(E(K)), F1 = F(E(ky)), F| = F(E(k}])), and
See(lk, K ki, KY) = 0ce(@, kK iy, K)S(E(K) + BE(ky) — B(K) — E(K}))
has the properties
ook, K k1, KY) = See(br, K b, KY) = Seo(K, Koy K Kor). (4.91)

Lemma 4.19 Let S..(F) and Spn(F') be given as above satisfying (4.91). Then

/ See(F)e'de =0 (i =0,1), / Son(F)de = 0.

Proof: The second assertion follows directly by integrating over ¢ € R and using the
definition of the delta distribution:

/ Son(F)de = / [son (K, k) /(1 — F) — spu(k, K)F(1 — F)]) dk di’

- /B son(K', k) F'(1 — F) dk dk' — /B son(K', k) F'(1 — F) di/ dk

= 0.
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To prove the first assertion we show a more general result. It holds for all F' and G:

1
/ See(F)Gde = —1/ s(k, Kk, K[F'FI(1 = F) (1= F) — FR(1 - F')(1 - F)]
R B4
x(G'+ G| — G — Gy)d*k, (4.92)

where d*k = dk dk’ dk, dk}. Indeed, we obtain from (4.91)

/See(F)Gda
R
= B4Qee(F(E(k))G(E(k))d’f
- i/B Seo(ky K ki, k) [F'F{(1 = F)(1 = Fy) = FR(1 = F')(1 - )]G d*k
% /B see(K e K k) [FR (1= F)(1= ) = F'F{(1 = F)(1 = F))G'd'k
47 || sl KR KDIFF(1 = F)(1 = F) = FF(L= )1 = F)IG1 'k
J& /34 Sec(Ki ky, K R)[FLF(1 — F)1— F') — FIF'(1 — F)(1 — F)|GY d'k
- _i | seelk K R R)IFF(L = F)1 = B) = FR (1= F)(1 - F)]
X (G — G + Gy —G)d'. O

It remains to show that the first assertion follows from (4.92). Taking G(g) = 1 it is

clear that

/RSee(F) de = 0.

Choosing G(g) = €, we obtain an integral over B* involving the product
S(E+FE,—FE —FE)(E +FE, —FE—E))

which vanishes in view of the properties of the ¢ distribution. This shows that

/ See(F)ede = 0.
R
Lemma 4.20 (1) The kernel of See is given by
N(See) ={F:R—R:3ueR, T>0:F=F,r},

where

1
Fur®) = T g
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(2) For given Fy, the equation DSe(Fo)F = G is solvable if and only if

/ G(e)de =0 and / G(e)ede =0,
R R
where DSee(Fy) is the first derivative of Se. with respect to Fy.

The variable p is called chemical potential and T the electron temperature. The function
F, 1 is termed Fermi-Dirac distribution and has already been derived in Theorem 3.7
under different assumptions on the collision operator.

Proof: We only give a sketch of the proof and refer to [8, Sec. 4.2] for details.

(1) Choosing G = H(F) =In F — In(1 — F) in (4.92) yields

/ See(F)H(F) de
R
1
- _Z/ Seo(ky K k1, K [F'F{(1— F)(1 — F1) — FFi(1 — F))(1 — F))]
B4
xI(F'F{(1 - F)(1-F))-In(FF((1-F)1 - F)]d
< 0
since (z —y)(Inz —Iny) > 0 for all z,y 0. Thus, taking F' € N(Se), we obtain
In(F'F/(1—-F)(1—-F))=W(FF(1-F)(1-F))

or

H(F')+ H(FY) = H(F) + H(Fy)

when E(K')+ E(k}) = E(k)+ E(k1) (which follows from the ¢ distribution in (4.90)) and
k' + Ky = k + k1 modulo B (which follows from the so-called umklapp processes, see 8,
(2.5)]). It can be motivated that

H(F(e—c¢))+ H(F(e+¢))=H(F(e))+ H(F(¢))

for some ¢ > 0. This means that the function x — g(x) := H(F(x)) fulfills the functional

equation
gz —c)+ gz +c) = 2¢9(x) for all z € R and some ¢ = ¢(x).

The only functions solving such an identiy are affine, i.e. g(x) = axz+b. Then, introducing

formally
T=-1/a and  pu=—-b/a,

we obtain from




the equation
1

T 14 e/t
(2) The assertion is a consequence of the Fredholm alternative Lemma 4.3; we refer
to [8, Prop. 4.2]. O

F(e)

We now employ the Hilbert expansion
F=F+aF+a*F+ -, J=Jy+al;+aJy+ - (4.93)

and Taylor approximation for the collision operators in (4.89):

N(Ef)atFo — diVJg —-VV. % = é(see(F()) + OéDSee<F0)F1)

Oe
+Sph(F0) —+ OéDSph<F0)F1 —+ O(€2>.

Identifying equal powers of « leads to

See(Fo) =0, N(e) = 0,Fy — diviJy — VV - % = DSeo(Fo)Fy + Sou(Fy).  (4.94)

Theorem 4.21 The Hilbert expansion (4.93) is solvable up to first order if and only if
Fo(z,e,t) = Fu@yrey(€) and p(x,t), T(x,t) satisfy formally the equations
omn(u,t) —divd, = 0,
O(ne)(u,t) —divd. + VV - I, = W(u,T),

Jo = Duv (L) +Duv (%1) - Dng,
Jo = DuV (5)+Dnv (%1) - Dmg,
where
(i, T) = /R Fur(e)N(e) de, (4.95)
ne(p, T) = /RFMVT(&?)&ZN({E) de, (4.96)
are the electron density and energy density, respectively,
W) = [ Sp(Fyr)ede
18 the relazation term, and
Dij(x, 1, T) = /RD(:c,a)FM,Tu — Fup)e 7 de,  d,j=1,2, (4.97)

are diffusion matrices in R3*3.
The variables J,, and J. are called the macroscopic partial and energy current densities,

respectively, and u/T and —1/T are the so-called entropy variables.
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Proof: From Lemma 4.20 (1) follows that the solutions of the first equation in (4.94) are
given by
FO(:Ey g, t) = FM,T(5)7

where p and 7' also depend on the parameters x and ¢. Lemma 4.20 (2) implies that the

second equation in (4.94) is solvable if and only if

/ (N(e)@tFMT —divJy - VV - % - Sph(FmT)) g'de =0, i=0,1 (4.98)
R

Defining the macroscopic particle and energy current densities by

)= [ dwende, ) = [ w0z
R R

we can reformulate (4.98) as

on —divJ, = VV. % de + / Sph(Fr)de =0,
R 0O€ R

Oy(ne) —divJ, = VV - / %5 d€+/5ph(Fu,T)€ de
r O R
= —VV-J4+W(u,T),

using Lemma 4.19.
It remains to compute the fluxes J,, and J.. We interpret F}, r(¢) as a function of the

entropy variables u; = /T, us = —1/T, and ¢,
F(Ul,UQ,éT) = F,u,T(g)-

Then
1

Fu,up,€) = 1o e
and

or e~ (wmteus)
Ouy B (1+ 6—(u1+w2))2 - FNvT(l o F/%T)’

OF ge~(uteuz)
Ous B (1 + 6_(u1+£u2))2 - 6FM7T<1 - F'“"T)’

oF uge~(urteuz) 1
e = ety e )

This yields

oF oF oF

OF,r
Oe

Jo = D(x,¢) <VF#,T +VV.
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and

\VA"4
Jn = DiuVuy + D1aVuy — DllTy
\YA%
Je = D21VU2 + DQQVU,Q — DQlT
and completes the proof. O

The matrix D = (D;;) € R®*° has the following properties.
Proposition 4.22 It holds:

(1) The matrix D = (D;;) is symmetric. Moreover, Dio = Doy and DiTj = Dj; for
ij=1,2.
(2) If the functions
ViE, EViE (4.99)
are linearly independent then D(z, u, T') is symmetric, positive definite for any p € R
and T > 0.

The hypothesis (4.99) is a geometric assumption on the band structure. It requires
that the energy band has a real three-dimensional structure, excluding bands depending

only on one or two variables, for instance.

Proof: Part (1) follows from the definition (4.97) of the (3x3)-matrices D;; and Lemma 4.15.
For the proof of part (2) we choose z = (£,7) € R® with £, 1 € R?® such that £ # 0. Then,
by the symmetry of D(z,e) and the property (4.80), we compute

- B [ D(z,e) eD(z,¢) B -
2 Dz = /Rz <€D(x’€> ggD(x7€)> zF,r(1—=F,r)d
= [(e+en Dle e+ ) Frr1 — Fur) de

3

K OF OF
> /R N /B”Zl(fz + 8771)8—]% a—kj(ﬁj +en;)é(e — E(k))Fur(1 — F,7)dkde

3

_ /B ﬁ (Z(mE(k)m)g—s) Fur(l = Fyr) dk

J=1

2
- K ViE
~ Js N(E®) | (EvkE) 2| Bur(l = Fur) dk.

109



The last integral is positive since otherwise,

E
Vi -2=0, 2z # 0,
EV.E

would imply that (Vi E, EViE) is linearly dependent which is excluded. O

The following result shows that the name “relaxation term” for W (u,T') is justified.
In fact, the temperature of the particles is expected to relax to the constant lattice tem-

perature T, = 1 if there are no other forces.

Proposition 4.23 The relaxation term W (u,T) with phonon collision operator (4.75)

and (8.29) is monotone in the sense of operator theory, i.e.

W, T)(T — 1) < 0.

Proof: We recall the definition of W (u,T),

Wi(p,T) = /RSph(a)e de
_ /R /B Tson(K KV (1 = F) = sy, K)F (1L~ F)l6(e — B(K))e d i de,

where F' = F), 1,

son(k, K'Y = (@, b, K)[(1+ Nop)S(E' — E + Eyp) + Npd(E' — E+ Epp)],  (4.100)
and E = E(k), E' = E(K'), Nyn = (ePrr — 1)~ and E,j, > 0 is the phonon energy. Since

F=(0-F)M, M=e T
we obtain
Wip,T) = /32(1 — FY(1 = F)[spn(K', k)M — spn(k, k" YM]E (k) dk dk'.

Definition (4.100) and the properties §(x) = 6(—=z) and §(x — xo)z = d(x — o)zo yield

[spn (K, k)M — sy (K, &) M) E(k)
= opn(14+ Npn)d(E — E'+ Epy)M'E + Npwd(E — E' — Eyy) M'E
—opn(1+ Npp)d(E — B — Egy)ME — Nywo(E — E' + Epn)ME
opnd(E — E'+ Eop)[(1 4+ Npp)M' — NyyM|E
+0pn0(E — E' — Eop)[NonM' — (1 + Nop) M|(E' + Eup).
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Thus, exchanging k and &’ in the second integral and using d(x) = §(—=z) again, some

terms cancel and we end up with
W(p,T) = /B2(1 — FY1—=F)o(E — E"+ Epn) Egn[NonM — (1 + Npp) M'] dk dE'
= / (1—F)1—F)0(E—E + Eyn)EpnNon|[M — eBon M) dk di,
B2

since 1+ Ny = eEPthh. The ¢ distribution allows to substitute £ in M to E' — E;, such

that
M — B M = = E=0/T B o= (B=n)/T _ o=(E=)/T (Eon/T _ o)

for all £ and £’ satisfying £ = E' — E,,. We conclude that

W, T)T —1) = /32(1 — F)(1— F)§(E — E' + Ey)Eyp Ny M’

x (eFon/T — eFon) (T — 1) dk di/
< 0,

since the function z — e/% is decreasing and hence,
(eFo/T —eFor) (T —1) <0 forall T > 0. O

More explicit expressions for the particle and energy densities and for the diffusion
matrix can be derived for spherically symmetric energy bands and Maxwell-Boltzmann
statistics.

Example 4.24 (Spherically symmetric energy bands)
We impose the following simplifying hypotheses:

e The distribution function F), r is approximated by e~=m/T This is possible if
e—u>T.

e The scattering rate o of the elastic collision operator (4.59) depends only on z and

e The energy band is spherically symmetric and strictly monotone in |k|.

From Example 4.16 and definitions (4.95)—(4.96) of the particle and energy densities

follows

n(p,T) = / @_(E_”)/TN(@ de = 27re“/T/ Vi 7(6)7’(8)@‘5/T de,
R R
ne(“? T) = / e_(a_'u)/TN(&“)é“ de = 27T€“/T/ ‘/’Y<5)"}/(€)€6_E/T d€,
R R
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where we have used the expression (4.81) for N(¢) and |k|? = y(E(k)). From (4.82) the

diffusion matrices become
v(e) gi+i—2

4
; T H/T/
D) =3 | S o @p

where I € R3*? is the identity matrix. O

e=/Mde - I,

Example 4.25 (Parabolic band approximation)

We impose the same assumptions as in the previous example and, additionally,
e The energy band is parabolic: E(k) = |k|*/2, k € R3.
e The scattering rate is given by the so-called Chen model [21, 24]: s(x, ) = so(x)+/E.

The first assumption implies that y(¢) = 2¢, € > 0. The second hypothesis means that

the relaxation time (4.85) in the formulation (4.83) of the elastic collision operator,

B 1 B 1
m(z.€) = s(1,6)N()  so(2)ePN(e)

holds with 3 = 1/2. Recall that N(g) = 471/2¢ by Example 4.17. Using

/OO —22/2 de—l/ —22/2 2dz—1/e_z2/2dz: E
0 2 2 Jr 2

o0 T3/2 9]
n(p,T) = 4\/§7T6“/T/ e /T\[ede = 4\/§7T€M/TW/ e dz
0

0
= (2nT)3%eMT. (4.101)

& 2
/ e F2dy =
0

(see (4.44)), we obtain

gives

Furthermore, since

3
/ e F 2y = —\/ 27
R 2

DO | —

T5/2 00
(ne)(pu, T) = 4\/§7re“/T/0 e /Te3/2 de = AN/2meT 57 o224 g
3

= 5(2W)3/2T5/2e“/T = gnT.

The diffusion matrices become (see Example 4.24)

et/T

/6i+j—3/26—5/T de
so(z) Jr

i+j—3/2 oo
S e/t (z) ’ T/ L2001 o =2/2 g
30(95) 2 0
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Therefore, since

/ —2%/2,6 1, — E\/27r
R 2

[\.’JI}—l

/ e 28 4y =
0

(see (4.44)), we infer that

VT s I 311
D(z,pu,T) = ——=T*%eT 2
(z,1,T) 3s0(w) ‘ STI BT

_ n(p,T) 1 ST1 c R6%6.
6v2mso(x) \3T1 £T?1

Notice that the matrix D(x, u, T') can be identified by the (2 x 2)-matrix

onwT) (1 4T
Do, T) = 6v/2mso() (éT {fﬂ)'

2

Example 4.26 (Fokker-Planck relaxation term)
The relaxation term W (u,T) can be written explicitely in terms of y and 7' using the
Fokker-Planck approximation (4.86) and the assumptions of the previous example. Then,

by integrating by parts,

W(p,T) = /O 62 {3151/2]\7(5)2 (FH,T + 8];‘;T)] ede

e

— 9(4 2 3/2 —(e—p)/T j — d
(4m) 51/0 % {5 e 7| ede

1
= —2(4m)?sy - S/TT? e HT (1 - ?)
_ 31 -T)
n 2 T0 ’
where
1
Tn =
0 4\/§7T81
is called the energy relaxation time. 0

Remark 4.27 The energy-transport model of Theorem 4.21 ist written with physical
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parameters as

1
om(p, T) — gdian

1
O(ne)(u, T) — gdivJe +VV.-J,

0,

Wi, T),

1 qVV
J 1V (k:BT) + D12V (kBT) U T

qp 1 qVV
= D D —D )
Je 21V (k:BT) + DV <kBT) 21 KT

In the situation of Examples 4.25 and 4.26 we call this system of equations the Chen

model. In particular,

2rm kT \*”
n(u,T) = (%) ean/ksT

(). T) = n(wT) ks,

qh3 1 3]{3371
D ) 7T = L E o~ aT 2 )
@nT) = rgem " >(ngT %(k:BTP)
3 n(p, Tkp(T —T})

W T) = 5 -

(R%/2m?)3/2 /27 S;. O

where T7, is the lattice temperature and ) =

4.5 Relaxation-time limits

In this chapter we have derived four fluid-type models: the drift-diffusion, hydrodynamic,
SHE, and energy-transport equations (see Figure 4.1 for a summary). In this section we
show that the drift-diffusion and energy-transport equations can be formally derived from
the hydrodynamic model by performing so-called relaxation-time limits.

We recall the unscaled hydrodynamic model with electrostatic potential:

1

o — —divJ =0 (4.102)
q
1 k 2

0, — —div (J® ‘]> a fV(nT) + Loy =2 (4.103)
q n me Tp

1
O(ne) — 6d1v[ (e+kpT)|+ J-VV —div (%/ﬁonkBTV(kBT)) (4.104)

)]
)

where the energy density is

reQCR%: >0,

m; | J|?
ne = 2 - + ink:BT



dominant elastic Boltzmann

collisions (Hilbert

moment method
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SHE colhs}.ons (Hilbert Hydrodynamic
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momentum
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limit

dominant
electron-electron
collision (Hilbert
expansion) Energy-transport

energy relaxation- | time limit

Drift-Diffusion

Figure 4.1: Hierarchy of classical semiconductor models. The drift-diffusion model can be

also directly derived from the Boltzmann equation via a moment method (see [9]).

These equations deviate from (4.102)—(4.104) by the inclusion of the heat conduction
term with the heat conductivity ko (see the end of Section 4.2) and by the introduction of
two different relaxation times; the momentum relaxation time 7, and the energy relaxation
time 7y,. The reason is that we wish to consider two different time scales for momentum
and energy relaxation.

In order to scale (4.102)—(4.104) we choose the following reference values:
e reference length L,

e reference particle density N,

e reference temperature 77, (lattice temperature),

e reference time 7y,

e reference potential Ur = kgTy/q,

e reference particle current density Jy = ¢NL /7.

We can choose, for instance, L as the diameter of the semiconductor domain €2 and N
as the maximal value of the doping concentration. The reference time 7, is given by the
assumption that the thermal energy is of the same order as the geometric average of the

kinetic energies to cross the domain in time 7y, 7,, respectively:

L\? L\?
kgly = \/m: (—) \/mz (—) )
T0 Tp
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With these reference values we define the scaled variables:

x = L, t = 1ots, n = Nng,

T =T,T., V = UrVs, J = JoJ..

Replacing the dimensional variables in (4.102)—(4.104) by the scaled ones and omitting

the index s we obtain

an — divJ = 0, (4.105)
J®J
ad;J — adiv < i’ ) —V(nT) +nVV = —J, (4.106)
d
dy(ne) — div[J(e + T)] + J - VV — div (kgnTVT) = —% (e - 5) . (4.107)
where
o= g=
70 7o

and the scaled energy is given by
e=a—+=T. (4.108)
We consider the following limits:
(1) «a —0and 5 — 0,
(2) o — 0 and S fixed,
(3) « fixed and 5 — 0.

(1) The combined limit @« — 0 and § — 0 corresponds to the physical situation
when the kinetic energy needed to cross the domain in time 7, is assumed to be much
smaller than the thermal energy, and when the momentum and energy relaxation times

are assumed to be of the same order. This means

m*(L/70)? T T «Q
I1>» &1 27 = S =q and o)=L ==, 4.109
ksTh To ( ) ™w B ( )

The second condition implies that also § < 1. Equations (4.105)—(4.107) become in the

limit « — 0 and 8 — 0

d
o — divJ =0, J =V (nT)—-nVV, e=3.

(4.110)

Moreover, by (4.108), e = (d/2)T, and the temperature is 7" = 1. Then the limit equations
(4.110) are the drift-diffusion equations.
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(2) The limit &« — 0 corresponds to the physical situation expressed by the first
equation in (4.109). Then (4.105)—(4.107) yield in the limit a — 0

omn—divy =0, J=V(nT)—nVV (4.111)
and
2

Oy (gnT) —div <d%JT + KOnTVT) +J-VV = —g %(T —1). (4.112)
In the entropic variables u; = p/T and us = —1/T we can write in view of the expression
n = (27T)¥2eMT (see (4.95) for the case d = 3),

o(nT) o(nT) i d+2 1
§o WM, TGy () + T 2y (1)
O Vu; + Dty Vuy — nV nV T + 5 nT“V T nV

and

d+2

— JT + konI'NV'T

d+2 I d+2 _, 1 3 1
- 2r- fad ere N =
5 I {nV( >—|— 5 n V( > nVV} + KonI™V

2
(#) 4 ko | nTPV <—l) A2 ey

T 2
Thus we can write (4.111)—(4.112) as the energy-transport model in the entropic variables

_ %mv (5)+

with the diffusion matrix

D-nr(,, e
=N 2 .
s ((52)° 4m) T

The determinant of this matrix is positive (for n, T > 0) if and only if ko > 0. This shows
that the heat conduction term is necessary to obtain wellposedness of the energy-transport
equations. We recall that this term is introduced heuristically, and no justification has
been given.

(3) The formal limit 5 — 0 only gives the equation e = d/2 which means that the sum
of kinetic and thermal energy is constant in space and time. More interesting is the limit
B — 0 in the energy-transport equations (4.111)—(4.112). This yields formally 7" =1 and

om —divJ =0, J=Vn—-—nVV,

which are the drift-diffusion euqations.

The three relaxation-time limits are summarized in Figure 4.2.
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Hydrodynamic

a—0,6—0

Energy-transport 350 Drift-diffusion

Figure 4.2: Relaxation-time limits in the hydrodynamic and energy-transport model.
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5 Quantum Kinetic Models

5.1 The Schrodinger equation

As the dimensions of a semiconductor device decrease, quantum mechanical effects have
to be included in the modeling of the transport phenomena. It is of great importance to
devise models which, on the one hand, are capable of describing quantum effects and,
on the other hand, are sufficiently simple to allow for efficient numerical simulations. We
start with the many-particle Schrodinger equation and follow [49, Sec. 1.4].

The motion of an electron ensemble consisting of M particles in a vacuum under the
influence of a (real-valued) electrostatic potential V' is described by the many-particle

Schrodinger equation,

, G M
ihop = —o— ;Amﬂz) —qV(z,t)y, xeR™M ¢>0, (5.1)
¥(z,0) = ¢i(2), (5.2)
where © = (z1,...,2y)" € R™ 42 = —1, h = h/27 is the reduced Planck constant, m

the electron mass, ¢ the elementary charge, and 1) = ¢(z,t) is called the wave function of

the electron ensemble. The Laplace operator A, only acts on the position variable x;,

d

0

T d

A, = E , where z; = (z;1,...,2;4) € R"
o Ozje

The variable z; € R? denotes the position vector of the j-th electron of the ensemble. The

ensemble position density n and the ensemble current density J are defined by

n = |y|? J = —@Im (V1)
m

where 1) is the complex conjugate of .

There are two alternative formulations of the motion of the electron ensemble:
e the density-matrix formulation and
e the kinetic (Wigner) formulation.

We introduce the density matrix in this section and explain the kinetic formulation in the
following section.

Define the ensemble Hamilton operator

h? R
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and the density matrix

o(r, s, t) = (r, t)(s,t), r,s € RM > 0. (5.3)

Then the ensemble densities can be written in terms of o as
n(z,t) = o(z,z,t), (5.4)
Tet) = SV - eV t) = SV - Vet (55)

The evolution equation for g is obtained by differentiating (5.3) and using the Schrodinger
equation

ihd) = Hy (5.6)

which gives

ihdyo(r,s,t) = ih(O(r, (s, 1) + & (r, )0)(s, 1))
= (HS—HT)Q(T,S,t), (57)

since V' (z,t) is real-valued. This equation is referred to as the Liouville-von Neumann or

Heisenberg equation. With the initial condition

o(r,s,0) = (r)r(s), r, s € RM, (5.8)

the Schrodinger problem (5.1)—(5.2) and the Heisenberg Problem (5.7)—(5.8) are formally
equivalent.
Is there any relation between the Schrodinger and the Heisenberg picture in the case

of general initial conditions
o(r,s,0) = or(r,s), r, s € RIM? (5.9)

In order to derive a relation let (¢;) be an orthonormal basis of L*(R¥). Then (¢;¢y) is

an orthonormal basis of L2(RM x RM) and we can develop

01(r;s) = Y 051;(r)du(s),

jk=1

if o € L*(RM x RM) is assumed. Now let 1); be the solution of the Schrodinger equation

(5.6) with initial datum ¢;. A computation as above shows that the product ¢;(r, )iy (s, t)

solves the Heisenberg equation (5.7), and since this equation is linear, also

Q(Tv S, t) = Z ij¢j(r7 t)¢k(sa t) (510)

jk=1
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solves the Heisenberg equation with initial datum o;. Thus, the solution of the Heisenberg
problem (5.7), (5.9) can be written as an infinite sum of wave functions. Such a situation
is called mized quantum states, whereas the formulation (5.3) refers to a single quantum
state.

In the mixed state case (5.10), the ensemble position density is written as
o
TL(JZ, t) = Z ij|¢j(x7 t)|27
j=1

and the weights p;; can be interpreted as occupation probabilites of the j-th quantum

state.

5.2 The quantum Liouville equation

The Wigner equation is the quantum equivalent of the Liouville equation and can be de-
rived from the Heisenberg equation by Fourier transformation. We recall that the Fourier

transform F' is defined by

§(n) = (Fg)(n) = (2m) 272 / g(0)e= 1 do

RaM

for (sufficiently smooth) functions g : R — C with inverse

R(v) = (F1h)(v) = (2m)~4M/2 / h(n)e™® dn

RaM

for functions h : R — C.

Definition 5.1 The inverse Fourier transform of the density matriz,

w(z,v,t) = (%)dM/

h h .
0 (a: + —n,r — —n,t) e dn, (5.11)
RdM

2m 2m

1s called Wigner function.

The Wigner function has been introduced by Wigner in 1932 [66]. Setting

h h
t) = — — —n,t 12
et =0 (24 gena = gont) (5.12)

the expression

w = (2m) "M%

shows that w is indeed related to the inverse Fourier transform of o. Since (h/2m)n has
the dimension of length and %/2m has the dimension of m?/s, n has the unit of inverse
velocity s/m. Thus, the variable v in the Fourier transform has the dimension of velocity

m/s.
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Lemma 5.2 Let ¢ be a solution of the Heisenberg equation (5.7), (5.9). Then the Wigner
function w, defined in (5.11), is formally a solution of

Bw + v - Vw — %H[V]w -0, =zveRM >0 (5.13)

w(z,v,0) = wr(z,v), z,v € R™M

where

wi(z,v) = (2m) -2 /

A B 4
or (:c + 2y —n) e dn
RdM

2m 2m
and 0[V] is a so-called pseudo-differential operator, defined by

O[VIw)(x,n,t) =6V (x,n, t)w(z,n,t), (5.14)

where ‘ " "
mn

Equation (5.13) is called the many-particle Wigner equation or quantum Liouville
equation. Generally an operator whose Fourier transform acts as a multiplication operator
on the Fourier transform of its argument, is called a (linear) pseudo-differential operator.
We refer to [62] for the mathematical theory of pseudo-differential operators. The function

0V is a kind of discrete directional derivative. Indeed, in the formal limit “A — 0” it holds

oV (x,n,t) — iV, V(x,t)-n= ig—v(x,t). (5.15)
n

Clearly, the limit “A — 0” makes sense only after an appropriate scaling (see below).

The operator [V ]w is written more explicitly as

OV]w)(z,0.t) = ((V)D)'(z.0,1) = @n) M2(@EV)u)(x,0.0)  (5.16)
1 .
S I
! / in-(v—o’ /
T (27)iM /RdM /RdM SV (z,m, yw(z, v, t)e™ ) dv' dn.  (5.17)

Proof: Since, by (5.12),

. . h h
dlvn(ku) (33, n, t) = dlvn(vrg + vs@) <:U + %777 T — %777 t)

h h

h
NP R
2m( r@ 0) (a:+2m77,m an’ >’
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the transformed Heisenberg equation for u becomes, for r = z + hn/2m, s = x — hn/2m,
ihoyu(x,n,t) = ihdso(r,s,t)

- (—%(AS —A) = qV (s, t) + qV(r, t)) o(r, s,1)

i
= hdiv,(V,u)(z,n,t) + %5\/(&0, n, tyu(z,n,t)

or

owu + idiv, (Vyu) — —(6V)u =0, z,ne€RM t>0.

4
m
Taking the inverse Fourier transform gives

Byt + i(div, Vo) — L((6V)u) = 0. (5.18)

m
We compute the second and the third term of this equation:
i(div, Vou)'(z,0,1) = (2)d2 /RdM div, Vou(z, n, t)e” dn
S - / Vou(r,n,t)e" d
B (27T)dM/2 RAM * ' 1
= v-Vyu(z,v,t) = 20)™M% . Vow(z,v,t),
where we have employed integration by parts, and, by (5.16),
(O[V]w) (@, v0,t) = (2m)"M2((6V)u)" (2, v, 1).
Therefore, (5.18) equals the Wigner equation (5.13). O

Lemma 5.3 The ensemble particle density n and the ensemble current density J can be

expressed in terms of the Wigner function as

n(z,t) = / w(z,v,t)dv, J(z,t) = —q/ w(z,v,t)vdv.
RAM RIM

The above integrals are called the zeroth and first moments of the Wigner function,

respectively, in analogy to the classical situation (see Section 3.1).

Proof: The first identity follows from (5.4):

n(z,t) = o(z,z,t) = u(z,0,t) = (20)™M 2% (x,0,t) = / w(z,v,t) dv.

RAM

For the proof of the second identity we use the fact that the Fourier transform translates

differential operators into a multiplication:

—in-v

iV, w(z,n,t) = w(z, v, t)ve”""" dv = vw(z,n,t).

1
(27T)dM/2 /I%d]\{
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Therefore, by (5.5),

10
J(e,t) = SV, = Vel t) = —iqgVyu(a, 0,¢)
= —iq(2m)™M/2V (2, 0,t) = —q(21)™M 25w (x, 0, )

= —q/ w(z,v,t)vdv.
RaM

We discuss two questions related to the quantum Liouville equation:
e How can we formalize the classical limit “A — 0” and which is the limit equation?

e Are the solutions of the quantum Liouville equation nonnegative if this property

holds true initially?

The limit “A — 0” can be formalized in an appropriate scaling. We choose the reference
length A, the reference time 7, the reference velocity A/7, and the reference voltage kgT'/q,
where kg is the Boltzmann constant and 1" the temperature. We assume that the reference

wave energy h/7 is much smaller than the thermal and kinetic energies,

h/T

h
kT

and WZE Wlth€<<1X

(this fixes A for given 7 and vice versa). Thus, introducing the scaling
r=Ars,, t=r7t,, v= ;US, V=—V,
we obtain, after omitting the index s,
Ow+v-Vyw —0[V]w =0, (5.19)
where 0[V]w is given by (5.17) with
OV (z,m,t) = é [V(x + %n,t) —V(x— %n,t)] :
The limit € — 0 leads to (see (5.15))
oV (x,m,t) — iV, V(x,t)-n
and hence, using i(nu)¥ = V, 4,
O[VIw = (2m)M2((6V)u)" — i(2m) " M2 (V.Y - n)u)”

= (2m) MY,V .V, = V,V - V,w.
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Thus, (5.19) becomes in the limit € — 0
ow~+v-Vyw—V,V-Vyw =0,

which is the classical Liouville equation (see Section 3.1). The above consideration makes
clear the limit performed in (5.15). The classical limit ¢ — 0 has been made rigorous
in [47, 48] for smooth potentials.

The solution of the classical Liouville equation stays nonnegative for all time if the
initial distribution function is nonnegative. Unfortunately, this property does not hold for
the quantum Liouville equation. Thus, a (fully) probabilistic interpretation of the Wigner
function as a distribution function is not possible. In the case of a pure quantum state it
is possible to characterize the states for which the Wigner function is nonnegative exactly.
It is shown in [38] that

1 — h h 4
) = — ot — Zpt) ey
w(w,v,1) (2m)dM /RdM 4 (a: * om " > v (I om " ) o

is nonnegative if and only if either ¢ =0 or
Yz, t) = exp (—ax A(t)x —a(t) -z — b(t)), reRM t>0,

where A(t) € C¥M*IM jg a matrix with symmetric positive definite real part and a(t) €
CM b(t) € C. Inserting this ansatz into the Schrodinger equation (5.1) shows that the

potential has to be quadratic in z, i.e.
Vi(z,t) =z A(t)z +a(t) - = + b(t)

for some A(t) € CM*IM () € CIM p(t) € C, in order to obtain a nonnegative Wigner
solution.
The case of mixed quantum states, i.e. for arbitrary initial data w; € L?(RM x R4M),

is more involved. In fact, a necessary condition for the nonnegativity of w is not known.

5.3 The quantum Vlasov and Boltzmann equation

The quantum Liouville equation has the same disadvantage as its classical analogue,
namely, the equation needs to be solved in a very high-dimensional phase space which
makes its numerical solution almost unfeasible. In this section we derive the quantum
analogue of the classical Vlasov equation, the quantum Vlasov equation, which acts on a
2d-dimensional phase space. We proceed similarly as in [49, Sec. 1.5] (also see Section 3.2).

Consider as in the proceeding section an ensemble of M electrons with mass m in a
vacuum under the action of a (real-valued) electrostatic potential V(z,t). The motion of
the particle ensemble is described by the density matrix as a solution of the Heisenberg

equation (5.7). We impose the following assumptions:
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(1) The potential can be decomposed into a sum of external potentials acting on one

particle and of two-particle interaction potentials,

M M
1
V(wy, . au, ) = Y Ve, ) + 3 > Vil z)), (5.20)
j=1 ij=1
where Vi, is symmetric, i.e. Vip(z;, 2j) = Vin(z;,2;) for all 4,5 = 1,..., M, and is

of the order 1/M as M — oo.
(2) The electrons of the ensemble are initially indistinguishable in the sense
o(r1s o Ty 515+, 505 0) = 0(Tr(1), - -+, (M) Sx(1)s - - - 5 Sm(a), 0) (5.21)
for all permutations 7 of {1,..., M} and all 7, s; € R%

(3) The initial subsensemble density matrices can be factorized

o\ (1@ @) = p@ (@ @) o) = HRI(rj, i), 1<a<M-1.
=1

We discuss now these assumptions. The factor % in (5.20) is necessary since each
electron-electron pair in the sum of two-particle interactions is counted twice. The sym-

metry of the interaction potentials implies that
V(xy, ..., o, t) = VI(Zray, - - Te(an)s 1) forallt >0
and for all permutations 7. This property and (5.21) has the consequence that
o1, o Ty 815380 t) = 0(Tr(1)s - - s Tr(M)s Sx(1)s - - - » S(M), L) (5.22)

holds for all £ > 0. Physically, this means that the electrons are indistinguishable for all
time.
In fact, (5.22) is not enough to describe the behavior of the electron ensemble. Indeed,

in the pure quantum state,

Q(Tla"wrMasla"'asMat) :w<7'17'"7TM7t)w(317"'7rM7t)7

where 9 is the electron-ensemble wave function, the condition (5.22) is satisfied if either

the wave function is antisymmetric,
Y(xq, ..., xp,t) = sign(m)Y(2ray, - - - Tau), t)
for all permutations 7, where sign(7) € {—1, 41} is the sign of 7, or if it is symmetric,
V(@ .. o, t) = Y(Tray, - Tau), t)
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for all 7. The first case corresponds to ensembles consisting of Fermions (and in particular,
of electrons) and the latter case to ensembles of Bosons. In the first case (which is the

interesting case for us) we obtain
W(xy, ..., xp,t) =0 if x; = x; for some i # j.

This expresses the Pauli exclusion principle which is not contained in condition (5.22).
We wish to derive the evolution equation for a subensemble density matrix. The density

matrix of a subensemble consisting of a electrons is defined by

Q(“)(r(“), s(“),t) = /d(M ) Q(r(“),uaH, L U, s(“),uaH, coUpg, ) dugyy - duyy,
R —a

where

PO = (), 8 = (51,5, € R™

Clearly, in view of the indistinguishable property (5.22), the subensemble density matrices
satisfy

Q(a)(rla <oy Tay 815+ 045 Say t) = Q(a)<rﬂ'(1)7 s 7Tﬂ'(a)7 Sﬂ(1)7 R Sﬂ'(a)y t) (523)
for all permutations 7 of {1,...,a} and all r;,s; € R ¢ > 0.

We recall that the evolution of the complete electron ensemble is governed by the

Heisenberg equation (5.7), rewritten as

hQ M M
ihdo = “om (Asj - Arj)Q - qz (Vext(s5,t) = Vexs(75,1)) 0
Jj=1 j=1
q M
) Z (Vine (85, 5¢) — Vine (75, 70)) 0 (5.24)
Grb=1

Theorem 5.4 Let the above hypotheses (1)-(3) hold. Then the density matriz o(r,s,t)
is a particular solution to the Heisenberg equation (5.23) if M > 1,

o9 (@ 5@ t) = [[ R(ry. 5;,1), (5.25)
j=1

and the function W = (2m)~%2MR is a solution to the quantum Vlasov equation

AW +v -V, W — %e[veﬁ]w =0, zveRLt>0 (5.26)
W(z,v,0) = Wi(z,v), z,v € RY,
where the pseudo-differential operator 0[Veg| is defined as in (5.14), the effective potential

Vesr 18
Ve (x, 1) = Vixe (2, 1) +/ n(z,t)Vin(x, 2) dz, (5.27)

R4
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the quantum electron density is
n(z,t) = / W(z,v,t)dv = MR(z,z,t), (5.28)
R

and W; = (2r)~ Y2 M R;.

The expression (5.25) is also called Hartree ansatz. As the effective potential depends

on the function W through (5.28), we obtain a nonlinear pseudo-differential equation.

Proof: We set u; = sj =rj for j =a+1,..., M in (5.24), integrate over (Ust1,...,Un) €
RUM=a) and use the property (5.23) to obtain, after an analogous computation as in
Section 3.2, a quantum equivalent of the BBGKY hierarchy,

-

M
ihd, 0 = o Ay, = 20)0 = ¢ (Vesa(55,1) = Vs (15, 1)) 0
j=1 j=1

—q(M — a) Z/d (Viue (85, 1) = Vi (5, ) 01 du,
j=1 7k

forall 1 <a < M — 1, where
Qia+1) — Q(aJrl) (,r,(a)7 Uy, S(a)’ U, t)

Since we have assumed that Vi is of the order of 1/M as M — oo, we can approximate
the above equation, by neglecting terms of order 1/M, by
h2 a a
ihatg(a) = “om (Asg- - Arj)Q(a) - qz (Vext(Sj’ t) — stt(rja t)) Q(a)
j=1

m <
Jj=1

03 [ Vilsso) = Viw(ry0.)) Mo
j=1 /R

Similar to the classical case, it can be seen that this equation is satisfied by the ansatz
(5.25) if R solves the equation

h2
ihO,R = _Q—(A“” — AR — q(Veg(s,t) — Veg(r, 1)) R, r,s,€RY >0, (5.29)
m
where the effective potential Vg is defined in (5.27) and (5.28).
The kinetic formulation of (5.29) is derived as in Section 5.2. Introducing the change

of coordinates

. h B h
ree Qmm s 2mn’
the function U(xz,n,t) = M R(r, s, t) solves the equation
' h h
U +1idiv, VU + “ Vigle+—nt) Vg lx—=—nt)|U=0.
h 2m 2m
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Finally, the inverse Fourier transform W = (27)~%2U solves the quantum Vlasov equation
(5.26). O
Contrary to the classical Vlasov equation, the quantum Vlasov equation does not
preserve the nonnegativity of the solution; cf. the discussion in Section 5.2. However, if
the initial single-particle density matrix R(r,s,0) is positive semi-definite, the electron
density n, defined in (5.28), remains nonnegative for all times.
Similar to the quantum Liouville equation, the solution to the quantum Vlasov equa-

tion converges (at least formally) as “h — 07 to a solution to the classical Vlasov equation
oW +v- VW — Ly Ve v, W =0,
m

The limit “A — 0” has to be understood in the sense explained in Section 5.2.
As in Section 3.2, a usual choice for the two-particle interaction potential is the
Coulomb potential which reads in three space dimensions as

q 1

TR x,y€R3,:l:7éy,
dres |z —y|

‘/int (il?, y) =

where £, denotes the permittivity of the semiconductor material (see (3.19)). In Section 3.2

it has been shown that the effective potential

Vi () = Vi £) — 2. / nzt) g, (5.30)

Ares Jrs |2 — x|

solves the Poisson equation
5SAV;3ff = Q<n - C(IL‘)),

where C(z) = —(5/q)Vext(z) is the doping concentration if Viy is generated by ions of
charge +¢ in the semiconductor. This concept can be generalized to any space dimen-
sion. The initial-value problem (5.26), (5.30) (together with (5.28)) is called the quantum
Vlasov-Poisson problem.

The presented quantum Vlasov equation models the motion of an electron ensemble
in a vacuum under the influence of long-range interactions. However, the electrons are
moving in a crystal whose influence needs to be taken into account. Including a lattice
potential into the Schrédinger equation, making a Bloch decomposition (see Theorem 2.5),
and letting the length scale of the Brillouin zone to infinity, it can be shown [2, 55] that

the resulting equation equals
dw + v(k) - Vow — LO[Viglw =0, 2,k €RY, £ >0, (5.31)
m

together with equations (5.27) and (5.28) and initial conditions for w. Here, v(k) =
Vi E(k)/h is the group velocity, E(k) the band structure, and k the wave vector which

has been extended to the whole space by the limiting procedure.
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A second generalization of the quantum Vlasov equation is given by the inclusion
of short-range interactions modeled by scattering events of particles. The quantum me-
chanical modeling of collisions of electrons (with phonons, for instance) is a very difficult
task, and there is no complete theory up to now. The phenomenological approach used in
Section 3.3 cannot be used here since the notion of particle trajectories or characteristics
does not make sense in this quantum mechanical framework. On the other hand, most of
the collision models derived in the literature are highly complicated and numerically too
expensive [18; 31]. A simple approach is to formulate the so-called quantum Boltzmann
equation

Ow +v - Vyw — %G[VGE]w = Q(w), z,v€RY >0, (5.32)

by adding a heuristic collision term to the right-hande side of the quantum Vlasov equation
(5.26) or of its energy-band version (5.31). In numerical studies, often one of the following
collision operators are used (assuming the energy-band version of the quantum Boltzmann
equation)
e the relazation-time or BGK model [59]
1/n
Q) =+ (L - w).
T \No
where

n(z,t) = /Rd w(z, k,t)dk, no(x,t) = /Rd wo(x, k,t)dk,

and wy is the distribution function of the quantum mechanical thermal equilibrium,

defined, for instance in the mixed state, by the thermal equilibrium density matrix
00(r,8) = F(A);(r)ey(s),
J

where ();, ;) are eigenvalue-eigenfunction pairs of the quantum Hamiltonian, and
f(A) is the Fermi-Dirac distribution;

e the Caldeira-Leggett model [16]

1 kT
Qw) = —divy (m hf Viw + kw> : (5.33)

7o
where 79 denotes the relaxation time, T" the lattice temperature and m* the effective

electron mass.

The Caldeira-Leggett model has the disadvantage that the positivity of the density
matrix is not preserved under temporal evolution. In [17] the approach of Caldeira and

Leggett has been improved by deriving the Fokker-Planck operator

1 . m*kgT L. Qn n?
——d k —d z | =——— T~ .7 = Vz )
Q(w) ™ 1V < 7 Viw + w) + = v (GFkBTka + 12m*kBTv w)
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where € is the cut-off frequency modeling the interaction of the electrons with the phonons
of the crystal (see [17] for details). This collision operator preserves the posivitiy of the
density matrix.

A summary of the kinetic models derived in Chapter 3 and this chapter is presented
in Figure 5.1. Notice that for each model, there is an energy-band version in the (z, k, t)
variables, which reduces to a model in the (x, v,t) variables in the parabolic band approx-

imation via v = v(k) = hk/m*.

Mh — 077
quantum Boltzmann equation Boltzmann equation
no collisions no collisions
“h — 0?7
quantum Vlasov equation Vlasov equation
no two-particle interactions no two-particle interactions
(Lh s 077
quantum Liouville equation Liouville equation

Figure 5.1: Hierarchy of classical and quantum kinetic models.

5.4 Open quantum systems

Up to now, we have only considered closed quantum systems. In a closed system, all el-
ements and their interactions are completely known. On the other hand, open quantum
systems are characterized by the fact that elements of the system interact with an envi-
ronment but not all interactions are known precisely. As an example of an open system we

consider the one-dimensional stationary Schrodinger equation with some potential V' (z),

h2
—2—w” —qV(x)p = Ey in (0, L), (5.34)
m*
where m* is the effective mass which is assumed, for simplicity, to be constant. It is con-
venient to scale the Schrodinger equation. Choosing the reference length L, the reference

potential kgT'/q, and the reference energy kg7 and introducing the scaled variables
kgT
=Lz, V==V,  E=(kgD)E,,
q
we obtain from (5.34), after omitting the index s,

_§Wu4q@¢:Em € (0,1), (5.35)
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where

h
TV hsT
is the scaled Planck constant.

Equation (5.35) is an eigenvector-eigenvalue problem. For its solution we need to
specify boundary conditions. Since we do not know the wave function at the boundary or
outside of the interval, this constitutes an open system. In order to solve it, we have to
specify what happens with the electron wave outside of the interval. We assume: Electron
waves are injected at x = 0; they exit the interval at * = L or they are reflected by the
potential at z = 0 (Figure 5.2). We solve the problem (5.35) by extending the potential

to the whole line,
V(z) =V (0) forxz <0, V(z)=V(1) forxz>1, (5.36)

and solve (5.35) for z € R. Since the potential is constant in {z < 0} and {z > 1},
respectively, we expect that the solutions are plane waves in these intervals. This motivates
the following ansatz. Let first p > 0. Then we define

wwwz{emk+dm€mk:x<o (5.37)

where p.(p) has to be determined. This ansatz means that a wave with amplitude one
is coming from —oo (since p > 0) and is either transmitted to +o0o with amplitude ¢(p)
or it is reflected by the potential and travels back to —oo with amplitude r(p). Inserting
(5.37) into the scaled Schrodinger equation (5.35) yields for x < 0

£ ’ ipx/e p2 —ipx/e p2
(E+V(0))¢p=——¢§=%ep/ —i-??”(p)e pz/ :El/}p

and thus

2
@:E:%—ww

for x > 1 we obtain ) ) )
g pL\p
5%’ = wp

2
p+(p) = £/2(E, + V(1)) = V/p? + 2(V(1) = V(0)).

We take the positive root since the wave travels to +0o and hence, p, (p) > 0 is required.

(Ep + V(1)) = =

and

For the case p < 0 we make an analogous ansatz:

B t(p)e~iP- /e <0
Up(z) = e~ P@=N/e 4 p(p)ele—D/e g > 1,
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p>0

injected } ' transmitted
electrons | | electrons
reflected
electrons

0 L X

Figure 5.2: Electrons with p > 0 are injected at x+ = 0 and are reflected at x = 0 or

transmitted at x = L.

where again p_(p) is unknown. This ansatz models a wave coming from +oo and being
either transmitted to —oo or reflected at = 1 and traveling back to +o00. Inserting this

ansatz into (5.35) gives, after a similar computation as above,

=E="-V(1), p-(p)=Vp-2V(1)-V(0)

Assuming that the wave function 1, is continuous in R, this allows to specify the
boundary conditions for ¢, at + = 0 and = 1. Indeed, for p > 0 and x < 0,2 — 0 there
holds:

ey (0) =ip(l —r(p))  and  iph,(0) = ip(1 +r(p)),
SO
e (0) + iphp(0) = 2ip.
At x> 1, z — 1, we infer

e, (1) = ipy (p)t(p) = ipy (p)p(1).

For p < 0 we obtain

ep(1) —ipip(1) = —ip(1 = r(p)) — ip(1 +r(p)) = —2ip,
e, (0) = —ip_(p)t(p) = —ip-(p),(0).

We have shown the following result.

Lemma 5.5 Let V(x), x € (0,1), be a given potential extended to R by (5.36). Then the

solution of the eigenvalue problem

52
—SV V@ =By, zeR,
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can be written as

5 ipx/e —ipx/e . <0
p>0: E,=5-V(0), ¥p(r)= { :(p) Z;-(T)((]i) o T = (5.38)
' ) t(p)e—w-(P)x/e
p<0: E,= % —V(1), dyla) = { e—ip(z=1)/e r(p)ez‘p(:r—l)/e > 1, (5.39)
where
p=(p) = VP £2(V (1) - V(0)),
and in the interval (0,1) 1, is the solution of
2
~SU = VW, = By z€(01)
et (0) +ipYp(0) = 2ip, ey (1) = ip4(p)ihp(1)  forp >0, (5.40)
=&y, (1) +ipoy(1) = 2ip, ey (0) = —ip-(p)¥y(0) forp <0, (5.41)

where E, is given as above. The reflection and transmission amplitudes r(p) and t(p) are

determined by

N[

e = 5 (0(0) + £05(0)) . 1) = (1), (5.42)
( Za@/’é(l))v t(p) = 1,(0). (5.43)

The boundary conditions (5.40)—(5.41) are called the Lent-Kirkner boundary condi-
tions [41].

N[

P <

Proof: It remains to show the formulas (5.42)—(5.43). In fact, they follow immediately
from (5.40) and (5.41). For instance, for p > 0, we have from the first equation in (5.40)

€, B B
Ewp(o) = @Z’p(O)
and hence, by (5.38)
1
2 < >> ¥p(0) = 1 =1(p), (1) = t(p).
In a similar way, (5.41) and (5 39) imply (5.43). 0

The unscaled macroscopic electron and current densities are given by
n@) = [ fle
qh ——
Iw) = 0 | @) @) dp
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where f(p) describes the statistics of the mixed states. In Lemma 2.20 we have derived

the following formula:

m*kBT

fo) = <573

In (1 + e(_p2/2m*+EF)/kBT) ’

where Fr is the Fermi energy.

135



6 Quantum Fluid Models

6.1 Zero-temperature quantum hydrodynamic equations

We consider a single electron in a vacuum. The evolution of the particle is described by

the Schrodinger equation

h2
ihop) = —%A@b —qV (z,t), reRY >0,

P(x,0) = ¢Yr(z), zr € RY. (6.1)
First we scale the equations by introducing reference values for the time, length, and

potential,
t = t,, x = Lux,, V=UV,.

We assume that the kinetic energy is of the same order as the electric energy,

I\ 2
m (—) =qU.
T

Then the scaled Schrodinger equation becomes (omitting the index “s”)

2
ieOb = —%Aw Ve, zeRL >0, (6.2)

where
B h/T k7
°T m(L/7)2  mlL>

is the scaled Planck constant.
In order to derive a fluid-type equation, we asume that the initial wave function is
given by the WKB (Wentzel, Kramers, Brillouin) state

Yr = \/ny exp(iS/e), (6.3)

where ny(z) > 0, S;(z) € R are some functions. We claim that the zero-temperature

quantum hydrodynamic equations

on — divJ =0, (6.4)

J®J 2 A
0y J — div < @ ) +nVV + g—nV ( \/ﬁ) =0, reRY >0 (6.5)
n 2 vn

n(x,0) = ny(zx), J(x,0) = Ji(x), r € RY, (6.6)

are formally equivalent to the Schrodinger equation (6.2) in the sense of the following

theorem.
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Theorem 6.1 (1) Let 1) be a solution of (6.1)-(6.2) with initial datum (6.3). Then
n =[] J = —elm (¥V) solve (6.4)-(6.6) with initial data

nr = i, Jr=-—n;VSy (6.7)
as long as n > 0 in RY,

(2) Let (n,S) be a solution of

. 1 2 A
On-+div(nVS) = 0, ats+§yv5|2— -5 J%ﬁ =0, reRY t>0, (6.8)

n(x,0) = ns(x), S(z,0) = Si(z), r € R

such that n > 0 in RY, t > 0. then 1 = \/n exp(iS/e) solves (6.1)—(6.2) with initial
datum (6.3).

Notice that (6.8) implies (6.4)—(6.5). Indeed, setting J = —nV S, we obtain imme-
diately (6.4), and differentiation of the second equation in (6.8) with respect to = and
multiplication with n yields

g2 _Ayn

— 1 2
nVV + Env N no V.S + §nV\VS\

1
= 0(nVS)—divJ-VS + Envwsﬁ
— 97+ div (M) ,
n
since, with the Hessian D25,

%nvwsy? — w(D2.S)VS = div(nVS @ VS) — div(nVS)VS

— div <‘]® J) 4 divJ - VS.

n

Proof of Theorem 6.1: (1) We can write the complex-valued wave function 1) as ¢ =

V1 exp(iS/e), where n = |¢p|> and S is some phase function. Then

J = —clm (¥Vi)) = —¢ Im (\/EV\/H%— énVS) = —nVS.

Thus, n and S satisfy the initial conditions (6.7). It remains to show that (n,.J) solves
(6.8) since this implies (6.4)—(6.5).
Inserting the expression ¢ = /n exp(iS/e) into (6.2) gives, after division of exp(iS/¢),
iz O

2 Vn =

2 2. .
/RS = —% (A\/ﬁ+ gvﬁ-vsw é\/ﬁAS— \/ﬁ|v5|2) — /v
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The imaginary part of this equation equals
On = —2y/nV/n-VS —nAS = —div(nVS),

which is the first equation in (6.8). The real part of the above equation reads
g2 Af 1
S == —= — =|VS|*+ V.
which is the second equation in (6.8).
(2) Differentiation of 1) = \/n exp(iS/e) gives, using (6.8),

2 2

o+ SAp = o5 (122 Jnas 4 AV 4 eV VS
2 o /n 2
+§V%AS—%?WBP)

_ s _ie div(nVS)
( s T s ievvi VS 4 S VaAs - fv)

= —Vne¥tV =~V O

The system (6.4)—(6.5) is the quantum analogue of the classical pressureless Euler
equations of gas dynamics. Notice that the above derivation requires an irrational initial
velocity J/n (since curl (J/n) = —curl (V.S) = 0).

The quantum term can be interpreted either as a quantum self-potential term with

the so-called Bohm potential A/n/+/n or as a non-diagonal pressure tensor

2

P = %n(v ® V)logn

since divP = (£2/2)nV(Ay/n/\/n).

6.2 Quantum hydrodynamics and the Schrodinger equation

The quantum hydrodynamic model of the previous section is derived for a single particle
and therefore, it does not contain a temperature term. In order to include temperature,
many-particle systems need to be studied. We assume that the considered electron ensem-
ble is represented by a mized state (see Section 5.1). A mixed quantum state consists of
a sequence of single states with occupation probability A\, > 0, k € N, for the k-th state
described by the Schrodinger equations

2
i, = —%Amﬁww% zeRL >0, (6.9)
Vr(z,0) = Yri(z), z e R% (6.10)
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The occupation probabilities clearly satisfy > >~ Ay = 1, i.e, the probability of finding
the electron ensemble in any of the quantum states is one.
Define the single-particle particle and current densities of the k-th state as in the

previous subsection as
ny, = [l Ji = —e Im (¢, V), ke N.

We claim that the total carrier density n and current density J of the mixed state, given
by

n = Z )\knk, J = Z )\kjk, (6.11)
k=1 k=1

is a solution of the quantum hydrodynamic equations with temperature tensor:

on —divJ = 0, (6.12)

J®J 2 A
Z%J—div( = +n9> +aVV + v ( ﬁ) = 0, zeRY t>0,(6.13)
n 2 NLD
with initial conditions

= Mlvrsl’, TG0 ==e> AeIm (Y, Vibrg),  inRY (6.14)
k=1 k=1

where § € R¥? is the temperature tensor defined below (see (6.15)).

Theorem 6.2 Let 1y be a solution of (6.9)-(6.10) for all k € N. Then (n,J), defined in
(6.11), solves (6.12)-(6.14), where

0 =0.+0,, (6.15)

and the current temperature 6. and osmotic temperature 6,5 are given by

b, = Z)\k— Ug e — e) @ (Uep — Ue), (6.16)
905 = Z )\k%@tos k — uos) ® (uos k — uos) (617>
= n 7 7 ’
and 7 J
U = ——, uck:——k, uos:EVhln, Ups k= EVlnnk (6.18)
n ' Nk 2 ' 2

are the “current” and “osmotic” velocities, respectively.

The notion “osmotic” comes from the fact that the quantum term can be written as

g2 Ay/n . . £
— V( NG ) = divP wzthP—Zn(VQ{)V)lnn,

and P can be interpreted as a non-diagonal pressure tensor.
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Proof: Theorem 6.1 shows that (ng, Ji) solves the system of equations
8tnk — leJk = O,

J, 2 A/
0, J,, — div (Jk@ k)—f—nkVV—i—g—nkV( ”’“) -0, scR
N 2 \/ N
ni(+,0) = [¢rel?, Ji(+,0) = —e Im (¢, Vbr ).

Multiplication of the above equations by A; and summation over k yields

o —divJ =0,

k=1

Ny \/_

We rewrite the second and fourth term of the second equation. Using (6.16) and (6.18)

we obtain

S Aediv <‘]’“ = J’“) (6.20)
N

k=1

= Z Aediv(ngte g & Ue )

k=1

= Z Aediv (g (e — Ue) @ (Ue e — Ue) + 2N4Ue g @ Ue) — div(nue ® u.)

= div(nb,) +Zd1v (QAka®J> — div <J®J)
n

= div(nf,) + div (J = J> . (6.21)
n
Furthermore, employing (6.17) and (6.18),
= A\/n_k) I & _ ( Vnk®Vnk)
AV = - Aediv [ (VO V)ng — ———
> ¥ (TR = 53wt (90 O~ T
1 = . Vn® Vn Vn ® Vny
— 5 ; )\kdlv |:(V (%9 V)nk + 2 -2 o
(Vnk Vn) <Vnk Vn)}
A (A MO VP
T n N n
= —div <(V ®V)n — M) + div(nb,s)
n
= nV (A\/\/;> + div(nf,s). (6.22)
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Putting (6.21) and (6.22) into (6.19) gives (6.13). O

The temperature tensor cannot be expressed in terms of the particle and current den-
sities without further assumptions, and as in the derivation of the classical hydrodynamic
model (see Section 4.2), we need a closure condition to obtain a closed set of equations.

In the literature, the following conditions have been used:

e Derive an evolution equation for the temperature tensor and close the corresponding
equation (we do not consider this approach here since we derive a temperature

equation in Section 6.3).

e Assume that the temperature tensor is diagonal with equal entries on the diagonal,
0=T-1d,

where T is a scalar temperature and Id € R%*9 is the identity matrix. Usually,
the temperature 7' is a constant (isothermal case) but also a nonlinear temperature

T(n) = Ton®"* for some o > 1 can be considered (isentropic case).

The second choice implies that the (classical) pressure nf becomes
nf =Tyn® - 1d,

with @ = 1 in the isothermal case and o > 1 in the isentropic case.

6.3 Quantum hydrodynamics and the Wigner equation

The quantum hydrodynamic model of the previous section does not include any collisional
effects. In fact, the Schrodinger equation only models ballistic quantum transport. In
order to include scattering phenomena, we use the Wigner equation of Section 5.3 with
the Caldeira-Leggett collision operator (see (5.32)—(5.33)):

hk q

m*kpT;
atw+—*~vmw+ 50
m

1
OViw = —divg (kw + 7ka) , t>0, (6.23)

m* To h?
w(z, k,0) = wi(z, k), r, k€ RY

where we recall the definition of the pseudodifferential operator 6[V],

oWk = o [ [ 2 (5 -v (- 1)

xw(z, k', t)e! B q! dn,

141



and m* is the effective electron mass. According to (5.31) we have assumed a parabolic

energy band E(k) = h?|k|?/2m*, implying
hk

m*

o(k) = %VkE(k) _

First we scale the so-called Wigner-Fokker-Planck equation (6.23). For this we intro-
duce reference values for the time 7, the length L, and the potential U by requiring that

L\’ L\’
k1o =m* (—) and m* <—) = qU.
T T

This means that we consider a scaling in which thermal, kinetic, and electric energy are
of the same order. Then the scaling
t x ht V(z,t)

ts:_7 — 9o = T kS:—ka s — S7ts -
T v L m*L Vo= (@ ts) U

leads, after some elementary computations, to the following dimensionless equations (omit-

ting the index “s”):

Ow+k-Vow+0[Viw = divg(kw) + Agw, t >0, (6.24)
w(z, k,0) = wi(x, k) z, ke RY,

with the scaled operator

OVIw)(z, k,t) =

x+ n,t) V(:);—En,tﬂ
Rd RdE 2

xw(:c,k;', 1)’ * K k! dn.
The parameter
_ Wt
m*(L/T)?

E =

denotes the scaled Planck constant.
In order to derive macroscopic equations from (6.24) we apply the moment method as

in Section 4.2. We define similarly as in the classical case the electron and current density
by

n(x,t) = /Rd w(z, k, t)dk, J(x,t) = — /Rd w(z, k,t)k dk,

and we set

) = [ ol ks k e

for any function f. Then n = (1) and J = —(k).
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Lemma 6.3 The first moment equations corresponding to (6.24) are as follows:

o —div,J = 0, (6.25)
Ond — dive(k @ k) +nV,V = —J, (6.26)

1 1
O3 |P) + diva(GRIRP) + V.V - T = (k) +dn, (6.27)

where x € RY, t > 0. The initial conditions are given by

n(z,0) — /w,(x k) dk,

wy(z, k)k dk,

d

/ wy(z, k)|k|* dk, r € R
R

d

J(x,0) =

%\

N =

(SR 0) =

Proof: First we integrate (6.24) over R? with respect to k:

8,(1) + div, (k) + /

Rd

OV ]w dk — / divy (kw + Vyw) d = 0. (6.28)
Rd
For the evaluation of the integral on the left-hand side we recall the Fourier transform
bz, n,t) = 1 bz, k, t)e ™ dk
7 777 (27T)d/2 Rd ) )

with inverse

1 ~ ,
QS(ZE, kat) = W /Rd gb(l‘,?’],t)GZk.n d77

Integrating the last equation over R? with respect to k gives the formula

(E(x, n, t)e”“7 dn dk. (6.29)

R4 JRd

~ 1
t) =
With this expression we compute
€
/Rd OViwdk = d/2 /Rd /Rd . V(z+ n,t) V(e — 517,75)} (6.30)

xw(m n,t)e* M dn dk

— (zw)d/Qg Vi +Snt) = V(e = n t)L:O @(x,0,1)

= 0. (6.31)

Therefore, (6.28) equals (6.25).
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Now we multiply (6.24) with k; and integrate over R? with respect to k. We compute
first, integrating by parts,

/ divy(kw + Vyw)k; dk - = —/ (kw4 Vyw) - Vik; dk
Rd Rd

8w

and, using (6.29),

G[V]wkj dk (6.32)
]Rd
_ / / V(e Sn.0) = V(e — Sn.0)] @ D)(=i) =L dp dk
d/2 Rd Rdg ’ 2 ’ o 877]
- —(9 d/2 _ ¢ m
< N D Vet v 1] #0.1)
1 € € ow
_ d/2z- e _ _ =
Cn 2 Vit g0t = Vie=gn0] 50,0
1[0V € ov €
B A R i o ke, t) dk
2 |:al’] (17+ 2777 )+ 6xj (x 277’ ):| n=0 /Rd w<x’ ’ )
oV
Thus v

This equals (6.26).
Finally, we multiply (6.24) with %|l{;|2 and integrate over k € RY. Again, we first

compute the collision and electric-force terms. We obtain, integrating by parts,
1
—/ divy(kw + Viyw) |k dw = —/ (kw4 Vyiw) - kdk
2 Rd Rd

= /(—w|k|2+wdivkk)dk: = —(|k]*) +dn
Rd
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and, with the notation §V (z,n,t) = [V (z +en/2,t) — V(x — en/2,t)] /e and using (6.29),

% [ oWk = W/R [ V@ (. )= dndi
= W/R RdAn((sv-@)(x,n,t)e“f'"dndk
_ —%(QW)CWA”((SV @) (2,0, 1)
= —%( )d/Q(A 5V (x,0,t)@(z,0,t) + 2V, 6V (z,0,t) - V,@(z,0,t)
+5V(:c,0,t)An@(x,O,t))
= V- (k) = V.,V
since
oV (x,0,t) = 0,
V,0V (2,0,t) = %[VIV(ergn,t)—FVxV(x—%n,t)] ~ V.V,
n=0
50,0V (2,0,1) = Z[AmV(x—i—%n,t)—AQCV(a:—gn?t)]n:O — 0,
V,0(x,0,t) = (27r1)d/2 /Rdw(:c,k,t)vnein-k dk LT i>d/2 (k)
Thus, (6.27) is shown. O

The system of moment equations (6.25)—(6.27) has to be closed. As in the case of
classical kinetic theory, we achieve the closure by assuming that the Wigner function w

is close to a wave vector displaced equilibrium density,
w(z, k,t) = weg(z, k —u(z,t),t),

similar to (4.43), where w,, is assumed to be given by

52 2

ki t) = A(w ) CWPR2VTE | & Ny S gy
Wea(, 1) = A, t)e T et o Y
2 aQV

4
—_— 34
24T (x,t)3 Z ks ké@xjﬁxg FOED]: (6:34)

and the functions u(z,t) and T'(z,t), later interpreted as the electron group velocity and
the electron temperature, have to be determined. Notice that the equilibrium density we,

reduces in the classical case € — 0 to the classical Maxwellian,
wiy(w,k,t) = A, tyne F*2T,
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V)T

since n = e"/* in classical thermal equilibrium. The first moments with respect to we, are

computed in the following lemma.

Lemma 6.4 The first moments corresponding to (6.34) are

2 2

— (1) = v/T (1 € € 2 4 .
n = (1) = B(x,t)e ( + 12T2A$V+ 24T3|VmV\ + O(e%), (6.35)
J =—(k) = —nu, (6.36)

2
k@k) =nu®@u+nTId — é—Tn(V @ V)V + O(e%), (6.37)
2 2

2y — pulul? + (dT — S—A o(T1d - = 4

(k|k|)*) = nu|u|* + (d 9T xV) nu + ( d 12T(V®V)V nu+ O(e%),
(6.38)

where
Bla,1) = A(w, £)(2xT)"2,

Id is the identiy matriz of R4 and (V ® V)V the Hessian of V.

Proof: The symmetry of w,, with respect to £ implies that all odd order moments of w.,

vanish. Therefore,
1y = / Weq(z, k —u(z,t),t)dk = / Weq(z,m, 1) dn,
Rd Rd
6 = [ et dn =,
ko) = [ 0@t d=msus [ gonugd, (639)
(k|k]*) = nulul* + u/Rd [n*Weq dn + 2 (/Rd nen weqdn> u. (6.40)
We derive now an O(g?) approximation for n. Since
/ e(=In?/24V)/T dn = Td/2€V/T/ e 1#7/2 g, — (27TT)01/2€V/T7
Rd Rd

/njme(|n2/2+\/)/Td77 _ Td/2+1€V/T/ ngfeqz\?/zdz
R4

Rd
= (27T)Y?TeV/T1d,
we obtain
2 2 2 d 92V

= BT 14 AV + |V VP — 5.0 | + ot

n e < + 8T2 + 24T3| ’ 24T3j€:1 8$]8IZ ]e + (5)
= B (14 S AV LS v VP 4+ O 6.41
- e + eVt o VeV ) + 0. (6.41)
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The computation of the integrals on the right-hand sides of (6.39)—(6.40) requires the

evaluation of

/njnmmﬁne_mz/ﬂdﬁ = Td/2+2/ ijzzmzne_|z|2/2dz
R4 Rd

T a(j,0,m,n),
where

3 g=l=m=n
a(j,t,mn)=2m)"*¢ 1 @ j=l#m=norj=m#l=norj=n#l{=m

0 : else.

This yields

2 2
_ v/T € 15 9
/Rd njnfweqdn = Be / |:-T (1 + @A$V+ 24T2|VIV| ) dj@
2 d 2
€ 0V
- Ta(j O(eh).
2473 mznjl O‘(j’é’m’”)axmaxn} +0(e)
A simple computation shows that
d 02V 02V
), 0 =2 ALV
mgzla(j, ,m,n)axmﬁxn D i0m, + it
Hence
v 2 2 ,
MW, — B T+ —A,V VIR ) d;
/Rd N NeWeqdn e [( + o7 + 24T2|V ] ) i
e 9%V
—— O(e"h). 6.42
12T axjaxg] +O() (6.-42)

We substitute the following expressions, derived from (6.41),

2 2
BeY/T (T v AV

12T 24T2W’“”V’2> = nT+OE,

BeV'T = n+0(e?),
into (6.42) yielding

e 0V

- 4
127" 9,00, T O

/ njnﬁweqdn = nT(Sjé -
Rd

Putting this into (6.39) and (6.40) gives the remaining formulas (6.37) and (6.38). O
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We wish to replace the second derivatives of the electrostatic potential in (6.37) and
(6.38) by (derivatives of) the electron density. From the Taylor expansion log(z + §) =
log z + O(d) and the formula (6.35), written as

n = B(z,t)e"’T + O(?),

we obtain
Inn = In(B(z,t)e"’T) + O(£?)

and therefore

& Inn 0? 1%
- In B — %).
Oxj0x,  Ox;0xy (n (z,8) + T) +0()

Our main assumption is that B(z,t) and T'(z,t) are slowly varying with respect to x,

compared to spatial variations of V' (z,t) such that we can write

#Plnn 1 0*V )
= = : 4
Or;j0x, T Ox;0xy +0() (6.43)

Lemma 6.5 Under the assumption (6.43) the second and third moments corresponding
to (6.34) are

2
(kek) = ij(]—i—nTId—%n(V@V)lnn+O(54),
wik?y = I (S A ) g2 (T1d - (Vo V) lnn) T+ O,
n2 127 12

Proof: The lemma immediately follows from (6.37)—(6.38) and (6.43) using J = —nu. O

Now we can combine Lemmas 6.3 and 6.5 to achieve our main result.

Theorem 6.6 The first moment equations corresponding to (6.24) with the closure con-
dition (6.34) and the assumption (6.43) are given by, up to order O(g?),

dm —divJ = 0, (6.44)
2 A
O J — divJ(i S V(nT) +nVV + %nv (%) = —J, (6.45)
: J d
Ore — div (G_P)E +VV.J = =2 e—gnl, (6.46)
where
‘J’Q d 2
= 5 + 2nT 4nA1nn,
2
P = —nTId + i—zn(v ®V)Inn

are the energy density and the stress tensor, respectively.
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Equations (6.44)—(6.46) are solved for z € R? ¢t > 0, supplemented with the initial
condtions
n(-,0) = ny, J(-,0) = Jp, e(-,0) = e in RY.

Proof: A simple computation shows that

mNMV®vnmo:%v(%gv,

which proves (6.45). Equation (6.46) follows from (6.27) and Lemma 6.5. O

Equations (6.44)—(6.46) are called the quantum hydrodynamic equations. The above
energy density is the sum of the kinetic energy, |J|*/2n = n|u|*/2, thermal energy,
(d/2)nT, and quantum energy, —(£2/24)nAInn. The stress tensor consists of a classi-
cal part, —nT' Id, and a quantum part, (¢2/12)n(V ® V) Inn. It allows to write (6.45) in

the more compact form

J&J
n

O J — div ( + P) +nVV = —J.

We have used the formulation (6.45) since it allows to interpret the quantum term as a
force term with the self-interacting potential Ay/n/y/n, which is also called the Bohm
potential.

The terms on the right-hand sides of (6.45) and (6.46) are called the momentum and
energy relazation terms, respectively. Neglecting all forces in the equations, we obtain

Oy J = —J, oe = —2 (e — gn) )

The solution to this system satisfies

d
J(t) — 0, e(t) — 3™

i.e., the current density vanishes and the energy relaxes to the thermal energy (with
constant temperature 7' = 1). We notice that for constant temperature, equations (6.44)—
(6.45) give the quantum hydrodynamic model from Section 6.2 if 6 = T.

Finally, we rewrite the quantum hydrodynamic equations in unscaled form:

1
o — —divJ = 0,
q

1. (J®J qkp q? qh? Av/n J
_ - _Tgery + Ly v —_Z
Oy J qle( - ) ~V(n )+m*n V+6(m*)2n NG —

e — 1diV ((e - P)£> +J-VV = 2 (6 - gnTo) ;
q n T 2
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where now

2 d B2
= m'— + —nkpT — Al
T TR T g S
2
P = —nkgTId + 12m*n(V®V)1nn.

6.4 Derivation of the quantum drift-diffusion equations

In this section we derive a quantum analogue of the classical drift-diffusion equations from
a Wigner-Boltzmann model (i.e. the Wigner equation including a collision operator). Our
main assumption is that collisions are dominant, similar to the situation of Section 4.1.

We proceed as in [25] with the scaled Wigner equation
ow+k-Vyw+0Viw = Qw), t >0, (6.47)

w(x, k,0) = wi(z, k), r, k€ R? (6.48)

(see (6.24)), recalling the definition of the pseudodifferential operator [V,

(2m)4

(O[Vw)(x, k, t) = / oV (w,n, tyw(x, K 1)) dk! dn,
R4 JR4

where

1 € €
OV (,m,8) = = [V +5n.8) = Ve = Sn.1)|

The collision operator Q(w) is assumed to be of relaxation type, i.e.
Q(w) = Mw) - w, (6.49)

where M[w] is a quantum analogue of the Maxwellian exp(A(z,t) — |k[?/2) for some
function A(z,t). The quantum Maxwellian M [w] is assumed to minimize the quantum
entropy, under the constraint of given particle density.

More precisely, similar to Section 4.2 we introduce the quantum entropy

H(w):/Rd/Rdw(an—l+§—V(m)) d dk:,

where here and in the following we omit the time variable which only acts as a parameter

and where the “quantum logarithm” is defined by
Lnw=W([nW (w)).

In this definition, W is the Wigner transform

(W (o)) (. k) = (zjr)d /R oo+ Sne— ) ey
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and W1 its inverse, the so-called Weyl quantization,

v woto) = [ [ (THLE) otnet e didy,

where o(x, ") is a density matrix and w(z, k) a function. The logarithm In is defined in
the sense of operator theory.
The quantum logarithm has the following properties.

Lemma 6.7 (1) The inverse of the quantum logarithm Ln is given by the so-called

quantum exponential Exp, defined by
Exp w = W(exp W (w)) for suitable functions w(z, k).

(2) The functionals Ln and Exp are (Fréchet) differentiable and

1
—Lnw = —, —Exp w = Exp w.
w w dw

Proof: (1) Formally, it holds

Ln(Expw) = W <exp w-t <W(ln W_l(w))>> =W (exp(ln W_l(w)))
= WWHw)) = w.

(2) Left to the reader. O
Lemma 6.8 The solution of the constrained minimization problem
H(w") = min {H(w) ; /w(m, k) dk = n(x) for allx} ,
for given electron density n(x), if it exists, is
w* = Exp(A(z) — [k[*/2),
where the constant A(x) is fized by the constraint
/ w*(z, k) dk = n(z).
Rd

We assume that the above constraint fixes A(z) uniquely.

Proof: We use Lagrange multipliers and define

Fw,\) = H(w) + /]R ) (/R w(z, k) d — n(x)) da.
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By Lemma 6.7 (2),

(dci) ) /Rd/Rd <an+__v( ))u(x,k)dxdk.

Furthermore,
d
— dk = k) dk.
(30 [ o) @ = [ ow

Therefore, we obtain the necessary condition for an extremum

0= (“Lpaw 3 @) = Lo w4+ FE V(@) + X (2) ) ulz, k) dz dk
dw it S 2

for all functions u(x, k). This implies that

L

Lnw* 4+ — =V(z)+ X" (z) =0

or

w = Exp(A(z) — |k[*/2)  for A(z) = V(z) — A*(2),
which shows the lemma. 0
Definition 6.9 The quantum Maxwellian is defined by

M [w] = Exp(A(z) — |k[*/2)

and A(x) is determined through

M[w]dk—/ w dk.
R¢ Ré

With this definition, the relaxation-time Wigner model (6.47)-(6.49) is well defined.
In order to derive the quantum drift-diffusion model, we consider the case of dominant

collisions and large time, i.e., we rescale the equation (6.47) by replacing

t by t/é and Q(w) by Q(w)/o.

This yields

) 8tw5 + k- V., ws + Q[V]w(s = Q(U}(g) = —(M[w(;] — w(;), t >0, (650)
ws(x, k,0) = wi(z, k), z, k € R (6.51)

Now we perform the limit 6 — 0.
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Theorem 6.10 Let ws be a solution of (6.50)-(6.51). Then, formally, ws — wqy as§ — 0,
where wy = Exp(A — |k|?/2) and A(x,t) is a solution of

omn—divy = 0, J=divP—naVV, (>0 (6.52)
n(z,0) = ns(x), r € RY, (6.53)
where
|k [?
n = Exp ( A — — ) dk, (6.54)
Rd 2
|2

P = k®kExp| A—— ) dk, (6.55)

R4 2

and the initial datum s given by

nr = / wr dk.
Rd

Proof: Performing the (formal) limit 6 — 0 in (6.50) directly, we obtain wy = M [wp]. In
order to derive higher-order corrections, we apply the so-called Chapman-Enskog method

first used in classical kinetic theory [20, 29]. For this, we define the first-order correction

wi = <(ws = Mlws])  or  ws = Mluws] +duf’.

S| =

Denote by w® the limit of wél). Since, as 6 — 0,
ws = —Q(ws) = 60w — (k - Vyws + 0[V]ws) — —(k - Vg + 6[V]wy),
we infer
wV = —(k - Vwo + 0[V]wp). (6.56)
We claim that in the (formal) limit 6 — 0,
) / wo dk + div, / wWkdk+ [ 0[V]w" dk = 0. (6.57)
R R4 R

To see this we integrate the rescaled Wigner equation (6.50) with respect to k € R?,

50, / wy dk + div, / wikdk+ [ OViwsdk = | Qus)dk,  (659)
Rd Rd ]Rd

Rd

and manipulate this equation term by term. By definition, M |ws] and ws have the same

(zeroth-order) moments, yielding

y Q(ws) dk = %/Rd(M[wg] —ws) dk = 0.

153



The function k +— (0[V]M[ws])(z, k) is odd since, transforming 1 +— —n, k' — —k/,

OV Il R) = s [ ovemes (4= ) e ayan

- (27:)2/2 / 6‘/(1"’ U)EXp (A — @) ei"'(k_k’/) dn Ak’
= —(0[VIM[ws))(z, k),

using 6V (z, —n) = =0V (x,n). This implies that the integral over 8]V ]| M [ws] vanishes and

therefore,

/ 0]V ]ws dk = / 0]V )(M]ws] + 6wy dk = 6 / o[V w dk.

Rd

Since also k +— M[ws]|(z, k)k is odd,

/ w(;k;dkzé/ wVk dk.
R4 R4

Thus (6.57) follows from (6.58) after division by d.
Setting n = [ wp dk and using the expression (6.56) in (6.57) we obtain

o — divx/ (k - Vpwo + 0]V ]wo)k dk +/ o[V w™ dk = 0.
R Rd
In Section 6.3 we have derived the following formulas (see (6.31) and (6.33)):
/ OViwdk = 0 for all functions w,
Rd

/ O[V]wek dk = —nV,V for all functions wy such that n = [ wg dk.
R4

This gives
on — div, / div,(k ® k)wy dk + div,(nVV,) = 0,
Rd

and hence the conclusion. O

The initial-value problem (6.52)—(6.55) can be considered as a generalized quantum
drift-diffusion equation. The drift current is given by nVV and P is a quantum pressure
tensor. In the classical case, P = nd;; yielding the drift-diffusion equations of Section 4.1.
In general, P is a nonlocal operator involving A(z) which relates to n through (6.54)—
(6.55). The usual quantum drift-diffusion model is obtained from (6.52)—(6.55) as a O(g?)

approximation.
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Theorem 6.11 Let (n,J) be a solution of the generalized quantum drift-diffusion equa-
tions (6.52)—(6.55). Then, formally, J = Jy+ O(e*) and (n, Jy) solves

g2 A
o — divdy =0, Jo=Vn+nVV + —nV < \/_> t >0, (6.59)
Vn
n(z,0) =n;(z), r € R (6.60)

The system (6.59)—(6.60) is called the quantum drift-diffusion model. For the proof of
Theorem 6.11 we need the following results. It holds

/ekQ/Qdk = (2m)¥?, (6.61)
R4
/k‘ikje_“mdk = (2n)¥%5,, (6.62)
Rd
/ kikskokme "E2 dle = (27)Y2 (6150 0m + 05¢0jm + Oimbie) - (6.63)
R4

Lemma 6.12 The following (formal) expansion holds:

|k[? |k|? g2 1 o Lo+ 4
EXp A—T = exXp A—T 1+§ AA+§|VA| —gk DA/{,’ ‘l‘O(E),

where D*A denotes the Hessian of A.

The technical proof uses heavily pseudo-differential calculus and is therefore omitted.
We refer to [25, Lemma 5.6] for details of the proof.

Proof of Theorem 6.11: First we develop the electron density in powers of £2. By (6.54),
Lemma 6.12, and (6.61)—(6.62),

2 2
_ A € 1 2 —|k[2/2 € A 2 —|k[2/2 4
n = e {1—1——8 (AA+§|VA| )] /Rde dk:——246 ;j 0;;A g kik;e dk 4+ O(e%)

= (2m)%e! [1 +2

(AA - —]VAF) — g—iAA} +O(g")
= (2m)%%eA {1 +35 <AA+ |VA|2)} + O(eh), (6.64)

where 0; abbreviates the partial derivative d/0z;. In particular,

n = (2m)¥%et + O(e?). (6.65)
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Next we develop the quantum pressure in powers of €. Using (6.55), Lemma 6.12, and
(6.62)—(6.63),

2
P, = A1+ AA+1\VA\2 /kikje|k|2/2dk
8 3 R4

——e*> " 0;,A / ) kik;kghme 2 dk + O (%)
2
= (2m) Y2 [1 + = 8 (AA+ —|VA\2)} 3—4(%)01/2& (AAGS; + 207 A) + O(e")

2
= (2m)¥%eA [1 + 5 <AA+ ]VA]Q)} — %(%)d/%f‘afjmr O(e").

We employ the developments (6.64) and (6.65) to obtain
P, = 5»~—€2—n32A+O( D

Thus, using Vn = nVA + +0(e?), which follows immediately from (6.65),

2
(divP), Z 0Py = O — - Z (0m0%A +ndi,A) + O(eh)

— 2 4

Hence,
2

1
divP = Vn — i—an (AA + §|VA|2) +0(eh).
Finally, we relate A and n using (6.65) or
Vn

VA= —+40(e )
from which we conclude
1 An |Vn]2 1|Val|? An  |Vn|?
AA+ —|VAP? = — — il I O2) = 21 O(&2
+2\V | n? 21 n +0() n 2n? +0()
AVE
Therefore,
2 A
J =divP —nVV =Vn —nVV — %nv ( \/\/ﬁﬁ) + 0(eY),
and the conclusion follows. O

156



References

1]

[10]

[11]

[12]

R. Adler, A. Smith, and R. Longini. Introduction to Semiconductor Physics. John
Wiley & Sons, New York, 1964.

A. Arnold, P. Degond, P. Markowich and H. Steinriick. The Wigner-Poisson equation
in a crystal. Appl. Math. Lett. 2 (1989), 187-191.

N. Ashcroft and N. Mermin. Solid State Physics. Sanners College, Philadelphia, 1976.
H. Babovsky. Die Boltzmann-Gleichung. Teubner, Stuttgart, 1998.

G. Baccarani and M. Wordeman. An investigation on steady-state velocity overshoot
in silicon. Solid-State Electr. 29 (1982), 970-977.

C. Bardos, F. Golse, and C. Levermore. Fluid dynamic limits of kinetic equations I:
formal derivations. J. Stat. Phys. 63 (1991), 323-344.

C. Bardos, F. Golse, and C. Levermore. Fluid dynamic limits of kinetic equations II:
convergence proofs for the Boltzmann equation. Comm. Pure Appl. Math. 46 (1993),
667-753.

N. Ben Abdallah and P. Degond. On a hierarchy of macroscopic models for semicon-
ductors. J. Math. Phys. 37 (1996), 3308-3333.

N. Ben Abdallah, P. Degond, and S. Génieys. An energy-transport model for semi-
conductors derived from the Boltzmann equation. J. Stat. Phys. 84 (1996), 205-231.

K. Blgtekjeer. Transport equations for electrons in two-valley semiconductors. I[EEFE
Trans. Electr. Devices 17 (1970), 38-47.

K. Brennan. The Physics of Semiconductors. Cambridge University Press, Cam-
bridge, 1999.

N. Bogoliubov. Problems of a dynamical theory in statistical physics. In: J. de Boer,
U. Uhlenbeck (eds.). Studies in Statistical Mechanics, Vol. I. North-Holland, Ams-
terdam (1962), 5.

L. Boltzmann. Weitere Studien iiber das Warmegleichgewicht unter Gasmolekiile.
Sitzungsberichte Akad. Wiss. Wien 66 (1872), 275-370. Translation: Further studies
on the thermal equilibrium of gas molecules. In: S. Brush (ed.). Kinetic Theory, Vol.
2. Pergamon Press, Oxford (1966), 88-174.

157



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

M. Born and H. Green. A General Kinetic Theory of Fluids. Cambridge University
Press, Cambridge, 1949.

F. Bufler and A. Schenk. Halbleitertransporttheorie und Monte-Carlo-
Bauelementsimulation. Lecture Notes, ETH Ziirich, Switzerland, 2002.

A. Caldeira and A. Leggett. Path integral approach to quantum Brownian motion.
Physica A 121A (1983), 587-616.

A. Caldeira, L. Erdos, F. Frommlet, and P. Markowich. Fokker-Planck equations as
scaling limits of reversible quantum systems. J. Stat. Phys. 100 (2000), 543-601.

P. Carruthers and F. Zachariasen. Quantum collision theory with phase-space distri-
butions. Rev. Modern. Phys. 55 (1983), 245-285.

C. Cercignani. The Boltzmann Equation and Its Applications. Springer, Berlin, 1988.

S. Chapman. The kinetic theory of simple and composite gases: viscosity, thermal
conduction and diffusion. Proc. Roy. Soc. London A 93 (1916/17), 1-20.

D. Chen, E. Kan, U. Ravaioli, C. Shu, and R. Dutton. An improved energy trans-
port model including nonparabolicity and non-Maxwellian distribution effects. IEFE
Electr. Dev. Lett. 13 (1992), 26-28.

R. Dautray and J.L. Lions. Mathematical Analysis and Numerical Methods for Sci-
ence and Technology. Springer, Berlin, 1992.

P. Degond. Mathematical modelling of microelectronics semiconductor devices. In:
L. Hsiao (ed.). Some Current Topics on Nonlinear Conservation Laws. Amer. Math.
Soc., Providence, USA (2000), 77-100.

P. Degond, A. Jiingel, and P. Pietra. Numerical discretization of energy-transport
models for semiconductors with nonparabolic band structure. SIAM J. Sci. Comp.
22 (2000), 986-1007.

P. Degond, F. Méhats, and C. Ringhofer. Quantum energy-transport and drift-
diffusion models. J. Stat. Phys. 118 (2005), 625-665.

R. DiPerna, P.L. Lions. On the Cauchy problem for Boltzmann equations: global
existence and weak stability. Ann. Math. 130 (1989), 321-366.

R. DiPerna, P.L. Lions. Global solutions of Boltzmann’s equation and the entropy
inequality. Arch. Ration. Mech. Anal. 114 (1991), 47-55.

158



28]

[29]

[30]

[31]

[32]

33]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

P. Dmitruk, A. Saul, and L. Reyna. High electric-field approximation in semiconduc-
tor devices. Appl. Math. Letters 5 (1992), 99-102.

D. Enskog. Kinetische Theorie der Vorgdnge in mdfSig verdinnten Gasen. 1. Allge-
meiner Teil. Almquist & Wiksell, Uppsala, 1917.

H. Federer. Geometric Measure Theory. Springer, New York, 1969.

D. Ferry and H. Grubin. Modelling of quantum transport in semiconductor devices.
Solid State Phys. 49 (1995), 283-448.

H. Foll. Semiconductors. Lecture Notes, Universitait Kiel, Germany, 2004.

(www.tf.uni-kiel.de/matwis/amat/semi_en/index.html).

V. Gantmakher and Y. Levinson. Carrier Scattering in Metals and Semiconductors.
North Holland, New York, 1987.

A. Gnudi, D. Ventura, G. Baccarani, and F. Odeh. Two-dimensional MOSFET sim-
ulations by means of a multidimensional spherical harmonic expansion of the Boltz-
mann transport equation. Solid State Electr. 36 (1993), 575-581.

N. Goldsman, L. Henrickson, and J. Frey. A physics based analytical numerical so-
lution to the Boltzmann transport equation for use in device simulation. Solid State
Electr. 34 (1991), 389-396.

F. Golse. The Boltzmann Equation and Its Hydrodynamic Limits. Lecture Notes for
the Ecole thématique “Les modeles cinétiques non linéaire et leurs limites fluides”,

Université de Franche-Comté, Besangn, 1997.
H. Grahn. Introduction to Semiconductor Physics. World Scientific, Singpore, 1999.

R. Hudson. When is the Wigner quasiprobability nonnegative?, Reports Math. Phys.
6 (1974), 249-252.

J. Kirkwood. Statistical mechanical theory of transport processes I. General theory.
J. Chem. Phys. 14 (1946), 180-201. Errata: 14, 347.

C. Kittel. Introduction to Solid State Physcis. 7th edition, John Wiley & Sons, New
York, 1996.

C. Lent and K. Kirkner. The quantum transmitting method. J. appl. Phys. 67 (1990),
6353-6359.

159



[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[55]

C. Levermore. Moment closure hierarchies for kinetic theories. J. Stat. Phys. 83
(1996), 1021-1065.

C. Levermore. Entropy-based moment closures for kinetic equations. Transp. Theory
Stat. Phys. 26 (1997), 591-606.

P. L. Lions. Global solutions of kinetic models and related problems. In: C. Cercig-
nani and M. Pulvirenti (eds.). Nonequilibrium Problems in Many-Particle Systems.
Lecture Notes in Math., Vol. 1551. Springer (1992), 58-86.

M. Lundstrom. Fundamentals of Carrier Transport. 2nd edition, Cambridge Univer-
sity Press, Cambridge, 2000.

J. Maly, D. Swanson, and W. Ziemer. The coarea formula for Sobolev mappings.
Trans. Amer. Math. Soc. 355 (2003), 477-492.

P. Markowich. On the equivalence of the Schrodinger and the quantum Liouville
equations. Math. Meth. Appl. Sci. 11 (1989), 459-469.

P. Markowich and C. Ringhofer. An analysis of the quantum Liouville equation. Z.
Angew. Math. Mech. 69 (1989), 121-127.

P. Markowich, C. Ringhofer, and C. Schmeiser. Semiconductor Equations. Springer,
Vienna, 1990.

D. Neamen. Semiconductor Physics and Devices. 3rd edition, McGraw Hill, 2002.

F. Poupaud. Etude mathématique et simulations numériques de quelques équations
de Boltzmann. PhD thesis, Université de Nice, France, 1988.

F. Poupaud. On a system of nonlinear Boltzmann equations of semiconductor physics.
SIAM J. Appl. Math. 50 (1990), 1593-1606.

F. Poupaud. Diffusion approximation of the linear semiconductor Boltzmann equa-
tion: analysis of boundary layers. Asympt. Anal. 4 (1991), 293-317.

F. Poupaud. Mathematical theory of kinetic equations for transport modelling in
semiconductors. In: B. Perthame (ed.). Advances in Kinetic Theory and Computing:
Selected Papers. World Scientific, Singapore (1994), 141-168.

F. Poupaud and C. Ringhofer. Quantum hydrodynamic models in semiconductor
crystals. Appl. Math. Lett. 8 (1995), 55-59.

160



[56]

[57]
[58]

[59]

[60]

[61]

[64]

[65]

[66]

[67]

[68]

M. Reed and B. Simon. Methods of Modern Mathematical Physics IV: Analysis of
Operators. Academic Press, New York, 1978.

L. Reggiani (ed.). Hot Electron Transport in Semiconductors. Springer, Berlin, 1985.
B. Ridley. Quantum Processes in Semiconductors. Clarendon Press, Oxford, 1982.

C. Ringhofer. Computational methods for semiclassical and quantum transport in
semiconductor devices. Acta Numerica (1997), 485-521.

C. Schmeiser and A. Zwirchmayr. Elastic and drift-diffusion limits of electron-phonon
interaction in semiconductor. Math. Models Meth. Appl. Sci. 8 (1998), 37-53.

K. Seeger. Semiconductor Physics. An Introduction. 6th edition, Springer, Berlin,
1977.

M. Taylor. Pseudodifferential Operators. Princeton University Press, Princeton, 1981.

C. Villani. A review of mathematical topics in collisional kinetic theory. In: S. Fried-
lander and D. Serre. Handbook of Mathematical Fluid Dynamics, Vol. 1. Elsevier,
Amsterdam (2002), 71-305.

W. Van Roosbroeck. Theory of flow of electron and holes in germanium and other
semiconductors. Bell Syst. Techn. J. 29 (1950), 560-607.

W. Wenckebach. FEssentials of Semiconductor Physics. John Wiley & Sons, Chich-
ester, 1999.

E. Wigner. On the quantum correction for the thermodynamic equilibrium. Phy. Rev.
40 (1932), 749-759.

J. Yvon. La théorie statistique des fluides. Hermann, Paris, 1935.

W. Zawadzki. Mechanics of electron scattering in semiconductors. in: T. Moss (ed.).
Handbook of Semiconductors. Vol. 1. North-Holland, New York (1982), Chapter 12.

161



