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Abstract. We consider a quasilinear parabolic boundary value problem, the elliptic part of which
degenerates near the boundary. In order to solve this problem, we approximate it by a system of linear
degenerate elliptic boundary value problems by means of semidiscretization with respect to time. We
use the theory of degenerate elliptic operators and weighted Sobolev spaces to find a—priori—estimates
for the solutions of the approximating problems. These solutions converge to a local solution, if the
step size of the time—discretization goes to zero. It is worth pointing out that we do not require
any growth conditions on the nonlinear coefficients and right—hand side, since we are able to prove

L°°—estimates.

1. Introduction

We want to prove, by means of the Rothe method, the local existence of a solution
of the weakly parabolic quasilinear initial boundary value problem

ue(z, t) + Apgu(z,t) = flz,t,u)  in @, 1.1)
u(z,t) =0 onT, (1.2)
u(z,0) = Up(x) in Q. 1

Let us denote by @ ¢ IRY a bounded domain with boundary dQ € C!, T > 0,
I=00,T],Q=0xI,T=00x1I and

Ay yu = — 0 (. b Ou 2 Ou
t’UU77i;15_33i o"(x) ik(z,t,v)a—xk +;g (x)ai(z,t,v)a_%

+ 0" (x)bo(z, t, v)u.

1991 Mathematics Subject Classification. Primary 35K65; Secondary 35K20, 35K55, 65M20
Keywords and phrases. semidiscretization in time, quasilinear degenerate parabolic equations,
local solutions



2 Math. Nachr.  (1996)

The function g describes the degeneration and fulfills some additional conditions. For
discussions of semilinear weakly parabolic equations with degenerated coefficient of u;
we refer the reader to [Kac¢85], [Kac90], [Plu92] and [Web95].

Semilinear problems with degenerated elliptic part were studied in [DP96]. In this
paper we used Hilbert space techniques to establish the a—priori—estimates. This
method breaks down in the case of quasilinear problems. Therefore we use a—priori—
estimates and existence results in weighted V[/I)Q(Q)fspaces of solutions of degenerated
elliptic boundary value problems from [Tri78].

We emphasize that the coefficients and the right—hand side are defined only in a
neighbourhood of the initial data. For this reason one has to prove L*°—estimates of
u — Up. This is done by the technique of Moser and Alikakos, see [Mos60] and [Ali79)].
To handle the quasilinear elliptic part we use some techniques from [Plu96].

2. Preliminaries

From now on, |||, stands for the Lebesgue space norm and (.,.) for the I2(Q)
scalar product. We will write the spaces on continuous and IP-integrable mappings
I —-VasC(I,V), IF(I,V), respectively. We will use the letters C, ¢ to denote positive
constants which may have different values at different places, but are independent of
h and p.

The function p has to satisfy the conditions:

0 CHQ), ofx)>ec>0, |Vo(r)| <coo(z)?, (2.1)
o(z) — oo uniformly, if dist(x, Q) — 0.

Example 2.1. There exists a weight function p with
c1 dist(z,09) < o(x) ™! < ey dist(z, 09).

For this example and the following definition of weighted Sobolev spaces cf. [Tri78].

Definition 2.2. Let 1 <p < oo, s> 0, u+ sp < v.
If s € IN, then we define

WS (Q Qu Q - {f € Lloc ) : Hf”p 5 (2,0t,07) =

|3 e @ s@p + @l d < o)

lov|=s
If s = [s] + {s} with [s] € N, 0 < {s} < 1, then we define
W (Q Q Q = {f € Lloc ) : Hf”p 5 (2,0t,07) =
of ()0 () = 0" ()0 F(w)|
5 |

|z,y|N+{s}p dxdy+/g”(z)|f(z)|pdx<oo},
axq lal=l[s] J
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These spaces are reflexive Banach spaces, C§°(2) is a dense subset.
Now we are able to write down the assumptions. For fixed R > 0 we set

Mg(Up) == {(2,t,u) € RN*2: (2,t) € Q x [0, 7], |u — Up(z)| < R},
Br(Up) := {u € I®(Q) : |Ju — Uy, <R}

We assume

2 N
v>pu+2, p<0<v, v+upu>0, —V>1+—, (2.3)
v—p Po
UO € WI?O (Qa onuv ony)v Po > 2; Po > Na (24)
ot eIN(Q), o’ ¢INQ), N'>N. (2.5)
For ¢ € R™, (2,t,u) € Mp(Uy) we suppose
N
bik(xa t7u)£i§k Z CE|€|23 bO('r7ta ’LL) Z CE > Oa (26)
ik=1
@it w)] < Cog ™' (@), 0<5< 3. (2.7)
Furthermore,
b, Obyy, by by Y AITRY
bia—a y Y0y 9 o e C(Mg(Uyp)). 2.8
k@mj 8u06mj6ua€(R(0)) (2.8)
For t,t' € [0,T], wu,u’ € Br(Up) we assume
1Bik (o1, () = bk (', u (D)l g, < Collt = ']+ flu—u']l,,), (2.9)
L_1(2 1 (2.10)
3 S2\N N')° '
1o (st u() = bo( ', u' (D)l g, < Collt =]+ [lu—']l,,), (2.11)
1 1 2 1
—— <=, 2.12
Bo po N N (2.12)
lai( tul)) = ai(s ' (D), < Callt =]+ llu—2'l,), (2.13)
1 1 2 1
— <= 2.14
TRET (244
1f(tu)ll, < Cr, ¢ > po, (2.15)
1o tsu()) = fCt ' (O, < Cp(lt =t + lu = u[l,), (2.16)
N +1 1
@ - == g Z maX(ﬁlaﬁO; aq, (10) (217)

20 2N’ N’

We can drop (2.10), (2.12) and (2.14), if b, bo, a; do not depend on w.
We are looking for weak solutions of (1.1), (1.2), (1.3), i.e. functions with

/x%mm+/ﬂmmmm=/ﬁﬂmegm (2.18)
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for all v € LHI*, W, () (pg ' +py " = 1), where

S Ju Ov
at,w(U,U) = Z-;l/ﬂ g“bik(ﬂc,t,w)a—mk . dx
- (utv)/2,, Ju ,
+;/QQ az(z,t,w)axivdaﬂr/gg bo(z, t, w)uw dz.
We will prove
Theorem 2.3. Under the assumptions (2.1), ..., (2.17) there exists a T*, 0 <

T* < T, such that problem (2.18) has a uniquely determined solution

w € C(I*,CHQ)) N L>® (I, W (2, 07", 0"")),  up € L®°(I*, °(Q)).

Remark 2.4. The regularity of u guarantees that v is even a solution of (1.1). The
boundary condition (1.2) follows from ug” € IF°(Q) and o” ¢ L}(2).

Remark 2.5. Let us show first that it is possible to fulfill the assumptions of this
theorem: We choose g as in Example 2.1. Let v = 2. We fix py > 2, pg > N, such
that the last inequality of (2.3) is valid for all —N~! <y < 0. Furthermore,

Bi=0v=a1=¢p=0=py > N.

The inequalities (2.10), (2.12), (2.14), (2.17) are satisfied, if N’ > N is sufficiently
large. Finally, we choose pu with — N’ RS © < 0. Obviously, the other assumptions

can be fulfilled, too.
We need some tools.

Theorem 2.6. (see [Tri78], Theorem 8.4.2 and Remark 3.4.2/1)
Let 0 < 81,89 < 00, 1 < p1,p2 < 00, V5 > i + 8ipi, (i =1,2) and

(Ml - V1)52p2 = (Nz - V2)51p1-

Furthermore, let 0 < 0 < 1 and

s=(1—0)s1 + s,

K:(179)2+92, 71/:#1*1/1:#2*1/2.
p p1 D2 sp S1P1 Sap2
(If s1 =0, s > 0, then set uy =11 and “S—;" = “522—;:2)

If s1, 82, are integers, then the interpolation
(Wt (€2, 01, 0) , W2 (Q, 02, 07)], = Wy (2, 0", 0")

holds.
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If s1, so are integers, but s is not, then

(W (@0, 0) , W2 (2,0, 07)), =Wy (Q,0",0") -

)

Theorem 2.7. (see [Dre96], Satz 3.2.25) We assume (2.3), p > po > N and
po > 2. Then we have the continuous embedding W7 (Q, oP*, o?) C Cj(2), where

CY(Q) denotes the set of all C*(Q)~functions with vanishing boundary values.

Lemma 2.8. (see [Dre96], Lemma 3.2.6)
Let o="N" € [}Q), N’ > N, N’ € R. Then the embeddings

W (Q, 0" %) € Wiy (Q) € L¥7(Q)

N’+1

are continuous.

Lemma 2.9. Let 2N’ > N, N > 2, N' e R,

= —/ 2<s< n 1<g<r
1t S q .
1 Nl 1; = N 1; = >~ 11

Then for every e > 0 there exists C. > 0, such that for all u € W4 (Q, o*, QO)

2 2 2
2% < e l[ullfys 0,00 g0) + Ce lull2”

holds, where

1. If0<a<l, then0<6§3<aand08~57%

2. Ifa=1,then=1and C. ~77,7 <0 < 00,

S Ifl<a<aq, thena<3§6<oocmd05~€_%,

with

.
14+ (1-a)F

Q=

0=

, O0:= , Q= =

Q=
+ |-

1
r1

=
—
|
|

Ifq=1, then B# 3 and 0 # .

This lemma and its proof are modifications of a similar result in [Plu96]. For details
we refer the reader to [Dre96].

The next lemma is a straight-forward generalization of a result in [Plu96], which we
need for the Moser technique, we drop the proof.

For positive A, g let Qx, 5, (1) ;=M if 0 <t <1 and Qx, »,(¢) =t if t > 1.

Lemma 2.10. Let (my), (f1,0), (B2,0), (Dv) be sequences of nonnegative real numbers

with
0< ﬁl,u < ﬁQ,u < 1; H ﬁl,u = ﬁl > 07 H 62,1/ = 62 > Oa
v=1 v=1

Py =poAY, A>1, py>1.
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We suppose
mPr < CopCit (mpu erﬂl,upu +mﬁ2,upu) Vo —1.2 0<t<T
v > Lop, v—1 v—1 v—1 ) gLy ey AR
Then
limsupm, < Q40 (t)mg,
V—00
where 3 = | By,
3 ﬁl,l/ My —1 < 17 o o
BV T {1 :mu_1217 7271)0()\_1)7 71*5172-

Now we list some results about a class of degenerated elliptic differential operators,
see [Tri78] and [Dre96].

Definition 2.11. Let v > pu+ 2, k; = 2(v(2 — 1) + ul), L = 0,1,2. We consider the

class Qlff,), of differential operators

AU:Z Z 0™ (2)be (2)0%u + Z 0" (z)ag(x)0 .

1=0 |a|=21 15]<2
We assume
be € CH(Q) ||ba||cl(§) < o00,ap € C(Q), laglls < oo, (2.19)
= Y ba(@)* = Cplél’ V(&) RN xQ, b, o)(x) > C >0,
ja=2
YVe>0 36>0: Jag(x)| <eif dist(z,00) <. (2.20)

The next two theorems give an a—priori-estimate and an existence result.

Theorem 2.12. Let A € 2122?,, v>0,1<p<oo. Then there exists a Ao <0, such
that for A < Ao, u € Wp2 (Q, oPH, oP¥)

Ch ||U||W§(Q,gpu,9w) < ||Au - )‘u”p <Gy ”u”Wg(Q,gpu,L)pu)

holds, where C; = C;()\) and Cy depends on Cg, ||ballo1 and ||ag]| -

Theorem 2.13. Let A € Qlﬁf?,, v>0,1<p<oo. Then there exists a A\g < 0, such
that for A < Ao the operator A—\E gives an isomorphic mapping from Wp2 (Q, oPH, oP¥)
onto LP(Q).
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3. A-priori-estimates

We will use the Rothe method to solve problem (1.1), (1.2), (1.3). We choosen € IN,
h= %, t; =jh, (j =0,...,n) and consider a sequence (u;) C W;O (Q, gPoH, gPo¥) with

1
E(Uj —wj—1) + Agj o uy = fz,tg,u5-1), (3.1)

Uug = Uo.

We assume u;—1 € Br(Up) N ij0 (Q, gPor, gPo¥). By Theorem 2.7 we have uj_q €
C3(9). Hence we can write

1
Af‘.j,’u«jfluj - Euj = f('vtj’ujfl) +

TU—1,

h

where Agjyujf , stands for Ay, ,,_, after application of the product rule to the principal

part. From (2.8) and u;_; € C3(Q) we deduce that Ap s € 91221), Theorem 2.13
shows that u; € Wl?o (Q, gPor oPov), if —h=1 < \.
It remains to prove that there exists a T* > 0 such that u; € Br(Up) if t; < T*.
We introduce the notation

5uj = %(UJ - Uj,1)7 aj(ua ’U) = Q¢ u;_q (u,v), Aju = Atja'“«j—lu
fi(@) = f(x,t5,uj-1(z))

and consider the variational problems

(duj,v) + aj(u;,v) = (fj,v) Yve C&(ﬁ). (3.2)

We will use some estimates for the bilinear form a,(u,v).

Theorem 3.1. Let u,v € W;O (Q, gPoH, gPo¥) p > 2 and w = |u\p74u Then it holds

N'+1 1.
wzth > 2]\'}'/ -5
2 2
aj(u,u) > e llulliys ,gu, gy — €1 lully (3.3)
2 C2 2 Clz 2
aj(u, [ul""u) = = [Jwlljyr o 0y — = lwll3 (3.4)
p 2 p
_ p=2
|a;(v, [ulP?u)| < C [llwz (0,0m0,0m00) [ W lliwz (,0m,00 (3.5)
laj(v,u)| < C ||U||W21((z,gu,gv) ||U||W21((z,gu,gv) ) (3.6)
|aj (v, [uP?u) = @ (v, |ulP~?u)] (3.7)

p—2
< Oty = tml + w1 = wm—1ll;) 10llwz (0,gm0m,grv 10l w0 lliwy (0 0,0) -

/ o’ u%dx.

Proof. We have

(u, u >CEZ/ <

>dx+2/ )/
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From (2.7) and the Cauchy Schwarz inequality we obtain

Z/ ey | 2

HUHLZ(Q,QHJ) .
?(Q,0M)

From

v—26 YV
(L2(92,0%), Wy (2, 0", 0")) vozs , = Wy ™ <Q7Q '/25“,9”*25)

we conclude [[ul| f2q pv-20) < € ||“||€V21(Q,gu,gv) Hu||;_9. Application of Young’s inequal-
ity gives (3.3).
Now we prove (3.4). We have

wa2u=@—1wmzvu=%%?9mﬁfvw
Vw = Ljul*T Vu, ful = ful?,
thus
N
kZ/@ bzk%a—w 2y dz >_Z/Q <5m1> .
Furthermore,

N N
ou C ow
(BF+0) /200 | | 22| (g2 = (ptv)/2=6 | 72
oo | e < S [0
;/Q O p ; Q 9
€ Ce
El\wllw1 200t lw]f3 -
This gives (3.4).
Now we show (3.7). It holds
|aj (v, [ulP"?u) = @ (v, [ulP~?u)]
ov || 0 2,,
<l;1/ 0 |bzk x t],’u,] 1) bzk( sty U — 1)|’81’ ’8z1| |p dx
Iy
+Z/ (lH_V)/Qla (@ tj,uj-1) — ai(z, tm, |u|p Yz

Iy

+/gwunw]nfw by tim1)] [0 ufP~ d
Q

I3

We use Holder’s inequality Wlth + - = %, a% + =+ = =1, % + plo + i =1 and

o
m|’—‘

1
Ppo
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conclude
ov p=2 | Ow I3
I §C/Q|bik($,tj,uj_1)—bik(:n,tm,um_lﬂ ’a—xk |’LU| P oz, T dx
B 51
o) 2
p=2
< Oty = tml + lluj—1 = um—1ll,) vl ca ||w||51pp_;2 [wllwa (q,pm,00) »
(a2 | OV || ot
I < [ a(z,tj,uj—1) — ai(z, tm, um—1)| 0 e |w|* 7 dx
Q T | ——
(e} S2
Po
ov op=1
<C(|t; —tm| + ||uj—1 — Upm— ’ wll. P
(s = tnl s =) |l

p—1
Igﬁ/|bo($,tj,uj71)*bo(z,tm,um—1)||g"v||w|2p" dx

Bo Po 53

op—1
3

SOt = tm| + l[wj—1 = wm-1ll ) [[0l] pro (0,70 [l

—1 -
259 B—2
53p

According to (2.10), (2.12), (2.14) we have

N +1 1\ "
oON' N

s := max(sy, 252,2s3) < (
From
[Lpo (€, oY), Won (€, gPo, onl/)] L= Wplo (Q, qu(u+u)/2, onv)

and Theorem 2.7 we obtain (3.7). The proofs of (3.5) and (3.6) are left to the reader.
O

The main result of this section is the following

Theorem 3.2. There exist constants K >0, hg >0, 0 <T* < T, such that for all
h<hg and all t; € I* =[0,T"]
uj € BR(UO)7 ||uj||W§U(Q7QP0#,QPUV) <K.

holds.
We need some lemmata.

Lemma 3.3. There exist hg > 0,C > 0, such that:
If uo,u1,...,ui—1 € Br(Up), then |Ju;|ly < C.

Proof. We choose v = u; in (3.2) and obtain

2 2
(uj = wjm1,u5) + chllujlliyr qon oy < PISilly luglly + Chlluslly -
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10
,1) and applying Young’s inequality gives

Summing up (j =1,...

2 2 2
oll2 — o2 4 ch S sy gy < O+ hS gl
Jj=1 Jj=1
Using the discrete version of Gronwall’s Lemma completes the proof O
For details of the following proof we refer the reader to [DP96], Theorem 3.1

S Uj—1 € BR(UO ||UkHW2 (Q,gpou,gpol') > A
0,

Lemma 3.4. Let 0 < k < 7, uq,
Then there exists a continuous, monotone increasing function M (t ( ) with M(0) =

such that
g — urll o < M(t; —ty),

if h < hg. The function M does not depend on k, but on K
Proof. Let z; = u; — ui. Then we have §z; = du; and

= (fi,v) — ai(ug,v)

|zZ|pTizzz Then

(62i,v) + ai(2i,v) Yo € G5 ().

We choose p > 2 and write v = |2;|P~22;, w; =
1 _ 1 _ C2 2

E (Zi, |Zz|p 22’1‘) — E (Zz 1, |zz|p 221-) + E ||’wi||W21(Q,g“,Qy)
ot CK |Ju||S7 lwillwz (q,gn,00) +2 ||wz||2

< I fill, ||z~
< (. Multiplying with p and applying Young’s

Since u;—1 € Br(Uo) we have [/fi|,, <
inequality give
. willy = llwi-1113 ) + 2 llwill s o, gm0y = €K 1will5y1 0,0
h 2 ( ) ( )
2
<Cp ||w’b||2<pp +Cop? ||wz|| 5 c [Jwilly
we can apply Lemma 2.9 to estimate the norms

+1 1
N

Slnce<p>p0>Nand > 2N/

on the right—hand side. Thus
o 2 2
< Cp™h (i[5 + |77 + w17

2 2
il + eh il @000 <

2
l[willy —
where 1 < ¢ < 71, opr, @ do not depend on p, h and B1(p) = ;’T_é, B2(p) = p—er_QQE.
B2y = Ba(p1) = pIZZFQG and

!
Now let [ = 0,1,2... p =2 (%)  Bui = Bilp) = 22,
mj = maxg<i<j [|zill,,-
Summing up (i = k+1,...,7) gives

p < Ct pU}u ( Pzﬁm

B
]l 1 +m]l 1+m],l 1)
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From Lemma 2.10 we deduce

. B
limsupm;i < cQn, 4, ()M

l—o0

We have m; o < maxp<i<; |[uilly + ||uklly < C(t;) < C due to Lemma 3.3, thus

[uj = unll g < CQy s (t5) =2 M(t5).

O

Corollary 3.5. There exists a 0 <T* < T, so that u; € Br(Up) if t; <T*.
Proof. We use the previous lemma with k£ = 0. We can choose T* so that M (T™*) <
Rand T <T. O

Finally, we need an estimate of ||du; ||, for the proof of Theorem 3.2.

Lemma 3.6. Let K > 0. Then exists a constant hg > 0 and positive constants
c1,ce, c3,7 (indepedent of h, K), such that:
If h < hg and ||uj||W30(Q,QpM,QpUV) <K forall0<j <i—1, then
CQ}(V

1
16usllyy < T gem (e + eaty) exp (tj—lm

P =T hey kK ) = Sk (hytj-1)
holds for 1< j <i.
Proof. We have for every v € C3(Q) and j = 2,...,i
(Ouj — 6uj1,v) + ha;(6u;,v) = (fj = fi-1,0) + aj-1(uj-1,v) — a;(uj-1,v).
Let v = |du;[P°~20u; and w; = |6uj|p07725uj. From (3.4), (2.16) and (3.7) we conclude

2 2 2
leog 12 =l 12 + e o3 123 g

po—1

O+ Chllw,l
ro—2

+ Coh(L + [|0wj—all ) K [Jwslls ™ 1wjllyy q,on,g0) -

2
< Crh(1+ [10uj-1ll,) [[w;lla,

We apply Young’s inequality,

po—1

2—;7— 2
(1 + 10w -1ll,) lwjlla,® < COA+ [[6ujll5") + C llwjll,

Po _Po
po—1

po—2
(14 [|uj—1ll,) K flwills ™ Nwjlls o, gn,00)

2
Po _=2P0_
po—2 2

2 2
< e lwsl123 g0 g0y + C 18051 |2 4 CoE g |2 4 €,
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and deduce
2 2 2
g2 = ooy 12 + b g1 23 .m0
2 2 2
< Ch(1+ 0w llg” + lwjllyy + K7 wsll5 + flwsll2)-
We show in a similar way as in the proof of the previous lemma
2 2 2
s 2,0 < € s 12ys gm0y + Ce g |2, 1< g <,
2 2 ’ 2
K7 g < & [lws]123 g0y + CoK e 12
where C, does not depend on K. Thus,

2 2 2 4 2
llw;ll = llwj-1lly + ek llwillys g gu vy < CA+ [10uj-1ll5" + K7 [lwsll3).

We have [|du;_1[|?° = ||wj—1]|2 . Summing up (j = 2,...,4) yields
PO
i i1 i
2 2 2 2 ' 2
il = a4 e S 30y g gy < Cti O3l + O 'S sy .
=2 j=1 =2

From (2.17) and Lemma 2.9 we see [[w;]22 < & [|w; |31 (q. e o) + C llw; 3, hence
PO 2\E

i i
2 2 2 2 ’ 2
lwillz+ch Y~ Nw;i s .00y < Cliteh il o, 0y + lwilla+CET R Jlwy]l -
j=2 j=2

It remains to estimate Hw1||§ +h ||u}1||$/‘,1(Q b We take v = [duq [P0 ~20uy, wy =
S,

|5U1|p07725u1 and obtain o
[6ur |2 + hay(Guy, |ur [P~ 26ur) = (f1, [6ua[P°~26ur) — a1 (Uo, |0us [P0 ~26uy ).
We have
—a1(Up,v) = — (A1Up, v)

—1
< [ A Uolly, 101l < CllVollwz (@ 0r0 rory 100l ™ < Ce + £ floua o -

Taking account of ¢ > pg, we have

(fr,10ur™=25ur) < il 10w~ oo < Ce N fillpy +ellwnllz-

po—

This gives with (3.4)
2 2 2
(1 =2¢) [l ]l + ch [willwy ,on o) < €+ CrbJwnlly,

and so ||w1||§ +h ||w1||3V21(Q’QM19,,) < C, if h < hg. Hence we conclude

% %
lwilly + ch Y Nw;l5s gm0y < €1+ €sti + KRy [yl -

j=1 j=1
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The constants c¢1, co, c3 do not depend on K, ¢, h. By Gronwall’s Lemma we obtain

(if 1 — o K7hg > 0)
K7
(Cl + Cgti> exp <t11027> .

1-— CQK'Yh

lwil3 < —
Willg =
2 1 _CQK’Yh

O

Remark 3.7. It holds Sk (h,t;—1) < Sk (ho,ti—1). Sk (ho,0) is uniformly bounded
with respect to hg and K, if 1 — co K"hg > %
The next lemma will complete the proof of Theorem 3.2.

Lemma 3.8. There exist constants K,0 < T* < T, hg, such that:
1. It hOldS ||UO||W§O(Q,QPO[J.7QPOV) < K

2. Ifh < ho, UQy -+« oy Uj—1 S BR(U()), ||Ul|‘Wgo(Q7Qp0u7gpoy) < K (l = 071, .. .,j — 1)
and t; <T*, then ||uj||y» (@, oron grov) = K-
PO ’ ’

Proof. From (3.1) we see

Bu = - 1y, ‘ 0%u; N 1 D0 ou,;
' .__i,kzzlg blk(m,t]’UO)m _i,kZ:1MQ 8_bzk(l' t_]aUJ 1)81'
= (u+v)/2 . ) ) auj y ‘
+izzlg ai(®, 1y, uj-1) 5% + @"bo(, 15, Uo)ug

N

Z 8bzk 8uj 1 8u]

= ti w; -4
fl@:tj,u5-1) Ui+ Oou Oxz; Ozy

i,k=1
N
0%u;
Z zk X t]au_] 1) bik(m,tj’UO))a.Tia;k

( ($ t],Uo b (x,tj,uj_l))uj.

Theorem 2.12 gives

N Ob;, Ou ou
" — )
Ci 145l 0, gm0 grory <Gty 050) Ly + N0, + D [l =t 2
i,k=1 v Po
N 82’(,6]'

+2 e

=1
+ ||Q (bo(z,t5,Uo) = bo(x, 5, uj—1))u;ll,, + Al lusll,,

1k X t]vu] 1) bik(l',tj,UO))

0x;0xy v

where C does not depend on K, since the coefficients of order 2 and 0 of the operator
B are independent of u;_;.
We estimate the items on the right-hand side:
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Since pg < ¢ and u;_1 € Br(Up) we have ||f(:v,tj,uj,1)||p0 <C.
1

It holds |[0u;l|,, < (Sk(ho,t;j—1))7 . Furthermore,

it 01 Oy

Q# abzk 811,]'71 8(11,] — Uo)
ou Ox; Oxp

ou Ox; oxy,

Pbo ‘

Po
#8bik O(u;j—1 — Uy) OUy ‘ #abik U, OU,
o————— 99k 9Y0o .
ou ox; oxy, Po Ou Ox; Ozy, .
We have
8bik au‘_l
H ou <C, H 8;1 < ||Uj—chl <C ||uj—1||W30(Q,gpolb7gpou) < CK.
The Interpolation Theorem 2.6 gives with Cp, = HUOngQ (.70 g0
9(u; — Uo) 1 )
g\ = Yo) <C( = Uollwwe (o o ”) AT
H Iy IPo (Q,pP0H) - ||UJ OHWPO(QvQ 0, pPOY) ”uj OHp0

C
<e ”uj”WgO (€2,0P0#,gPOV) + ECUO + gM(tj)'
In a similar way we conclude

o

< C(K + Cuy)7 |lujr = Uo| 2,
< C(K + Cy, )M (tj—1) + 1.

H% a(’u]‘_l — Uo) GUO
ou ox; oz,

<C ||Uj—1 - UOHWI}O(Q,QPOM/Q,QPOV/Q)

Finally,
dbii, OUy 0U,
i 4 < C(Cy,).
’Q Ou Ox; Oy ||, ~ (Cuo)
The result is
o || e Ok D1 Oy
et ou Ox; Oxp .
CK

<eKC ”ujHWSU(ngpou’Qz)oV) + EKOCUU + TM(tj> + C(K + CU0>M(tj> +C.

From (2.8) and the mean value theorem we obtain

N 0%u;
M (i (2, t5, wi—1) — big (2, L, U J
iél 0" (bir(x, 5, uj-1) k(7 O))axiaxk »

+ ||Qy(b0(l‘,t], UO) - bO(‘r)tj’uj_l))uijo
< OM(tj-1) l[ujllyy

o (0700, gPov)
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Finally,

Al uill,, < Clluj = Uolly + C[Uolloe < CM(2;) + C.
Thus,

Ch ”uj HW}?0 (€2,0P0#,gPOV)

a1
< 02 =+ (SK(hOa tjfl))po + Z31{613 ||uj||W§U(ngpouﬁgpou) + EI(C’BCVUU

n CyK

M(t;) + Cs(K + Co)M (L) + CrM () ujlliwz (o, prom, grovy -

We set € = 4[(5—103 and choose t; < T} < T with C7M(T}) < %, which implies

1
1 ||u]'||W§O(Qﬂgpuuygp0,,) <Cs+ (SK(ho,tjfl))Po =+ CgM(tj)(l + K + KQ).

The constants C1,...,Cy are independent of K, h, t;. Without loss of generality we
may assume hg < 1, hence

c1 + Cgho c1+c3
Sk (ho,0) = < .
K( 0 ) 1—coK7hg = 1 —caK7hyg

We fix K such that K > 1, Cy, < K and

B C
Cs + <201T03) Ly

5 4

Now we choose 1 > hg > 0 with 1 — co K"hg > % Finally, we determine 0 < 7" < T7,

such that
c1 + CgT* CQK’Y
S (ho, T*) < —————— TF———— ) <4
it %) < A5 e (102 ) < ),

CoM(T*)(1+ K + K?) < %K

c
We thus get 5t K. O

%K7 hence ||ujHW§O(Q7onu,QP0") <

HUJ ||W:30 (Q,gp[)”7gp0") S

Induction completes the proof of Theorem 3.2.

4. Convergence and Existence

We define the piecewise linear and piecewise constant interpolations

t; —t t—1ti—1
n )= — " _ =
w(@9) t; *tifluz (@) + ti —ti—1

{ui(x) tig <t <t

ui(x), (tio1 <t<ty),

a(x,t) :
() 0 1t <0.
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We have proved

ut (D), <C
[ () =u" ()l < Chn,
||ﬂn(ﬂt) 7ﬂn('7t - hn)”oo S Ch:’yl’
||un(-;t)HWgo(Q,ng“,QPU”) S K.

We show a first convergence result:

Theorem 4.1. There exists a function u € C(I*, [F°(Q)), such that
u”™ — w in C(I*, IP°(Q2)).
Proof. It holds u} + A"@" = f", where
A= Ayyrs T = FGt () (Go <t <ty).
Considering two different subdivisions, this clearly forces
(" —u™) + A" @ ) = =+ (AT A
Let u™™ = u"™ — u™, u™™ =" —u™, v""™ = |[g"" [P~ w"" = |[u
The variational formulation of the above equation implies
((u"—u’")t [ o) g [ o)
(7" =77 e po=2amm) (@ — ) @™, [a o2,

From (3.4) and

’( o f , |—nm|p072ﬂnm) ’
TT| e,
©

¢’ (po—1)
—n —m nm -1
< Ol + b+ [T~ h) =T~ B, [T 2000
< C((hn + han)P + [@" (t = b)) =™ (= han) [57) + C T (50 1) »
—nm ||Po —nm||2
Iz W o1y = ™12 201

< e [T |y .00 g0y + Ce T3
|(am _ En)(ﬂm, |Unm|po—2ﬂnm)|
< O+ b + [T (t — hy) — W™ (¢ —
pro—2
X @™ s ™™ ([, 00)

< Ce (b + b + [T (¢ = h) =T (= B |2 + [@™2)

8 [P

_ 2
+e ||wnm||W21(Q,gu,90) )

— 2 — 2
[ 2 < & "™ s g0 0y + Ce [T

(1996)
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we deduce that
(™ [ P27 ™) 4 ¢ [T [ 0, 0,0 (4.1)
< C (i + B + [T (¢ = ) =T (¢ = B2+ [T 3)

Using an idea of Lemma 6 of [Plu88], we obtain

d
d popr (ut a|u

< po (ug™, [ P02 o g™ |, [l R — =g

” an nm|p0—2unm)

0
S Do (u?’m7 |ﬂnm|p0—2ﬂnm)
p— p07 —
o pollu ™ I, o = 1) (Il L, + 17", ) ™™ =@,
From this and [[u™™ —u""(|, < C(hyn + hm) we conclude

d

dt H an < Do ( nm |—nm|po—2ﬂnm) + C Hunmngz + C(hn + hm)po + C(hn + hm)%o-

Integrating this inequality over [0, to] and (4.1) yield
to
()2 +c/ B 013 00
to tU PO
<c/ " dt+C/ @™ (N2 dt + C(hn + hon) ®
+ C/ @™ (t — hy) = W™ (t — hen) |5 dt.
0

From @™l = [[@"™|I}2 < C((hn + hun)* + [lu"™||}?) and

" (& = Pn) = 0™ (8 = han) |15
< Ol (t = h) =T ()15 + 7" (6) =@ (DI + 7™ (8) =7 (t = han )50

< (o + b + 772 )
PO
<C ((hn + hm)pm +e ”wnmnf/lfz}(ﬁ,g“,go) + ||umn||52 + (hn + hm)po)
we obtain
t() 9
o Cto) 22+ [ I 0 g 0,0
to »
< 0/ ™™ (., t)[IP0 dt + C ((hn + ) %+ (hi + B )7 + (hy + hm)Po) :
0

The application of Gronwall’s Lemma completes the proof. O

Now we can show more convergence properties.
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Theorem 4.2. There exists a function
ue C(I*,Cy(Q)) N L (I, W) (€2, 07, ™)),
ug € L°(I*, IP°(2)),
such that
u" — u in C(I*,C3(Q)),
n ook : 00 ( T* 2 v
u w in L2 (17, Wy (Q, 07, 0™")),
uy =% uy in L°(I*, IP(Q)).

~—~
w N
=

Proof. To simplify notation we write Wy = W3¢ (Q, g"P0, ¢"%P0), where

0<0<1, sp=201-0), vp=v(1-9¢), L _E_V

Sg 2

We have (W]DQU (Q, gPot, gPov) ,LPO(Q))G o = Wy and sg — 2, vy — v, g — pif 6 — 0.
From this interpolation, [[u™ —u™[[; (7« w2 (o, gron grovy) < € and [[u™ —u™[[, — 0
oo (1%, W2, (92,0700,

we obtain
u" — uin C(I*, Wy).

We have Wy C C3(Q), if @ > 0 is sufficiently small. This gives (4.2).
Since VVPQU (€, gPoH gPov) [Po(Q2) are reflexive Banach spaces and the limits are
unique, we have (4.3) and (4.4). O

Theorem 4.3. This function u is a solution of (2.18).

Proof. We have

/* (uf',v) dt+/* En(ﬂn,v)dtz/* (T",v) dt.

Fix v € Ll(l*,I/Vpl&(Q)). From (4.4) we deduce [, (uf',v) dt — [}, (uy,v) dt. We

apply (4.2), u" — win L>(I*,C}(Q2)) and the Theorem of Lebesgue, which completes
the proof. O

Theorem 4.4. There exists at most one solution of (2.18) in C(I*,C(R2)) N
(I, W;O (Q, gPoH, oPo¥) with uy € L°(T*, [P0(Q)).

Proof. Let u1,us be two solutions, u = u; — uo,

lu(t)|Po=2/2u(t) :t < to,
0 1t > tg.

o(t) = {luwm_gu(t) =

1o St > to,

We have

/(ut,v) dt—i—/al(u,v)dt:/(fl — fay0) dt+/a2(u2,v)—a1(u2,v)dt.
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From

2 2
a1(u,v) > e Hw”WZl(Q,g#,QV) — i wlly,
oPo—1
(f1 = fo,0) < Cllully [wlly™
Po-2
|ag(ug,v) — ar(ug, v)| < Cllull, [wlls™ llwlly; om0

we conclude
to 9
It e [ Il

to tO
2 2 2
<e | Nwllwg,eneoy d+C lwllza + llwlls + llullz ) dt
; 1 (2,0,09) ; %
to

to
2
gs’/ 1031 0,000 dt+0/ |20 dt.
0 0

Gronwall’s Lemma now implies [[u(to)]|,, = 0. O

5. Counter Example

The assumptions bo(z,t,u) > Cg > 0 and ¢ ¢ L}(Q) of Theorem 2.3 have the
surprising consequence, that the coefficient of v diverges strongly to infinity as x goes
to the boundary. These conditions come from the theory of weighted Sobolev spaces
and degenerated elliptic operators.

The following example shows that these assumptions can not be weakened.
Let N=1,Q=(-1,1), o(z) = (1 —2?)7}, p = —55, v = £, po = 2. We consider
ur = (" (x)us), + 0" (w)(1 — 2%)Su

11

Tt 22)" ™ 4 (1 — 22)?

with the data

(1—22)% — %ﬁu — 227 4 (1 — %)

ol

+

H
-
S|

w(=1,8) =u(l,t) =0, u(z,0)=(1—2?)3.

All assumptions but the second of (2.6) are satisfied. The solution is u(z,t) = t(1 —
22)% + (1 — 22)%. However, u(.,t) & W2 (Q, gPor, gPov) if t > 0.
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