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Abstract

We make a systematic study on the time history interfacial conditions in multiscale
computations for crystalline solids in one space dimension. The exact interfacial condition
is derived rigorously. For a class of approximate time history kernel functions, the error is
estimated. In particular, a cut-off of the exact kernel function is a special case. Moreover,
an effective numerical algorithm is proposed for the convolution.

1 Introduction

A uniform periodic lattice structure is usually assumed for a bulk material in the studies of
solid state physics or elasticity [3]. This allows the application of various mathematical tools.
However, when there are defects, such as dislocations or phase interfaces, the uniform infinite
structure does not correctly represent the reality [9]. Under such circumstances, a multiscale
methodology may be adopted to reach a compromise between the numerical accuracy and effi-
ciency [7]. In a concurrent multiscale algorithm, one treats a selected small subdomain enclosing
the defects by the detailed atomistic dynamics, whereas resolves the vast surrounding region by
a coarse grid or continuum description. The quality of such an algorithm heavily relies on the
interfacial condition that is imposed across the different scales. A class of such interfacial condi-
tions, called a time history treatment, were proposed first by Adelman and Doll [2], and adopted
for multiscale computations by Cai et al. in [4]. A displacement decomposition has been further
incorporated in a Bridging Scale Method [12, 10] and a Pseudo-spectral Multiscale Method [11].
Other numerical methods with similar strategy have also been developed [6].

As we shall show in the following discussion, an exact time history treatment requires computing
a convolution for the whole time history, which is virtually forbidden in most implementations.
Therefore, one usually makes a certain truncation (cut-off) in the time history to save the
storage and computing load. The influence of such truncation is largely unclear. In particular,
reflections after a long run have been observed by various researchers, when such truncations
are performed.

In this paper, we shall rigorously derive the interfacial conditions for a semi-infinite lattice in
one space dimension, and estimate the error caused due to the approximation of the time history
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kernels. For a simple truncation, we discover the sensitivity on the choice of the cut-off time.
Moreover, a more accurate approximate time history kernel function is suggested, making use
of the asymptotics for the Bessel function.

The rest of the paper is planned as follows. First, we derive in Section 2 the solution representa-
tion for an infinite ODE system describing the harmonic lattice. Then we analyze in Section 3
the error for numerical schemes with an approximate kernel function. In particular, the trun-
cated convolution corresponds to a special choice for the approximate kernel. Our main results
are Theorem 3.4 with detailed error estimates, and a fast algorithm presented in Section 3.3 for
evaluating convolution integrals over long intervals.

2 Solution Representations for Infinite and Semi-infinite Lat-
tices

In a harmonic lattice, we write u, for the displacement away from the equilibrium at the n-th
atom. After rescaling, the Newton law reads

(2.1) U = Up—1 — 2Up + Upy1-

For the infinite and semi-infinite lattices, we define infinite or semi-infinite displacement vectors

U = (Un)nez, Ush = (Un)nsb = (Upy1, Upr2,---) |, U<h = (Un)n<p = (s up_1,up) .

Here b € Z marks the boundary of the semi-infinite lattices. We further define three infinite or
semi-infinite matrices as follows.

A= (aij)ijez, AT = (agj)ijen, AT = (aij)—i—jeNy
2 =],

aj=q -1 :]i—jl=1,
0 . else.

The infinite lattice is governed by

OFu(t) = —Au(t),
(2.2) { u(0) = u(O)’ u/(o) =W,

The right semi-infinite lattice is governed by

a,52U>b = —ATusp + G,
(2.3)

0 1
u~p(0) = U(>g7 uly(0) = “(>27

with a vector G = (¢,0,0,...)" to be specified.



The left semi-infinite lattice is governed by

(2.4) Orusy =~ g+,
. u<p(0) = (ul?),<, Uy (0) = (U ) n<t,
where G = (...,0,0,9)" is also to be specified.
Applying the Fourier transform
u = (Up)nez — U =1u(p) = Z uy, exp(—ipn), o € [—m, 7],

ne”

to the infinite lattice problem (2.2), we get a second order ODE with parameter ¢,

3fﬁ(t, ©) = —(2 —2cosp)u(t,p).

Solving this ODE and performing the inverse Fourier transform, we obtain the following repre-
sentation formula.

(2.5) un(t) =Y ( 1 (0) Ty (28) + L, Z ot 275) neZ.

meZz I=|n—m)|

Here, we have exploited (9.1.42) from [1],
cos(zsin f) )+2 Z Jo1(2) cos(210),

with J the Bessel functions, which satisfy J_,(z) = (=1)"J,(z) and J,_1(2) — Ju41(2) = 2J,(2).
We summarize the results as follows.

Proposition 2.1. For any pair of vectors u(?) (ugo))nez, ut) = (ug))nez € 1%(7), (2.5) gives

the unique solution u = (uy(t))nez € C*(R,1%(Z)) to the system (2.2).

Next, we consider the dynamics for the semi-infinite lattice governed by (2.3).

Lemma 2.2 (Fundamental solution to the right half-space problem). There is a N4 xN
matriz function Ut = UT(t) with the property that usp(t) := UT(t) - (2 solves problem (2.3)
with G =0, u(o) 0, and u(lg € 1%, The entries of U are

n+m—1

(2.6) Ut )= > Jun(2), nm>1

I=|n—m)|

Proof. Fix initial data v,g) =0 for n € Z, and

:n > b,
vﬁll): 0 :n=b,

—Ugy_,, 1 <D,
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Figure 1: The function U}

and define a function v = v(t) = (v, (t))nez via
(2.7) valt) =) U%)( > J21+1(2t)>-
meZ I=|n—m|

From (2.5) we see that this vector v is the unique solution to the full-space problem (2.2) with
initial values u(® = 0 and v") = v(!). By a reflection argument and the uniqueness, we see that
vis odd at n = b for all times: v, (t) = —vgp_p(t), n € Z. Therefore, we know that u, (t) = v,(t),
for n > b. The formula (2.6) then follows from a comparison of (2.7) with the relation defining

U>b(t)7

Uy ( Z b+m’ n > 1.

Proposition 2.3 (Duhamel’s principle). The solution u~; to (2.3) is
t
wsolt) = (U (1) -y + U -y + | U= G d

Upy (1 Z <3t ub+)m + Ut () b+m / (=) Gy (t )dt/> , n>1

m=1

By well-known formulas on recurrence relations and Laplace transforms of Bessel functions [1],
the following properties of the entries U, are easily shown.



Jo(28).

Jon—m|(2t) = Jo(ntm)(21).

Lemma 2.4. The function U] is given by U (t) = %
For n,m > 1, we have U}, (t) = L{,‘gn(t) and O UL, (1) =

For n > 1, the Laplace transform U}, of U1, is

3 —2n 2 2n
~ S S S S
2. t(s)=|= 14+ = =[=—/1+= > 0.
(2.8) U, (s) <2+ + 4> <2 + 4> ) >0

Remark 2.5. A direct consequence are the convolution identities U;[l * U,:l = I/I;LF il

In the same way, we may treat u<; and obtain a representation as follows.

Corollary 2.6 (Duhamel’s Principle). The solution u<p to (2.4) is

—00

Upt14n(t) = Z <atunm( )ul(;(.)g_)1+m + Upp (t ub+1+m / 0 t)Grr14m(t) dt,) )

m=—1

where n < —1. Here the entries U,,,, of U~ are given by U, (t) =UT

—n,—m

( )7 fOT’ n,m S —1.

3 Error Estimates for Approximate Half-Space Problems

3.1 A General Scheme

In a multiscale computation, one reduces the computing load by taking a coarse grid represen-
tation away from a selected small subdomain. We idealize the subdomain as u<; with the b-th
atom being the interface. In such a selection, fine fluctuations are assumed to be generated
within the subdomain only. An interfacial condition is prescribed at the b-th atom to close the
atomistic dynamics in such a way that all waves from u<; pass to u~p without reflection.

Due to the linearity, superposition applies for the harmonic lattice. The non-reflecting interfacial
condition may be designed together with a displacement decomposition [10, 11]. In this setting,
we consider the full space problem (2.2), which is initially at equilibrium away from the atomistic

subdomain. This means uﬁ?) = u,(l) 0forn>beZ.

Then the semi-infinite vector u~p solves the right half-space problem (2.3) with vanishing initial
data and G = (g,0,0,...)", where g(t) = uy(t). From the Duhamel principle for the right
half-space problem, we then have

t

o (1) = (U u)() = /t ~ %Jg(%')ub(t _ ¢yt

Let the vector u<p be the solution to the problem with exact interface conditions
({92521155 = —Aiu§b + G(u),

(3.1) usp(0) = (WP )n<o, ey (0) = (uf))nso,
G(u) == ( .. ,0, e ,O, g(u))T, g(u) (t) == Ub+1(t) = (ufrl * ub) (t)
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Let Z;{le be an approximation of the convolution kernel Z/lle. Define a convolution operator R as

(R 2)(t) == (U % 2)(t) — Uy * 2)(8).
Let v<j, be the solution to the approximate problem with the same initial values,
831)31) = —A_Ugb + G(v)a
(3.2) v<p(0) = (U ns, v (0) = (uf) <o,
G(U) =(...,0,...,0, g(v))T, 9(v) (t) = <Z/~[1+1 * vb> (t).
Then we define the error vector w<y := u<j — v<p, which is a solution to
8152’11}§b = —A_U)Sb + G(w)7
(3.3) w<p(0) = wi, (0) =0,
G(w) = ( 0 ’Oag(w))Ta

with
9(w) () = gy () = gy (8) = UL} x wp) () + (R * vp) (t) = <7/71+1 * wb) (t) + (R up)(t).

Our goal is to estimate the approximation error w<; in terms of u<;. To this end, we apply
Corollary 2.6 to the system (3.3), and find, by a result for the left semi-infinite lattice similar to
Lemma 2.2, the representations

(3.4) Wp14n(t) = Uy 1 % g)) (), n < -1,
wy(t) = (L{frl * g(w)) (t) = (Z/Ile * (L{frl —R) x wb) (t) + (Llfrl * R x ub) (1),
from which we deduce, using (2.8), that

D = L R(s)ip(s) =: K(s)R(s)iy(s
0(s) =~ SR )in(s) = RRG)in(s)

Note the zeros of sv/4 + s2 at s = 0 and s = £2i. For brevity, we introduce the notation

[=[f(s):=svV4+s2 oy = +2i.

Next, we are going to answer the question whether this newly defined function K is the Laplace
transform of a function K. To this end, we make the entirely reasonable assumption that
R = R(t) is at most exponentially growing for ¢ — oo, with growth rate sy € R. Then the
Laplace transform R= ]:Z(s) exists for all s € C with Rs > sq, it is an analytic function of s for
Rs > so, and we have a bound |R(s)| < Cj for Rs > so. Then there is a real number s; > sg
such that |sv/4 + s2| > 2C for Rs > s1, which has the following consequences:

e K = K(s) is an analytic function of s for Rs > s,
e for any 0 > 0, K(s) converges uniformly to zero for s — oo, s > s1 + 6,

e for any ¢ > 0, the line integral f8:81+6+i°o |K (s)|ds is bounded.

s=s1+0—ioco
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Then (see [5, VoL.I]), the function K is the Laplace transform of a function K = K(t),

1 s14+0-+ioco
K(t) = —/ e K(s)ds, t>0, d>0.
2mi s=s1+0—ico
This allows us to write

wp(t) = up(t) —wvp(t) = (K + Rxwp)(t),  t=0,

from which estimates ||wp|| (g, ) < |1 K * Rl p(r, ) lus]l p(r, ) can be deduced for any 1 < p < oo
provided that K * R € [}(R;) and up € IP(R,).

Lemma 3.1. The function wy solves the differential equation

Otwy, = (U] — R) * wy — 2wy, + R * wy,.

Proof. From (3.4), Remark 2.5, and a result for the left semi-infinite lattice similar to Lemma 2.2,
we know that

wp—1 () = (Upy * g (t) = Uy UL * gy (8) = Uy % wp) (D).
On the other hand, wy, solves a differential equation, via (3.3):
O wy = wyp—1 — 2wy + gy = (2U] — R) * wy, — 2wy, + R x uy,.
O

Lemma 3.2. Let p, denote the function with p,(t) =t*, for o € R. Then the functions K and
R« K can be expressed as

K(t) =t+ (p1* U — R) = K) (t) — 2(p1 = K)(t),
(RxK)(t) = (p1* R)(t) + (p1* (U} — R) * Rx K) (t) — 2(p1 * R * K)(t).

Proof. The function p; has the Laplace transform p;(s) = s~2. Then we can write
F
$1+0+100 's 1

K(t):t+/s e —(s2k(s)—1> ds

2
=s1+0—ico S

s$1+0+ico . 1 - ) )
i /s=31+5iooe 52 ( Uy (s) — R(s) > (s)ds
= t+ (p1 % (U — R) x K) (t) — 2(p1 * K)(t).

Convolving this first identity with R gives the second assertion. O

Corollary 3.3. The functions K and R * K solve the initial-value problems

K"(t) = ((2U;; — R) x K)(t) — 2K (¢), K(0) =0, K'(0) =1,
(Rx K)"(t) = R(t) + ((2U; — R) x (Rx K))(t) — 2(R* K)(t), (Rx*K)(0)=(R*K)(0)=0.
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3.2 An Example for the Approximate Kernel

The goal of this section is to propose a class of approximate kernels Z;{frl and to estimate the
factor || K * R||;, which enters in the error estimate as good as possible. To this end, we start
with recalling that the Bessel functions satisfy the asymptotic expansion

Ju(t) = \/% (P(v,t)cos x(v,t) — Q(v,t)sin x (v, 1)), t — 400,
where x(v,t) =t — (v/2 + 1/4)m and

oo 1 oo
P(V7t) ~ Zault_2l7 Q(V7 t) ~ Q_t Zbl/lt_Qly
=0 =0

and the constants a,;, b,; are
(-1)! T(w+20+1/2) _ (-1)! T(w+2+3/2)
220 (2D (v — 20 + 1/2)’ YT TR Qi+ DD — 20— 1/2)°
The error arising from truncating the asymptotic series after [ is smaller than the first skipped
term provided that t € R, [ > v/2 —1/4 for P, and [ > v/2 — 3/4 for Q.

ay) =

This suggests the following choice of a kernel Z;{frl approximating U (t) = 2J2(2t)/t: choose a
cut-off time 7' > 0 and an integer &’ > —1, and set

- Ut (t) 0<t<T,
(35) UL =1 5 4w ([ ay 5 1 by 5
Tt =0 ((21&)21 cos(2t — 3m) — 1 @ sin(2t — Z?T)) T <t<oo.

If k' = —1, then U;; (t) = 0 for T < t < co. The remainder R = U}, — U} vanishes for 0 <t < T.
Put k = 2k" + 3.

As an example, we choose k = 1 and plot the functions K for various cut-off times 7" in Figure 2.
The plots are obtained by transforming the second-order differential equation from Corollary 3.3
into a first-order system, which is then solved numerically using the implicit trapezoidal method
with step-size 0.05; and the Simpson method chosen for the quadrature of the convolutions.

In the sequel, we will show that the function K is a sum of two terms: the first is either slowly
exponentially decaying or increasing (depending on the choice of k and T'), and the second is
oscillating and decaying at least like ¢t~! for t — 4+o00. We will present a precise description of
the first term, from which we will learn how to choose good values for k and T'. Our pointwise
estimates of K * R will then lead naturally to the following main result:

Theorem 3.4. Let u<y, be the solution to the ezact system (3.1), with the convolution kernel Uy
gwen as in Lemma 2.4. Let v<p be the solution to approzimate system (3.2), with a convolution
kernel Z/{frl chosen in (3.5), and let w<p, = u<p — v<p denote the error.

For the numbers k = 2k +3 and T from (3.5), we assume k = 1 mod 4, T > 1, and that
2T — /4 is situated near a mazximum of the sine function. Then we have the following error
estimates, for any interval (0,Tp):

”wbHLOO(O,TO) <CcTh? ”Ub”L2(0,T0) )
—k
lwsll e 0.7) < CT " Nl 0,1 »
||wbHLP(O,TO) < Cln(1+ToT ") HubHLP(O,TO) ) I <p<oo.
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K for T=105
T

K for T=100
T

0 L L L L L L L L L 0 L L L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Figure 2: The function K on [0,10000] for 7' = 105 and 7" = 100

The proof is split into a bunch of lemmas.
The remainder R can be written, for ¢t > T, as
R(t) = 712 cos(2t — 7 /4) Py(t) + t 5732 sin(2t — /) Qp (1),
o0 (o]
Pe(t) ~ > pt™, Qu(t) ~ > gt
1=0 1=0
Next we give a representation of ﬁi, which we interpret as the analytic continuation into the left
complex half-plane of the Laplace transform of R. Recall that o4+ = £2i.

Lemma 3.5. For s € C with |arg(s—o4)| <7 and T — oo, we have, with a function F' defined
in (A.1),

(3.6) R(s) = %e*”/‘lF (—k—1/2,5 — 04, T) + %ei”/‘lF (—k—1/2,5 —o_,T)
+0 (eféRsTTfkfl/2> :
(3.7) R'(s) = —%e_ime (-k+1/2,s —04,T) — Z%ei”MF (—k+1/2,s —0_,T)

) (e—ﬂ?sTT—k—i—l/Q) .
If s € C with |arg(s —ox)| < m and |s — 04| > 1, then we have the asymptotic expansions

(3.8) R(s) = %e‘i”/“(s o) IR 250 )T
(3.9) R(s) = _%e*iwﬂl(s oy ) k2 (smo )T
_ %ei”/‘l(s o)Lk 2= (sm0 )T | (efgnsTT,k,l/2> 7 T = oo
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And for s € C with |arg(s — o4 )| <7 and |s — oy | < 1, we can write
(3.10)  R(s) = Z%e—iﬂ/”‘r (—k +1/2) x

_ T—k+1/2 > oy —s8)T)" RS T
- <(5_U+)k R ,;)(—(lii1/2)+;)m> + O,

(3.11) R/(s) = _%e—iﬂ/ﬂrr(—k +3/2)x

_ T2 N (04 —9)T)" —RST -
X ((s g )R ey ,;) - 4:3/2 +n)n!> (e R TpkHL2),

We have the rough estimates

. —RsTp—k—1/2 . 3; >
R(s)| < {Cke T cdist(s,{o_,04}) > 1,

3.12
(3.12) Cre BT =k+1/2+ dist(s, {o_,04}) < 1;

and if s € C with |arg(s —oy)| <7, |s —oy| <1 and |s —oy|T > M for a large constant M,
then the following refined estimate holds:

(3.13) |R(s)| < Cpoprls — oy | 1T HY2e7RT

Proof. To express the dependence on k, we write Ry instead of R alone. First, we assume
Rs > 0. Then formula (3.6) can be obtained from Ryyo(s) = O(e "I T=k=3/2),

A

Ri(s) = pro / e R cos(2t — 7/4) dt + qro / e RT3 2 gin(2t — 7 /4) dt
t=T t=T

+ Ek—}—Z(S)a

and (A.10), (A.11). If s is separated from o and o_, then the exponent of T" in the remainder can
be improved by one order. Then (3.8) follows from (3.6) and (A.4); and (3.10) follows from (3.6)
and (A.3). The estimates (3.12) and (3.13) are found by application of (3.6), (A.7) and (A.9).
The formulas for the derivatives can be obtained observing F,(a,0,T) = —F(a+ 1,0,T).

Now we consider the case Jts < 0. Then the above integrals do not converge, and we have to find
a different representation which can be extended to the left half-plane. Therefore, we assume
momentarily s > 0 again. From

7\2 T
N S S
Ry(s) = (5— 1+Z> —/ e~ U (1) dt
t=0

a2l —im im
2221( MF(-3/2-2,5s—0.,T)+e /4F(—3/2—2l,s—a,,T))

b2l _177/4 im/4
41f2221( F(=5/2=2l,s —0,,T) —e™*F(=5/2 - 2l,s a_,T))

we directly obtain that Ry, can be analytically extended to the whole complex plane, with the
exception of two branch cuts at 6 + R_ and o + R_.
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Then the Laplace transform of Ry can be expressed, for Rs > 0, as

~

Rk(s) = _Ls(s’ T),

where we have defined

L(s,T) = /tOOT M (s,t)dt, M(s,t) =

A whispering gentle spirit gives us the hint

o (0 (men) + 20@0) ) ) = — (52 + 35 + 4)1n(2t)
t\ 2 e =28 + 35 2(4t),

which can be quickly verified using the relations J,(z) = J,—1(2) — 2J,(2) and J,(z) =
—Jy41(2) + £J,(2). As a consequence, we obtain

—st

4+ s - y
(25°t 4 65 + 8t)Jo(2t) — %as (eTuﬁ (t)) +35 ; Uy (t)

2 —st
445 Ms—3M:—6t2

S

—st

s 4 4+ g2 sty e ~
= 0 <e t<u1+1(t)+§J1(2t)>> +Te tuﬂ(t)+37u1+1(t).

Integrating with respect to ¢t over [T, 00) then gives

4+ g2

(3.14) ;

Ls(s,T) —3L(s,T) =r(s,T)
=~ (up(r)+ pnen)

4 + 52 o] o~ 00 e—st B
+ / e SUL (t) dt + 3 / —U{ (t) dt.
S t=T t=r t

We solve this ODE, and see that

> 1 or(o,T)
_ 23/2 . )
L(s,T) (4+ s%) /U:s 4+ 0232 4+02 do,
(8 LT st 2y [T @) (s )
9 () = =l ) = 3l ) /a:s (44 02)>/2 do= o
(316) = 3(4 + 82)1/2/ TU(O-? T) do_

s (4 +O’2)3/2

For a value ¢ in the complex plane with cuts along o +R_ and oy +R_, the terms (4 + 02)®
are to be understood as (o0 — o_)*(o — 04 )*. Then we have an analytic extension of Ry, to the
complex plane with the two cuts, via a special choice of the path I' connecting s and oco: we
suppose that I' consists of vertical or horizontal lines, that I" does not intersect the two cuts, that
Ro > Rs for all 0 on I', and that I" approaches infinity in the sector {arg s < w/4}. Additionally,
I' can be chosen in such a way that dist(I',{o_,0}) > 1/2 for dist(s,{o_,04+}) > 1/2, and
that dist(T',{o_,04+}) > dist(s,{o_,04}) for dist(s,{o_,04+}) < 1/2. Then we try to obtain
the estimates (3.12) from either (3.15) or (3.16), where s € C.
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However, to this end, we need a better description of the function r, especially for s in the left
half-plane. By partial integration in the definition (3.14) of the function r, we have

o0

(3.17) r(s,T) = —e T (Rk(T) + ;iTJl(2T)> + g /t e”SuU () dt

=T
o] N oo ,—st _
+ / eSO () dt + 3 / Ut
=T t=r 1

For a partial integration in the first integral on the right, we wish to know the anti-derivative
of Z/l1+1 as well as possible. To this end, we dive into the details of the structure of Z/I1+1 and Jq,
always assuming ¢ > T

Zg: <(Z21 cos(2t —5m/4) by sin(2t — 577/4))

£20+3/2 IVIES! 121+5/2

%\

—J1 2t)

= [ ay cos(2t — 3w /4 by sin(2t — 3w /4
Z<4_ /4) by sin( /)>’

£214+3/2 IVIES! £2145/2

%\

from which we deduce that

ayy cos(2t — 3w /4) by, sin(2t — 37 /4)
(3.18) o \/— Z ( £20+3/2 T QL j2U45/2

-2 k22 ay cos(2t —5m/4) by sin(2t —5m/4)
7-[- Z 4 t21+3/2 4l+1 t2l+5/2
=
(k—3)/2
2 au sin(2t — 57 /4) by; cos(2t — 5w /4)
NG Z ( (U+3/9 7 2145/2 — (L+5/4) A1 $201+17/2
=0
_ g+ k —1/2 b1 (k—3)/2 cos(2t — 5 /4)
- 11( ) \/E ok—1 th+1/2 ’
which is found after a tedious calculation convincing us that
by ay boy aii4+1 b1 as 41
QT (l + 3/4) gl - BVIES gl+1 (l + 5/4> 4l+1 - gl+1

Let us write this identity (3.18) as 9;N(t) = —U;(t) + ct=*~1/2 cos(2t — 5m/4). We can then
perform the desired partial integration in (3.17), and get

de [0 g —k—1/2
— e "t cos(2t — 5 /4) dt
t=T

S

r(s,T) = —e T <Rk(T) +§ <%J1(2T) — N(T)>> +
+/too e st (—4N(t) + O, (1) + %ﬂﬁ(t)) dt.

=T
Note that Jy(2T)/T — N(T) = O(T~%~1/2). By a very similar computation as for (3.18), it can
be shown that

— AN (t) + OU, (t) + %Z;{fﬂ(t) = t7F 2 5in(2t — 5 /4).
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Then we can represent 7(s,T'), also for s € C_, as

r(s,T) = —e T (Rk(T) + % <%J1(2T) — N(T)))

2 . .
= <e_m/4F(—k —1/2,s —o, T)+ ™ F(—k —1/2,s — U,,T))
s
/
- g— <e’i”/4F(—k: —1/2,5 — 04, T) — ™A F(—k —1/2,5 — a_,T)) .
i
Plugging this expression into either (3.15) or (3.16), we then quickly obtain (3.12). This com-
pletes the proof of Lemma 3.5. O

Remark 3.6. For completeness, we mention that

RO) = [ Uiyt = paer) (k=1),
R(0) = —% sin(27 — 7/4)T k=12 4 o(T~+-3/2), (k > 1).

Now we are in a position to study the function K = K(s) = 1/(sv/4 + s2 + R(s)) and locate
its poles. Our goal is to show that K has no poles in the right half-plane C, under conditions
on the choice of the cut-off time T" and the index k, as in Theorem 3.4. It suffices to search for
poles in the upper half-plane, by the following observation.

Remark 3.7. We note that R(3)+ f(3) = R(s) + f(s), which implies that the complex conjugate
of a zero of R+ f is a zero, too.

For technical reasons, we need some bounds on R:

Definition 3.8. We define numbers

(3.19) €0 = || Bf| o ({sec: po>—1/(51)})? (k> 1),
(3.20) e1= || R I ({s€C: |s—o4|<1, Rs>—1/(5T)})’ (k=1),
(3.21) e2 = || R|| e gsec: o<1y (k> 1).

Further, we define balls Uy, . and Uy in C as

_ J{s€Cils—oy| < min(1/100,¢3/15)} : k=1,
T seCi s — oy <1/T?} k>,
Upr={seC:|s| <1/T}, (k>1).

We remark that (3.6), (A.7) and Lemma A.2 enable us to deduce that

(3.22) g0 < CTF+1/2,
260'2

(3.23) g1 < ——T7YV2 4 o(T73?),
VLS

(3.24) g9 < CTF71/2,
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Lemma 3.9. If k=1 mod 4 and T is large, then K has no pole in Uy, -

Proof. First, we consider the case k = 1. Noting that pyg = —2/+/7, we have from (3.10)

R(s) + f(s) = 2¢717/4 <(S o )V? - 11(T_1/2 i ((_a+ — s)T)")
+svs—o(s— o )Y2 4 O(T3?).

By |s — oy| = O(T1) due to (3.23), this can be simplified to

3 _ o —in/dmp—1/2 _ 1/2 o+ — S)T) -3/2
(3.25)  R(s)+ f(s) = —2e'™/4T <((s o Z @ D +O(T7%/?).
We assume R(s) 4+ f(s) = 0 and |s — 0| < 1/100 as well as |s — 04| < £2/15. Then we show
that the modulus of the leading term of the right-hand side of (3.25) has a positive lower bound,
which gives a contradiction for large T put z = (0+ — s)T. Then we find, using |2| < 1/7 for
large T', the remainder estimate

Zrz\" L 1

Va(2n—Dn!
Hence we see that both items in the leading term are in the right half-plane, from which we get
2 _ (0 —s 15
‘(( — o Z\/_Zn—ln' Jr 6

Then R(s) 4 f(s) = 0 is impossible in Us, ¢ for k=1 and large T'.
The second case is k > 5. By (3.10) and |s — o4 [T = O(T 1), |s — o [F71/2 = O(T2k+1):

(3.26) R(s) + f(s) = &~ 4P s — o )2 O(TF?),

We look at the arguments of the terms on the right-hand side: since K =1 mod 4, the constant

Pro 1s negative, hence the first term has argument 37 /4. The second term has argument between
m/4 and 57 /4, which proves that R(s) + f(s) can not be zero in Uy, . for large T'. O

Having excluded poles of K in a tiny neighbourhood of o, we are now able to study a larger
neighbourhood:

Lemma 3.10. The function K = K(s) = 1/(sv/4 + s2+ R(s)) has no poles in the set Using =
{seCi:|s—oy| <1, Rs>—-1/(5T)}, provided that k =1 mod 4, and T is large.

Proof. In the case k > 5, we assume R(s) + f( ) = 0 for some s in U,, 14+. By (3.19),
we then can conclude that g9 > |R(s)| = |f(s)| > v3y/|s — 04|, from which it follows that
|s —oy| <e2/3=0(T2k+1), via (3.22). It remains to apply Lemma 3.9.
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And for k = 1, we show, as before, that (3.20), (3.23), s € Uy, 14, and R(s) + f(s) = 0 yield
|s —oy| < e?/3 = 4e%4/(3xT) + O(T~2), which gives |s — 0| < 1/100 for large T. Then we
have

2
e > [R(s)| = |f(s)] = 1.99 - V3.99\/[s — 04| = |s—os|< i—é
An application of Lemma 3.9 completes the proof. O

Next, we search for poles of K near zero.

Lemma 3.11. For large T and k > 1, the function K has exactly one pole so in the set U r;
and sg can be represented as follows:

B prosin(2T — 7 /4)
CATRHY2 o Tsin(2T — 7/4)

prosin(2T — 7 /4)
50 = ATk+1/2

S0 +O(T ), (k=1),

(3.27)

+O(T7F3/2), (k> 1).

Proof. Suppose that R(s) + f(s) = 0 and |s| < 1/T. Then we have g5 > |R(s)| = | f(s)| > |s|,
via (3.21). From (3.24), we deduce that s = O(T~*~1/2). Therefore, we investigate the function
R+ finUp,, :={s€C: |s| <ea}.

First, we observe that R+ f can not have two different zeroes s1, s2 in Up,. Because otherwise,
we had f;;l fl(s)ds = — [ I'(s)ds, which is impossible for large T' because of f'(s) ~ 2

S=8
and |R/(s)| < 1, compare (3.9). By a similar reasoning, this zero (if it exists) must be single.
We note that then Remark 3.7 tells us that a zero of R+ f in Up., must be real.

Second, we define a number

1 SR (5) + ()

S0 — ——

2mi Jigzyr R(s) + f(s)

If |so| < 1/T, then so must be a single zero of the denominator. We define a function Ry(s) as
a part of the first term of the expansion (3.8):

1%(0)(5) — _%e—iﬂ/40_jrlT—k‘—1/2€—(s—0'+)T _ %eiw/4o_:lT—k—1/26—(s—a,)T‘

Then we have, for |s| < 1/T, the estimate |R(s) — R(O)(5)| < CT~F=3/2 which gives us the
possibility for an approximation of sq:
. (Rl (5) +2)

=5 - ds+O(T+3/2),
2mi |s|=1/T R(O)(S) + 2s ( )

50

The first item on the right equals the single zero s; of the denominator, which is found as

prol 12 sin (2T — 7/4)
S1 =
LT At ppoT R L2 sin(2T — 7 /4)

+O(TF32),

This completes the proof of (3.27). O
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Lemma 3.12. Ifk > 1 and if T is chosen sufficiently large, then there are no poles of K in the
set {s € C:1/T <|s|, Rs > -1/(BT)IN {s € C: |s—ox| >1/2}.

Proof. In that set, we have |f(s)| > |R(s)|. O

We summarize: the function K has in the right half-plane {s € C: R®s > —1/(5T)} exactly
three singularities: a single pole at so given by (3.27), and two branch cut singularities at
arg(s — o_) = 7 and arg(s — 04) = m. Everywhere else in that half-plane, the function K is
holomorphic, bounded and continuous up to the line Rs = —1/(5T"). Moreover, K (s) decays at
least like 52 for s — oo, Rs > —1/(5T). Then K is the Laplace transform of a function K
which can be computed via

1 1+ioco R 1 1+ioco ets
K(t) = —/ K (s)ds = — —— ds.
2mi s=1—ioo 2mi s=1—ioco R(S) + f(S)

Now let ' be the path connecting —1/(107") — ico and —1/(10T") + ico along the line Rs =
—1/(10T"), with the exceptions of two D shaped curves I'_ and I'; circling in counter-clockwise
direction around o_ and o. The advantage of this choice of I' is that (in the case k = 1)
the line {Rs = —1/(107)} intersects the balls about o4 with radius £2/15, in which we have a
detailed knowledge about the behaviour of R+ f, from (3.25). The point s is lying to the right
of I' anyway.

Then we can write

om0 = o [ D <%)
s fis)
omi e RGs) + 105)

For sake of brevity, we write the integral as [, =1+ I, +1_ = fé}es:—1/(10T) + fm + Jp - By
partial integration, also the following representation is valid:

(K« R)(t) = _Q;it Fets R’(?)éf((;);ﬁg))g/@) ds — speto <1 + O(T‘kH/Q)) :

and we abbreviate [ =1I'+ I, + I = f%:_l/(mT) + Jr, +Jr_, as before.

For Rs = —1/(10T"), we have | R(s)+ f(s)| > C|f(s)| with some positive number C, and therefore
1] < Ce—t/QOD Pk
|I'] < Cet/(0T) i1,

which follows from splitting the integration at —1/(107") + {o 4, +i} and using (3.12), (3.13).

It remains to consider the integrals on the short curves I'_ and I'y. From (3.25) and (3.26) we
get the equivalence |R(s) + f(s)| ~ T~*+1/2 4 |s —5.|'/2 for s € ['+. We split the integration at
the points o4 + 2sg and o4 + ), tacitly assuming so < 0 and setting s = —T~2*+1 for k > 1,
sy = 2so for k = 1. The terms |R(s)| ~ T~¥+t1/2 and |f(s)| ~ |s — 0+|"/? from the denominator
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change their roles at o4 + s,. We have —1/(10T") < 2s9 < s < 0, and we find, making use of
the Cauchy integral theorem,

1/(10T) T—k+1/2 2|so| T k+1/2
[IL| <C e T2 1 o gdo+ C/ —ip do
o=2]s0| syl o
5o 5172
—to
+ C o e m dO'.

If k =1, then this can be bounded as
x| < t_’_LTe_%IS0 + Cmin(T~74 771471,
And if k > 1, then
[Iy| < Cem2tsolp=hH1/2 iy <T_1/2, Tk/2+1/4t_1> 1+ OT3k/241/4 | =2kt

Moreover, in case of kK = 1, we have the additional direct estimate

_ ets f(S) g
=l o)+ 1(5)

< T3/,

1/(107) 0o
|14 | < CTl/Q/ o2e7 do < CTl/Z/ o2e7t do

=0 o=0

It remains to consider the integrals I’.. For s € Ty, (3.11) implies |R/(s)| < Cls — o1|F3/2 +
CT~*+3/2 from which we deduce that

1/(10T) p—k+1/2,—1/2
- T—2k+1 | &
by T < 1/10. We easily check that |I/. | < C for k > 1.

[ILl<cC

do,

Then our pointwise estimates on K % R are, under the assumption sg < 0:

C
< Ce-tlsolp-3/2 —¢/(107T) 2150l
(K * R)(1)] < Ce~tIl7=3/2 4 Ce T 4 e
+ C'min (T’7/4,T’1/4t’1,T1/2t’3/2> , (k= 1),

(K * R)(t)| < Cetlolp=h=1/2 4 Ce=t/0D) =k
+ Ce2tsolp=k+1/2 1in (T*1/2’Tk/2+1/4t—1> + OT3k/2H1/4, (k> 1),

(K % R)(t)] < Cetisolp=k=1/2 L cy=1 (k>1).
From this it is easy to conclude that
(K = B0 < 0<t<THI,
(K * R)(t)| < Cetlsolr=k  oT=7/4, T2 <t < oTF2WT, k=1,
C
—t|so|p—k—1/2 k+1/2 k+1/2 _
(K * R)(t)] < Ce™"IT + T <t<eT In7T, k=1,
tlso|rr—ki— C
’(K*R)(t)‘ SC@ t|sO‘T k 1/2+W7 COTk+1/21nT§t<OO, k:17
C

(K + R)(t)| < Cetlsolp=k=1/2 TFY2 <t < oo, k>1.

t 4+ T3k/2—1/4°
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Here the number ¢y was chosen in such a way as to ensure that exp(—2t|sg|) < exp(—t|so|) T}
for t > ¢oTF/2InT.

Now we have all necessary estimates to prove the main result.

Proof of Theorem 3.4. The above pointwise estimates quickly yield

HK * R”Ll(O,To) < (Cln <1 + T()T_k> ,
K * Rl 20,1 < CcT ™+,
1K Rl oo 0.1) < cT*,

for 0 <Th < oo and k > 1. O

3.3 An Efficient Numerical Scheme

In this section, we propose an efficient numerical scheme for solving (3.2) with an approximate
convolution kernel U] chosen as in (3.5). The main difficulty lies in evaluating the convolution
9 (t) = U * vp)(t) with an effort considerably smaller than O(t) for large t.

We do not restrict the choice of the method how to solve the ODEs (3.2) for v, with n < b.
Instead, we only make some assumptions:

e the ODEs for v,, n < b, are solved numerically using a method with fixed step-size h and
accuracy O(h?),

e 7/2 is an integer multiple of the time step-size h.

The second assumption and the almost-periodicity of the convolution kernel for ¢t > T will allow
us to compute g(,)(t) be recursion arguments. We put t; = jh for j = 0,1,...,J; and in the
following, we will develop a method for an approximate evaluation of g(,(t;) with accuracy
O(h9*1) and effort O(T), even for t; > T.

For the discussion of the error, we need one more assumption:

e for time intervals I, the norms ||Ofvb\|Loo(1) are of similar size, where p =0,...,¢+ 1.

) (1)

Assuming that only a finite number of the initial values uy, ', uy’ are nonzero, the function u(t)
has a large time asymptotic behaviour uy(t) ~ A(t) cos(2t — a(t)), due to (2.5), where A = A(t)
and a = «(t) are slowly varying, and « approaches a constant. Then the third assumption is
fulfilled if v, oscillates in a similar way as up, which is to be expected for vy, ~ uy.

In case of 0 < t; < T, we can integrate the convolution integral directly. Therefore, we suppose
that ¢t = ¢; > T. Naturally, we also assume that the number k" from (3.5) is at least zero.
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Setting
Teosral / (t—t)"cos(2(t — t') — a)vp(t') dt’,

Lsinraf / (t —t) "sin(2(t — t') — a)vp(t) dt/,

we can write
T 9

(3.28) 9y (t) = / —,J2(2t’)vb(t —t')dt
=0 ¥

a b
\/— Z ( 2l Teos ,2043/2, 57r/4(t) 41?:1 Lsin ,20145/2, 57r/4( )>

The first integral is harmless. Concerning the I..s and Ig,, we remark that

t—T

Teos,ra (t + E) == / (t —t'+ E>_T cos(2(t —t') — a)up(t') dt/
n 2 tl:0 2

t—T+m/2 T\—T
_ / (t=t'+2) "cos(2(t —t) — a)u(¢') ¥
t=t—T 2

- OT 5 () G =y reostat— )= comiey o - [
(3.29) i( >( ) cosripalt)
p=0

t—T+m/2 TN\—T
- / (t —t'+ —> cos(2(t — t') — a)v,(t') dt/,
t=t—T 2

under the reasonable assumption 7/(27) < 1. Similarly, we have

o0
Vs —T T\P
(3.30) Isin,r,a <t + 5) = — E ( » > (5) Isin,r-&-p,a(t)
p=0

t—T+m/2 TN\—T
_ / (t=t'+2) "sin2(t - ) — a)uy(t) dt.
#=t—T 2

The effort of computing the integrals ftf;tTj;r 2.4

of order ¢ + 1 for these two integrals, we get an error of the size

(3.31) ChTT ™ |upll gy < CFT I [y e

t’ is of course negligable. Choosing a method

by the third assumption.

Recalling that r € N +%, we choose numbers r{,ry € N—i—% with 79 > 71 > 2k’+5/2 appropriately.
Our idea is to compute and store all the numbers Ioq /gin o (tj) for j = 1,..., Jand 3/2 <r < ry.
Since 7/(2h) is an integer, the terms in the sum with r + p < r9 have already been computed
before. For reasons becoming clear in a moment, we assume r < r; in the above recursion
formulae (3.29), (3.30).

We are done if we can answer two questions:
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e How to deal with those terms I o / in r4p,q(t) of the above sum Z;io’ for which r+p > ry ?

e How to evaluate Ioos /in,pa(t +7/2) when rp <7 <7y ?

In answering the first question, we exploit Taylor’s formula, supposing 27 > 7:
P —r—P—1
TN\~ —r T\P —r T \P+1 s
1+5) = (5) ) ’
< +27' pgo<p> 27 +<P—|—1> 27 +27”(7’)
> ()G =)@ ()
D 2r)  \P+1)\2r 27/ (7) ’

p=P+1

where 7/(7) is an unknown number with 7 < 7/(7) < co. Hence we conclude that

5 () @) tenronatt

p=r2—r+1

—r e 7"2—7"+1
= — X
ro—r+1 <2)

x /t Ty (1 + %)1 cos(2(t — t') — a)uy(t') At

=0 27'/(t -t

(VY Ll < 1 N YT ) T
Z P (5) cos,r4palt)]| < ro—r+1 <2) Vbl ro

p=ro—r+1
The same estimate holds for the terms with Ign r4p«. We have to choose the parameters T', rq,
and r9 in such a way that

_ —r1 T2
T (E)T‘Q r T S CIT—T‘hq-f—l, § S r S r1,
rg —r—+1 2 T9 2

(3.32)

with C' from (3.31). We observe that neglecting the tail of the sum > oo in (3.29) and (3.30)
is not an option for r close to ry, which is the reason why we introduced 71 and use (3.29), (3.30)
only for » < r;. We come to the second question:

For r > r{ + 1, we have

T t+7/2 T
Teos ra <t + —) = / 7" cos(2T — a)uy <t + = - T> dr
s 2 o 2
YyoT' t—m/2 T
:/ ...d7'+/ ..o dr, T<vT<t+—.
=T =T 2

If 71 is chosen large enough, the integrand is decreasing quickly with growing 7, and the second
integral becomes negligable in comparison to the first, for suitably large vo > 1.

Summing up, we have the following algorithm for the evaluation of g(,):

e fix h with n/(2h) =: m € N; fix T with sin(2T" — n/4) ~ 1, r1,r2 € N+ 1/2 with
2k" +5/2 <1 < re and (3.32); choose vp > 1,
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e for 0 < t; = jh < 4T and 3/2 <7 < 1y, compute luog ;. 57/4(t5)s Lsingsm/4(t;) by direct
integration; evaluate g(,)(t;) via (3.28), and compute vy(t;41),

o for T < t; < Ty, repeat the following:

— for 3/2 < r <y, set

ro—r
T T\P
Icos,r,57r/4(tj) = — Z ( ) (5) Icos,r+p,57r/4(tj*m)

p=0 p
t;—=T
+/ (t; —t') " cos(2(t; — t') — 5m/4)up(t') dt’,
t’:tj —7/2-T
and accordingly for Iy, ;5x/4(t;),
— forrq +1 <r <rg, set

YoT'
Icos,r,57r/4(tj) = / 7" cos(2T — 5 /4)vp(t; — 7) dT,
=T

and accordingly for Iy, ;5x/4(t;),
— compute g, (t;) by (3.28), and compute vy (t;j+1).
Remark 3.13. For instance, for the choice T' = 51 and r; = 41/2, ro = 81/2, all the terms

|(TQ::_H)|(7T/2)r2_7"+1T7"_r2/7‘2 appearing in (3.32) are less than 10720, Then vy = 9 gives

Y < 10~ too, for r > ry + 1.

A The Incomplete Gamma function and related functions

In the following, all powers are defined by their principal values with cut along R _.

For T e Ry,ae€Cand o€ Cy ={z e C: Rz > 0}, we define a function

(A1) F=F(a,0,T) = / e 7t dt.
t=T

This function can be analytically extended with respect to 7" into C \ R_. Modifying the path
of integration into a vertical line, we obtain the quite rough estimate

(A.2) |F(e,0,T)] < Cue RD |0+l g < -1, Ry, TecC\R_.
Lemma A.1. The function F satisfies the identity

(A.3) mF(a,a, T)
o —o— 1 = (_UT)n
=Tt <(UT) sy nzo (a+1+n)n!> (o T) ERXCy xRy,

which can be used for an analytic continuation of F' to R x (C\R_) x Ry. Furthermore, for
T € Ry, we have the asymptotic expansion

(A.4) Fla,0,T) =0 'T% " (1 + O((eT)™)), |oT| — oo, |argo| < 3;
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Proof. We recall from [1] the definition of the incomplete Gamma functions:

z
v(a,z) = / e 1t dy, Ra > 0,
t

=0
[(a,z) =T(a) —v(a,z) = /OO e ttotde,
o t=2

7 (a,2) = mv(a&),
for which we have the following relations:

e n e n
(A.5) 7(a,z) =€ nZ—O I'(a —i-Zn +1) - I’(la) Zo (a(—i—Z?”)L)n!’ (a,2) €Cx G,
(A.6) T(a,2)=2""te* (1+0(z)), z — 00, |arg z| < 3;
For a,0 € Ry, we easily check

1 oot
mF(a, o,T) = mf(a +1,0T) =0 " (1 - (¢T)*y*(a+ 1,0T)) .

Analytic continuation gives gives (A.3), and (A.6) yields (A.4). O

Substitution shows, first for T € R, o € Ry, the identity F(a,0,T) = T o~ 1F(a,T,0);
which holds after analytic extension also for 7' € R4, 0 € C\ R_. Then (A.2) implies

(A.7) |F(a,0,T)] < Cpe Moot < -1, 6eC\R_, TEeR,.

We are going to need a precise knowledge of C,, in case of « = —3/2.

Lemma A.2. For a = —3/2, (A.7) holds with C,, = 2.

Proof. The easy case is Ro > 0, since then the factor ¢t in the integrand of (A.1) is always real.

Setting z = o1, we see that the general case is settled if we can prove
(A.8) 2?0 (-1/2,2)| <2, zeC.

This holds for |z| > 20, as can be shown with (A.6) and a precise discussion of the remainder
term as in [8]. The estimate (A.8) holds for real z € [—20,0], too, which follows from either a
careful analysis of (A.5) or numerical calculations. It remains to apply the maximum principle
of holomorphic functions. O

Remark A.3. We list some more simple properties of the function F":

(A.9) F(a,0,T) =0 'T% T + gF(oz— 1,0,7),
o
o 1 1
(A.10) e 51t cos(2t — 7/4) dt = ¢ in/ F(a,s—0+,T)—|—§e”T/ Fla,s —o_,T),
t=T

1 1 .
e S sin(2t — 7 /4) dt = Ee*m/‘lF(a, s—oy,T)— Ee”/‘lF(a, s—o_,T).
T 1 1

(A.11)

T
8
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