Local Solutions to Quasilinear Weakly Hyper-
bolic Differential Equations

Michael Dreher

1. Introduction

Let us consider the differential operator of order m

P(xvtaDzaDt):D;fm'i_ Z aj}a('rvt)Dng’

Jtlal<m,j<m

where we adopted the usual notation Dy = —i9;, D, = —iV,. This operator P is
called hyperbolic in the direction t if the roots 7; = 7;(x,t,&) of the equation

T+ Z ajo(T, )T =0

jt+lal=m,j<m

are real for all real z,t,&. The operator P is said to be strictly hyperbolic in the
direction t, if the roots 7; are real and distinct for £ € R™\ {0}. If P is hyperbolic,
but not (necessarily) strictly hyperbolic, it is called weakly hyperbolic.

Hyperbolicity is a necessary condition for C'*° well-posedness of the Cauchy
problem (see [19], [22]). Well-posedness (with respect to chosen topological spaces
for the data, right-hand side and the solution) of a Cauchy problem means, as
usual, the existence, uniqueness and continuous dependence (in the topologies of
the given spaces) of the solution. However, hyperbolicity does not guarantee the
well-posedness in, e.g., C> or Sobolev spaces. A sufficient condition for the well—
posedness in C™ and in Sobolev spaces is the strict hyperbolicity, see [26], [20]
and [14].

Therefore it is a natural goal to find classes of weakly hyperbolic Cauchy
problems which are C'*° well-posed.

In the weakly hyperbolic case, new phenomena occur which may prevent the
Cauchy problem from being well-posed. These phenomena are the following:

Received by the editors August 20, 2002.

1991 Mathematics Subject Classification. 35L70, 35L80.

Key words and phrases. Sobolev solutions, loss of regularity, blow—up criterion, domains of
dependence.



2 Michael Dreher

Oscillations in the coefficients with respect to time

e Colombini, Jannelli, and Spagnolo [6], [7], constructed a smooth function
a(t) > 0 and smooth data ug(z), ui(x) with the property that the Cauchy
problem

U — a(t)ugy =0, u(z,0) =uo(z), wu(x,0)=ui(x)

has no solution u in the distribution space D’(R x [0,1]). This coefficient
a(t) is positive for ¢t > 0, oscillating for ¢t — 0 + 0 and vanishing for ¢ < 0.

e Let b(t) be a positive, periodic, smooth and non—constant function. Tarama
[32] proved that the Cauchy problem

Utt — eXP(*%ia)b(til)QUm =0,
u(z,0) = uo(x), w(x,0)=ui(x)

is C*° well-posed if and only if o > 1/2.

The influence of lower order terms

e Ivrii and Petkov [16] showed that necessary conditions for the C*° well—
posedness of

(1.1) v — 20w +tFu, =0, 1,k € No,
(1.2) Ut — T2 Upg + ™ ug =0, n,m € N,

are k > [ — 1 and m > n. The sufficiency of these conditions was proved
by Oleinik [25].

e If one wants to study well-posedness in Sobolev spaces, one has to pay
attention to another phenomenon, which occurs in the border case k = [—1
of the C* well-posedness: the loss of Sobolev regularity. Qi [27] showed
by an explicit representation of the solution to the Cauchy problem

(1.3) Ut — t2Ugy = bug,
u(z,0) = p(z), wu(x,0)=0, b=4m+1, meN
that u(-,t) € H*=™ if ¢ € H*. Or, let us look from another point: choose
an arbitrary data function ¢(x) with high Sobolev smoothness s > 1.
Then a number b exists such that there is no classical solution of (1.3).
The solution only exists in distribution spaces.
The loss of regularity also occurs for equations of the form
(1.4) U — t2 gy — bty = 0,
u(xv 0) = @(I)a ut(xv 0) = ¢($)7
as shown by Taniguchi and Tozaki [31]. Equations of the type (1.3) and

(1.4) are interesting because singularities of their solutions may propagate
in a non—standard way, see [12], [13], and [31].
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There are different ways to exclude the phenomenon of oscillations and to
restrict the influence of the lower order terms. We pick the equation

Ut — a(:z:, t)uzz + b(l‘, t)uz + d(:E, t)ut + G(LE, t)u = f(l’, t)
as a model problem. First we consider the oscillations.

o If the degeneracy occurs for ¢t = 0 only, we may assume ([25])
0 < Ca(x,t) £ dwa(z,t), t>0, C>0.

e We can suppose that the coefficient a(x,t) has the structure a(z,t) =
ao(x,t)o(x)?\(t)? with some smooth ag(x,t) > a > 0, and \(0) = 0,
N(t) >0 (t > 0). The degeneration happens at the zeroes of the product
oA. The functions o and A characterize the spatial degeneracy and time
degeneracy, respectively. Assumptions of this type were made, e.g., in Ners-
esyan [24], Yagdjian [35], and [10], [11], [13]. We will follow this idea and
generalize it to quasilinear higher order equations in higher dimensions.
Second, we consider the lower order terms. Conditions which restrict the influence
of these terms are called Levi conditions. Our aim is to find conditions which do
not exclude the interesting equations (1.3) and (1.4). The following Levi conditions
have been used widely in the past:

o If the degeneracy occurs for ¢ = 0 only, then we may take the condition
(1.5) Btb(z,t)* < Aa(x,t) + 0sa(x,t), t>0

from [25]; A and B are some positive constants. This Levi condition is
sharp in the case of finite degeneracy: if one fixes a(x,t) = x2"t? and
b(z,t) = x™t*, (1.5) implies m > n, k > | — 1. These are exactly the nec-
essary and sufficient conditions from Ivrii, Petkov and Oleinik. However,
this condition is not sharp in the case of time degeneracy of infinite order.
It exists an explicit representation of the solutions to

_2 _11

(1.6) Uy — € 7 73 Uas +be" 7 Ale = 0, t>0, b= const,
see Aleksandrian [1], which implies that the Cauchy problem for this equa-
tion is C'*° well-posed. Yet, the coefficients from (1.6) do not satisfy (1.5).
Similarly to (1.3) and (1.4), the solutions to (1.6) lose regularity, too; and
their singularities can propagate in an astonishing way, see [1].

e If one wants to include more general degenerations, one may assume the

rather general and crude conditions

b(x,t)* < Cal(x,t),

at(z,t) < Ca(z,t) or ar(x,t) > —Cal(x,t),
or, similarly,

Bb(z,t)* < Aa(z,t) + a(x,t), A, B >0,

<
compare D’Ancona [8], Manfrin [21]. However, these conditions are not
sharp; they exclude (1.3), (1.4) and (1.6).
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e It can be presumed a(z,t) = ag(z,t)o(x)?\(t)? with ag(x,t) > a > 0 and

[b(x,t)| < Clo(x)|N(t). Coefficients a(x,t) and b(z,t) satisfying such a

Levi condition include the interesting cases (1.3), (1.4) and (1.6). We will

follow this way and generalize these conditions to higher order equations.

Let us list the main results of this paper. We are concerned with the hyperbolic
Cauchy problem

(L7) Difut D> ajalet {D(ers(e, ) DFn) )M DI D] (o(2) *lu)

jt+lal=m,j<m

= f(aj’tv {Dg(ck,ﬁ(‘mat)Dfu)}lkaSmfl)a m 2 2,
w(x,0) = ¢o(x), ..., D" u(e,0) = om_1(2)

for (z,t) € M x [0,T); where M is either R™ or a smooth closed n—dimensional
manifold. The functions A = A(t) and ¢ = o(z) describe the degeneration of the
principal part of the differential operator, and the functions ¢y g = ¢ g(z,t) are
weight functions for the lower order terms and characterize the Levi conditions.

Ezample. The weight function A = A(¢) has to satisfy a certain condition (see
Condition 4.1). Examples of such A are

At)=t, 1eN, I>m-1,
A(t) = A'(t) with
A(t) = exp(—[t|™"), r>0,

A(t) = exp(— exp(exp(exp([t|™")))), = > 0.
There are no restrictions on the choice of o, any smooth real-valued function
o = o(x) is admissible.
The weight functions ¢y g are connected with A and o via the relations (4.11)
and (3.22)—(3.25), and special examples are

m—k k+|8]—m 1B
ck,ﬁ@,t){i(t) Ao () {Zii‘é

where A(t) = fg A(T) dr.

The following results are proved for such Cauchy problems in this paper.

Local existence in Sobolev spaces: For given data in Sobolev spaces, a solu-
tion is found which suffers from the loss of Sobolev regularity, as motivated
by Qi’s example.

Blow—up criterion: We will prove that a blow—up of the solution in high
order Sobolev spaces is only possible if the C} Zygmund norm of certain
weighted derivatives (up to the order m — 1) of the solution blows up. This
is a generalization of a similar criterion from the strictly hyperbolic case,
see Taylor [33].

Local existence in C'°°: That blow—up criterion leads to the local existence
of solutions in C'*° immediately.
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Domains of dependence: A special feature of strictly hyperbolic equations is
the finite propagation speed. In other words, the value of the solution at a
given point at a given time only depends on the values of the initial data
and right—hand side from a certain bounded domain, the so—called domain
of dependence.

We will define and study domains of dependence for quasilinear
weakly hyperbolic operators, and use them to prove the local in space
and time existence and uniqueness of Sobolev solutions, and their C*°
regularity provided that the data are from C°°. Our concept of domains
of dependence extends the concept of Alinhac and Metivier [2] from the
strictly hyperbolic to the weakly hyperbolic case. Geometrically spoken,
these domains can be described by the condition that the principal part
of the operator be hyperbolic at each point of the boundary of the do-
main in the normal direction of the boundary. Since the coefficients of the
principal part depend on the solution, the domain of dependence for the
solution will be dependent on the solution itself.

Next we give some remarks concerning the used methods and tools.

A crucial step of the investigation of hyperbolic Cauchy problems is an a pri-
ori estimate of the solution in Sobolev spaces, which is usually proved by means
of pseudodifferential operators. However, since the coefficients of the hyperbolic
operator depend on the solution and its derivatives itself, and because the solution
will be from some Sobolev space, the coefficients of this hyperbolic operator will
not have C*° smoothness. Thus, the theory of pseudodifferential operators with
symbols of infinite smoothness seems not to be applicable; hence we present a
theory of pseudodifferential operators with symbols of finite smoothness (H* or
C! or merely C°) in Section 2. We cite results of Taylor [33] concerning mapping
properties, commutator estimates, adjoints and compositions.

Our methods for proving the local existence of a solution to (1.7) are a uni-
fication of ideas taken from [33] who studied quasilinear strictly hyperbolic equa-
tions; and Kajitani and Yagdjian [17] who studied quasilinear weakly hyperbolic
equations with time degeneracy.

In Section 3, we study weakly hyperbolic Cauchy problems with pure spatial
degeneracy, i.e., (1.7) without weight function A = A(¢). Our approach in this
case is as follows. We construct some vector—valued function U* which contains
weighted derivatives of u up to the order m — 1 and solves a pseudodifferential
hyperbolic system of first order

(1.8) OU* = K*(x,t,U*, D)(oU*) + F*(x,t,U*)

where K™ is a strictly hyperbolic matrix pseudodifferential operator of order 1, and
F* contains the right-hand side and some other terms. We insert some smoothing
operators J; into (1.8) such that its right—hand side becomes an operator of order
0, and the existence of an approximate solution U} follows immediately from func-
tional analytic arguments. Next we have to prove independent of e estimates of
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U} and its life-span. These estimates will allow us to show an interesting blow—up
criterion:

A blow—up of U* in the H® norm is impossible as long as the Zygmund space
norm ||U*||c1 remains bounded.

We are able to extend the results won by Dionne [9] and Taylor [33] from the
strictly hyperbolic case to the weakly hyperbolic case.

The general weakly hyperbolic Cauchy problem with spatial and time degen-
eracy is treated in Section 4. Here we face new difficulties which are typical for
the time degeneracy:

One such obstacle is a singular coefficient in the energy inequality. Consider,
as an example, the weakly hyperbolic equation

e — MNt) Uy = f(z,8), A0)=0, N(@#) >0 (t>0).

If we choose the energy in the usual way, E(t) = [u¢|%> + [|IAN(#)uz|/72, then we
obtain, after some calculations,

N(t)
NO)

The lemma of Gronwall is not applicable, since the coefficient A’'(¢)/\(t) becomes
unbounded for ¢ — 0. But one can use Nersesyan’s lemma (see Lemma 6.2) if the
initial data vanish and || f(-,¢)|| ;> has a zero of sufficiently high order at ¢t = 0.

Another obstacle is the loss of regularity. The example of Qi [27] shows that
the solution can lose Sobolev smoothness in comparison with the initial data. The
number of lost derivatives depends (in the linear case) on the L*-morm of the
coefficients of some lower order terms. This makes the investigation of nonlinear
Cauchy problems delicate, since the usual fixed point arguments can not be applied
directly. The crucial tool for solving this difficulty is the reduction (Section 4.3) of
the Cauchy problem (1.7) to another Cauchy problem which enjoys the so—called
strictly hyperbolic type property: let L be a weakly hyperbolic operator of order 2
(for simplicity). We say that a Cauchy problem

Lu(z,t) = f(x,t), wu(z,0) =wu(xz,0)=0

E'(t) < fC. 07 +

E(t).

has the strictly hyperbolic type property if there is a topological space B and a
weight function w(z,t) such that f € B implies w(z,t)V,u € B and u; € B. Then
the local existence in B of a solution to a quasilinear version of the above Cauchy
problem can be proved by standard arguments. In the strictly hyperbolic case, we
choose w =1 and B = C ([0,T], H®). In the weakly hyperbolic case, w is chosen
according to the degeneracy, and B consists of functions which decay sufficiently
fast for ¢t — 0, see Section 4.1. For other applications of such adapted Banach
spaces to weakly hyperbolic equations, see [12], [13], and Reissig, Yagdjian [30].
Concerning the investigation of domains of dependence in Section 5, our tech-
nique is as follows: we exhaust the domain of dependence with hypersurfaces, and
change the variables such that these hypersurfaces become planes of constant time.
Outside some small domain, we then change the operator slightly, and transform
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the equation into a Cauchy problem on a torus which can be treated with the
methods of Section 3.

Finally, we introduce some notations.

By M we denote either R™ or a closed smooth n-dimensional manifold.

The Banach space of functions whose derivatives up to the order k are
bounded and continuous is denoted by Cf(M ), k € Np. Similarly, we introduce
the Holder spaces Cj (M), s € RT, and write Lip' (M) for the space of Lipschitz
continuous functions on M.

Let C2(M) denote the Holder spaces for s € N, and the Zygmund spaces for
s € NT. The Zygmund spaces C¢, s € NT, consist of all functions u with the
property that u € C;~' and (in local coordinates)

sp 3 |[D%u(z) = 2(D*u)((x +y)/2) + D*uly)| _
TEY | o|=s—1 |z —yl

The spaces C,f are continuously embedded in C¥, for k € N*.

Let A be the Laplace-Beltrami operator on M and set (D) = (1 — A)Y/2. In
case of M = R", (D) can be written as a pseudodifferential operator with symbol
&) = (1 +|€/*)"/? (a thorough representation of the theory of pseudodifferential
operators can be found in Hoérmander [15]). Then we define the Sobolev spaces
H$(M) = (D)=I?(M) for s € R, where I?(M) is the usual Lebesgue space of
square integrable functions on M.

Assuming local coordinates = (x1,...,2,) on M, we will employ the multi
index notation:

19

Dy =Dgl...D, a=(m,....0n) €N, Dy =—om, =1
J

Acknowledgment. I would like to thank Prof. Reissig for many useful discus-
sions and the referee for his careful reading and helpful criticism.

2. Pseudodifferential Operators with Finite Smoothness

2.1. Definition and Mapping Properties

In order to describe the smoothness of functions and pseudodifferential symbols,
we introduce some scales (X*); of function spaces:

X = H*(M), g<s<oo,

X*=C;(M), 0<s<o0,

X*=C{(M), 0<s<o0.
Definition 2.1.1 (Space of symbols of finite smoothness). The space X *ST, consists
of all functions p(z,&) : M x R™ — C with

1DEP(,6)|| . < Cale)™ 11 @ >0.
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In other words, for all N € Ny it holds
74 x-(p) = sup {|| DB )| . (€)™ H1T 1 € € R, Ja] < N < 0.

Definition 2.1.2 (Classical symbols of finite smoothness). We say that p(x,§) €
X*57 if there is an asymptotic expansion p(z,€) ~ 350 x(§)pj(z,§), where
pj(z,€&) are positive homogeneous of degree m — j in § and p — Z;VJOl Xp; €
X*STy N The function y € C*°(RY) vanishes in a neighborhood of 0 and equals
1for |¢] > C > 0.

Definition 2.1.3 (Operators of finite smoothness). Let M = R™. The operator
spaces OP X ST, OP XS} respectively, consist of all operators p(z, D) mapping

C§°(M) into the space of distributions D’(M) whose symbols p(z, ) belong to
X257, X*S7;, respectively, and satisfy

cl»

(p(z, D)u)(x) = (27) " / e p(z, €)a(€)dE u € CF(R™).

n

If M is a C*° manifold, then the operator p(x, D) is defined as follows. Let (2, k)
be a local chart of M, k: M D Q — U C R”. Define the pull-back «*: C3°(U) —
C5e () by (k*u)(xz) = u(k(z)), and the push—forward k.: D'(?) — D'(U) by
(keFyu) = (F,k*u), (F € D'(Q),u € C3°(U)). Then an operator P: C°(M) —
D'(M) belongs to OPX*S7y, OPX*S7} if, for every local chart (2, %), ki« o0 P o
k*: C5°(U) — D'(U) belongs to OPX*ST;, OPX*S]}, respectively.

The following two mapping properties are cited from [33] and [34], Chap-
ter 13.9.
Proposition 2.1.4. Let p(x, D) € OPC;ST,. Then p(x, D) can be extended to an
operator continuously mapping CTt™ into CT (—s < r < s) and H™™ into H"
(—s < r < s), respectively.

In the case of operators with coefficients from Sobolev spaces, we have less
problems with the borderline case r = s:
Proposition 2.1.5. If p(x,D) € OPH*STY, then p(x, D) can be extended to an
operator which maps H™T™ continuously into H" for —s < r < s.

2.2. Special Smoothing Operators

Definition 2.2.1. Denote the Laplace—Beltrami operator of M by A. For 0 < ¢ < 1,
we define the smoothing operator J. = (1 —eA)~1/2,

The proofs of the following lemmas are straightforward.
Lemma 2.2.2. The operator J. is invertible and commutes with (D).

Lemma 2.2.3. Let X*® be either H*(M) with s € R, or C$(M) with s > 0. Then
there is a constant C' > 0 such that for every 0 <e <1,

1T fll e < Ce™HIf Ixe s
1f = Jefllxamre < CE" ]

ey 0<tE<1
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2.3. Commutator Estimates

We quote some estimates from Coifman, Meyer [5], Kato, Ponce [18] and Tay-
lor [33]:

Proposition 2.3.1. The following inequalities hold:
1P, 2z < Ol i PeOPSy,, feLip',
1P Il i < C Ul i PeOPS),, feLip,
1P, Ul gr—1mpe < C Il i PeOPSY,, feLip,
(2.1) 1P(fu) = fPullp < Clfllpipr el gros + CNLF o ull o<
PeOPS;,, s>0, feLip'nH* wel®nH""

Lemma 2.3.2. Let J. be the smoothing operator from Definition 2.2.1. Then the as-
sertions of the previous proposition hold for P = J. with a constant C independent
ofe, 0 <e < 1.

Exploiting the above estimates, we come to the central result of this section:
commutator estimates for operators with non-smooth, classical symbols.

Proposition 2.3.3. Let a(z, D) € OPCLS?, b(x, D) € OPC}S? with o, 5 € {0,1}.
Then it holds (with some N )

la(z, D), b(z, D)l grats-1 12
a—j a— —3 —N
<C Z WN,(?; (a;) + WN,C],E(Ta,N) W?V é;(bj) + ﬁzcg (ro.n) |,

where a;, b; are the homogeneous components of the expansions of a, b with re-
mainders vq, N, Ty, N, Tespectively. If o = =0, then we additionally have

Ila(z, D), b(x, D)]ll 2 1
N-1 ‘
<C Z o S (ag) + 73 51 (ra.n) > ”g,_é; (b;) + WJ%TCJE (ro,n)
The key idea of the proof is the following. Since the symbol a(z, £) is classical,

it allows the expansion (in local coordinates)

1

=

N— o0 l,n
a(@,8) = > > ajm(@)Yim ()€ +ran(@,6),
j=0 1=0
where Y = Y;,,,(£), 0 < 1 < 00, 1 < m < h(l,n), are the spherical harmonics,
i.e., the eigenfunctions of the Laplace-Beltrami operator on the unit sphere S™~!,
which form an orthogonal basis of I?(S™~!). The sequence {a;im }im is rapidly
decreasing in the sense that
h(l,n)
Y lajimlly < Crmy a1 +D7F, k>0,

m=1

3
ﬂ.
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for all [ > 0, and N sufficiently large. Moreover, r, v € C,}SﬁaN. Plugging this
expansion and a similar one for b(x,€) into the commutator [a,b], and employing
the above commutator estimates from Proposition 2.3.1, one can derive the desired
estimates. For details, see [33].

Now we want to generalize (2.1), replacing f € Lip* N H® by A(x, D) €
OPCI}SC?‘I NOPH?* S with so > n/2, o € Ng. Here we run into a problem, since
an operator P from OPS} ; does generally not map C; (M) into CP(M). For this
reason we introduce the space Cf'y of all functions u satisfying (D)*Y;m(D)u €
Cy for all I, m such that sup; ,,, (1+1) =50 | (D)*Yiym (D)ul| o < 0. The constant Ko
is fixed in such a manner that ||Ylm(D)u||Cl? < C(141)ke ||U||C,? for allu € C§°(M).
The profit of this definition is that the mapping B : CﬁKo — C}) is continuous for
all B € OPS¢. The embedding Cg‘” C CﬁOfKo is continuous for any positive §,
see [33], p.126. We have the (set-theoretical) inclusions Cf';; C Cff C CF.

Proposition 2.3.4. Let P € OPS; , A(x,D) € OPC}SS N OPH®* S with sy >
n/2,0<s<sg, « € Ng and K > Ky. Then it holds

N-1
—Jj -N
1P, A, D)l o < O | D7 w dulag) + 75 A (rn) | lullgresas
Jj=0
N-1
—Jj . a—N
+Ck ZowNﬁHs(aj)MN,Hs(rN) lulleg
‘7:

with some constant N and the terms aj, rn from the asymptotic expansion of the
classical operator A.

A proof can be found in [33]. Now we list properties of the spaces Cf'k-
Lemma 2.3.5. For every a € Ny, a positive constant C' ezists such that
(22) fulle + (D) ulog < Clullcs, . u € i,
Let 0 € C°, u € O, and Ky > Ko be sufficiently large. Then ou € Cf'f and
a constant C' = C(o, ) (independently of u) exists with
(23) el

2.4. Adjoint Operators and Compositions

Pseudodifferential operators with symbols of finite smoothness form an algebra in
the sense of the following propositions, whose proofs can be found in [33].

Proposition 2.4.1. Let K (z, D) € OPC} S, be a matriz pseudodifferential operator.
Then the adjoint operator K*(x, D) satisfies

symb(K*(z, D) — R) = K(2,§)",  |RU||z < Cry oo (K) U] 2 -

with some operator R and some N > 0.
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Proposition 2.4.2. Let A(z,D) € OPCPS?,, B(z,D) € OPCLISY” (j = 0 or

cl’
j = 1) be pseudodifferential matriz operators. Then

A(x,D)B(z,D) = C(xz,D) + R,
IRU| 1z < Cy co(A)my 2o (B) IU ] 12 -

N,co\ TN i

3. Weakly Hyperbolic Cauchy Problems with
Spatial Degeneracy

3.1. The Linear Case

We are concerned with the linear Cauchy problem
(3.1) D" u + Z aj@(:n,t)Dng (o(x)*u) = f(x,t),
jtlal=m,j<m
u(z,to) = o(x),..., D" tu(z, to) = ©m_1(2),
under the following condition of hyperbolicity:

Condition 3.1. We assume that the roots 7;(x,t,£&) of the equation
T+ Z aj.olr, )T =0
jtlal=m,j<m

are real and distinct, |7;(z,t,&) —1;(x,t,€)| > c[€], ¢ > 0, fori # j, and all (z,t,€).
Remark 3.1.1. The space variable = lives on some manifold M, where either M =
R™ or M is a smooth closed n—dimensional manifold, and (3.1) is to be understood
in local coordinates. Of special importance is the case of M being a torus, M =
(R/2m)™: during the investigation of domains of dependence (in Section 5), we
will transfer a hyperbolic equation which is defined in some bounded domain of
R™ x [0,T] into a hyperbolic equation defined on (R/27)™ x [0,T], and bring into
play the results to be proved now.

Marking the regularity of the data with subscript ”d”, we suppose that

(3-2) pj € H T II(M), 5420,

(3.3) f € Cllto, T], H* (M)).

The weight function ¢ is presumed to be real-valued and smooth,
(3.4) o€ C°(M,R).

In case of M being a closed manifold, we assume

(3.5) aj,a € O([to, T, H**(M)) N C([to, T, H*"H(M)),  sc > g +5
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where the subscript ”¢” means ” coefficient”. And if M = R"™, we assume that there
be constants C; , such that

(3.6) a0 —Cja € C(lto, T), H*(M)) N CY([to, T), H*“Y(M)), s> g +1.

The reason for this distinction is that functions of H®¢(R™) have to decay at
infinity, making Condition 3.1 impossible to hold. For unity of notation, we may
define C; , = 0 in the first case, and A; o = aj,o — Cj o for general M.

Our approach is as follows. We insert a smoothing operator (see Subsec-
tion 2.2) into (3.1), such that we obtain an ordinary differential equation for a
function with values in a Banach space. Then this equation will be transformed
into a first order pseudodifferential system. An a priori estimate and an existence
result will be proved for this regularized system, see Proposition 3.1.3 (a), and an
a priori estimate for the corresponding non-regularized system will be shown in
Proposition 3.1.3 (b).

The question of existence of a solution to (3.1) will be answered in Section 3.2,
after we have investigated a quasilinear version of (3.1).

3.1.1. CONSTRUCTION OF A FIRST ORDER SYSTEM For 0 < ¢ < 1, we consider
a regularized version of (3.1):
(3.7) Di*u. = f(x,t) — Je Z ;.o (x, t)DE T DI (0(2)%u.),
jtlal=m,j<m
ue(z,t0) = @o(x), ..., D" tug (2, t0) = @m_1(x).
The operator J. maps H" into H™ ! for any r € R with norm O(e~!). This allows

us to regard (3.7) as a linear Banach space ODE which is globally solvable, and
we acquire a unique solution

ue € C™([to, T), H™Mesa) (D)),

If we succeed in finding estimates of u. which do not depend on ¢, then there is hope
that the limit lim._ u. in the corresponding topologies exists and is a solution
0 (3.1). We recall that the S? ; seminorms of the pseudodifferential symbol of .J,
can be estimated uniformly in e, 0 <& <1.

We define the vector of unknowns

(88) U= (Uer,o o Uem)™s Uey = (D))" (6™ 7D] Mu)

and get the system
DyUe,j =(D)Je(0Us j41) + (D) Je [({D)J)" 771, o] ((D)J) U g,
DU =f=Je Y,  ajaP*(D)(0U;11)

Jtlal=m,j<m

—J Y @aPD) (D)) o (D)) U

Jt+lal=m,j<m
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with Pj = D, (D)™, P* =[]}_, P;"”. This gives

(39) atUg = KE(O'U5> + BEUE + F‘7 Us(to) = @510,
0o 1 ... 0
0o 0 ... 0
(3.10) K.=J.KoDy=Jsi| : = - .| (D) eoPC,SY,
0o 0 ... 1
ko ki ... km_1
kj = — Z aj@Pa,
lal=m—j
o ¥ o ... 0
o o ¥ ... 0
(3.11) B.=i| : : ... 1 | €OPCySY,
o 0 0 .. pm
bei beo bez ... 0
be = —Je Z k-1, P*(D) [((D)Jo)™ %, 0] ((D)Jo)F™,
la|=m+1—k

b9 = (D)J. (D))", o] ({D)Jy ™,

(3.12) F=(0,0,...,0,if)T € C ([to, T], H%),
(3.13) Do = (D))" L™ p0),. .., om_1)T € H*.

We remark that Ko(D) is a strictly hyperbolic operator, and does not depend
on e. Next we construct a symmetrizer for Ky, using ideas from Leray [20]. We
introduce the notations p; = &;(¢)~1, p* = [}, p;’, and denote the eigenvalues
of Ko(z,t,p) by itj(z,t,p). Obviously,

Ky (1, Tjye ,7‘;-"_1)T = iT; (1,Tj, cee 7';-"_1)T .
Let So = V(71(x,t,p), ..., Tm(x,t,p)) be the Vandermonde matrix of the numbers
(T1,...,Tm), which satisfies

K()SO = ’LSO diag(ﬁ, ce ,Tm) = ZSOD
We put sg(z,t,p) = >0, 7i(w,t,p)*, and see that the matrix

S0 S1 S9 N Sm—1

S1 S92 S3 . Sm
S = SOSg — So S3 S4 - Sm+1
Sm—1 Sm  Sm+1 ... S2m-2

is symmetric and positive definite. Vieta’s theorem reveals that the s, are some
polynomials in a;j,p®. The symmetrizer is defined as R = det(S)S™!, and is
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obviously a symmetric positive definite matrix. It remains to check that RKj is
symmetric: The matrix K¢S is symmetric since

KoS = KoSoSL =iSoDST = (iSoDST)T = (K(9)7.
Setting ¢ = det(S), we see that R is a symmetrizer for Ky:
RKy=cS™'Ky = c¢S7HKS)S™! = cS71(KyS)(S—HT
= (eS™HKoS)(S™HT)T = (RKo)"
The components 7;; of R are some polynomials of the a; op®, that is,
(3.14) rij(x,t,p) = Z cijl< H ajﬁa(x,t)> < H pa),
leBi; (d,0)€Diz (J,a)EDiju

with ¢;;; € C and some finite index sets B;; and D;j;. Since the 73 (, t, p) depend on
p; = & (€)™, we have R(z,t,&) € CLSY. The property of R being a symmetrizer
implies (see [20])

(3.15) CTHVIIZ < RV, V) oy < C VI, VeI
The product structure of the k;; and r;; gives us the estimates
(3.16) max{ | Kol 1z » [ Ko (D) ll o3 g} < Clwax [lajallcy),
(317 IRl < Clmaxajallcy),

where the term C(max; q [|aja|/o0) denotes a universal constant which depends
b
on Max; o HaLchg in a nonlinear way.

Next we consider (K¢(D))*R + RKy(D). Proposition 2.4.1 gives us an ex-
pression of (K(D))*, and Proposition 2.4.2 tells us how to compose (Ko(D))*
and R, as well as R and Ky(D). This way, we see that the principal symbol of
(Ko{D))*R + RK((D) falls out, and obtain

(318)  [[(Ko(D))" R + REo(D)ll 2. p < C(max [lajallcp) max(flajallcy +1)-
Finally, mapping properties of the matrix operator B, are studied. The as-
sumption o € Cp° implies b € OPSY; hence Hbgj)vH < C'||v|| g+, uniformly in
HS
e. Similarly, [|be xv| ;2 < Cmax; o ||aj,all ~ ||v]l 2, which yields

(3.19) 1B=Ull > < Clmaxlaj.allco) U] 2
If s > 0, then we can make use of formula (3.1.59) from [33],
[wollgs < C (Null o [0l e + 0]l o ullgze) s 5 >0,
and the estimates
|P(D) [((D) )", 0] (D)) v| . < C 0]l e
[P2(D) [((D)2)"~*. 0] (D)) "] . < ol -
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which give us the uniform in € estimates

(3.20)  |B:Ullgs < C(max laj.allco) 1N e + C%;%X(IIANIIHS + DUl -
Let us summarize the results:

Proposition 3.1.2. The regularized linear Cauchy problem (3.1) can be transformed
into the equivalent system (3.9) with Ue, K., Be, F, ®. ¢ from (3.8), (3.10), (3.11),
(3.12) and (3.13), respectively.

The matriz operator Ko(D) is a strictly hyperbolic pseudodifferential op-
erator with finite smoothness, Ko(D) € OPC',}S;l. In case M = R", a ma-
triz pseudodifferential operator K ezists, whose symbol does not depend on x,
such that Ko(D) — K € OPH?*:SY,. In case of a compact manifold M, we have
Ko(D) € OPH*S},.

Furthermore, a symmetrizer R assigned to Ko(D) exists, which is a zero order
pseudodifferential operator with symbol of finite smoothness, R € OPCLSY, and
induces a norm in [? which is equivalent to the usual norm, see (3.15).

The operators Ko(D), R, (Ko(D))*R + RKy(D) and B. have the mapping
properties given in (3.16)—(3.20), respectively.

3.1.2. A—PRIORI ESTIMATES Now we have all tools to show an a priori estimate
of strictly hyperbolic type:

Proposition 3.1.3. (a) The linear system (3.9) has a unique global solution U, €
C*([to, T), H™(ses5a) (M) which satisfies the following estimates for 0 < s <
min(se, 84):
9 (R(D)*Ue, (D)*U¢)
< C(wax [|0ajallco) U117 +2v/(R(D)*Us, (D)*U:) V(R(D)*F, (D) F)

2
+ Clmans gl cg) maxlagal oy + 1) 10
+ C(max|lajallco) max(|Ajall . + 1) Vel e IUellcy -
(b) Consider the system of type (3.9) which we obtain from (3.7) in the way
of Subsection 3.1.1, replacing everywhere J. by the identity operator. Let U €

C([to, T), H™(sessa) (M) 0 O ([tg, T], H™®(e:5a)=1(M)) be a solution of such a
system and 0 < s < min(s., sq) — 1. Then

9 (R(D)*U,(D)*U)
< C(max[|0ajallcy) U117 + 2v/(R(D)*U, (D)*U)v/(R(D)*F, (D)*F)

2
+ Cmaxlajallco) max(flajallcy +1) UG-

+ C(max|lajallcp) max(|Ajall . + DIVl g 1Ulley -
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Proof of (a) We can write
¢ (R(D)*U., (D)*U,)
= (R(D)°U, (D)°U;) + (R(D)*(Kc0U. + B:.U. + F),(D)°U,)
+ (R(D)°U.,(D)*(K:oU; + B.U. + IF)).
It is easy to estimate the first term on the right:

1B:{D)*Uell» < Clmax [0 allcg) Vel s -

Since (R-,) is a scalar product of I?, the Cauchy—Schwarz inequality yields
| (R(D)*F, (D)*Uc) + (R(D)*Ue, (D)"F) |
< 2\/(R(D)*U., (D)*U.)\/(R(D)*F, (D)*F).
From the formulas (3.20) and (3.17) we see that
| (R{D)*B:U¢, (D)*Ue) + (R(D)*Ue, (D)* B:U¢) |
< Clmax lasallog) 1U- 3. + Cmax Azl + 1) [0l ey, 101

It remains to consider the terms
I = (R(D)’K.oU.,(D)*U.), I»=(R(D)*U.,(D)*KcoUs).
The scalar product I; can be written in the form
I =l + I + L1z + Iyy + Iis + I + Iir + Iig + Thg
= (RJ. [(D)*. Kol (D)oU. (D)'Uz) + (RJ.Ko [(D)* 0] U, (D)*U)
+ (R [Ko, 0] (D)*'UL. (D)°V-) + (RJ.o [Ko, (D)] (D)°U-. (D)°U)

+ (B[Je, ol (D)Ko(D) U, (D)*Ue) + ([R, 0] (D) J-Ko(D)*Ue, (D)*Uc)
+ (0 [R, JJ(D)Ko(D)* U, (D > c) + (0 J-R[(D), Ko] (D)*Ue, (D)°Ue)
+ (0 J-REo(D)(D)* U, (D)°U.

We estimate now Iy, ..., I1g. From (3.17), Proposition 2.3.4 and Lemma 2.3.5 it
can be deduced that

1] < Clmax gl cg) mas(laal oy + 1) 1012
+ Clmax o) max( Ayl +1) loUelicy 10l .
< Clmax oyl o) mas(lag e +1) 101
+ Clmax|lajallcp) max(Aj.all . + 1) IUellcy , NUellzze -
From (3.16), (3.17), and [(D)*™! o] € OPS;  we can conclude that

12| < C(max[laj.allcp) U117 -
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From (3.17) and Proposition 2.3.3 (o = 8 = 0) it follows that
2
13| < C(max [lajallop) max(llajallcy +1) lolicy 1Uellg- -
By (3.17) and Proposition 2.3.3 (a =0, = 1) we have
M1l + | 1hs] < Clmaxlajallcp) max(flajallcy +1) U s -
We use (3.17), Lemma 2.3.2, Proposition 2.3.3 (o« = 8 = 0), (3.16), and get
15|+ [L16| + [ 117
< C(wax [lajallcp) max(flaj.allcy + 1) KDY Ko{D)* Uell - |Uell 17+
2
< C(max |laj.all op) max(llaj.allcy + 1) Vel -
Summing up shows
2
1 — hho| < Clmax flajallgp) max(llajallcy +1) Vel
+ Ol g llog) max( Al e + 1) 101 e 0]y,
The scalar product Is can be decomposed into
(R(D)?Ue, (D)*J.Ko(D)oUe) = Io1 + Ia2 + I3 + I24
= (R(D)*Ue, J- (D)*, Ko| (D)oUc) + (R(D)*Us, Je Ko(D) [(D)*, 0] Ue)
+ (R(D)°Ue, [Je, Ko(D)] 0(D)*Uc) + (0 Je(Ko(D))" R(D)*Ue, (D)°U¢) ,

17

where we used the self-adjointness of J. and the fact that o is real-valued. Simi-

larly as above we obtain
12 = Taa| < Clmax o) mx(aal c + 1) U1
+ Cmax aja o) max(|4j.all e + D 10el e Vel -
Finally, (3.18) yields
(119 + Ioa| = [ (0J:(RKo(D) + (Ko(D))*R)(D)*Ue, (D)*U¢) |
< Clmax ajallcg) max(lasialloy + 1) 1V .

Summing up we obtain the estimate of (a).

Proof of (b). We verify this estimate in a similar way as the previous one replacing

the operators J. by the identity operator.
The Proposition 3.1.3 is proved.

O

Remark 3.1.4. The restriction s < min(s¢, sq) — 1 in the part (b) (instead of s <
min(sc, s¢) in the part (a)) can be explained as follows: The attempt to estimate
¢ (R{(D)*U, (D)*°U) (sp = min(s¢,sq)) leads to a term ({(D)*° KoU, (D)*U)

which does in general not exist, if U(-,t) € H®°.
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Or, seen from a different perspective: it is well-known [9] that the assump-
tions (3.2), (3.3), (3.5), (3.6) lead to a solution U € C ([0,T], H*°) in the strictly
hyperbolic case 0 = 1. Then the energy E,, (t) = (R(t)(D)*U(t), (D)% U(t)) is
a continuous function of ¢, but in general not C''. Hence one can not expect the
estimate from the part (b) to hold for s = sq.

Remark 3.1.5. In case of s = 0, we can slightly improve the estimates of Propo-
sition 3.1.3: we may replace (3.20) by (3.19); and in the estimates of I;; and I,
we substitute Proposition 2.3.4 with Proposition 2.3.3, leading to

0. (RU,U) < C(max [|01a;.alcp) U7 + 2v/(RU, U)V/(RF, F)

2
+C(max|laj.allcp) max(llaj.ally +1) U]z

for s4 > 1. The advantage is that no Sobolev norm of the coefficients a; o, appears,
and we can weaken the assumptions (3.5), (3.6) to a; .o € C([to, T x M). A similar
estimate holds for operators with lower order terms D& D} (a!*lu), j+|a| < m —1,
and will be used to study domains of dependence.
3.2. The Quasilinear Case
Now we consider the quasilinear Cauchy problem with spatial degeneracy
Dfut > (et DI @ )DF)NDED] (0(@)u)
jtlal=m,j<m
(3'21> = f(.%‘,t, {Dg(cg,ﬁ(xvt)Dfu)HkHﬂISmfl)v m > 2,
u(z,to) = @o(x), ..., D" tu(z, to) = ©m_1(2),
where the real-valued function o € Cg°(M) describes the degeneracy, which occurs

at the zeroes of o, and the weight functions ¢! 5 characterize the Levi conditions
as follows:

(322) Cg,ﬁ € Cl([th T]7 HSC—HB‘(M))a

(3.23) 1@eci s (VO i < ClleRsC VO grosion »
(3:24) ek Co 0O gresiar < Ol sCDOO | im
(3.25) cgﬂ(:ﬁ,t)za(a:)lm, kE+8l=m-—1,

for s >n/2+1, s.>s>0.

Ezample. We give some examples of cgﬁ, 0<k+|8<m-1:
o o gz, t) =o(x)l
o)y € C'([to, T], H*=*I1PI(M)) with the property that (9:c) 3) /) 3 and
&) 5/ 5 belong to C([to, T], H+PI (M) + C*([to, T, G317 (1)
However, coefficients ¢} ; with non-continuous quotients (9:c) 3)/c} 5 and
cp 5/Cly1 3 are also possible: let M = R/2m be the unit circle, and set o(z) =
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exp(—(sin(x))~2), which has zeroes of infinite order for x € {0,7}. Then the
following weight functions ¢} 5 € C3°([0,T] x M) are admissible:

o) k1Bl =m 1,
c%jﬁ(as,t): (t+k+Do@)Pl zelo,n), k+|8<m-—2,
2t +k+2)o(x)8 xer2m), k+|8<m-2

We suppose that the coefficients and the right-hand side are defined in a
suitable neighborhood K¢ of the initial data,

(326)  Kg={(z.{ves}) € M xR™ : Jugg — DI(} (2, to)pu(2))| < G},

for some G > 0. Next, we introduce some set X¢ C H™ (M X [to,T]) containing
those functions v which can be reasonably inserted into a;  and f:

veE Xg & (z, {Df(cgﬁ(x,t)va(m,t))}) € K¢ V(x,t) € M x [tg, T].
Our regularity assumptions on the right-hand side f and coeflicients a; o are:
e The mapping
(3.27) Mo CF([to, T1, H**™ 1 7H(M)) N X — C([to, T], H*(M)),
v(a,t) = (@, t,{DJ(} 5(t, ) Div(t, ))}),

is bounded and continuous for every s with n/2 +1 < s < s.
e There are constants C; o such that the mappings

(3.28) NP CF([to, T), H ™ %) N X — Mo C* ([to, T, HSF),
’U(.Z‘, t) = aj,a(xv i {Dg(cg,ﬁ(ta CC)DfU(t, x))}) - Cj,w
are bounded and continuous for every s with n/2+1 < s < s..

Remark 3.2.1. In case of a bounded manifold M, these conditions are satisfied if
€ C([to, T),C%*(Kg)) and a0 € CH([to, T),C*(K¢)). If M = R™, appropriate
decays of f(z,t,{vrg}) and a; «(x,t,{vrg}) — Cj o for |z] — oo are required.

The initial data are supposed to satisfy
(3.29) @; € HST™12I(M), j<m—1.
Finally, we assume the hyperbolicity of the Cauchy problem (3.21):

Condition 3.2. The roots 7;(x,t,v,§) of
T+ Z aj.ol(T, t,0)E%7 =0
jtlal=m,j<m

are real and distinct, |7j(z,t,v,§) — Ti(z, t,v,8)| > cl§], ¢ > 0, i # j, for all
(t,CL‘,’U,E) S [to,T] X Kg x R"™.

The main result of this subsection is the following theorem:
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Theorem 3.2.2. Under the above assumptions, there is a Ty, to < Ty < T, such
that the Cauchy problem (3.21) has a uniquely determined solution u with

(D)*(@* D" ) € C([to, Tol, H**(M)) N C*([to, Tol, H*~ 1 (M)
for 0 < k < m — 1. This solution persists as long as the vector of weighted
derivatives (z, {Dg(cgﬂ(x,t)Dfu(m,t))}) stays in Kg for all x and the norms
H<D>k(Jlen_k_1u)Hcl remain finite, 0 < k <m — 1.

The following well-posedness result in C'° is an immediate consequence:

Theorem 3.2.3. Consider the Cauchy problem (3.21) assuming (3.4) and ¢p; €
H® (M). Furthermore, we assume that (3.22)—(3.25), (3.27), (3.28) hold for all s >
0, sc > n/2+1 and that Condition 3.2 is satisfied. Then the Cauchy problem (3.21)
has a unique solution

u e Cm([to, T()], COO(M))
If the equation is linear, then we have global existence:

Remark 3.2.4. Proposition 3.1.3 and Theorem 3.2.2 give us a unique solution u to
the linear Cauchy problem (3.1) which can not blow up, i.e.,

(D) (" Dy"™ " u) € O([to, T], H™ (M) N C* ([to, T], H™ ' (M)

for 0 <k <m—1 and sgp = min(s, Sq).
Of course, we can include lower order terms Dg(cgﬂ(x,t)Dfu(z,t)) as long
as the equation remains linear.

The proof of Theorem 3.2.2 comprises the Propositions 3.2.5-3.2.8. At first,
we construct a regularized hyperbolic first order system for a vector of weighted
derivatives up to the order m — 1. Employing the ideas from Subsection 3.1 we
prove the existence and estimates of the solution U} to this perturbed system.
Then we show that the life-span of the U} does not tend to zero as ¢ approaches
zero. For ¢ — 0, the U, converge to a solution U of the asserted regularity. Last,
the blow—up criterion will be proved.

3.2.1. CONSTRUCTION OF A FIRST ORDER SYSTEM We start with a regularized
version of (3.21),

Dyu-+J. . ajale,t {DXE 5 I Dfu.) ) D T2 D] (U'O“ug)
JjHlal=m,j<m
(3.30) = fa,t,{DJ(c} sJ°'Dfuc)}),
’LLE(.Z',tO) = (,00((E), s aD;niluE(x7t0) = gom—l(x)-

This is a quasilinear ODE for a function u. with values in the Banach space
H#<(M); hence it has a solution

Ue € Cm([to,Ta],HSC(M)), T > to.
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We define U, , = ((D)J.)" *(c™ *DF tu.) as in (3.8), and

Ueri(z,t) = (D)) (o(2) Dfuc(z, ), k+1<m-—2,
Uekp(@,t) = (DYPUc) 5(x, )TV DFuc(2,t)), k+ 8] <m—2.

Obviously,
OUep = (DY (04 ) IV Difue) +i(D) PNl 5 IV Df ).

Assuming k + |8 < m — 3, the H® norm of the right-hand side is bounded by

(3:31) H(atcg’ﬁ)ejg‘ﬁlDfus oot T ¢k, D e Hs+18]
=C Cg,ﬁ‘]&waus Hs+181 +C Cg+1,ﬁ‘]&|‘me+1usHH5+\m
= CUekpllge + CllUkt1,60 e -
And for k + |B| = m — 2, we obtain
(3.32) H(@tcg,ﬁ)ﬂmeug evist HCgﬁJiﬂ'D?HUE Ho+181
<C st + €D ]

< CUeplle +C D 1DV (0! DFFHuc)|] .
1<l

see (3.22)—(3.25). We introduce the vector
UE* = ({UE,kﬁ}v {UEJ,k}v UET)T

and obtain

« (0 0 N Ge(z,t,Ur)
%Ue = (0 K.(,t, U;D)) (Us) + (Fs@s,t, U:))

with |G| s < C U s, cf. (3.31), (3.32). This system can be written as
(3.33) o Ur = KX (x,t, U}, D)(cUZ) + FX (x,t,UY), UZ(to) = PL.
The matrix R*(x,t,U*,D) = diag(F, R(z,t,U*, D)) is a symmetrizer for K*,

where F is the identity matrix and R is the (independent of £) symmetrizer from
Subsection 3.1.

3.2.2. ESTIMATES AND COMMON EXISTENCE INTERVAL According to Theo-
rem 3.2.2; the solution U € C* ([tg, 1], H**) persists as long as it stays in Kg
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and as long as ||UZ|| .. < oo. Applying Proposition 3.1.3 and C1° C Oul,Ko we get
9 (R(D)°U,(D)°U;)

2
< C(wax ||9,aj.allcp) 1UZ -

+2V/(R*(D)*Uz, (D)* Uz )/ (R*(D)* ., (D)* F)
+ Clmax|lajallcp) max(flajallcy +1) 102117

+ Cmax|lajallcp) max(| Ajall g + DU [l 1US o

for s > s>n/2+1+44,0 < < 1. The Moser—type estimates
lasalley < COUZ o) IUZ gy + ).
[Aj.all s < CUNULN ) (U2 M gge + 1),

and the embedding inequality HU;‘HC;,s < C||UZ|| s can be applied on the right.
Let us consider the term C(max; o [|0raj.«| -0) which denotes some constant that
depends in a nonlinear way on max; o ||8taj,a|\cg. The computations which lead
to this term show that it has the form

Cmax |lajallcp) - max(0rajallcy +1)-
Appealing to Lemma 2.3.5 and (3.16), we have
1910sallp < CO+ 102 ) < OO+ [KZ0U g + 12 )
< CO+ U o)
Taking into account all these inequalities we obtain
(3.34) 0 (R*(D)*UZ,(D)*UZ) < CUIUZ || 1o )IUZ [l g + D IIUZ [
+2V/(R*(D)*Uz, (D) Uz )/ (R*(D)* Fz , (D)* F?).

In the next step we show indirectly that there is a common existence inter-
val of the solutions U}. We define t. € (to,T:] by the inequality ||UX(t)| 5. <
28upg<er<c, 1P e + 1, to < t < t.; and by the condition that the components
of the vector UZ(t) be in the interior of the domain of definition of the coefficients
aj.o and the right-hand side f, for to <t < t..

To obtain a contradiction, let us assume that for every small v > 0 ane = (y)
exists with ¢y < t. < to+~. Now we study estimates of | U ;. and ||UZF — ®F|| ;-

The norms ||V, and \/(R*V,V) are equivalent as long as R* is defined
(i.e., for t <t.). From (3.34) and ||FX| o < C|UZ|| ;0o )(UZ|| g5 + 1) we see that

9y (R*(D)°UZ, (D)°U7) < QUR™(D)U., (D)°U?)),

€
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where @ is a smooth nonlinear increasing function, independent of €. Let Ty be a
number with the property that the nonnegative solutions of

(3.35) Oy(t) < Qy(1)),
y(to) = (R*(x,to, ", D)(D)*®Z,(D)*®L), 0<e<e,
satisfy y(t) < 2supgcor<, |97 g + 1 for to <t < Th.
To estimate ||U} — @k, we write U} = & + V and get, by Proposi-
tion 3.1.3,
Oy (R™V VD) < C(IUZ | oo )(RTVE, VE) + (RTFL L FT)),
(R™V, V) (to) = 0.
The norms ||Uf||;~ are uniformly bounded for ¢ < t., due to the definition of ¢..
From Gronwall’s lemma it can be concluded that

(RVE V) () < gt to <t <min(Tp,t.),

g(to) = 0, g continuous and increasing. We obtain ||V€*(t)||12 < Cg(t)?; and an
interpolation argument gives us a continuous function g, such that

(3.36) IVEDll e < 91(t),  91(to) =0

This demonstrates that ¢. cannot come arbitrarily close to ty, which is a contra-
diction. Hence there is a common existence interval.
We have proved:

Proposition 3.2.5. There is a constant Ty > to with the property that the sys-
tems (3.33) have unique solutions Ur € C*' ([to,To], H®) for 0 < & < &g and
Sce>8>n/2+ 1. It holds for all0 < e <eg and all tg <t < Ty

U2 e <C, NUZ(E) = 7| o < 91(F)

with some continuous function g1(t), g1(to) = 0.
3.2.3. CONVERGENCE AND REGULARITY OF THE LIMIT Our previous a priori
estimates allow us to show

U2 () = U2 8)l1 72 < O(To — to) (e + '), to <t < T,
By the uniform bound |UZ| g.. < C and interpolation, the following result is
easily established:
Proposition 3.2.6. The above constructed sequence (Ur) C C* ([to, To], H**) con-
verges in C ([to, To], H®) and C([tO,TO],C;"S) for any s and § withn/2+ 1+ <

5 < Sc. The limit U* belongs to C* ([to, To], H*™') and is a solution of (3.33) with
e=0.

It remains to study the regularity of U*. Here we make use of standard
techniques, which can be found e.g. in [28]. The uniform estimate of UZ in H*®e
gives U* € L*([to, To), H*¢) and U* € Lip'([to, To], H**~'). We want to show that
the H*® norm of U* is not only bounded, but also continuous:
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Proposition 3.2.7. The above constructed solution U* to (3.33) with € = 0 belongs
to C ([to’ TO]’ Hsc) N Cl ([th TO]a Hsc—l) .

Proof. We fix ty < t1 < Tp and will show the continuity of ||[U*(-,t)|| .. at the
point ¢;. To this end, we consider the forward Cauchy problem (recycling the
variable U} which we do not need anymore)

U = K2 (2,1, U, D)(oUZ) + F2 (2, 8,U7),  UZ(t) = U"(t),
for some small € > 0. The only difference to (3.33) is the initial condition. Defining
the equivalent norm for the Hilbert space H ®¢
(3.37) IVl ree o, = (BT (t2)(D)*V, (D)**V)
we deduce from (3.34) that
O NUZ (Do 0 < C'(NUZllg0) IUZ @)1 + C I () e -

Gronwall’s lemma gives, with some C" = C'(||UZ|| 1.5),
b

t
12 @) Fee o < N0 @) Fee , €70 + C/ DN FE () e dr

t1

The weak compactness of bounded subsets in Hilbert spaces implies (¢ — 0)
2 * 2 (—
U Foe 0 < WU [7ec 4, €+ Clt = 1.

The function [|V|| .. , defines an equivalent norm in the Hilbert space H®¢ if ¢
is fixed. For proving continuity in ¢ we need a norm which does not depend on t¢.
Using Lipschitz continuity of R*, we find

2 2 (t—
U O e ey, < MU E) e o, € + Ot = 1],

resulting in

. * 2 * 2 . . * 2

imsup U (¢) I 1, < WU 5ree ¢, < Hminf [U(8) e 4, »

t—t140 t—t14+0
which gives the H®c—continuity of U* at ¢; from the right. Inverting the time
direction the reader can show the continuity from the left. Since ¢; can be chosen

arbitrarily, the proof is complete. O

In the last step a criterion for the blow—up is given. The idea of the proof is
taken from [33], Proposition 5.1.F.

Proposition 3.2.8. Let U* € C([to,T), H*) N C* ([to,T), H**') be a solution
of (3.33) (£ =0) with

sup [[U"(t)]|cr < o0,
te(to,T)

inf  dist((z, {Ug.g(z,1)}),0Kg) > 6 > 0.
te(to,T)

Then a constant Ty > T exists with U* € C ([to, 1], H*) N C* ([to, T1], H*™1).
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Proof. We consider the non—regularized version of (3.33), apply J¢ to it, and esti-
mate the terms on the right as in the proof of Proposition 3.1.3. This gives

(3.38) 0, (R*(D)* J.U*, (D)* J.U*)
S CUT )@+ U g 107y, ) U 5ee + IF* |7 -

We suppose that the H® norm is arranged in such a way that |[V*|| o1 < [|[V*| y..
holds for every function V* € H?®<. Then the inequality

* * H[ >k”HSc
< i
114 HC&,KU <OVl (1 +ln< Vo

can be shown, see [33], (B.2.12). Consequently,
107y ., < CNU en (4™ U7 4.) + C.

According to Lemma 2.3.5, we have ||U*||C; <C ”U*HC,@I,KO’ and from ||F*H§1SC <
C(|U*| o) (e + |U*|1%}2. ) it follows that
0 (R*(D)* J.U", (D) J.U")
< CUU* | )X+ N )+ W U T ) e+ 107 )-

Using the equivalent norm ||-|| ;.. , from (3.37) and ||[U*|| - < C, we get

O 1T-U* ()l e o < CoL 4+ W™ U (@) [ Frec ) e+ U™ () greco)-
We integrate, let € tend to 0 and see that
U= @) ree < NU E0)3rec

t
+Co/ (L +10" U (D) e e+ U (D) e ) d.

to

Introducing N(t) = e+ | U* (t)”im,t we deduce that

N(t) < N(to) + 200/ In(N ()N (1) dr = Q(1).

to
The continuity of N(t) yields Q(t) € C'[ty,T). Obviously,

Q'(t) = 2Co In(N(£))N(¢) < 2Co In(Q(1))Q(1);
hence Q(t) < C for all tp < t < T. Taking into account all these inequalities we
find |U*(t)]| gse < C" forto <t <T.

Next we have to extend U* continuously to some longer time interval. There-
fore, we review the regularized Cauchy problems (3.33) with data U (T — v) =
U*(T — =) for some small v > 0. The functions U/ (t) persist as long as their H®°
norms remain bounded and as long as each component of these vectors stays in the
domain of the functions a;, and f. An estimate of the life-span of U} is provided
by (3.35) and (3.36), which are autonomous (differential) inequalities (indepen-
dent of ), hence the length of the existence interval only depends on § and C”’. Tt
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follows that for small « the point T is contained in the common existence interval
of the U, and consequently, of the limit U. O

This completes the proof of Theorem 3.2.2.

Remark 3.2.9. Crucial for the proof of Proposition 3.2.8 was the fact that the
right-hand side of (3.38) grows at most linearly in |[U*||,. and ||U*chl e
* »Ko

Remark 3.2.10. Using similar arguments as above, one can easily show that the
solution of a quasilinear weakly hyperbolic Cauchy problem continuously depends
on the data, weight functions, coefficients and right-hand side.

4. Weakly Hyperbolic Cauchy Problems with
Spatial and Time Degeneracy

Now we are ready to study the general equation (1.7) which incorporates both
types of degeneracy: spatial degeneracy and time degeneracy.
Our approach is divided into three steps:

e First, we study a linear Cauchy problem with vanishing initial data, whose
right—hand side has a zero of sufficiently high order at ¢ = 0. We establish
an estimate of strictly hyperbolic type in Theorem 4.1.1.

e Secondly, we consider a quasilinear Cauchy problem. Its initial data also
vanish, and the right-hand side has a zero of high order at ¢t = 0. The
estimates of strictly hyperbolic type for the linear problem and the usual
iteration procedure imply local existence, see Theorem 4.2.6.

e Thirdly, we transform the general equation (1.7) into a special equation
which can be treated with the methods of the second step, see Theo-
rem 4.3.1.

The idea of transforming a weakly hyperbolic problem with general right—
hand side into another weakly hyperbolic problem with special right-hand side
has been widely used, for example in Kajitani, Yagdjian [17], Oleinik [25] and
Reissig [29).

4.1. A Special Linear Case
We analyze the Cauchy problem
(4.1) D" u + Z aj.o(z, OA) D2 DI (a(m)la‘u) = f(z,1),
Jtlal=m,j<m
u(2,0) = --- = D" tu(z,0) = 0
under the decay assumption
(4.2) 1G5 Dl eo < CrA@PN (D).
Later, the number p will be presumed sufficiently large. Additionally, we suppose
Condition 3.1, (3.3), (3.4), and (3.5) or (3.6). For the function A = A(t) we assume:
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Condition 4.1. Fiz A(t) = fot A1) dr. The function A = A(t) satisfies one of the
following conditions:
e \t)=th1eN, I>m—1,
e A e C*0,T]), AM(0) =0, N(t) >0 (t>0), \'(t) >0 (t >0),
A(t) N N(@®) A(t) m
<’ <CL—=, COh< ——.
A) NG A T AT T T m—1
Examples for the second case are A(t) = exp(—|t|~"), r > 0.
The central result is the following theorem:

Theorem 4.1.1. If the constant p is sufficiently large, then the Cauchy problem (4.1)
has a solution u with the property that

UecC(0,T),H*)nC" ([0,T],H*""),
U={(D)""((\o)™'Di tu):i=1,...,m}.
There are constants Cy, Ca, Cs (independent of u) such that the estimate
‘ A\
U 750 < Cg/ eC1(t=7) (—) F(O) | e dT
1Tl O ) W@
holds for p > Co + 1.
Proof. We obtain the system
N .
0:U; = (m = j)Uj + Xi{D)(0Uj1)
+)‘Z<D> [<D>m_j_1aa] <D>j+1_mUj+1a 1 Sj <m,
OUpm = —i Z a; N DED] (Ula‘u) +if
JjHlal=m,j<m
=—id > a;aP*(D)(0Ujs1)
J+lal=m,j<m

—ix Y a.PYD) {(D}lo‘"l,a} (DY =1ely, .y +if.

Jtlal=m,j<m
This leads to

li
(4.3) 0U = AKo(D)(oU) + ABU + H%U +F, U®0)=0

with Ko(D), B, F as in (3.10), (3.11), (3.12) and H = diag(m—1,m—2,...,1,0).
We regularize this system and eliminate the time degeneracy:
!/

A
(4.4) OUse = Jo(\ + 0)Ko(D)(oUs.) + ABU;. + H)\—MU,;E +F,
Us.(0) =0,

where § > 0 is small. This is a weakly hyperbolic system with pure spatial degen-
eracy; therefore we can take advantage of the methods of Subsection 3.1. We may
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choose the same symmetrizer R, since the function A + ¢ has no influence on the
operator Ko(D). This operator does not feel the time degeneracy.

We choose s =0orn/2+1<s < s, and define the norm

H,(Us:(t)) = /(R(t)(D)*Us:(t), (D)*Use (1))
Then Proposition 3.1.3 gives us the estimate

!

A
(45) 8tHS(U5€) S Ol(HS(U(SE) + ||F||H5) + CQmHS(U5E)'

By Gronwall’s lemma we see that
t
H(Use(0) < [ 200Gy i
0

< exp (%) ¢/ NPT < O

0

Cos= sup {C)+Co b = 05,
’ te[O,T]{ ! 2>‘(t)+5} S

This allows us to apply Nersesyan’s lemma (see Lemma 6.2) to (4.5) if we assume
p > Co + 1. The result is

t Ca
Ho(Us. (1)) < / (Ci1-7) (%) Oy () - dr

t
< CA(H) / eCLU=DN(T)P=C2 N (1) dr
0

< 0670115 by t)p-i-l_

p—Co+1
We emphasize that this estimate is independent of § and e. It is known that
Us= belongs to the spaces C ([0,T], H*) and C* ([0,T], H*~'). Employing the
methods from Subsection 3.2 one can show that there is a limit Us = lim,_.g Us,
which belongs to the same spaces and solves

/

A
(4.6) 0Us = (A + 0)Ko(D)(oUs) + ABU;s + Hng +F, Us(0)=0,

and that the following a priori estimate holds for n/24+1 < s < s, and s = 0:

A®)

Cs
) I

(4.7) H.Us(0) <1 [ i) (

0
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In the next step we send d to 0 and study the convergence properties of the
sequence (Us). The difference Us — Uy solves the equation

0:(Us — Us)

!’

= (A+8")Ko(D)(c(Us — Us')) + AB(Us — Us/) + Hm

(Us — Us)
\
+(6—14") (KQ<D>(O‘U5) — HWU(;) .
From (4.7) with s = 0 it can be concluded that
Ho((Us — Uy )(t)) < C|0 = &"|A(t)".
It is standard to verify that the sequence (Us) converges to a limit U which is a
solution of (4.3) and satisfies
UeC(vT,H*)NC" ([v,T),H*™") ¥y >0.
On the other hand, we have U(0) = 0 and ||U ()| .. < CA(t)P™!. This gives the

continuity for ¢ = 0 and the theorem is proved. [l

4.2. A Special Quasilinear Case
Now we assume that the initial data vanish and that the right—hand side decays
sufficiently fast for ¢ — 0. More precisely, we consider the Cauchy problem
D'ut Y ajalet, { D (e, ) Dfub)AB)* DG D (o(x)*u)
jtlal=m,j<m
(4.8) = f(z,t,{DPcy 5(x, ) Dy u} |5t 51 <m—1)s
u(z,0) = --- = D" tu(z,0) = 0
with the following asymptotic behavior for f:

(4.9) It 0)llgree < CroA®) N (B),

(4.10) > 0

/
('7ta{gk,ﬁ}) < Cf
k+|B|<m—1

I1ee

agk,ﬁ

for all ¢t € [0,T] and all {gr 3} € R™ from a suitable chosen compact set near
zero. Furthermore, we suppose (3.4), (3.27), (3.28), (replace cgﬁ by ¢k, to by 0
and K¢ by some compact set near zero) and Condition 3.2. Concerning the weight
functions ¢y, g, we assume the Levi conditions

MO FA@FEHTmmC (1) 2 |B] >0,
Cg,ﬁ(xvt) : |ﬂ| = 07
where A(t) = [o A(7) dr; and (3.22)-(3.25).

Our intention is to show the local existence of a solution to (4.8), see Theorem
4.2.6. For this purpose we transform the equation into an equivalent system of first

(4.11) ckp(z,t) = {



30 Michael Dreher

order and study a linearized version of this system. In other words, we introduce
U= (U,...,.U)t, V=>WV,...,Vp)T, V* = (VkT’ﬁ,VT)T,

Uj = (D)™ ((Ao)" 7 D] ), Vj = (D)™ ((Ao)™ 7 D} w),
(4.12) Vi g(x,t) = D (cy p(x,t)Dyv(z,t))
and get the system
)\I
0U = AKo(z,t,V*, D){D)oU + AB(x,t,V*, D)U + F(2,t,V*) + HXU’
U(0)=0.

We obtain a mapping U = ®(V), defined via V — V* — U, and can construct
a sequence {V*} by V¥ = &(Vk-1) VO = 0. This sequence will be shown to
converge for large p and small times, after some preparatory estimates.

4.2.1. AUXILIARY ESTIMATES We proceed with estimating V* in terms of V', and
Ky, B, F in terms of V*.

Lemma 4.2.1. Let T < 1 and ||V (t)|| . < CvpA(t)PTt. Then there is a constant
Cy, independent of V' and p, such that

(4.13)

(D) s ODF( 1| < Cllrp MO N ().
Proof. The assertion is obvious for |[3] =0, k =m —1. Now let || =0, k < m—2.
Then (3.23) and (3.24) imply
O [lexaDiv|| . < [|(@oer,p) DEv]| . + [lena D™
< C.|ler,sDfv| e + Ce ||cegr,sDF !

UHHS
UHHS'

By Gronwall’s lemma and induction, we get (4.13) for |5] = 0 and k¥ < m — 2. Now
|B] > 0. We choose k =m — 1 — || as base of induction, and deduce that

[0y st 0D, = 33 M@ D)0 Do)

Hs Hs
N ()
A(t)
Let k+|8] < m—2. Making use of ' ~ A?A (see Condition 4.1) and the induction
hypothesis, we obtain

Hcgﬂ,ﬂDfH

< Ci

IVl e < CxCrvpAB)P X (D).

< CCypN)PTFFL=mN (1) A ()™ k1811
< COvpAR)PTE=1mm (N (1) A ()™ 1AL,
By (3.23) and (3.24) we then conclude that

”||Hs+\m

O HCgﬁDfUHHHW

< CCypAE)PHF1mm (N ()2 A ()™ 1P+ HC%BD?”HHSHM .
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Bringing Gronwall’s lemma into play, we then find
t
ek, s DE 0|10 < CCVp/O AP (N ()2 A ()™ =+ Pl dr
< COp AP A ()™ 10X (1),
which concludes the proof. O

Remark 4.2.2. The conclusion of this lemma can be sharpened in the following
way. If 0 < s < s, then the estimates

V)l s
Vi S<HD|5\ DF H < AHPN(t)C. V@l
Vel o < (D)7 (cr,sDiv) e S (t)PN(t) 4721[1&] )L

hold for k4 || = m — 1. And for k + |5] < m — 2 we have
(D) (e 1,8 D8 0)| e
Vil e < AE)PN (£)Cy sup ’ H
|| BHH ( ) ( ) refof] MT)PN (7)

This lemma gives us estimates for U* and V* if bounds of U and V' are known.
An estimate of U in the terms of the right—hand side is given by Theorem 4.1.1.
The next lemma will be practical to find an estimate of F' in terms of V*.

Lemma 4.2.3. Let K C R™ be compact and M be an n-dimensional smooth closed
manifold. Let f € CN(M x K) and v; € HN (M) with (z,v1(x),...,vn, (7)) €
M x K for x € M. If N is sufficiently large and 0 < m < ng, then a constant
Ny < N (independent of N ) exists with

||f('7vl(')a s 7’0710('))”;11\[

< on(lorllgm - lomg )
X (vl gw 4+ lomll gx + llvmgr gy + -+ llvng | gv-1)
n
0 af N
LD D ol CUO RERTO I W AU P
j=m+1 J L> la|=N

T IO N )

la|<N

r’
Here we used the equivalent norm ||w||’y~ = Plajen 105wl 2,

(4.14) ON' wllyn < llwllgy < Cn wlgy -

This lemma generalizes Remark A.1 in [11] and describes precisely the de-
pendence of ||f(-,v1,...,v,)|/y~ on the highest orders of some v; (see the terms
|05 v;jll;2)- The proof is omitted. We will use this lemma to determine the loss of
Sobolev regularity (it depends on H fo, H 1), Or, in other words, to determine the
space in which the solution exists.

From now on we assume s, = N € N and set s; = V.
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Lemma 4.2.4. Assuming |{Vi,g}||os1 < 1, there are constants Cs and T, such
b
that for 0 <t <T*,

/ 14
(115)  f(et (Vs e, < CADPN D) (cf up 0 ofo> .

Proof. Lemma 4.2.3 and (4.14) allow us to estimate

1t {Vies Pl gree < Coe 1f (@t {Vip Dl e

o f
< Cope (Vi) [{VisH e  +Coe \ xt{vmnHU
la|<sc
of
+ Viesls -
> Wesl, > 108Vl

k+|B]<m—1 |al=sc

Repeated application of Remark 4.2.2 yields (for |5] > 0)

m—1—|g|
/ H<D>|mcmflf‘ﬂ|’ﬁDt UHHsc—l
Vel groc—1 < CA(H)PA'(t) sup

ref0.] A(T)PN (7)

< CAR)PN(t) sup A(r H DYBI=1(\)l8I-1 pi=
7€[0,1]

Considering the time derivative of the last norm and exploiting Nersesyan’s lemma,
we find (restricting the time interval)

V se—1 < A(t)P ! sup H =,
H{ kﬂ}”H 3 ( ) refof )\(T)p+1

Again by Remark 4.2.2,

V)l
(e} < P/ || Hsc .
Z 02 Visll 2 < CAR)PN(2) Tsel[l()l?t] A(7)PtT

la|=sc

Lastly, from Hadamard’s formula and (4.9) it can be deduced that

aa
S |G mion)
la|<sc 2
aaf o f aozf
< ¥ |grentn-Feso] + 3 [Fewo,

S CIVI @)l gee—r + CCrARPN ().
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Summing up, we can estimate for small ¢:

p+1 IV ()l s
1 Gt Vi s D e < Cse (24 @5 ())A®)T B Ve

Py Ve Py
+ CCA)PN () Tseﬁlft]vpfl + CCoAt)PXN ()

< CsA(t)PN(t) (Of sup IVl + Cf )

refog) AMT)PH

O

4.2.2. ITERATION AND CONVERGENCE Now we have all tools to find a bound for
the mapping V — V* — U.

Lemma 4.2.5. We assume that p is sufficiently large and that T* is sufficiently
small. If ||V () || e < AP for 0 <t < T*, then it holds [|U(t)]| go. < ANE)PT!
for 0 <t <T*.

Proof. Due to Theorem 4.1.1 and (4.15) we have

10 5ee < C / £C1(t=2) (%) 1F(5) e

o [ A®N v 1V ()| o
< C3e® /0 ()\(s)) Cs5A(s)PN (s) <Cf sup W+Cf0> ds

T€[0,s]
AP+
< 03C5(Cy + Cpo)ecrt 2
< C3C5(Cr 4 Cro)e PG
< /\(t)PJrl
if e“1* < 2 and p is large. O

Now we restrict the constant T in such a manner, that the assumption
V)|l gee <AE)PT! for all t € [0, T*] implies (x, (Vi 5(z,t))) € K¢ for all (z,t) €
M x[0,T*]. All these results enable us to define a sequence (V) C C ([0, T*], H*<)N
C ([0, T%],H*~1) by VO(t) = 0 and

Vi) =0, i>1,
oV = AKo(z,t, V=1 DY(D)oV'! + AB(x,t, V= =1 D)V
)\/
+ @, VI HV 1>

Due to Lemma 4.2.5 and Remark 4.2.2 the functions V' fulfill

V() < AP, |V s < CAH)PN(2).

HHSC HHSC
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Using the above technique once more and choosing p larger if necessary, we
are able to show the estimate
VL) — Vit 1 Vi) - vt .,
oy WHOVOl, 1 v,
t€[0,7%] At)P 2 tej0,1] At)P

This confirms that the sequence (V') converges in C ([0,7*], H®). By interpola-
tion we see that (V') converges in C ([O,T*],Hsc_l), too; and we can prove in
a standard way that the limit U is a solution of (4.8). Exploiting the arguments
which gave Proposition 3.2.7, we get U € C ([0,T*], H*¢). Thus, we have proved:

Theorem 4.2.6 (Existence). Let the conditions mentioned at the beginning of this
section be fulfilled. Let s., p € N be sufficiently large and T* > 0 be sufficiently
small. Then the Cauchy problem (4.8) has a solution u with U € C ([0, T*], H**)N
C ([0, T%), Hee71).
4.3. Reduction of a General Quasilinear Equation to a

Quasilinear Equation with Special Right—Hand Side

In this subsection we reflect upon a general quasilinear weakly hyperbolic Cauchy
problem and find a solution using the technique of the previous subsection. Namely,
we will transform the Cauchy problem

Dlut+ Y ajale,t,{Dfers(w, ) Dfup)A(®)* DG D] (0(x)* u)
JHlal=m,j<m
(4.16) = f(x,t,{D%x p(x,t)DEu}),
u(x,0) = po(@), .., DP* " Hu(x,0) = g1 (@)
into another Cauchy problem
Dot Y e (@t {Dlens(e, ) DEvHA®) ! DD} (o (x) o)
JHlal=m,j<m
(4.17) = fp(x,t,{D%cy 5(x,t)DEv}),
v(z,0) =--- = D" tu(z,0) =0,
whose right-hand side f, fulfills the requirements (4.9) and (4.10) with p = p(p’).

It will be shown that these two Cauchy problems are equivalent in the sense that
functions w1, ue, ..., uy exist with

u=ur+uz+- -+ uy+o.

The functions uq, ug, ..., u, are solutions of ODEs in ¢ with parameter x. If p is
large enough, then Theorem 4.2.6 guarantees the existence of a solution to (4.17).
This idea has been used in [17] and [29)].

The example of Qi [27] shows that a loss of Sobolev regularity (in comparison
to the data) must be expected. This corresponds to the fact that the smoothness
of the u; decreases by m, as j increases by 1.

We list the assumptions.
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The functions ¢y g are assumed to satisfy (4.11) together with (3.22)—(3.25).
The functions a; o and the right-hand side f are defined in the set K¢; see (3.26).
Finally, we suppose (3.4), (3.27), (3.28), (3.29), Condition 3.2 and Condition 4.1.

Theorem 4.3.1 (Existence). If s. € N is large enough, then some number T* €
(0, T] and some v > 0 (independent of s.) exist with the property that there is a
solution w of (4.16) with

UecC(0,7*,H")nC" ([0,T])*, H*71),
U={D)™((\o)"'Di  u):i=1,...,m}.
Proof. We define

1 :|B|=0o0rl>q,
€l.i.8 —
Y9970 1Bl > 0and L=

and consider the system of ODEs in ¢ with parameter x

D;nul(xa t) = f($7t7 {Dgck,ﬁ(l‘vt)Dful(l‘vt)ng,ﬁ})a
uy(x,0) = @o(a),... ,Dln_lul(x, 0) = om—1(x),
DMy (z,t) = gi(x, t, w2, t), ..., D tuy(x,t))

!
= f(:z:, t, {chk,g(x, t)DF Z e1,i,8ui(z, t)})
i=1

-1
- f(iE, t, {Dgck,ﬁ(l‘vt)Df Zgl—lﬂﬁui(‘ma t)})_
i=1

-1
- > gz t) Y AODID (o(2) (=, 1))
jtlal=m,j<m =1
l7
+ Y Gjari(@ ) YA DD (0(@) i, 1)),
jtlal=m,j<m i

w(x,0) = --- = D"ty (x,0) =0, 1=2,...,p.

[

Il
—

The following abbreviations have been used here:

l 0
dj,wl(xa t) = Qj,a (xa t, {Dgck,ﬁ(‘rvt)Df Zui(xvt)ghi,ﬁ})a Z = 0.
i=1

i=1

These equations can be solved step by step, and they possess solutions u; €

c™ ([0, 7], Hoe=™(=D) s —ml > n/2 + 1. For a proof, see Theorem 3.2.2 with
oc=0.

The functions u; have a special asymptotical behavior for ¢ — 0. If X satisfies

the second set of assumptions of Condition 4.1, we fix some positive number & with
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2¢ <m — (m — 1)C). Otherwise, e = 0. Inductively, we prove

,_.

m- -1
HD]’U,I

Jj=0

e (t1/2/\(t)€)

HHsc—m(l—l)

with s.—ml > n/2+1. This is obvious for [ = 1. To prove a corresponding estimate
for w41, we consider ||gi+1(t)| gso—m:. Hadamard’s formula yields

I+1 1
f(z, t, {Dgckﬁng Z 51+1,i,ﬂui}) — f(:c, t, {Dgckﬁng Z slﬁiygui})
i=1 i=1

= Z d1k (l‘, t)c;monuH_l + Z doixg (m, t)DgckﬁDful.
k [B]>0,k

The H®*~™-norms of the functions di, doikp are bounded, by the induction
assumption and w41 € C™ ([0, Ty41], H*~™"). The function A\(£)™ 2A(¢)' ™™ is
monotonically increasing due to the choice of €, see Condition 4.1. This implies

lleks ()l e < CsX(®)*, s € R, [8] > 0.

The other contributions to g;4+1 can be discussed similarly. We conclude that w41
is a solution of

Di*uwigs + Y dai(@, t) Dfwisr = higa (2, 1)

k<m

with
1/2 =1 2
(418) s (8 geen < G (B2A0F) T MO, M) < C

Utilizing a standard technique one shows (restricting the time interval)

!
Z HDtul—H ‘ e = Cl/ (i1 (s ) prsc—mi d7 < (t1/2)\( ) ) )

This is the desired estimate. Summing up the differential equations for uy, ..., y
we deduce that

l

Dy (ur + -+ +up) = f(w,t, {Df%ﬂDf Zﬂmui})

=1
-1
~ 7
- > djary ADEDI(0u),
jtlal=m,j<m i=1

Dg(m—l—---—i-ul)(x,O)=<pj(x), i=0,....,m—1.
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We define
!

aj.0,(2,t, { D ks Dfv}) = aja (90 t, {Dka,ﬁDf (Z ui + v) })

1=1
fiw, t,{DJcy sDfv})

! !
= f(ac, t, {Dng,ﬁDf (Z u; + ’U) }) - f(ac, t, {chkﬁDf 25171-,51“})
i=1 i=1
! ‘ !
_ Z Ao (m, t, {chkﬂDf (Z u; + v) }))\MDSD% (gla\ Z ul)
i=1 i=1

Jtlal=m,j<m

l 1-1
+ Z .o (x, t, {chkﬁDf Z El,iﬂui}))\‘o"Dg‘Dg (Ulo“ Z ul)
i=1 i=1

jtlal=m,j<m
If a function v has homogeneous initial data and satisfies
D'v+ > ajau@t{Dey gDiv})A DS DI (01)
J+lal=m,j<m
= fi(z.t,{D]ex,sDyv})
(which is (4.17) with p’ =), then the function u = Zlizl u; + v solves (4.16).

It remains to verify the conditions (4.9) and (4.10) for this function f;: We
fix & > 0 and restrict all the intervals [0, 7;] in such a way that

l
D]y uilt) = 5(-)

i=1

<é
Hse—ml
The condition (4.10) is obviously satisfied for ¢ < T; and the constant C; only
depends on §, but not on I. In a similar way as in the proof of (4.18) one shows

l
1£1Go 1 0) | e < C (t1/2)\(t)5) ,

0<t<T, 0<j<m-L

)

which proves (4.9).
Theorem 4.2.6 gives the existence of a solution v to (4.17) which satisfies
(D)k((Ao)kv) € C ([0,T*], H*==™!), if p and s, — ml are large enough. O

Remark 4.3.2. Since the time degeneracy occurs only for ¢ = 0, the blow—up
criterion of Proposition 3.2.8 is still valid; we only have to take into account the
number of lost derivatives.

5. Domains of Dependence

We will construct so—called domains of dependence. It turns out that our definition
generalizes the definition of [2] from the strictly hyperbolic case to the weakly
hyperbolic case. These domains can be exhausted with hypersurfaces, and the
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Cauchy problem is weakly hyperbolic in the normal direction at each point of each
hypersurface, see Definition 5.1.2. One example of such domains is a cone, whose
slope does not exceed some critical value. This concept will be applied to prove
some results of uniqueness, finite propagation speed and regularity:

Global uniqueness for linear equations: A solution to a linear Cauchy prob-
lem is unique in any domain of dependence, see Theorem 5.2.1.

Local uniqueness for quasilinear equations: For every ball in the initial plane
one can find a cone (with suitably small slope) over this ball with the
property that a solution is unique in this cone, see Theorem 5.3.2.

Local existence for quasilinear equations: For every rectangle in the initial
plane one can find a rectangular parallelepipedon over the rectangle with
the property that a Sobolev solution of the quasilinear equation exists in
this parallelepipedon, cf. Theorem 5.3.1. This solution exists in the whole
domain of dependence if the equation is linear, cf. Corollary 5.3.4.

C° regularity: We consider a quasilinear Cauchy problem, whose coeffi-
cients, right-hand side, weight functions and initial data are C'*°. Let us
be given a Sobolev solution in some domain of dependence. Then this
solution is C*° in this domain, cf. Theorem 5.4.2.

5.1. Definition of Domains of Dependence

We come to the definition of a domain of dependence, see also [2].
We consider the Cauchy problem

(5.1) Diut > aualwt)DED] (o)) = f(a,0),

Jtlel<m,j<m
u(z,0) = po(x),..., D" u(z,0) = @m_1(z)

for (z,t) € Qo x[0,T] C RZ x Ry; Q is an open and bounded domain with smooth
boundary.
We suppose Condition 3.1 and

(5.2) o€ C(N),

- {Cg(ﬂ_o x [0,T]) :j+|al=m,

(5:3) CO(Qo x [0,T) :j+ o] <m.

The principal part of the operator on the left is
P.o(x,t, Dy, Dy) = D + Z aj,a(x,t)o(x)‘o‘ngD{.
jt+lal=m,j<m
To this operator we assign the strictly hyperbolic operator

Pni(@,t, D5, D)) =Df*+ > ajalz,t)DID].

jt+lal=m,j<m
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The domain of dependence €2 over a bounded domain €y C R™ has to satisfy the
following conditions. At first,

(5.4) Q=9 n{(z,t):t>0}, Q eR"™ O open,
(5.5) Qo= N{(z,t): t =0}

Next, the projections 7 : (z,t) — x of the level sets Qs = Q' N {(x,t) : t = to}
shall become “smaller” for increasing ¢,

(56) ﬂﬂtl c Wth 0<tyg<t;: <T.

The set ) can be exhausted with hypersurfaces S,

(5.7) o= J so= U {@t): gt =r}

o<r<r* o<r<r*
We suppose g € C°(Qo x [0,T]) and
0
(5:8) >0 Q.

Furthermore, we assume that each hypersurface S, intersects with the initial do-
main Qg and

(5.9) Qn |J Slel[n [ S| 0<rn<mn<r

0<r<rg 0<r<ry
Finally, we need a connection between the slope of the normal vector to S, at
the point (z,t) and the largest characteristic root of P, , at that point. Let @,
be the principal part of a hyperbolic in direction 7 operator. Then the largest
characteristic r0ot A\paz (2, t; Q) of @y, at the point (x,t) is defined by

Amaz (2,1 Qm) = sup{|7] : Qm(z,t,7,§) =0, [¢] = 1}.

The slope of the normal vector and the largest characteristic roots satisfy
Veg(@,t)
gi(x,t)
This condition can be interpreted in the way that the polynomial P, , is weakly

hyperbolic at the point (x,¢) in the normal direction of S...
For technical reasons we assume the following condition:

(5.10) Amaz (%, 15 Pry.o) < 1.

(5.11) The domain Qg has the J-extension property defined below.

Definition 5.1.1. We say that a domain 2y has the J—extension property if for
every small € > 0 there is an operator & : Cp(Q9) — Cp(R™) such that
o (E.u)(z) = u(x) for x € Qq, dist(x, 0Qp) > &,
e there is a C*° mapping ¥ : R” — Qo N {z: dist(z,9Q) > e} such that
[(Ecu)(z) — u(¥(x))| < € for all z € R™.

Ezxample. Every star-shaped domain has the J—extension property.
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Definition 5.1.2. A set 2 is called a domain of dependence over Qq for the operator
P, - if the conditions (5.4)—(5.11) are satisfied.

Ezample (Characteristic cone). The characteristic cone K(B) for the ball B =
B(z*,d) in the initial plane is defined by

d
K(B):{(:z:,t):|x—a:*|<d—)\’ t, 0<t< }

max,o "’
mazx,o

with
PV = [l oo (5 SUP {Amas (@, t; Pr1) : (z,t) € Bx[0,T]}.

mazx,o

In this section we will also examine the quasilinear Cauchy problem

Di'u+ Y ajala,t,{Do(x)? Dfu})DyD] (U(:C)'a‘u)

Jtlal<m,j<m
(:E, t, {Dgo—(z)w‘Dfu}|k+lﬁ\§m—1)a

(5.12) =f
u(z,0) = po(x),..., D" u(z,0) = @m_1(z).
This equation will be written as P,S%U = f(u),

If u solves this Cauchy problem, then one can define a domain of dependence
Q) which itself depends on w, since the coefficients of the principal part depend
on u. For this Cauchy problem we will assume almost the same conditions as in
Section 3, see (3.27), (3.28) and Remark 3.2.1:

(5.13) Q.0 € CH([0,T],C%(Q X R™)), 50> 5 +1,
(5.14) @j € HoTm=179(Qy),
(5.15) f € C([0,T],C% (R x R™)).

And we modify Condition 3.2 in an obvious way:

Condition 5.1. The roots 7;(x,t,v,§) of

T+ Z aj.ol(T, t, )7 =0

Jtlal=m,j<m

are real and distinct, |7j(z,t,v,§) — Ti(z, t,v,8)| > cl§], ¢ > 0, i # j, for all
(x,t,v,8) € Qo x [0,T] x R™ x R™.

5.2. Uniqueness for Linear Equations

There is another way to define domains of dependence. A set 2 C R, xR™ is called
domain of dependence over €y C R™ for some hyperbolic operator if the vanishing
of data in )¢ and the vanishing of the right—hand side in 2 imply the vanishing of
the solution to the Cauchy problem in Q. The following theorem states that the
two definitions are in concordance.
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Theorem 5.2.1 (Uniqueness). We suppose (5.2), (5.3) and Condition 3.1. Let Q C
Qo x [0,T] be a domain of dependence over S for the operator P, ,. Assume
W= =pn-1=01inQ and f =0 in Q. Then u =0 in Q for every solution
u of (5.1) with

D?_‘ang‘om‘u e C(), ol <m.

Proof. Let us sketch the proof. The solution is defined in €2, the coefficients a; o
are defined in Qg x [0,7]. In a first step we extend u and a;, to the domain
Qo X (—00, 0]; the function w vanishes there. This gives a new Cauchy problem with
solution u and vanishing initial values. In a second step we transform the variables.
The domain Q is mapped to some domain Q = {(y,7) : y € Qo, g(y,0) < r < r*},
and v, the image of u, has compact support with respect to the spatial variable
y if the time variable is frozen. We extend the transformed coefficients @; . and
the weight o to R™ x [0,T], apply an energy estimate, and obtain v = 0. This will
prove the theorem.

The coefficients a;  satisfy Condition 3.1, (5.3) and are defined in Q¢ x [0, T'].
For 0 < ¢t < e weset ajq(z, —t) = 2a;0(z,0)—a;o(z,t). Then we change a; o(x, 1)
appropriately for —e <t < —¢/2, set aj.o(z,t) = aj,o(x,—¢) for —oo <t < —¢,
and conclude that a;, € C}(Qo x (=00, T]) for j + |a| = m and a;. € CP (o x
(—00,T]) for j + |a| < m. The Condition 3.1 is true in this domain if ¢ is small.

The same method can be used to extend the derivative g;(z,t) of the function
g(z,t) to Qy x (—o0,T]. The result is g € C>®(Qp X (—00,T]), g: € Cg°(Qo X
(=00, T)) ge(z,t) = ge(x, —¢), t < —e. We see that the function g takes arbitrarily
small values and conclude that

QUZ=QU(Q x (-0,0)= |J S~
—oo<Llr<r*

We extend the solution u by u(x,t) =0, (z,t) € Z, the letter Z stands for ”zero”.
Then u solves (5.1) in Z with homogeneous data for t = —1, f =0in Z, and

D?"Q‘Dga‘O"u eC(QuUZ), |al<m.
We apply a Holmgren type transform to change the variables,
y==z, r=gt), Vo=Vy+(Veg)dr, 0 = (0g)0r,
v(y,r) = u(x, t).
The dual variables fulfill
§=n+(Veglo=n+cly,r)o, 7=gie=colyr)e
The domain €2 is mapped to the set
Q={(y;r) : y € Qo,9(y,0) <7 <"},
and Z is the image of Z:
Z ={(y,r) 1y € o, —00 <7 < g(y,0)}.
It is easy to verify that D?%‘OdDg‘a(y)'a‘v(y,r) € C(QU Z) for |a| < m.
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The function v is a solution of

Drv+ S aalyr)DDE (a(y)l) =0,
Jtlal<m,j<m
v(y,0)=--- = D:"_lv(y,O) =0, (y,r)€ Qo x][0,r"),

ja(y,r) are the transformed coefficients. We have to check whether this Cauchy
problem is weakly hyperbolic and satisfies the Levi conditions. We remember the
definition of (strict) hyperbolicity, see [23]:

Definition 5.2.2. A differential operator Q(z,D.) = }_,/_,, aa(2)DZ is called
hyperbolic at the point zy in the direction N # 0 if

b Q(Z()v N) 7& Oa

e Q(z0,7N + ¢) = 0 has only real roots 7 for every ¢ # 0.
A differential operator Q(z, D) is called strictly hyperbolic at (zo, N) if it is hy-

perbolic at (zg, N) and if Q(z9,7N + ¢) = 0 has m real and distinct roots 7 for
every ( L N, ( #0.

By definition, the operator P, ,(z,t, Dy, Dy) is hyperbolic in the direction
N = (1,0,...,0) € R™" and the operator Pp, 1(x,t, D, D;) is strictly hyperbolic
in this direction N. The symbol of the principal part Pmﬁg of the transformed
operator is

Pm,o’(y, r,mn, Q) = Pm7o-(z, tv n + co, COQ)'
To be able to apply the results of Section 3, we have to verify that the operator Pmyg
is hyperbolic in the direction N and that the operator P, ; is strictly hyperbolic
in the direction N. Here N = (1,0,...,0) € Ré x R} is the normal direction of the

hypersurfaces r = const.
It can be seen that

Pm,o’(yv,rvoa 1) = Pm,o’(z;tv C; CO) = |C|um,a <$,t, ﬁ) |C_O|) N
C Cc

From (5.10) and the definition of Az (2, t; Prm,e) we then conclude that
Pm,a(ya T, N) = pm,a(yvrvoa 1) 7£ 0.

In the next step we show that the equation Pmﬁ(y, r,m,0) = 0 has m real roots
01, ---, Om for every n # 0. It holds

g
Pm,U(y7T7 m, Q) = Pm,o'(-r7ta n + co, COQ) = CgLPm,l (:Ea t7 C_(n + 09)7 Q) .
0

If o(x) = 0, then the only roots are g1 = --- = g, = 0. If o(x) # 0, then

Co
Pm,o’(ya r,n, Q) = UmP’m,l (:L'ata n + co, ;Q) .
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The polynomial Py, 1(z,t,m, cop/0o) is strictly hyperbolic in the direction N. From
(5.10) we gather

o(z)c(z,t) ‘ 1
co(z,t) Amaz (T, t; Pm1)’
and Proposition 6.1 reveals the strict hyperbolicity of the polynomial P, 1(z, ¢, n+
co, (co/o)o) in the direction N +oc/co. We get that P, ,(y, 7,7, 0) = 0 has m real
roots, which are distinct if o(y) # 0.
Exploiting Proposition 6.1 once more, and making use of

Pra(y,m.n,0) = Pna(z,t,n+ oco,co0),
it is easy to verify that PmJ is strictly hyperbolic.

We come back to the function v. Our aim is to show that v = 0 in §, by the
aid of Remark 3.1.5 and Gronwall’s lemma. But first the coefficients a;  and the
weight o have to be extended to the whole R? x [0, T], R%, respectively, since they
are only defined on Qg x (—o0, T and .

We fix some arbitrary 0 < ro < r* and will show v(y,r) = 0 in Qg x [0, ro].
The function v(y,r) vanishes for y close to 9p; hence we are allowed to change
the coefficients a; . and the weight o there. We extend these functions by

aja(y,t) = (Ea50)(y, 1), oly) = (E0)(y), y &,
where & is the extension operator of Definition 5.1.1. Condition 3.1 is satisfied
everywhere in R} x [0, 7] if ¢ is small enough.
We get coefficients a} , € Cy (R™ x [0, 70]) for j+|a| = m and a} , € CP(R" x
[0,70]) for j + || < m. The function v can be extended by zero, and solves

Di'v+ Y aa(y,r)DyDi(a(y)*lv) =0, (y,r) € R" x [0, 7],
Jjta=m,j<m

v(y,0)=--- = D;”flv(y,()) =0, yeR™

Remark 3.1.5 and Gronwall’s lemma yield v(y,r) = 0 for y € R™, 0 < r < 1.
Since g < r* can be chosen arbitrarily, we have v = 0 in {2, hence u = 0 in €.
The theorem is proved. [l

5.3. Existence and Uniqueness for Solutions of
Quasilinear Equations

Theorem 5.3.1 (Local existence). We suppose (5.13)—(5.15) and Condition 5.1. Let
Qo = 1T, [ai, bi] be a rectangular parallelepiped (RP for short), Qo € Qo. Then a
constant 0 < To < T and a solution u of (5.12) exist with

Dg‘omiliju € C([OaTO]a HSCerilij(QO))a .] = Oa sy M — 1.

Proof. We take a cut—off function ¢(z) which is supported in a neighborhood of
Qo and is identical to 1 on Q. Then we replace the functions o(x), f(z,t,{Vis}),
@;j(x) by p(z)o(x), p(x)f(x,t,{Vis}) and p(z)p;(z).

Let @ be an RP with supp ¢ € Q. Using suitable "reflections” (see the proof
of Theorem 5.2.1), we can extend the coefficients a;, from @ x [0,7] x R™ to
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the larger set Q' x [0,7] x R™ @’ being an RP with twice the edge lengths of Q
which can be regarded as a torus. We get a Cauchy problem on @Q’. Theorem 3.2.2
shows that a solution u exists with the desired smoothness on the torus @Q’. This
function is a solution on Qg x [0,7p], since ¢ =1 on Q. O

So far, nothing has been said about the uniqueness of this solution u. This
question is taken up in the next theorem.

Theorem 5.3.2 (Local uniqueness). Let the conditions of Theorem 5.3.1 be satisfied.
Let By @ Qg be a sufficiently small ball. Then a number Ty > 0 and a cone € over
By exist such that a uniquely determined solution u with

Dio™ 1y e C([0, Tp], H**™ 179 (), j=0,...,m—1,
exists in 2. The notation v € C([0,T], H*(Qy)) means that

® SUP:eio,7) HU('at)”Hs(Q,,) < o0,
o for all T, Q) with Q x [0,T'] € Q it holds v € C([0,T"], H*({Y')).

Here H*(§4) denotes the usual Sobolev space on the bounded domain ;.
Proof. Theorem 5.3.1 shows that a small Ty and a solution u exist with
Diog™ =iy e C([0,Tp], H* ™ 1 (By)), j=0,....,m—1,
Pfyzzju = f(“) in By x [0, To], Dgu(-,t) = ;(-) in By.
We define the cone Q = K(Bj) over By as given in Example 5.1 with
Ppi(w,t,m,8)=7"+ > ajalz,t,{DJo!"IDfu})c .
Jtlal=m,j<m
Then it follows that
Dio™ iy e ([0, To], H* ™ 1 (K (Bo)y), j=0,...,m—1.
Let U* be another solution in (2, i.e.,
Ple)ut = f) in By x [0,Tp], Dju* = ¢; in By.
The difference u — u* then solves

P uw—u)= > guplx,t)D (e D (u—u"))
k+|B|<m-—1
with g5 € C(2), and Theorem 5.2.1 applied to the homogeneous Cauchy problem
reveals u —u* =0 in Q. O

Remark 5.3.3. The techniques of Section 5.4 enable us to show that solutions
to quasilinear Cauchy problems are unique not only locally, but also globally in
domains of dependence. Since the proof is quite similar to that of Theorem 5.4.2,
it is dropped.

If the equation is linear, we even have global existence:
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Corollary 5.3.4 (Global existence). Let us consider the Cauchy problem (5.1). We
suppose Condition 3.1 and

oeC®(Q), >,

CH([0,T], H*(Q%)) +j+ la| =m, n
Jro . Se > & + 17
(o, T], H*())  :j+ ol <m, 2

pj € H>+m=173(qg), f e O([0,T], He (%))

Let €2 be a domain of dependence for the operator Py, , over the domain Q. Then
a unique solution u exists with

Dlo™ iy e ([0, T), H* T 179 (Q,)).

Proof. We pick a cut—off function ¢(x) that is identical to 1 in a neighborhood of
Q and supported in Q. Then a cube @ with suppy € @ is chosen. We replace
the functions o(z), f(z,t), ¢;(z) by w(z)o(z), ¢(z)f(z,t) and ¢(x)e;(x). The
coefficients a; o (-, t) are extended from Qf to @ \ ©f by the aid of the procedure
from the end of the proof of Theorem 5.2.1. We acquire a linear Cauchy problem
on a torus. Remark 3.2.4 gives us a solution defined in @ x [0,T] which has the
desired smoothness. Theorem 5.2.1 shows that this solution is the only solution in
Q. O

5.4. C* regularity
First, we show a local regularity result in C*°.

Lemma 5.4.1 (Local C*®-regularity). Let u be a function defined in Q™) which is

a domain of dependence over Qo for the operator P,g% Assume that u with

Dio™ iy e C(0,T), H* ™ 179 ()), j=0,...,m—1,

is a solution of (5.12). The coefficients a; o and the right-hand side are supposed
to be C*° with respect to all their arguments. Finally, we assume that

we C®QW N {(z,t): t <to})
for some tg > 0. Let B(xg,d) € Q4, be a ball. Then a numbert; = t1(xo,to,d) > to
exists with
u e COO(B(Qio,d) X [to,tl]), B(.’L‘o,d) X [to,tl] S Q(u)

Proof. We apply the procedure given in the proof of Theorem 5.3.1 to extend the
Cauchy problem from B(zg,d) X [to,T] to the set Q' x [to, T], with Q' being a
torus. We get a quasilinear weakly hyperbolic Cauchy problem on a torus with
C* coefficients and C'*>° data. Theorem 3.2.3 gives us a local C*® solution, and
Theorem 5.3.2 shows that this solution is unique in some domain of dependence

which contains some cylindrical set B(zo, d) X [to, t1] with small ¢; —¢g. This implies
UGCOO(B(.’L‘o,d) X [to,tl]). O

This lemma is the key tool to prove the following theorem:
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Theorem 5.4.2 (Global C™ regularity). Let u be a function defined in Q) which
is a domain of dependence over Qg for the operator P,g??, We suppose that u with

Dio™ =iy € e([0,T), H* T 1=9(Q™)), j=0,...,m—1,
is a solution of (5.12). Moreover, we assume ajq,f € C°(Qp x [0,T] x R"™),
©; € C2(Q). Then u € C=(NW).
Proof. If B(zg,d) € o is a ball, Lemma 5.4.1 gives us a number ¢ (zg,d) with
u € C®(B(xo,d) x [0,t1(z0,d)]).
This implies that a smooth function A = h(x) > 0 and a set M, exist with
My ={(x,t) : x € Qp,0 <t < h(z)}, ueC®(M).
The domain Q) can be exhausted with hypersurfaces S,.. We transform the vari-

ables in the same way as in the proof of Theorem 5.2.1. This results in a quasilinear
weakly hyperbolic initial value problem for the function v,

P v = fly,r,{DJo(y)’IDfv}), yeQo, g(y,0) <r<r¥,
v(y,9(y,0)) = vo(y), ..., D" o(y, g(y,0)) = Ym_1(y).

Denoting the images of M, and Q) under under the transformation of variables
by My and Q") we know that v is C* on the sets
MO) M(ro):fl(“)ﬂ{(%r) yGQO,TST’O},

for some rg > 0. The proof will be complete if we verify two properties:

A: TIf v € C(M(r)), then v € C®(M(r')) for some 7/ > 7.

B: If v € C°°(M(r)) for all r» with 7o < r < rq, then v € C°°(M(r1)).
For A: The set dM (r9) = QN {(y,7): y € Qo} can be covered by My and finitely
many balls. For each ball, we apply Lemma 5.4.1.

For B: We cover the set 9M (r1) by My and finitely many balls B(yo, d).
For each such ball, we consider a Cauchy problem with initial data prescribed at
B(yo,d) x {r = r1 —e}, € > 0 small. This Cauchy problem has the solution v,
which is locally C'°°. Proposition 3.2.8 and Remark 3.2.10 tell us that the life—

span of this solution can not approach zero for ¢ — 0. This shows that v is C'*°
on B(yo,d) x {r <r}. O

6. Appendix
Here we provide some auxiliary results.

Proposition 6.1 ([3], [4]). Let the homogeneous differential operator P(z,D) of
order m be strictly hyperbolic at the point xq in the direction N, |N| = 1. By Amax
we denote the largest absolute value of the characteristic roots, i.e.,

Amaz = supq{|7| : P(xg, TN + &) =0,|¢|=1,£ L N}.
Then P is strictly hyperbolic at xq in any direction N+e with N L e, |e|™! > A\pnaa-
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The following lemma is a generalization of Gronwall’s lemma to differential

inequalities with a singular coefficient.

Lemma 6.2 ([24]). Let y(t) € C([0,T])NC((0,T)) be a solution of the differential
inequality

J(0) < Kyt + (1), 0<t<T,
where the functions K(t) and f(t) belong to C(0,T). We assume for every t €
(0,T) and every ¢ € (0,t) that

/OJK(T)CZT:OQ /(STK(T)dT<oo7

5540

Jim y(3) exp ( / tK(T) dT) =0.

w0y < [ ([ wrar) s s

t t
lim exp (/ K(7) dT) f(s)ds exists,
é s

Then it holds
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