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We discuss evolution operators of Schrodinger type which have a non-self-adjoint lower orger
term and give a necessary condition for the Cauchy problem to such operators to be well-posgd in

Gevrey spaces. Under an additional assumption, this necessary condition is sharp.
0 2003 Published by Editions scientifiques et médicales Elsevier SAS.
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1. Introduction

We study necessary conditions under which the following Cauchy problem
Schrddinger type,

Lu= (i&, + A+ ij(x)axj + c(x))u = f(t,x), u(0,x)=¢x), (1.1

j=1
is well-posed in Gevrey spaces’, 1 < s < co. Here G* =lim,.0Gy, and Gy, is the

Hilbert spaceG$, = {v € LAR"): [[v]s., = lexpe(€)**)d(€) ]2 < oo}, where (§) =
(1+ |€1%Y2 and? is the usual Fourier transform ofwith respect tor € R”.

Definition 1.1. We say that the Cauchy problem for the operdias forward G* well-
posedf foreveryT > 0 and everyg > 0 there are constanés= C (T, gg) andg > 0 such
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that for everyp € G}, f € C([0, T, G}, there is a unique solutiane C([0, T, Gp) to
(1.1) with

t
Jut. )], < Cliglg+ € [ 2], 00 O<<T.
0

If the coefficientsh; are purely imaginary valued, theh=i9; + Ag 4+ A1, whereAg

N o g W N P

8

is a self-adjoint operator, and; is a bounded operator. It is then known how to derivé

a priori estimates of a solutiomto (1.1) in the spac&?(R"), or Sobolev spaced* (R"),

or Gevrey spaces? ; and the well-posedness of this Cauchy problem follows by functiont

10

analytic arguments. The situation is more delicate whéens£ 0. For example, the Cauchy 12

problem for the operatok =id; + 83 + 9, is neither well-posed ir.2(R") nor in G*,

13

1 < s < oo, as can be shown by an explicit representation of the solution via Fourtér
transform with respect ta, see also 15]. Generally, well-posedness requires a certaif’
16

decay oftb; (x) at infinity.
Therefore, we propose the following condition:

Condition 1. There is a constam = M (dp) such that

g n

sup /Zmbj(x+29w)wjde <M(1+|a|)d°, Yo e R.

xeR", wesn—1 o

j=1
We assume that the coefficietsandc belong to Gevrey spaceﬁz’]&, Gloo:

[076; ()] oo < CHH 0, Var,
(1.2)
0%, < CH¥at,  Va.

The first of our main results is the following:

Theorem 1. Let (1.2) be satisfied, and letly be a number withdg > 3/(s + 1) and

do > 2/(s +1—sp). Then ConditiorL with thisdp is necessary for th&* well-posedness w6

of the Cauchy probler¢i.1).

17
18
19
20
21
22
23
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26
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34
35

37
38

Sufficient conditions for th&* well-posedness of the Cauchy problem for the operatgg

L =id + A+ Yj_1bjt,x)d; + c(z,x) were given in P, namely 9ib;(z, x) =
o((x)"=1 . In case of the model operatdr= i3, + A + (x)?~15, with x € R%, and

40
41

0 < d < 1, the Cauchy problem is therefore well-posed ik 1/s. On the other hand, 42

Theorem 1 implies ill-posedness o= 3/(s + 1) only.

This gap can be closed if we suppose that the pseudodifferential symbol of the veetor

field ) Mb;(x)D; decays not too rapidly in a certain conic set:

43

45
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Condition 2 (Slow decay. There arexg € R", wg € $"~1 (unit sphere), andg > 0, co > 0
such that

n
= 9 (x + t0))w; > 2c0(x) L,

1

2

3

4

j=1 5

. 6

forall t >0, |x — x| < €0, and allw, o’ € $"~1 with |o — wo| < €0, |@ — wo| < 0. ;
8

In case of this slow decay condition, the following second main result can be proveg:

10
Theorem 2. Supposd1.2) with s, < s and Condition2. Thendy < 1/s is necessary for 4,

the G* well-posedness of the Cauchy probléirl). 12
13

A necessary condition fal *° well-posedness was given if]{ 14

o 4 15

sup /Zﬂibj(x—i—Z@a))a)j do| < Mlog(1+|o|)+ N, Vo eR. 16

xeR?, wesn—1 b j=1 17

18
This condition is sufficient in the case of one space dimension; and it is sufficient in the
cases of two or more space dimensions if one supposes certain relations on derivativgs of
the coefficients;, see f. 21
The investigation of an operator with variable coefficients in the principal pagt, 22
1042 4 ajk(X)0x; 0y +2_ b (x)dx; +c(x), wherea(x, &) = 3 ;  aju(x)§&k > colé?, 23
co > 0, requires the introduction of the bicharacteristic sty P) = (X, P)(¢t, x, p), 24
which is the solution to the Hamilton—Jacobi equations, 25
& X;=0pa(X,P), &P;=—dx,aX,P), (X,P)0,x,p)=(x,p). zj
Then a necessary condition for thE* well-posedness is 28
29
30

<
<Mlog(l+ o)+ N, Vo eR, \

S“%/Z?“bj(X(G,x,w))Pj(e,x,a))de
X, w O N

]=l 32

under an additional non-trapping condition. For details, Sge [ 33

Sufficient conditions forH* well-posedness were proved i8,4,11. In [9] and [14], 34

the following necessary condition f@r* well-posedness was shown: 35

T . 36

sup /Zﬂtbj(X(G,x,a)))Pj(G,x,a)) do| <M, Vo eR. o

xeR", wesn—1 i—1

0/ 39

This condition is also sufficient, se&(. 40
Schrddinger type equations with a lower order term of order strictly less than 1 were

investigated in ]; and sufficient conditions fo6* well-posedness were proved. 42

The challenging question of necessary conditions for €hie well-posedness of 43
Schrédinger type equations with variable coefficients in the principal part will be answeted
in a forthcoming publication. 45
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The paper is organized as follows. Theorem 1 and Theorem 2 will be proved
simultaneously; and the both cases will be called Case | and Case I, respectively. Before

we sketch the method of the proofs, we need a lemma (whose proof is below). 3
4

Lemma 1.1. Assume tha0 < dp < 1 and that Conditionl is violated. Then, for each s
k € N, there arex; € R", oy € R, wy € S"~1 with the property that 6
Ok n !
—/Zmbj(xk + 200) k. ; 6 = k(14 op)®, Z

0o /=t 10

g n 11

- / > b (xk + 20wp)ax,; 40 > kdoo (1+ o), 0< o <oy, 12

o /=1 13

whereo; tends to infinity fok — oo. 14

15

This lemma gives us a sequengs }; tending to infinity in Case I. In Case Il, we 6
choose this sequence arbitrarily, but still approaching infinity. Now we fix special initfdl
data,pk (x) = ¢(x — xx) (in Case I), an@y (x) = p(x — xo) (in Case Il), whergy € G;, is '
determined by (£) = (£)~"+D/2 exp(— oo (£)Y/*). Assuming that (1.1) i&* well-posed,
there is a unique solution, € C1([0, 71, G3) of 2(1)

Lup =0, u(0,x)=g(x). (1.3) 2
Next we define a seminorifi, (¢) for the functionu (¢, -). 2
Leth = h(x) € G* (with so > 1 very close to 1) be a function with 24

25

0 x| =1,
h(x)—{l xl<12, OShOSL (1.4) °

(A thorough representation of Gevrey functions can be found, e.d.3inplume 3.) We 25

choose the pseudodifferential symbols 29
_ — 2 83 33 30
wk(t,x,§)=h(x i — %k wk)h(s 08" wk) (Case ) 31
ot 0.2 32
X — xg — 2torwo & — orwo 33

t,x,E)=nh h Case Il
N e 5 ) (casen) y

35
where O< ¢ < €9, §1 = 1 — do, andép, 83 are certain positive constants determined lateg
We are going to employ the multi-index notation: toe N, we setle| = a1+ - - +an, 37

and 38

o 3Ia| o || qa .2 1

By :W, Dy:(—l) By, I =—1
R U]

For multi-indicesy, 8 € N", we specify

39
40
41
42
43

(ap) _ q B
Wy (t’ Xs E) N ay h(y)aﬁ h(n) |y:a]fl(x—xk—2ta]fawk), 17=c7k782 (E—J:3wk)’ a

w1, x.8) = 05 ()] I

_s s
=(2top) L (x—xo—2torwo), n=0, 2 (§—0ywp)
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in Case |, Case I, respectively. These cut-off symbols are supported near the bicharacter-
istic strip associated to the principal symhck, £) = |£]2. With some positive constant

P.5 (1-19)
by:ES p. 5
5

to be defined later, we sBt> N = La,f/‘vlj, chooseq > sg, and define the seminorm

Ex= Y @B W x, Dour(t, 0| oy
le|<N. |BISN '

(1.5)

2

3
4
5
6

In Sections 3 and 4, estimates Bf from above and below will be derived, which !
contradict for larges; if we choose’s, 82, 83, «, € suitably. This implies that the assumed
well-posedness of the Cauchy problem (1.1) does not hold, completing the proofs ofj;t)he

Theorems 1 and 2.

11

Remark 1.1. Instead of Theorem 2, we will actually prove the following (equivalenti

result: let (1.2) and Condition 2 be satisfied, and suppose that the cogstaithe slow

decay condition satisfies

1 1
—<do<—+<1—s—b>.
S N N

Then the Cauchy problem for the operatois not G* well-posed.

20
In the following, C andc denote generic large and small positive constants, which dp

neither depend on multi-indices noy.

2. Toolsand preliminaries

(1.6)

14
15
16
17
18
19

22
23
24
25
26

By 58,0 we denote the usual space of pseudodifferential symbols, i.e., all functigps

p=p(x.£) € CXR" x R") such thatd2df p(x, £)| < Cap, for all (x,£) € R and all

a, B € N". The topology of the locally convex spaﬁéo is given by the seminorms

p
lpli= max  sup [970; p(x,§)|.
ol <L, |ﬁ|<z(x,g)€Rzn| * & |

Each symbop € 580 defines a pseudodifferential operafor 8 — § (Schwartz space of

rapidly decreasing functions) by

(Pu)(x) = / & p(x, £)(8)

where we have introduced the convenient notati®e-d2sz) " dé1 . . . d&,.

Theorem 3 (Calderon—Vaillancourt)et p 580- The operatorP can then be continu-

ously extended to a bounded operatorlcf{R"),
IPull2 < Clpligllullz2,

whereC andig depend on the space dimensionnly.

2.1)

28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
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Let p1, p2 € SQ o, and define the oscillating integral

Os
q(x,&) = //e‘i”"pl(x,$+n)pz(x+y,$)dydn

= sl[)nO// e Yh(sy)h(en) p1(x, £ + 1) p2(x +y, &) dydn,
which is independent of the choice of the cut-off functibnsatisfying (1.4). Then
Q(x, Dy) = P1(x, Dy)P>(x, D) as a composition of mappings; we also wujter, &) =

p1(x, &) o pa(x, &). Moreover, the symbaj (x, &) allows the following expansion:

© 00 N o g0 b W N P

P
=)

Theorem 4. Let p1, p2, g be as above. For every € N, we have

e
w N

N-1

1
q(x, &)=Y F(Dgpl(x,é))(aﬁpz(x,é))

ly|=0""

PR R R e
w N o g b

1
1—o)N-1
+N Y /%qe,yu,@de,

lYI=N7j

NN
=, O ©

22

Os
QG,V(X,E)=//e_iy"(D§'p1(x,$+9n))(8}'p2(x+y,$))dydn.

For eachig € N, there is a constarit € N such that the seminorms of the remainder terns®

ge,y can uniformly ind and N be estimated by 2
25

196,y 11 < CU0) |3 pal, |83 p2|,- (22) 5
27
Proof. This is Theorem 3.1 of Chapter 2, and Lemma 2.2 of Chapter I2f [ O 28
29

The next estimate can be proved easily be means of Sobolev embedding theoremoeand
Plancherel’s formula. 31
32
Lemma2.1.If v € G*, then there is a constaiit with [3%v(x)| < C*l*la!* forall x e R" 35
and alla € N". 34
35
The next lemma provides estimates wﬁf‘ﬂ) and gives a precise meaning toss

the statement thatv,((“ﬂ) is supported near the bicharacteristic strip of the symbél
a(x,&) =€ 3

39

Lemma2.2. Let0O<r <oo.If (t,x,&) € suppzu,ﬁ“ﬂ), then 40

|x —x — 2ta,f3a)k| < ak_‘sl, £ — af3wk| < o,fz (Case ) (2.3) 4
x — xo — 2topwo| < £(2tay), & — opwol <o (Case Il) (2.4)

Leta, B8, y, 8, u be multi-indices. Then there is a consté@ht C(l, sg, €) with 45
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|$Ma§agyw;{aﬁ) (- )|] < Cl+|a+ﬁ+y+5+ﬂl((X!ﬂ!]/!8!)XOO':3|M|+Bll+81|8|_52|yl, (25)
|$Ma§agyw;{aﬁ) (t, -, |] < Cl+|a+ﬁ+y+5+“|((x!ﬂ!y!(S!)Soo,lMl_aZlyl <2to_k>—|8| , (26)

in Casel, Casell, respectively.

Proof. The statements (2.3) and (2.4) are due to (1.4), and (2.5) follows from

|8§8§/w,£aﬁ)(t, . )| < Cl+|0[+,3+}/+3|(a!ﬁ!y!8!)500_](51|5|_52|V|’

which can be deduced frome G*, Lemma 2.1, and the choice oj,(("ﬂ). The estimate
(2.6) is proved similarly. O

Proof of Lemma 1.1 (see alsd7]). If Condition 1 is violated, then there ang € R",
wr € "1 andr; € R, such that

%,

— / D 90 (i + 20wp) e j A6 = 2k(1+ 7).
o J=1
We SetFi (1) = — [o -"_y b, (yi + 20p)ax, ; 9, and haveFi (0) = 0, Fi(te) = 2k (1+
)%, By continuity of F¢, there is a numbey, 0 < #; < 7, such that
k(L4 7 — )% = Fe () — Fe(ty),
A+ —0D% > F(m) — Fe(t), 1<t <1

Now we setyy = yx + 2t g, ox = % — 1%, and obtain

Ok n Ok n
—fZﬁtbj(tzewk)wk,j do = —/Zmb,-(yk+2(rk+9)wk)wk,,~ do
o /=1 o /=1

= Fe(tk +01) — Fr(tr) =k(1+ 0p).
Fromb; € L* we then conclude that, — co. In the same way we get

g n
= [ 2000, o+ ey 80 = Filr) = Fu) + Fult +0) =~ Fil)
o /=1

> k(14 0p)% — k(14 0p — 0)%
= kdoo (14 60)%71 > kdoo (1 + o3)%1

forO<o <orandsomey; —o <0 <o;. O

3. Estimate from above

We write the seminornky (¢) from (1.5) as
Er(t) = Z Erap(t),

la|<N, |BISN

© 00 N o g0 b W N P
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and gain the following estimates from above if (1.1§& well-posed:

by:ES p. 8

1
2

Proposition 3.1. Let the Cauchy problenfl.1) be G* well-posed in the sense of 3

Definition1.1 We then have, for arbitraryv and every0 < < T,
Egap (1) < Cop Pl (ot gy,
Ex(t) <Cof.

Proof. The well-posedness of (1.1) yields

lurllp2 < luklls.e < Cllgxlls,oo = CONSE

(3.1)
(3.2)

(3.3)

4

© o N o O

10
11

due to the choice gf,. From (2.1), and (2.5), (2.6) we then obtain (3.1); which implies (n’12

conjunction withsy > sg) (3.2). O

4. Estimatefrom below

Proposition 4.1. Let the Cauchy problerfi.1)be well-posed in the sense of Definitiba,

andN = [a;/"].
(Case )Supposd. —dp=481 < 1,1 < sp < s1 <2,and

& < 62 — (1 —do),

Kk < 83— 32— 81— (1—do),

k(sp+s1—1)

51

Then we have, for sufficiently large,

Ek( - 63) eXF(cka,fO) (cak exp( 2@0053“) C exp(—o,f/”)).

(Case Il)Let ¢ be sufficiently small, and assume the following conditions

< d2.

d2=14« —do,

£ S o —do,
S1
K 1
1>do>k>—>—,
s1 8
k(sp+s1—1)
51

Then there is a constaffy, 0 < Tp < T, such that for larger:

E"(TO)>eXp(C"k )(wk exp(—2000; 1/S) Cexp(—o,f/”)),

< 82.

(4.1)
(4.2)

(4.3)

(4.4)

(4.5)
(4.6)

4.7)

(4.8)

(4.9)

The proof is split into the Lemmas 4.1-4.4. For simplicity of notation, we set

v 1, x) = WP (1, x, Doy, x).

(4.10)

14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
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Then we have, due to (1.3),
LU,({O['B) — fk(aﬁ) — [L, W]{(aﬁ)]uk
We introduce the notation
n n
b(x,£)=—) Mbj(0)&,  B(x,Di)=—Y Nb;(x)Dy;,
j=1 j=1

and can deduce that

[ 22 1] 2 = 9%(8 o o)

_ E)t( (0‘}3) (01,3) + Z g)t lb] axj (01,3) (01,3)) + E)t(lCU,({aﬂ)
j=1

>~ K ]2 | 2 + 0B DY o) = €y

where we have exploited Garding’s inequality.

P.9 (1-19)
by:ES p. 9

9

(4.11)

(4.12)

(4.13)

Lemma 4.1. Let the Cauchy probler(iL.1) be well-posed in the sense of Definitibr,

N = Lo,f/”J, andoy large.
(Case )Assuming4.2), we have the estimate

n
|5, < 2‘“2n R PR a0 P

+C Z |V| 'sh—l

lyl=1

: (a£3||v,£“’f‘+y>uﬂ+ e )

+ CN(a!IB!)SOO.kCJF(K(shJFSO l)/“‘l 52)N’ 0 g t < 00,

wheree; = (0,...,0,1,0,...,0) with 1 at the jth position.
(Case Il)For 82 < 1, the following estimate holds

n
15212 < c<wk>‘22uv,i“””” l12+ Clron ™ ‘”ZH A T

lyl= l

n
{ ( [ ot (ro) 3 4+ ||Lz)
=1

+ CN (a!'B!)Soo_kc""(’((‘Yh""‘YO_l)/Xl_‘SZ)N, 0 < t < 00.
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Proof. (Case I) The right-hand sidﬁ;}“‘g) of (4.11) is represented by

n
= [iat + A, W,{(aﬁ)]uk + Z[b,-(x)ax_,, W,{(aﬁ)]uk + [c(x), W,faﬂ)]uk,
=1
n n
[iB, + A, Wk(aﬂ)]uk = 20,?1 Z(axj - io,f3a)k,j)v,ia+ej’ﬂ) — 01381 Z v,ia+2ej’ﬁ).
=1 :

Theorem 4 gives us the expansion

symb([bijj, WEP)) @, x,8) = bj0)(Dx, w1, x, )

—Z (@b )&) (DL wi™ (1.2 ) = i) 1., §),

=R
o 1-¢ o
P x =Ny /( ) ;;jg)(t x,6)dd,
lyI=N g
PVACERS

kyjo

——9// iy Dyw(aﬁ)(t X, E—l—@n))(DxlByb](x—i—y))dydn

/f & (& +0n) DL w1, x & +6m) (37 b (x + y)) dycly.
From (2.2) we infer

ol < Cao (DL w™, - [oc, 0403, + (& DL wi™), - 07bj1,),

N
@p) ¢ (@p) (@f)

|k(11Vj |10 N Z (‘Ds .1 |8x/ayb |11 |‘§1Ds |1 H/l’j|zl)-

" lyl=N
Estimates (2.5) (withu = 0, 1), and assumption (1.2) imply
2], < CNipyronr sty etohmoeN
< OV @Bhol (N1, )N,
which gives us, together with (2.1), (3.3), and the choic&/ pf

“ R(aﬁ)

K C+ +so—1 N
N Mk(t, ')”LZ g CN((XUg’)YOO'k (e (sp+s0—1)/51) .

Now we consider the other terms of the commutgigD ;, W,f“ﬂ)]. Clearly,

00, D | 2 < Wb [ o

10
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For the estimate of the remaining terms, we define cut-off functiQis),

K@) = h(42 10078 (E — o 2wy)),
and observe that

£ € suppxk = | — o%wx| < 42071, (4.14)

8 83—1+d
£ e suppl— xp) = |& — 02w | > 8402,
1—do—
|8£LXI<(§)| < C1+|M|M!S00k( 0 53)|“|. (415)

The supports ofl — xx) andw,ﬁ"‘ﬁ) are disjoint, by (2.3) and (4.14). We can write

(30, (0&)) (DY w1, x,8))
=K1+ K2+ K3

= (0 bj0)E) (1= xi(®) o (DL w1, x, 6))
+ (81 b (0)E) k@) o (DY wi™ (¢, x, £)) — (81 b (1)) (Dx; DY wi (1. x.8)).
Due to Theorem 4, the pseudodifferential symkelcan be expanded as

Z ; 1—)yN-lri-1

Ki(t.x,6) =0+ (N — ly1) 0

K1p,,(t,x,&)db.
lul=N—lylg

Then (1.2), (2.5), (4.2), and (4.15) give us the estimates
|K1op(t, ), < Clofavbg;(1— Xk(g))|,1|a;‘agw§“ﬂ>(;, )

I
CN(a!Bly 1?0y O:3+5111+(51+1—do—53)Iul—leVI

<
K C—(82+Kk)(N— -4
< CN(a!ﬁ!)Yo(y!M!)S},-i-Soo_k (82+x)( lyD 2|V|’

|Kl(t, . .)|lo < CN((X!ﬁ!)SON!Sb+SO(N _ |y|)!_1O'kC_K(N_|)/|)_62N'

For the estimate oK>, we make use gf| < Za,f3 on suppxx, and get
83— .
|K2(t, x, Do)ur(t, x)| 2 < CV 1yt 2l ||v,ia ﬁ+y)||Lz-
Similarly,
818 (a+ej,B+y)
| Ka(t.x, Dour(t, )| 2 < CVy oot =2 | @t

Summing up and recalling (2.1), (3.3), we find
N-1

1
> 1 [0p((87 b; (1)) (DL w™))u] .2
lyl=1""
N-1 n
<C Z (Cak_sz)lyly!sb_l<0,f3 ” U}ia,ﬁ-‘-y)”LZ +0]§31 Z“ U]ia—kej»ﬂ-‘r}/) ||L2>
ly|=1 j=1

N
+CN @i ol (N0l )N 3 g VD
lyI=1
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The termokl(ax, icr,éS )v,ﬁ‘” i-P)
(with y = 0), leading to

o (0, = ion ;v 2

g CG£1+52 || leOt"re/ ,ﬁ) ||L2 + CN (a"B')SOO_kC (NZSO—lO_k—BZ—K)N ”I/[k”LZ

This completes the proofin Case I.
(Case Il) Now one part of the right-hand sid s given by

[iB, + A, W,faﬂ)]uk = 2(2toy) 12(8x, - zoka)o])v(a+e’ L %
j=1
n
— (2t0k)_22 v,ia+2€j’ﬂ)
j=l

2toy Z Xj —X0,j — 2t(7ka)oj v(a+e, ﬁ)
2t0k 2 2t0’k k

We choose the cut-off functiogy (§) = h(42‘1<7k_ 2(& — orwo)), and the rest of the proof

runs similarly as above. O
Now we estimate the next term of the right-hand side of (4.13).

Lemma 4.2. (Case I)Under the assumptions of Lem#d and1 — dp < 61,
R(B(x, D)o (1, x), u("ﬂ)(r,x))

> (B(xx + 2tc7k wk, ak Swr) — Ca£3_1+d°)|| v,iaﬂ)(t, ) ”22
_ CN (a!‘B!)SoO_](C+(K(2‘Y0_l)/sl_52_K)N | v

(Case IIf 82 < 1, oy is large enough and > 0 is small enough, then
R(B(x, Do, x) v (2, x))

> (Coo‘k(tdk )” (aﬂ)(t» 2) ||i2

_ CN((X!/?!)SOG]?+(K(2YO 1) /s1—82—1)N || v]iaﬁ) (t, ) ||L2’ 0 g t < 00.

Proof. (Case I) We split the operatd@(x, D,) from (4.12) into three parts:
B(x,Dy) = L+ la+ I3= (B(x, D) — B(x.0,°wx))
+ (B(x, 0,530)/() — B(xk + 2ta,53wk, o£3a)k))
+ B(xk + 2t0,f3a)k, a,faa)k).
Utilizing the idea from estimate (4.16), and (3.3), we find

[0 2 < Coff [ ]+ Y atpyoof (V202 )

can be estimated similarly a1 and K> above

0<t <o0.
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On suppj,i"ﬁ) (t,-) we havelx — x; — 2to,f3a)k| < ak_’sl, see Lemma 2.2. Therefore, 1
2

Sa—
|20 ]2 < € o] o 3
4
By (4.2) and 1- do < 81, we may estimate;2 < 03~ ando3 7 < o310, .
(Case Il) Choosing the cut-off functiong (£) = h(42‘1ok_52 (¢ —orwp)) andyr (1, x) ¢
= h(e~ 1427 1(2t01) ~L(x — x0 — 2torwp)), we can split 7
8
b(x,§) = I1(t,x,8) + L2(t, %, §) + I3(t, x, ) = coo (toy) 01 5
+ (b(x, £) — coor (tor) ) Y (8, x) i (8) 10
— 11
+ (b(x, ) — cook (t01) 071 (L= Y1, ) xx §)). b
Let (¢, x, &) € suppyk (-, -) xk (-), ande sufficiently small. Then Condition 2 yields 13
n 14
X — X0 gj 15
b(x,§) = —I§| mb'(}foﬂx—ml- )—

; ’ x —xol ) 1§ 16
17
> 2||colx — x0)©™ > ooy (toy) 0. 18
Moreover,l2(z, -, ) € St , and its symbol estimates are uniforntiandk. Then Garding’s 1o
inequality gives the uniform inandk estimate 20
21
R(I2v,v) > —C|v||3,. 22

Finally, the supports ofl3 and w,ﬁ"‘ﬁ) are disjoint, according to the choice @k, V&, o
and (2.4). This completes the proof, see the estimat& of the proof of Lemma4.1. 0

Lemma 4.3. Let the Cauchy probler(l.1) be G* well-posed N = Lo,f/slj, whereoy is 27

large, andl < sp < s1 With s1 very close tdl. 28
(Case I)Supposesy = 1 — do, and (4.1)—(4.3) Then the seminornk; satisfies, for 29
0< 1t < T,the estimate 30
— _ 31
3 Ex(1) > (B(xk + 2102w, 03wy ) — Col¥ ) By (1) — Caf V. @17 -
(Case Il)Under the assumptions of the Lemmdakand 4.2, the seminornky, satisfies 33
the following inequality 34
35
do—1 Gk2K L o 1+x—87 36

O Er(t) > top)* T =-C———-C —-C T ) E(¢
y E (1) (C00k< Ok) (o) o) oy ) k(@) .
—Cof N, 0<r<T. (4.18) *

Proof. (Case I) We employ (4.13), and the Lemmas 4.1, 4.2:

o0 2 > (Bl + 200 %ax. 0%ax) = Cop> 0 [ 2 ”

n n
~ CO'kZ(Sl Z“ vl&a+2e,-,ﬁ) ”LZ _ CU£1+62 ZH vl({a-F@j,,B) “LZ 44
j=1 j=1
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-C Z |V|y‘sb 1

ly|=1

%wwmm+ zwwwmg

_ CN(a!ﬁ!)SoO_kC"F(K(Sb“‘SO 1/s1— BZ)N'
Then we obtain (exploiting (1.5), (4.3), (4.10), ahd= 1 — do)

0 Er > (B(xk+2tolf3a)k,a,§3a)k) Ca l+d°)Ek

N+2
—Cakz(l‘dO)stl(Ek I Z Z Ekaﬁ)

le|=N+1|B|<N

—wﬁww%m+z > s

la|=N+1|8|<N

P.14 (1-19)
by:ES p. 14

o1 B+
—CU,fa Z Z Z IVI 1% 1<T‘7’) Era(g+y)

le| SN+1IBISN [y]=1

— Co (l do)Nsl Z Z Z |V|V|Sb 1

| <KN+1|BIKN |y|=1

x (M) 1Eka(ﬁ+y) —CNoC™N 3 N (1oL,

B!

The last double-sum on the right is bounded, dug te so.

le| SN BISN

Let us discuss all these terms one after the other. Recalling\that o, we get from

the assumptions (4.1), (4.2) the inequalities

2(1— do) + 2« < 83 — 1+ do, (A—do) +82+« <83—1+do.

According to Proposition 3.1,

Ekaﬂ CNﬂySQ 51 C (s1— SO)KN/YI N+l<|0€| N+2

By Stirling's formula, (8 + )!/8! < @N)"! < (Cof "Y1 if 8] + |y| < 2N

1< |yl < N, we conclude that
=5\ 7| - —82+x (sp—1)/s1+x\|y] —e1\17I
(Co 2)3/ 15 lo,flyl < (Cak 2+ (sp—1)/s1 K)V :(Cak 61))/’

(4.19)

whereey =82 — k(sp + 51— 1)/s1 > 0, due to (4.3). There is By = I0(32, k, £1) With

(Coy )" < Cof %2 277!

for |y| > I'p andoy large. If 1< |y| < I'n, we can neglect the factgr*»—1 and get

—82\1v1 = -8 _
(Cok Z)Vy!sb 1o:|y|<Co,f 2. o=yl

. For

© 00 N o g0 b W N P
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In caselg + y| > N, we have (according to (3.1) and (4.19))
- 1 BN\
(Cdk 52)|V|y!sb l(T Era(piy)
< (Cor ™M (a1(B +y)1) 7" < CVNPO—s1 < NN,
From the assumptions (4.1), (4.2) it can be deduced that
83+ (k — 82) < 83 — 1+ do,
(1—dp)+k+ (k —82) <k <83— 1+ dp.
Summing up, we can conclude that
Er(t) > (B(xk + 2tok83a)k, 0,53a)k) — Co,f3_l+d°)Ek(t) = CNokC_CN.

This completes the proof of (4.17).
(Case Il) The proofis similar, therefore we drop ita

We write (4.17) and (4.18) in the form
O Ex(t) 2 Ar() Ex(t) — Ry (1). (4.20)
The following lemma is an analog to Lemma 1.1.

Lemmad4.4. (Case II)Suppos€4.5), (4.7), and leteo be any number with < g2 < dp — k.
Then there is a constafy, 0 < Tp < T, such that the functiod;, = A, (¢) of (4.18)and
(4.20)has the following properties

1
/Ak(‘f)d‘f >—Co; 2, 0<t< Ty,

0
To

/Ak(r)dr > Co.
0
Proof. By computation and (4.5),
t oyt
/Ak(t)dr - /co(r)do_l—Cak _c% — Co M dr
0 0

> (4o’ - 1) Cop Y
0

— Cof T ™™ In(L 4 o41) — Cto}.

We distinguish two cases.
Case(a): 0 < oyt < 42. Then we have, by (4.7),

t
/Ak(t) dt > —Cof TV — Cof TP _c > —cof
0
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Case(p): 42< oyt < oy T. Using IN14r) < C,r? for eachy > 0, we obtain 1
: ;
/ Ap(r)de > C11o — Cof Y _ Cof T2 — Cpraf. s
0 5
6
It remains to choos&y > 0 with Car < (1/2)C1r% for0<t < Tp. O .
8
Now we are in a position to estimatg from below. 9
10
Proof of Proposition 4.1. From Gronwall’s Lemma and (4.20) it follows that 1
12
To To T 13
Ex(To) > exp /Ak(r) dr) E;(0) — / exp(— / Ar (o) do) Re(z)dr . 14
0 0 0 15
) ) 16
Recalling Lemma 4.3, we find 17
<R 20 K/S]_ < _9 K/s1 { 18
0< Ri(r) < Cexp(— ) < Cexp(—20; ") o
In Case |, we choosEy = t;, = okl_83 < T.Then Lemma 1.1 yields 20
21
To 22
/ Ar(r)dr > (k — C)o™, zj
0 25
T 26
—/Ak(a)dago, 0< <. 2
5 28
29
In Case I, the needed estimatesAyf are given in Lemma 4.4. Sineg's1 > 2k — dp, We 30
may choose & g2 < dp — k such thak /s1 > k — &2, which ensures 31
- 32
K/s 33
exp(— / Ar(0) da)Rk(r) < Ccexp(—o ™). w
0 35

Next we consideE (0). In Case I, we have

Ex(0? > |Wi(0, x, Dur(0,x) |3, -
~fE— B 2 40

- akc/} /h(ga’ﬁn)h(ak 82('7 Uk wk))‘p(n) dn| dé. 4

R} RY k 42

We fix ¢(£) = (&)~ "/ exp(—go(£)/*) and choosé in such a way thak(0) > 0 and 44
h(&) > 0 for all £ € R". The existence of such functioscan be proved by means of 45
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the methods off, Chapter 1. Then we get a lower estimate & (0)? by restricting the 1
domains of integration. We set 2
3
Gu = {n: [n—o%0x| <o*/4. |(0° — 0* /A —n| < 1}, 4
G = {&: IeGu, 1§ —nl <1} .
and obtain 7
2 8
£:0? > co ¢ [ ‘ [ onen] ds > o€ expl-agoa"). ;
§€Gy neGk 10
11
Similarly, E¢(0) > ca; © exp(—4gook1/‘y) in Case Il. 1
Summing up, we obtain (4.4) and (4.9), and Proposition 4.1 is proved. 13
14
. 15
5. Thechoice of parameters 16

17
Proof of Theorem 1. The estimates from Proposition 3.1 and 4.1 can be combined in the

following way: 19
Cakc > Ey (01{1_53) > exdcka,fo) (cak_c exp(—ClakSS/s) -C exp(—a,f/sl)). (5.2) 2(1)
Assume now 22
Bk B, 52 ..
s s1 N 24

Then the right-hand side of (5.1) is positive for lakge If o, becomes even larger, then?®
the right-hand side becomes bigger than the left-hand side, bedausés/s. That is the 26
desired contradiction.

It remains to show how to choose all constants so that the constiaiatd — dg and
(4.1), (4.2), (4.3), (5.2) are satisfied.

In order to be able to choos& small, we should choosé; as small as possible. %0
Therefore, we fixc = §3 — §2 — 2(1 — dp), and choose; very close to 1. Then this system .
is solvable if and only if %

28
29

33

-1

k <83—3(1—do) — «, M<33—K—2(1—d0), 3
S1 35
and (5.2) hold, which are equivalent to 36
37

1) 1 251 —1 1)
B k< (5a-31—do). (2T s 20-dy),  B<dy
s 2 S1 S 30
This system has a solutianif 40
25 1) 41
43(1-do) <da Sa<dos, s+ <3— 2L do), 0

43

which is equivalent to »

31 —do) <83(1—-2/s), 83 < dos, 2(1—do) <831 —(sp +1)/s), 45
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which has a solutiogs if and only if
3(1—do) < do(s — 2), 2(1—do) < do(s —sp — 1).

A W N P

These are the conditions of Theorem 1

Proof of Theorem 2. In order to prove the ill-posedness of (1.1), we have to satisfy tlfe

constraints (4.5), (4.6), (4.7), and (4.8). 7
Eliminating > we find 8
9

1 1-d
£>2/<—do, 1>do>/<>£>—, 0>£, 10
51 51§ s,—1 51 11
which has a solutior/s1 if and only if 12
1—do 1 1 1—d 3
0>—, 1>do>k> -, 0>2K—do. 14
sp—1 s K sp—1 5
And this system has a solutianif and only if 16
1-dp 1 1 1—-dp 2 17
> -, 1>d0>_9 d0+ > —, 18
sp—1 s S sp—1 s o
which is equivalent to (1.6). O 20
21
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