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We investigate the viscous model of quantum hydrodynamics in one and higher space di-
mensions. Exploiting the entropy dissipation method, we prove the exponential stability
of the thermal equilibrium state in 1,2, and 3 dimensions, provided that the domain is
a box. Further, we show the local in time existence of a solution in the one dimensional
case; and in the case of higher dimensions under the assumption of periodic boundary
conditions. Finally, we discuss the semiclassical limit.
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1. Introduction

The flow of charged particles in a semi-conductor can be simulated using differ-
ent models. Typical examples are the quantum energy transport models (QET),
the quantum drift diffusion model (QDD) or the quantum hydrodynamic model
(QHD). Derivations of the quantum QET and QDD models can be found in Ref. 4.
The quantum hydrodynamic models can be derived directly from the Schrédinger—
Poisson system by WKB wave functions”; or from the collision Wigner equation by
the momentum method and closing the system with the quantum thermal equilib-
rium distribution®; or by the entropy minimization method®.

In this paper, we study the viscous QHD model, a model which is derived from
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the Wigner equation with the Fokker—Planck collision operator:

on —divJ =y An,
2 A
Oy J — div (&) —TVn+nVV + %nv (—\/ﬁ) =y AJ — 1,
n n T

Vn (1.1)

NAV =n—C(z),
n(0,2) = n°(x), J(0,z) = J(x),

where (¢,z) € (0,00) x Q and € is a domain in R?.
Our boundary conditions are either

Oun(t,z) =0, (t,x) € (0,00) x 09,
J(t,x) =0, (t,x) € (0,00) x 99, (1.2)
0,V (t,x) =0, (t,z)€ (0,00) x 09,

where J,, denotes the normal derivative, or we assume periodic boundary conditions,

ie.,
Q=T? isa d-dimensional torus. (1.3)
Moreover, we suppose
inf n’ 0 1.4
;gﬂn (x) >0, (1.4)

/Q (n°(z) — C(z)) dz = 0. (1.5)

The last condition is necessary; the Poisson equation for V' would not be solvable
otherwise.

The unknown functions in this system are the particle density n =
n(t,x): [0,00) x @ — R4, the current density J = J(t,z): [0,00) x Q — R%
and the electrostatic potential V' = V(¢,z): [0,00) x 2 — R. The given function
C = C(z): Q — R is the doping profile of background charges.

The scaled physical constants are a viscosity constant v describing the strength
of the collisions, a temperature constant T', the Planck constant &, the momentum
relaxation time 7, and the Debye length A. All these constants are assumed to be
positive.

For quantum macroscopic models, some results on local or global existence or
long time asymptotics are known. For the QDD model, the existence of weak so-
lutions was shown in Refs. 2, 3, 10; and the semiclassical limit and the long time
behaviour were studied in Refs. 2, 3. Concerning the QHD model without viscous
terms, the existence of smooth solutions and their long time asymptotics for small
initial data were investigated in Refs. 8, 13.

It seems that there are less mathematical results for the system (1.1). The au-
thors are only aware of Ref. 6, where the exponential stability of a constant steady
state to (1.1) in a one-dimensional setting with a certain boundary condition was
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proved, based on the entropy dissipation method!. Most of the difficulties arise from
the Bohm potential term

Bn) = 2L

which introduces a third order perturbation to a system which could otherwise be
interpreted as a parabolic system coupled to an elliptic equation. In this paper, we
follow the approach of Ref. 6 and generalize those results to domains of dimension
two and three, see Theorem 2.1. Our key ingredient is an estimate on a certain term
containing the Bohm potential, Proposition Appendix A.1.

Additionally, we are able to prove the local in time existence of sufficiently
smooth solutions to (1.1). The proof relies on the observation that the third-order
perturbation term has a good sign, which makes standard energy estimates for
parabolic systems possible after having introduced a fourth order viscous regular-
ization.

Physically spoken, the periodic boundary conditions are of restricted interest;
however, they enable us to prove the local in time existence of solutions in a one-
dimensional setting with boundary conditions (1.2) immediately, see Theorem 2.3.

In the course of proving the local existence results of the Theorems 2.2 and 2.3,
we will obtain a certain a priori estimate of the solution, from which we then will
be investigating the semiclassical limit € — 40, compare Theorem 2.4.

2. Main Results

Our notations are standard: I denote the usual Lebesgue spaces, and H*((Q) :=
W¥(Q) are the I?~based Sobolev spaces, for k € Ny. The brackets (-, ) stand for
the scalar product in R?, and J ® J is a d x d matrix with entry Ji.J; at position

(k,0).
We list our results:

Theorem 2.1 (Exponential stability). Let d = 1,2,3 and Q = H;l:l(aj,bj)

be a box. Let the triple (n,J, V) be a solution to (1.1) under the boundary condi-
tions (1.2), and suppose that

ne H'((0,67), H' () [ ((0,¢7), H*(Q)),
J € H'((0,t7), () () LP((0, ), H*(),
Ve H*((0,t*), H*(Q)).

We assume that C = C(x) = Co > 0 in  and

inf n(t,z) > 0.
(t,z)€(0,t*)xQ
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Define an energy as follows:

BE(t) = /Q <§(vﬁ)2 4T <n (mci - 1> + Co) + %Z(vv)2 + ) dz.

0

Let py denote the first positive eigenvalue of — /A on Q with Neumann boundary
conditions, and fix

. [ 8Ty u1Co 2
o := min , , =
52 ,LL1>\2T —+ CO T

Then this energy satisfies the inequality
HE(t) < —cE(t)

g2 A 9 |Vn|t NS
EKAGE. Q( Vn)?dx + 2.4 s dz —Vozl: Qn \Y - dz,

where the numbers c1 4 and ca 4 are given in the following table:

d | 1]2] 3

1 1
Cl,d 2 3 9
c 1|
2d || 24 | 24 | 144

Remark 2.1. Physically spoken, the four terms in the energy (2.1) are the quantum
energy, the thermodynamic entropy, the electric energy and the kinetic energy. We
note that the energy of the steady state (n,J, V) = (Cy,0,0) is zero, and that E
can not become negative.

From the above differential inequality of the physical energy we then easily derive
decay estimates:

Corollary 2.1. Assume that the solution mentioned in Theorem 2.1 exists up to
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t = 0o. Then the function (n, J,VV') decays to the steady state (Cy,0,0) as follows:

=¥ (vate.) - V) iy <€ CEO), (2.2)
7| v, - VG Hm) e~ B(0), (2.3)

[Vt~ V@[, < Cua (5 +7) B0, 24)

%uocl,d/:) HA (\/ﬁ(t, ) \/C_o) ;(Q) at < E(0), (2.5)
1 ‘](ta ) 7atE
5 <e (0), (2.6)
2 || vnlt,) 2(Q)
IV ey < e E(O), (2.7)

where Cp q.0 is the norm of the embedding H* () C IP(Q), with 1 < p < oo for
d=1,1<p< o0 ford=2, and 1 <p <6 ford=3.

Theorem 2.2 (Local existence and uniqueness on a torus). Let d be a pos-
itive integer and @ = T be a torus. Let b be the smallest integer greater than %d,
and s > b be an integer. Suppose

n’e H*HY(Q), JPeH(Q), CeHY(Q

and (1.4), (1.5). Then the problem (1.1) has a solution (n,J, V), local in a time
interval [0, t*], with the regularity properties

n € HY((0,6%), H (@) [ L((0,¢"), H*(2)),

J e HY((0,t7), H*H(Q) [ ((0,1%), H*TH(Q)),

Ve HY((0,67), HY2(Q) () ((0,1%), H*H(Q)),
(n,Vn,J) € C([0,t7] x Q).

(2.8)

The solution is unique and persists as long as n(t,-) and J(t,-) stay in L*°(2) and
n remains positive. The life span t* does not depend on the Sobolev reqularity s.

Having shown the local existence in the periodic case, we can take advantage
from geometric arguments and consider the case 2 C R! effortlessly:

Theorem 2.3 (Local existence and uniqueness in one dimension). Let 2 C
R! be an open and bounded interval. Suppose

n’ € H*(Q), J° e HY(Q), C e I*(Q)

and (1.4), (1.5). The initial functions are assumed to satisfy the compatibility con-
ditions

o,n°(z) =0, J%(z) =0, x € 0.
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Then the problem (1.1) with the boundary conditions (1.2) has a local solution
(n, J, V), with
ne H'((0,6), H'(Q) [ *((0,£%), H()),
J e H'((0,£), () () L((0, %), H*()),
Ve H'Y((0,t%), H*(Q) (| L*((0, %), H(Q)),
(n,Vn,J) € C([0,t*] x Q).

This solution is unique and persists as long as n(t,-) and J(t,-) stay in L>®(Q) and
n remains positive.

Remark 2.2. The local in time existence in the one-dimensional case can also
be proved for solutions of higher regularity provided that the usual compatibility
conditions on the initial data are satisfied.

Theorem 2.4 (Semiclassical limit). Let Q be either an open and bounded inter-
val in RY or a d-dimensional torus. Suppose that the given data (n°, J° C) of (1.1)
satisfy

n’e H'(Q), J'eH'(Q), CeH" Q)
and (1.4), (1.5). Let (n., Je, Vz), € > 0, denote the solutions to (1.1) with boundary

conditions (1.2) or (1.3), existing on a domain [0,t*] x Q.
As e tends to +0, a sub-sequence (ng, J-, V). then converges to a limit (n, J, V),

(e, Je, VVZ) — (n, J,VV) in C([0,t*] x Q),
ne —n in I2((0,t%), H**2(Q)),
Jo—J in L2((0,t%), H*T1(9)),
(ne, Jo) =7 (n, J) in L((0,¢%), H" (%)),

which is a solution to the initial value problem
o —divJ = vy An,
Oy J — div (%) —TVn+nVV =y A J — %,
NMAV =n—C(z),
n(0,2) = n°(x), J(0,z) = J(x)

with boundary conditions (1.2) or (1.3), respectively. The regularity of (n,J, V) is
given by

ne HY((0,¢%), H'(Q) [ 1((0,2%), H"*2(Q)),
J e HY((0,¢%), H*(Q)) () (0, %), H*T(2)),
Ve H'((0,t%), H™2(Q)) [ I*((0,£7), H"*1(Q)).
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3. Exponential Stability

In this section, we prove Theorem 2.1, following an approach of Ref. 6. Rewrite the
energy from (2.1) as follows:

E(t)—/ E—Q(V\/_)2+T In— —1)+C +A—2(vv)2+ﬁ d
T o\ vV "\ 0) T om )
= F+ Es + Es + Ey.

We compute the time derivatives. In the sequel, the zeroes denote boundary integrals
that vanish due to the boundary conditions:

0,y = &2 / (/7)) (Bn/) do — &2 / (A /) (Br/7) da
=0- —/ B(n)oyndr = ——/ B(n) (div J 4+ vo An) dz.
2 Ja 2 Ja
Next, we have

6tE2:T/ntlnﬁdx:T/(lnn)(divJ—&—zmAn) dz
¢ Q

) Co
1 2
:0—T/—<Vn,J> da:—TVO/ Vol g,
on o n
1 8T
:_T/—<Vn,J> dz — =—2F.
on g

Further, we get

OrF3 = \? / (VV)(VVi)dz =X [ V(0,Vi)do — )\2/ V(A V) dx
Q

o0 Q

:Of/Vntdz:f/V(divJ+VoAn)dz
Q Q
:o+/ (VV,J) daerl/O/ (VV,Vn) dz.
Q Q
Finally, the identity
o (En1012) = vo (L A7) = (An)I2) + div [ == J]JP
"\ 2 0\ 2n? 2n2
L srton gy — v, n e (div(BJ) — Bdiv J)
- — — — — — (di — i
nr n i ’ 2 v v
implies
n

1 1 1 2
By = SULAT) = —(An)JJ —_J|J)2dé - ZE
N Vo/Q( (J,NT) 2n2( n)|J| ) dx—l—/{m 2n2J|J| déa —E4

1 2 2
+T/—<Vn,J> dx—/(VV,J} de—= [ BJdé+= | BdivJda
Qn Q 89 2 Jo
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The two boundary integrals vanish, due to J = 0 on 0f2. Concerning the first
integral, we can deduce, after partial integration, that

Z/ Yonn—Lran dxz—Z/n \V/ S de
= Jo nt T T g2l —~Jo n '

Summing up, we then find

2

O E = 7€—V0/(AH)B(H) dz —
2 " Ja

(o) - n

For the third term, we bring the constance of the doping profile into play:

/ (VV,Vn) dz :/ (VV,V(n—Cp)) da
Q

Q

8TI/0

E + 1/0/ (VV,Vn) dzx
Q

1 2
/m(aym(nco)da/(AV)(noo)dxo 3 [ (0= Co s

/Q<VV,Vn> dr = f/\Q/(A V)2 dx

Q

1 -«
- ﬂoﬁ/(A V)2 dz — = 0 /(n700)2 dz
Q Q

One easily checks that z(Inx — 1) + 1 < (z — 1)2, for x > 0, which implies

Cofl(n—Co)2 >n (lni — 1) + Oy,
Co

1—a0 2 (1 —OéQ)CQ
_ 2 /Q(nfC'O) dl‘S*TEQ, 0<ap <.

If p1 denotes the first positive eigenvalue of — A on 2 with Neumann boundary
conditions, then

1
IVV]7 < o AV|[7., 8,V =0on o0
1
As a consequence,
2 2 2 2
70&0)\ /(A V) dzx S 70[0)\ M1 ||VV||LQ = 7OLOILL1E3.
Q

Exploiting Proposition Appendix A.1, we then find

8TI/OE . (1 - Oto)CO
2 ! A2T

oo S S5 ()

where the numbers ¢; 4 and c3 ¢ are as in the theorem.

2
OE < — E> — agu1 B3 — —E4
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We choose ag = %, and obtain
8TI/0 Mlco 2
o E < — - ———F(Fy+ E3) — —F
e e ul)\QT—i—CO( 2+ By) o

2 4

€ A 9 g2 [Vn| JN\Y
— 5 0L Q( Vn) dzf? 0C2,d L dzfz Qn A\ o dz.

l

This completes the proof of Theorem 2.1.

Proof. [Proof of Corollary 2.1] We directly have E(t) < exp(—ot)E(0), which gives
us (2.2) and (2.7) immediately. Next, it is easy to check that

(y—1?<y’(Iny*—1)+1, 0<y<oo,
which then yields
t
(Vn(t,z) — /Co)? < n(t, z) (m w - 1) + Co,
0

and (2.3) follows quickly, as well as (2.4). The remaining estimates are proved
similarly. O

4. Existence on the Torus

The purpose of this section is to prove Theorem 2.2.
To this end, we choose numbers v with 0 < v < 1, and consider a family of
parabolic initial value problems

8tnfdiVJ:V0Anf’yA2n,

J@J

. e? J
Oy —div [ —— —TVn—&—nVV—i—?nV
n

A
‘/ﬁ) = AT —y AT - =,
~

Jn

MAV =n-C,(2),

n(0,z) = ng(z), J(0,z) = J,?(x),

(4.1)
where (t,x) € R x Q. We assume that the functions C,, n, and JY belong to
C>*(Q), satisfy the compatibility condition

[0 - € @)dz =0

Q

and converge to C, n®, J% in Sobolev norms as follows, for v tends to zero:
C, — Cin H*71(Q),
ng — n® in HTHQ)

J) — J% in H*(Q).

7

The system (4.1) is a fourth order nonlinear parabolic system with third order
lower terms. It is standard to show that this problem has a unique solution

(neyy J, V) € C22([0, 1) x Q) x C%([0,£,) x Q) x C([0,t,) x ),
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for some ¢, > 0. The solution persists as long as n, stays positive and (n., Jy, V5)
remain bounded. A proof will be sketched in Lemma Appendix B.2.
Our approach is as follows:

e shrink the interval [0,¢,) to guarantee some boundedness assumptions on
(e, v, V3

derive uniform in 7 a priori estimates of the solutions (n+, Jy, V5);

show that ¢ can not go to zero for v — 0;

prove convergence of a sub-sequence of (n., J, V5 ), for v — 0;

study the limit of that sub-sequence.

Fix a number dg by the conditions

0 0 —1
0<6O<§nelgn (), maxn (x) <o

In the following computations, we always assume that
o < ny(t,x) < 65t
For a multi-index « € Ng, define
Ny, 1= O Ny, Iy o =0y J, Vya =07V,
Then we obtain

1
o S VAWANS NN /AN NN S A
T

2

Iy @ J
&) 4 TV 0 — 0%(n,VV,) — %ag (n,VB(n,)).

Ty

=div oy (

Multiplying this equation with J, o, integrating over €, performing partial integra-
tion, and taking advantage from the periodic boundary conditions, we find

1 2 2 2 1 2
§at HJma”p + 1 HVJ%OJ‘[; +vlA J’y,a”p + . HJ%a”[;

J
:/ A (%) dx—T/(div Ty o)y da
Q Q

Ty

2
- / J.ad2 (0, VV;) dz — = / Jy.00% (n,VB(n,)) da.
Q Q
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The integrals on the right-hand side are treated as follows:

Jy®J Jo 1]
/Jw div 0% <&> dz = 72/ (O .o1) O <M> dz,
Q Ny WAL Ny

— T/ (div Jy 0 )Ny,q dx = —T/ (Ony,a — Vo Aty 0 + 7 AP0y 0) Ny o da
Q Q

T 2 2 2
- _5675 Invallz = Tvo [V allze = Ty A1yl 72

(alnv)vnv> 7

Ny

1 1
n,VB(n,) = §VAn,Y ~3 Z@l <
l

62

- 3/ Jy,007 (nyVB(ny)) dx
Q
£2 e? (Oim) (Okn)
_= i A _£ o (L011y )\ OkNy)
1 /Q(dle%a) Ny, AT 1 ;/Q(GIJ%QJC)@I ( 0 ) dz

52

2
9 €
:Z/Q(atn%afl/oAn%awL'yA n%a)An%adzZ;/Q...dz

e? 2 e 2 e? 2 g2
= 50 Vnall = v lAnyalll = IV Analf = 5 Z . da
Then it follows that
T L T |Vl 3 + Ty 1A 2 4.2
S0l + Tt [Vl + T 18 7 el (1.2
2 2 2
I 2 £ 2 9 2
+ gat Vryallf: + 2 ANy a7 + a7 IV ARyl
1 2 2 2 1 2
+ 50t 1yl + 10 IV Ivalle + 718 Jyalle + = [yallz

= *Z/Q(aszm,z)aﬁ <%> dz—/QJ%aﬁg (n,VV,) dz
k,l Y

e o ( (Oimy)(Okny)
— 1 ;/Q(al[],%ayk)az (T) dx

2

€
= Il,a + IQ,a + ZI&a-

We define an energy:

T g? 1
gk(t) = Z <5 Hn'y,a||i2 + g an'y,aHig + 5 |J'v,a||i2> s k>0, (4-3)
la|=k

&o,....k 1= 251- (4.4)
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This energy is related to Sobolev space norms via
2
2
I 32 < =0

c
Z ||n'y,aHi2 S E_ngfla k Z 17
la|=k

1 1
Il <€ (34 % ) €0.in

The identity (4.2) then yields

2
2 € 2 2 1 2
oci+ 0 (TwlVially + Trold sl + 0019l + 3 1l
|| =k
52
<> (10l + 120l + 1ol

Next we estimate the integrals I o, Iz, I3, in terms of &

.....

.. The constants

C in the following computations may change from one line to another, and can
depend on the order of differentiation k = |a], the space dimension d and the lower
bound g of n°, but are independent of vy, v, &, 7, and A. Recall the embedding

HY(Q) C L*°(Q). We will make free use of the estimates

19l e < C (1 f Ml oo N9l g + 1AM 1)
1f e < Cllullgo) lullge s k=0, f

Then we can conclude that

|10l < Z 10m Sy, 12 H”;lJmlJ%mHH\a\
lm

>
v
=)

—~
o

=
|

< CIVTall s (15 gron 105 + 1105 ] o 15 1 1751 )

2
< CIVTyalls (I e 1505 + 195l 112 )

< CIV Tl (4T Eo.gel)” (vt + Vo)
c

o 2
=7 IVJyallz + A

(53,...,1) +&o

Concerning the second integral, we have

|I2,a| < ||J%a||L2 anvvaH\a\
< Clvall (sl oo IVVA grar + sl i I9V5 ] )

< Clvalle (VA e + Iyl ggion V31 grosn)

C
2 1Fallzz (7 = Collgiai—s + lnall et Iy = Cyll o)

IN

C
< 32 1l (Iny e + 18 i + Iy liar (Il s + 165 1 g0-4))
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C

< 55 (Mallls + sl (241G s + inals) + 15 e )
C 2

<% (50 ..... ol T "€, jaf (1+||Cv||m LT 0 1) + 1 g1 1)
C

= 5 (LT TG s + T %60.01) 0.l + 35 1€ 101

Concerning the last integral, we have

|13 a| < Z HalJv o k||L2 Hn 6lnv)(aan HH\a\
k,l

< 10Tyl 2 1100 Iy ) (O )| g1
k.l

< CIVIall (gl 1Vl e + IV 00y | [0y ]| 1o
S CNIVIyallpz Inyll graie 1VRy]] e -

Fix a number 6, with 6, € (1/2,1) for even d and 6,4 € (2/3,1) for odd d. Then we
have

1-6

IV | e < C il sl 172"

by Lemma Appendix B.3. Together with |n, ||, < 6y, we then get the estimate

)
13,0l < ClIVIyall 2 10yl o 7 [ -

Now we distinguish two cases.
Case 1: b+ 1 < |a| + 2. Then we have the interpolation inequalities

fat2=s CEER
Iyl g < Clinall ez Iyl
laf+1-b
2—b 2—b
175 [l 1ai+1 < C linyll 15" [In vH‘“‘* :
which imply
Oa+o

sl raren sl %ees < C llnglnes g ll5

where we have set o = \a|+2 5 € (0,1). Altogether, we get

0q+
0l < CIV Iyl Iny e Iyl

1—
2 2 04+
< OVl (18 1 s+ ol ) 257

If we apply Young’s inequality with the exponents 2, ng and % to the right-hand
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side, we deduce that (putting k = |«])

g2 Vo 2y 2 2
ol < G2 IVl (s 8m i+ Iml))

o CVO—H-%EH—Q anH%jQ

1—0o

VYo v 7
<5 IVl (g (14wl + Il ) x
x O —1+% 1 04 ( ||n'y||Hb)6d+g
Vo 2 e2vy 2 2
< g IVl + gy (18 mall + il )

9q+e

2 2(1-6,)
+Cl/; et (52 ||n7||iﬂ,) ¢

Recalling that o = o(k) = lir_—Q‘gjb, we see that

EZ/O

—1a< T o
sl < G IVl + g7

1A I3 + Crvo (14 €°T7) €, k-1

—2 g
+ CVO 952(k+2_b) ((1 +€2T_1) 60,-“71)_1)1*'1’ o

Case 2: b+1 > |af +2. In this case, we have ||n || yjaiz1 < |72y ]| o1 - Applying
Young’s inequality with the exponents 2, l and 1_2—d to the estimate

|13 ol <C ”vj'v a”[,z Hn’yHHb+1 Hn'yHHb—l )

we get

2 %q
€ Vo 2 2
Sl < Y2 IV all e (82 s )

< VI alf +C (14T &0,
+C (I/O 251 ed)—ed (62 ||7”L»YH§{1>71)W
14
< —0 IVl +C (14T E

b Ovy T 2 ((1+€2T7Y) &g, pa) " .

Having now the estimates in both cases, we choose the number M (d) sufficiently
large. Then we can conclude that

&2
vy 9 1 2
O + E (TVO an%allp 3 < Yo HA”%aHLZ HVJ ,aHL2 + = 7 ,a||L2
|| =k

C
< A (& .. v+ E0,p) (L+T) &,k

C c
15 (T T TG s + T %001 ) Eovt + 35 10
+CR,
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where the remainder term R equals

20 (1 + 52Tfl) 50,...,k—1 + V;_ﬁ€2(k+2fb) ((1 + €2T71) 50,-“7[)_1)1-5-9_4@7

in case of Kk > b—1; and for kK < b — 1 we have

R= (14T ) o+ vy e (14 2T ) & pa) "7 .

.....

For simplicity, we only discuss the case s = b. The other cases s > b run similarly.

Summing up for £ =0,...,b, we find the energy estimate
2 52 2 140} 2 1 2
0:o,...o + Ty ||[Vny |7 + gVO A7y I + b} IV Iy + p (BA s

<C ((i 4 1T) (€24 +Eoot) + (L vo) (L +E3T7Y)

Yo Yo

1 1
g + 537 + 507 10 s + b 1) Eo. s

35 1O s+ T (L4277 8o, pa) ™

1464 oy
Oy R (14T )
sio 146

+C0p T (14T &, mﬂﬁj : (4.5)

for 0 <t < t*.
On the left-hand side, we have a term || V.J,||7,,. Shrinking the interval [0,t*] if
necessary, we can arrange that t* <1 and
1div I3 [l 2 0,6y, pro-1y < 1

By Lemma Appendix B.1, we can show that

|77 (t2,-) = 1y (t1, )] 1o
<O, a, vt — t1|% (||div J’y”LZ([o,tw],Hb*l) + Hn3||Hb+1)
<Clta—t|2,  0<ty,ts <t,,

where 0 < a < % Note that the right-hand side does not depend on v, 0 < v < 1.
From this we can find a lower bound of the time the solution n., needs to touch the
boundary of the interval [3o, d5 '].

We list the results obtained so far:

We have determined a number t* > 0 with the property that, for each vy with
0 < v < 1, we have a solution

(N, Iy, Vo) € C%° ([0,87] x Q) x C ([0,t"] x Q) x C* ([0,t"] x Q),

satisfying 6o < n,(t,2) < &, for all (t,x) € [0,¢*] x Q.
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These functions satisfy the a priori estimates

||nW||L°0((07t*),Hb+1) S C,

1 e 0.0y < C-

||A n7||L2((O,t*)7Hb) S Ca

||VJ7H[;((0¢*)7H17) <C.
These constants C' may depend on T, vg, €, A, and Jp, but not on ~.
Because the function C., belongs to H~1(f2), we have
VY3l e 0,0y, 100520y = €
From the differential equations, we then obtain the uniform in + estimates on the
time derivatives:
||atn'y||Loo((0,t*),Hb—4(Q)) + ||atJV||L°°((O,t*),Hb*4(Q)) <C

The embedding H**1(Q) C H%(Q) is compact. Therefore, the Aubin Lemmal!®
implies that a sub-sequence (which we will not relabel) of (n,), converges in the
space C([0,t*], H’(Q)) to a limit function n. The sequence (n,), is bounded in
I2((0,t*), H**2(Q)). By interpolation, we get the strong convergences

ny, — nin C([0,t*], H**17%(Q)),  §>0,
n, — n in *((0,t%), H*™279(Q)), §>0.

And we have the weak convergences
ny —nin (0,69, H¥2(Q)),  ny, =" nin I¥((0,¢7), H*(Q).

By a similar reasoning, we can show

Jy —J in C([0,t*], H*°(Q2)), 6> 0,

Iy —J in I2((0,t%), H**1=°(Q)), §>0,
Jy—=J in I2((0,t*), H*T1(Q)),

J, —=* g in L°((0,t%), H(Q)).

Especially, we have the uniform convergences

(Ny, Vg, Jy) — (n,Vn,J) in C(Q*),

where we have put Q* := (0,t*) x Q. In particular, n and J satisfy the initial
conditions n(0,x) = n°(x) and J(0,2) = JO(z).
The convergence of (n.), yields the convergence of (VV,),, too:

VV, — Vin C([0,t*], H*™7%),  §>0.

Finally, we show that (n,J, V) is a solution to (1.1). By the above reasoning, the
identity

N AV(tx) =n(tz) —C(z), (t,z) € Q~,
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is obvious.
Take a function ¢ € C§°(Q*). By the usual arguments, we find

*

// (—piny + 10(Vny) (Vo) + yn,y A? @) dedt = — // J Ve dadt.

We send v to zero and find

// (—@en + vo(Vn) (V) dzdt = f// JVpdzdt,

// (—pn + p(—vp An —divJ)) dedt = 0.

We conclude that the function n has distributional time derivative O;n = vg An +

div J.
We study the terms of the J—equation:
div (M) . div (‘] @ J) in I2((0,%), I3(Q)),
Ny n

TVn, — TVn in C(Q),

n,VVy, — nVV in C(Q%),
ny,VB(n,) = nVB(n) in I2((0,t%), [*()),
AN, —J in I7((0,t%), [*(Q))

Similarly as for n, we can compute the distributional time derivative of J, and we
will see that (n, J, V) solve (1.1).

To complete the proof of Theorem 2.2, we have to check the uniqueness of the
solution: let (n', J*, V1) and (n?, J2,V?) be two solutions with regularity as in (2.8).
Put

na =n' —n?, In = JE = J2, Va=Vi—-V2
Then we obtain the system

osna — vg Ana = div Ja,
1 2
OJa =& Ja+ —Ja = TVna+ %VAnA — R, — Ry,

. (e JI ; o1 (Om?)(Vnd) ,
Rj:le( i )—n]vvj-i-g;al (7 , 321,27

nJ

)\QAVA =nNnA,

with vanishing initial values for na and Ja. Multiplying the second equation with
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Ja, integrating over €2, and performing partial integration gives
1 1
SO Ts NS + 0 IV Isl% + = sl
2
+T/ na div Ja dz — E—/(AnA)divJAdx
Q 2 Ja
= / JA(Rl — Rg)dl‘,
Q
1 2 2 1 2 T 2 2
30 allz + 10 IV Iallz + = Iallzz + 50t [Inallzz + Trvo [Vrallz
g2 g2
+ S0Vl + S A nall

:/JA(Rl — Ry)da.
Q

Now it is standard to estimate
/ JAa(R1 — Ro)dx
Q

X (IVJallz IMallz + 198l 2 Unallz + 1VVall ) + VAl 2 nall ) -

o7 1V | e VY7 )

J
(PR P

We apply Young’s inequality and find

T 5 &2 2 1 2 2 2
Lo na s + S 00 19nalis + 20n 10l < € (1812 +Inaliy ).

An application of Gronwall’s lemma then yields na = 0, Jao = 0, which concludes
the proof of Theorem 2.2.

5. Existence in One Dimension

In this section, we prove Theorem 2.3.

We consider (1.1) and its viscous regularization (4.1). Put Q = (0, L). Our goal
is to follow the proof of Theorem 2.2 with s = b = 1. Therefore, we choose the
approximations C,, n9 and JY from the proof of Theorem 2.2 in such a way that

C, — Cin I*(Q),
n — n" in H*(Q),

(
JO — J%in H! (Q),

subject to the boundary conditions

d1C,(x) =0, T € 09, j>1,
8%713(33) =0, x € 08, ji>1,
&.J9(z) =0, x € 09, j=0, j>2.

Next, we extend these functions to the interval (—L, L) via

Cy(—x) == Cy(x), nd(—z) :=n(z), JS(—z) = —JS(x),

Y Y



January 15, 2006 14:1 WSPC/INSTRUCTION FILE chen-dreher

The viscous model of quantum hydrodynamics in several dimensions 19

for z € (0,L). Then we observe that C., ng, and Jg satisfy periodic boundary
conditions on the interval Q' := (—L, L). We construe €’ as a torus, and have C,,
ng, JS e C™ ().

We obtain a fourth order nonlinear parabolic system with third order lower
terms. It is standard to show that this problem has a unique and smooth local in
time solution (n., Jy, V5).

The function

(ﬁ’y(tv l‘), J’Y(tv l‘), V’Y(ta m)) = (nv(ta —.%‘), _Jv(tv _37); Vv (t7 _37));
defined for (¢,x) € [0,¢,] x €', is a solution, too. This is the step where we use
d = 1. Then the uniqueness of the solution implies

n’Y(tv —x) = n»y(lf,gg), J’Y(ta —z) = 7J’Y(t735)7 V’Y(ta —z) = V’Y(tvx)v

for (¢,z) € [0,t,] x . Following the proof of Theorem 2.2, we send ~ to zero, and
have the convergence of a sub-sequence of (n.,J,, V), to a solution (n,J, V) of
the system (1.1) on [0,t*] x Q. Clearly, the functions n and V must be even, and
J must be odd, which guarantees the boundary conditions (1.2). The uniqueness
can be shown in the same way as for Theorem 2.2. Now the proof of Theorem 2.3
is complete.

6. Semiclassical Limit

Finally, we show Theorem 2.4.

We go back to the proof of Theorem 2.2. Integrating (4.5) over [0, ¢*] and choos-
ing ¢* small enough, we can arrange that the solutions (n. ~, J: 5, Vz ~) to (4.1) fulfil
the a priori estimate

2

i
9 140}
sup 0,40+ [ (TwlVines i + S ll8nes i + 5 1902 0 ) at
te[0,t%] t=0

< 2&,.. 5(0).
The number t* only depends on the initial energy &o,...5(0), a bound of ||Cy || o1,
and the constants vy, A, T, €9, where gg is an upper bound of ¢, 0 < € < gg. The
constant t* is independent of v and e itself. This gives us the possibility to first

send vy to zero, and then e.
We start with the uniform in v and ¢ estimates

2 2 2
||”e,v||c([o,t*],Hb) +é? ||n8,7||Loc((o,t*),Hb+1) + ||J€,’Y||L°0((07t*),Hb)
2 2 2
+ ||”€,7||L2((07t*)1Hb+1) + & ||”s,7||L2((07t*),Hb+2) + ”JE,'YHLZ((o,t*),HbH) <C.
We know that the limit (n.,J., V) solves (1.1) and satisfies the corresponding
inequality
2 2 2 2
Inellc oo,y + € Inellzoo 0,0y, o1y T 1 9ell o0 (0,00, 110

2 2 2
+ ||ng||L2((0’t*)7Hb+1) + 52 Hn5||L2((O,t*),Hb+2) + ||J5||L2((O,t*),Hb+1) <C.
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Making use of n® € H**1(Q) and the maximal regularity property of the parabolic
operator J; — vy A\, we even get
7]l 20,0y, rro2(0) < C-

Moreover, the functions n. are bounded from below, n.(t,z) > §y > 0 for (¢,z) €
[0,¢%] x €.

A careful analysis of the differential equations for n. and J. reveals the uniform
in € bounds

Hatna|‘Lw((07t*)7Hb—2(Q)) + ||atJ5||L2((O,t*),Hb*2(Q)) <C.

We can apply Aubin’s Lemma (Corollary 4 in Ref. 11), and find a converging sub-
sequence

(ne,J.) — (n,J) in C([0,t*] x Q) and in C([0,t*], H*~°(Q)), d>0.
A direct consequence then is
VV. — VV in C([0,t*], H*(Q2)).
Additionally, we have the weak convergences
ne —n in I2((0,t*), H**3(Q)), Jo — Jin I2((0,t%), H*TH(Q)),
(e, J.) —* (n,J) in L°((0,t*), H*(Q)).
Now fix Q* := (0,t*) x  and choose a test function ¢ € C§°(Q*). Then we have

// (—pine —vop Ane — pdiv J.) dadt = 0.

Sending € to +0 we get ny — v9g An = divJ with distributional derivatives. This
equation then gives us

o € I2((0,t%), H*(Q)).

Next, after choosing a R¢-valued test function ¢ € C§°(Q*), we can write

J: ® J,
// (—(thg + Ef "V + (dive)Tne —|—<pn8VV5) do dt

£

_ //Q (—%(A A ne) + 5 S 00) XD o, - §@J5> dodt.

1 €

Observing

[ S @) o

1 €

C 2

we can send € to +0, and it follows that

1
// (—gotJ—l—(p(—div (—J®J) —TVn—i—nVV—VOAJ—i——J)) dxdt = 0.
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We then deduce that (0, — voA)J = R with some R € I*((0,t*), H*(Q)) N
L=((0,t*), H=1(2)). By a maximal regularity argument, we then have
d,J € I2((0, %), H1(Q)).

Appendix A. An Estimate of the Bohm Potential
The main result of this section is the following estimate.
Proposition Appendix A.1. Let d = 1,2 or 3. Assume that the domain Q C R?

is a bounded box, Q) = H‘jzl(aj, b;). We assume that a function n € H*(Q) satisfies
the following conditions:

;relsfln(m) >0, (A1)
dyn(z) =0, x € 0. (A.2)
Then we have the estimates from above
5 1 4
B(n) Andx < —/(A vn)tdr + = Al dz
Q 2 Ja 8 Jo nd
in all dimensions, and the estimates from below
1 7 |Vn|t
— [ (AVn)Pde + — de :d=
5 /Q( Vn)?dx + 1 ), x 3,
B(n) Andx > (A.3)
Q 4
1 1 |Vn|
= A 2d — d cd=2.
3 /Q( \/ﬁ) T 24 [e) n3 .
In case of d =1, we have
1 4
B(n)Andx:Q/(A Vvn)?dr + — [Vl dz.
Q Q 24 Jo n?

Proof. The estimate from above is a direct consequence of Young’s inequality and

B(n) An=2(An)? + Lyn -2|Vv/nl?
vn
The statement in case of d = 1 follows by partial integration.

We start the proof of (A.3) with some observations: Due to the embedding
H?(Q)) c C(Q) for d < 3, the condition (A.1) is meaningful. Every function n
from H?(Q) satisfying (A.1) and (A.2) can be approximated by a sequence (n.)
of functions n, € H3(Q) that satisfy d,n,(x) = 0 on 9N and inf,cqn,(z) >
1 inf,eq n(z). The both sides of (A.3) are continuous mappings from the positive
cone of H%(Q)) into R. Therefore, we can additionally assume that n € H3(Q).

Moreover, we will need the following fact: if p € H3(Q2) with d,p = 0 on 99,
then also 9,|Vp|? = 0 on 9. This is the place where we need the assumption that
Q is a box.
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Put p(z) := n'/*(z). The assumptions (A.1) and (A.2) guarantee p € H>(f)
and 0,p = 0 on 992. Then we have

B(n) An= DOV g (p*(Ap)* +3|Vp|* + 4p(Ap)|Vpl?)
nl/2 :

The last term is the delicate one, since its sign is unknown.
To obtain the estimates from below, we perform partial integration repeatedly:

1
[ reniwspas = - [ 1vpltar+ 5 [ (867) V6P s
Q Q Q
1 1
=—/ IVp|4dw+—/p2A|Vpl2dw+—/ ((0.p*)IVp|* = p*0,|Vp[*) do
Q 2 Q 2 o0
1
—— [1wptas+ 53 [ @@ de+0
Q 2 7
4 2 2 1 3
:f/|Vp| dz+2/p (Ox0;p) dx+—/<Vp ,VAp) da
Q 7 e 3 Ja
:7/ |Vp|4dz+2/p2(8k3jp)2d:c
Q PTRAY

1 1
+3 [ @ende =3 [ (@)

3
:7/ |Vp|4dz+2/p2(8k8jp)2d:c
Q PTRAL

+0—/p2(AP)2dw—2/p(Ap)IVp\2dw-
Q Q

The last integral is the same as on the left-hand side. Plugging the resulting expres-
sion into the integral [ B(n) Andx, we then find

8
/ B(n) Andzx = —/ 4Zp2(8j0kp)2 —p*(Ap)? 4+ 5|Vp|* | da.
" 3Ja\ =

Using Young’s inequality 2|ab| < a? + b?, we get the estimate 4Zj7k(8j8kp)2 -
(Ap)? > (Ap)? in case of d = 3, and, consequently,
8
/ B(n) Andzx > 9 / (P*(Ap)? +15|Vp[*) da.
Q Q
Now we have

(Ap?)* =4p°(Ap)* +4|Vp[* + 8p(Ap)|Vpl* < 8p*(Ap)® +8|Vpl*,
which gives
1 14 -
/B(n)Ande —/(ApQ)Qd:c+—8 |Vp|* dz
Q 9 Ja 9 Ja
_1
9

e |Vn|t
144 Q n3

/ (A /n)? da + da.
Q
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This proof works also for d = 2, and the constants can be improved a bit. O

Appendix B. Some Technicalities
Let © = T? be a torus, and consider the problem
u—voAu+yAN*u=f, (t,z) € (0,T) x Q,
{ u(0,2) = uo(z), x€Q,
where vy > 0 and v > 0.

Lemma Appendix B.1. Any smooth solution to this initial value problem satisfies
the estimate

u(t2) = w(t)l g (o

< C(Q,a,v0, Tty — 1|2 (HfHL?((O,T),Hb*l(Q)) + llwoll g o) +72 HUOHHHl(Q))

1

5, and the constant C' remains

uniformly in v, where 0 <t;1 <t2 <T,0< a<
bounded for T — 0.

Proof.
Apply V to this equation, multiply with Vu, and integrate over 2:

1
5atl\vu||i2(m+yo§ :/ IVoul* dz + 5|V Aullfaq :f/ fAudz
[BRAY Q

1[d 2 2. \2
< 2 + E 0, d .
-2 <l/0 HfHL (@) T Yo 1 /Q( ) :E)

If V2 denotes the matrix of all second derivatives, then we obtain the estimates
d 2
0 11 22¢0,1), 122 »

2 2 1 2 d 2
|V U\!LQ((O7T)7L2(Q)) < P IVuoll72q) + W2 1 20,1y, 2200 -

2 2
IVl ze 0,7y, 22(02)) < Vol +

The key information here is that the constants do neither depend on T nor on 7.

Apply A to the equation, multiply with A u, integrate over €2, perform partial
integration, apply Young’s inequality to the right—hand side, integrate over the time
interval:

A u”i“’((O,T),L?(Q)) +2u [VA U”iZ((o,T),B(Q)) + ||A2 u”iﬁ((O,T),L?(Q))
<A UOHiZ(Q) + % Hf”i?((O,T),LZ(Q)) :
Finally, using the equation we get
HatuHiZ((O,T),L?(Q))
< 31/(2) A uHiZ((O,T),L?(Q)) +3 HVAQ UHQL?((O,T),Lz(Q)) +3 ”f”iz((O,T),Lz(Q))

< C(d) (VO ||VU0||iZ(Q) +llA UOH%Z(Q) + ||f||2L2((O,T),L2(Q))) :
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The differential equation and the boundary condition do not change after differ-
entiating the equation with respect to x. Therefore, we are allowed to replace L?(£2)
everywhere by H™ () in the above four estimates.

Assume 0 < t; < to < T. Then we have

u(t2) = u(t)ll e ) < C llultz) = wts) | go-a )

-« «@
< Cllullza o,y 1o () 1ult2) — u(t)5o-1(q)

to @
-«
< Cllullzee(io,r), 1o () (/t t [0vull gro-1 () dt)
=tl1

o

< C|t2 —t1|2

11—« «
|u||L°°((O,T),H”(Q)) HatUHLZ((o,T),HH(Q))
o 1
< C(@ 0,00, Dt = 111 (I ll0.19, -1 @) + I0ll sy + 7% 0l gy ) -

Here, we have made use of the standard estimate
2 2 2
el Zee 0,1y, 2(52) < 2 (HUOHLZ(Q) +T Hf”L?((O,T),LZ(Q))) : 0

Next, we consider fourth-order parabolic systems with nonlocal nonlinear lower
order terms
OY () + 7 A?Y (to) = F({Y}), (t.2) € (0,T) x B.1)
Y (0,2) = Yo(x), x €, '

where €2 is a smooth d-dimensional manifold without boundary and F' comprises
(local or nonlocal) nonlinear terms of at most third order.

Lemma Appendix B.2. Assume that Yy € C*(Q), and that F is defined for
functions Y € C*(Q) taking values in a tubular neighbourhood of the graph of Yo,
and satisfies estimates

IEQY Dl e < Cre(Y 1)WY lgns + 1Y), k=0,
IE{YY) = F{ZDN 1 < Cro (Yl e + 1Y Lgs + 1Y e + 1211 a) [V = Zl s

with some continuous and increasing functions Cp .
Then there is a constant Ty > 0 such that (B.1) has a unique solution Y €
C>([0,Ty] x Q).
Proof. Consider first the linear case
Y (t,x) +y APY (t,x) = G(t,x),  Y(0,2) = Yo(x). (B.2)

Multiplying (B.2) with Y and integrating the resulting equation over [0, 7] x Q we
quickly get

2 2 2
1Y 1z 0,1, 2202y < 2 (||Y0HL2(Q) +T HG”L?((O,T),L?(Q))) ; (B.3)

2 2 2
IV om0 < 2 (T IVl + T2 IG om0 ) - (BA)
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Applying A to (B.2), multiplying with A'Y and integrating over 2, we see
1 9 52 Y A2 2 1 2
5515 IAY |7+ HA YHLz = /Q(A G)(AY)dzx < 5 HA YHL2 + 2y 1GI72

2 2112 2 1 2
IAY 00 0,1y, 22000y + 7 (|2 YHL;((O,T),H(Q)) < NAYol 72 + 5 G 72(0,7),12(02)) -
(B.5)

We interpolate (B.5) with (B.3) and with (B.4), and conclude that

2 2 2
1Y 70 0,7y, 10 20y F Y N 22007y, 52 (00)) < Co (HY0||H2(Q) + T/ HG”L?((O,T),LZ(Q))) ;

with Cy = Cy(7,Q,Tp), 0 < T < Tp, which can be lifted to

2 2
1Y 700 0,7y, 1 02y 1Y 20,7, 043 (2
< Ck (||Y0H§{k+2(n) + T2 ||G||L2((O,T),Hk((2))) :

For b being the smallest integer greater than d/2, we choose k = max(b— 1,2) and
find an estimate for Y in the spaces L°((0,T) x Q) and L>((0,T), H3(Q)).

Now let us be given the composition operator F. For a moment we assume
F to be defined everywhere. Now it is standard to construct an iteration scheme
of Picard-Lindeldf type, to exploit the above estimates of solutions to (B.2), and
to show that this iteration scheme converges in I?((0,7%), H3(2)) to a solution YV
provided that T is chosen small enough. The maximal regularity of the system (B.2)
as expressed in (B.5) then shows Y € C™([0,T,] x ©). We can also obtain an
estimate of 9;Y in L*=°((0,T) x ).

Next, let us be given the composition operator F', defined in a tubular neighbour-
hood of the graph of Y. We can extend F' outside this neighbourhood and then
follow the above proof. The estimate on 0;Y guarantees that the found solution
indeed solves the problem (B.1) provided that the time interval is short. m|

For completeness, we give a proof of an interpolation estimate exploited in the
proof of Theorem 2.2.

Lemma Appendix B.3. Letd € N and b be the smallest integer greater than %d,
and Q be a bounded domain in R with smooth boundary or a bounded d-dimensional

mamnifold. Put
a7
04 = (b+1—§) +I€=/€+{

with Kk > 0 and 04 < 1. Then the following interpolation inequality holds:

. d even,
:d odd

SN

9 1-6
IVull g () < C llull o ) el e @) -
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Proof. Let r > 1 be huge. We have H'*1(Q) = F}3'(Q) and L'(Q) = F2,(Q) as
well as the complex interpolation

[F5 0 2], = Firy su =051+ (1 0)sa, pi* _ p% N 1p29
provided that 1 < p1,ps < oo and 0 < § < 1. Details on the Triebel-Lizorkin spaces
F;, can be found in Ref. 12. In our case, s. = 0451 + (1 —04)s2 = (b+1)8; and
1/pe = 04/2 + (1 — 04)/r. Tt is easy to check that (b+ 1)84 — 1 > df4/2, hence
s« — 1 > d/p, for large r, which gives us the embedding £~ 5 C C*(Q). Since Q is
bounded, we also have L"(£2) C L*°(£2), which completes the proof. O
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