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Abstract. We consider a quasilinear parabolic boundary value problem, the elliptic part of which

degenerates near the boundary. In order to solve this problem, we approximate it by a system of linear

degenerate elliptic boundary value problems by means of semidiscretization with respect to time. We

use the theory of degenerate elliptic operators and weighted Sobolev spaces to find a–priori–estimates

for the solutions of the approximating problems. These solutions converge to a local solution, if the

step size of the time–discretization goes to zero. It is worth pointing out that we do not require

any growth conditions on the nonlinear coefficients and right–hand side, since we are able to prove

L
∞–estimates.

1. Introduction

We want to prove, by means of the Rothe method, the local existence of a solution
of the weakly parabolic quasilinear initial boundary value problem

ut(x, t) + At,uu(x, t) = f(x, t, u) in Q, (1.1)

u(x, t) = 0 on Γ, (1.2)

u(x, 0) = U0(x) in Ω. (1.3)

Let us denote by Ω ⊂ IRN a bounded domain with boundary ∂Ω ∈ C1, T > 0,
I = [0, T ], Q = Ω × I , Γ = ∂Ω × I and

At,vu = −
N∑

i,k=1

∂

∂xi

(

%µ(x)bik(x, t, v)
∂u

∂xk

)

+
N∑

i=1

%(ν+µ)/2(x)ai(x, t, v)
∂u

∂xi

+ %ν(x)b0(x, t, v)u.
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The function % describes the degeneration and fulfills some additional conditions. For
discussions of semilinear weakly parabolic equations with degenerated coefficient of ut

we refer the reader to [Kač85], [Kač90], [Plu92] and [Web95].
Semilinear problems with degenerated elliptic part were studied in [DP96]. In this

paper we used Hilbert space techniques to establish the a–priori–estimates. This
method breaks down in the case of quasilinear problems. Therefore we use a–priori–
estimates and existence results in weighted W 2

p (Ω)–spaces of solutions of degenerated
elliptic boundary value problems from [Tri78].

We emphasize that the coefficients and the right–hand side are defined only in a
neighbourhood of the initial data. For this reason one has to prove L∞–estimates of
u−U0. This is done by the technique of Moser and Alikakos, see [Mos60] and [Ali79].
To handle the quasilinear elliptic part we use some techniques from [Plu96].

2. Preliminaries

From now on, ‖.‖p stands for the Lebesgue space norm and (., .) for the L2(Ω)
scalar product. We will write the spaces on continuous and Lp–integrable mappings
I → V as C(I, V ), Lp(I, V ), respectively. We will use the letters C, c to denote positive
constants which may have different values at different places, but are independent of
h and p.

The function % has to satisfy the conditions:

% ∈ C1(Ω), %(x) ≥ c > 0, |∇%(x)| ≤ c%%(x)2, (2.1)

%(x) → ∞ uniformly, if dist(x, ∂Ω) → 0. (2.2)

Example 2.1. There exists a weight function % with

c1 dist(x, ∂Ω) ≤ %(x)−1 ≤ c2 dist(x, ∂Ω).

For this example and the following definition of weighted Sobolev spaces cf. [Tri78].

Definition 2.2. Let 1 < p < ∞, s ≥ 0, µ + sp < ν.
If s ∈ IN, then we define

W s
p (Ω, %µ, %ν) :=

{
f ∈ L

p
loc(Ω) : ‖f‖

p
W s

p (Ω,%µ,%ν) :=
∫

Ω

∑

|α|=s

%µ(x) |∂αf(x)|
p

+ %ν(x)|f(x)|p dx < ∞
}
.

If s = [s] + {s} with [s] ∈ IN, 0 < {s} < 1, then we define

W s
p (Ω, %µ, %ν) :=

{
f ∈ L

p
loc(Ω) : ‖f‖

p
W s

p (Ω,%µ,%ν) :=

∫

Ω×Ω

∑

|α|=[s]

∣
∣
∣%

µ
p (x)∂αf(x) − %

µ
p (y)∂αf(y)

∣
∣
∣

p

|x − y|N+{s}p
dx dy +

∫

Ω

%ν(x)|f(x)|p dx < ∞
}
.
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These spaces are reflexive Banach spaces, C∞
0 (Ω) is a dense subset.

Now we are able to write down the assumptions. For fixed R > 0 we set

MR(U0) := {(x, t, u) ∈ IRN+2 : (x, t) ∈ Ω × [0, T ], |u− U0(x)| ≤ R},

BR(U0) := {u ∈ L∞(Ω) : ‖u − U0‖∞ ≤ R}.

We assume

ν > µ + 2, µ < 0 < ν, ν + µ > 0,
2ν

ν − µ
> 1 +

N

p0
, (2.3)

U0 ∈ W 2
p0

(Ω, %p0µ, %p0ν) , p0 ≥ 2, p0 > N, (2.4)

%−µ ∈ LN ′

(Ω), %ν 6∈ L1(Ω), N ′ > N. (2.5)

For ξ ∈ IRN , (x, t, u) ∈ MR(U0) we suppose

N∑

i,k=1

bik(x, t, u)ξiξk ≥ CE |ξ|2, b0(x, t, u) ≥ CE > 0, (2.6)

|ai(x, t, u)| ≤ Ca%−δ(x), 0 < δ <
ν

2
. (2.7)

Furthermore,

bik,
∂bik

∂xj
,
∂bik

∂u
, b0,

∂b0

∂xj
,
∂b0

∂u
, ai ∈ C(MR(U0)). (2.8)

For t, t′ ∈ [0, T ], u, u′ ∈ BR(U0) we assume

‖bik(., t, u(.)) − bik(., t′, u′(.))‖β1
≤ Cb(|t − t′| + ‖u − u′‖σ), (2.9)

1

β1
<

1

2

(
2

N
−

1

N ′

)

, (2.10)

‖b0(., t, u(.)) − b0(., t
′, u′(.))‖β0

≤ Cb(|t − t′| + ‖u − u′‖σ), (2.11)

1

β0
+

1

p0
<

2

N
−

1

N ′
, (2.12)

‖ai(., t, u(.)) − ai(., t
′, u′(.))‖α1

≤ Ca(|t − t′| + ‖u − u′‖σ), (2.13)

1

α1
+

1

p0
<

2

N
−

1

N ′
, (2.14)

‖f(., t, u(.))‖ϕ ≤ Cf , ϕ ≥ p0, (2.15)

‖f(., t, u(.)) − f(., t′, u′(.))‖ϕ ≤ Cf (|t − t′| + ‖u − u′‖σ), (2.16)

p0

2σ
>

N ′ + 1

2N ′
−

1

N
, σ ≥ max(β1, β0, α1, ϕ). (2.17)

We can drop (2.10), (2.12) and (2.14), if bik, b0, ai do not depend on u.
We are looking for weak solutions of (1.1), (1.2), (1.3), i.e. functions with

∫

I∗

(ut, v) dt +

∫

I∗

at,u(u, v) dt =

∫

I∗

(f(x, t, u), v) dt (2.18)
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for all v ∈ L1(I∗, W 1
p′
0
(Ω)) (p−1

0 + p′0
−1

= 1), where

at,w(u, v) =
N∑

i,k=1

∫

Ω

%µbik(x, t, w)
∂u

∂xk

∂v

∂xi
dx

+

N∑

i=1

∫

Ω

%(µ+ν)/2ai(x, t, w)
∂u

∂xi
v dx +

∫

Ω

%νb0(x, t, w)uv dx.

We will prove

Theorem 2.3. Under the assumptions (2.1), . . . , (2.17) there exists a T ∗, 0 <

T ∗ ≤ T , such that problem (2.18) has a uniquely determined solution

u ∈ C(I∗, C1(Ω)) ∩ L∞
(
I∗, W 2

p0
(Ω, %p0µ, %p0ν)

)
, ut ∈ L∞(I∗, Lp0(Ω)).

Remark 2.4. The regularity of u guarantees that u is even a solution of (1.1). The
boundary condition (1.2) follows from u%ν ∈ Lp0(Ω) and %ν 6∈ L1(Ω).

Remark 2.5. Let us show first that it is possible to fulfill the assumptions of this
theorem: We choose % as in Example 2.1. Let ν = 2. We fix p0 ≥ 2, p0 > N , such
that the last inequality of (2.3) is valid for all −N−1 < µ < 0. Furthermore,

β1 = β0 = α1 = ϕ = σ = p0 > N.

The inequalities (2.10), (2.12), (2.14), (2.17) are satisfied, if N ′ > N is sufficiently

large. Finally, we choose µ with −N ′−1
< µ < 0. Obviously, the other assumptions

can be fulfilled, too.
We need some tools.

Theorem 2.6. (see [Tri78], Theorem 3.4.2 and Remark 3.4.2/1)
Let 0 ≤ s1, s2 < ∞, 1 < p1, p2 < ∞, νi ≥ µi + sipi, (i = 1, 2) and

(µ1 − ν1)s2p2 = (µ2 − ν2)s1p1.

Furthermore, let 0 < θ < 1 and

s = (1 − θ)s1 + θs2,
1

p
=

1− θ

p1
+

θ

p2
,

ν

p
= (1 − θ)

ν1

p1
+ θ

ν2

p2
,

µ − ν

sp
=

µ1 − ν1

s1p1
=

µ2 − ν2

s2p2
.

(If s1 = 0, s2 > 0, then set µ1 = ν1 and µ−ν
sp = µ2−ν2

s2p2
.)

If s1, s2, s are integers, then the interpolation

[
W s1

p1
(Ω, %µ1 , %ν1) , W s2

p2
(Ω, %µ2 , %ν2)

]

θ
= W s

p (Ω, %µ, %ν)

holds.
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If s1, s2 are integers, but s is not, then
(
W s1

p1
(Ω, %µ1 , %ν1) , W s2

p2
(Ω, %µ2 , %ν2)

)

θ,p
= W s

p (Ω, %µ, %ν) .

Theorem 2.7. (see [Dre96], Satz 3.2.25) We assume (2.3), p ≥ p0 > N and
p0 ≥ 2. Then we have the continuous embedding W 2

p (Ω, %pµ, %pν) ⊂ C1
0 (Ω), where

C1
0 (Ω) denotes the set of all C1(Ω)–functions with vanishing boundary values.

Lemma 2.8. (see [Dre96], Lemma 3.2.6)
Let %−µN ′

∈ L1(Ω), N ′ > N , N ′ ∈ IR. Then the embeddings

W 1
2

(
Ω, %µ, %0

)
⊂ W 1

2N′

N′+1

(Ω) ⊂ L
2N′

N′−1 (Ω)

are continuous.

Lemma 2.9. Let 2N ′ > N , N ≥ 2, N ′ ∈ IR,

r1 :=
2N ′

N ′ + 1
, 2 ≤ s <

r1N

N − r1
, 1 ≤ q ≤ r1.

Then for every ε > 0 there exists Cε > 0, such that for all u ∈ W 1
2

(
Ω, %µ, %0

)

‖u‖
2α
s ≤ ε ‖u‖

2
W 1

2 (Ω,%µ,%0) + Cε ‖u‖
2β
q

holds, where

1. If 0 < α < 1, then 0 < β ≤ β < α and Cε ∼ ε−
α−β
1−α ,

2. If α = 1, then β = 1 and Cε ∼ ε−σ, σ ≤ σ < ∞,

3. If 1 < α < α, then α < β ≤ β < ∞ and Cε ∼ ε−
β−α
α−1 ,

with

θ :=

1
q − 1

s
1
q − 1

r1
+ 1

N

, σ :=
θ

1 − θ
, α :=

1 + σ

σ
=

1

θ
, β :=

α

1 + (1 − α)σ
.

If q = 1, then β 6= β and σ 6= σ.
This lemma and its proof are modifications of a similar result in [Plu96]. For details

we refer the reader to [Dre96].
The next lemma is a straight-forward generalization of a result in [Plu96], which we

need for the Moser technique, we drop the proof.
For positive λ1, λ2 let Qλ1,λ2(t) := tλ1 if 0 ≤ t ≤ 1 and Qλ1,λ2(t) := tλ2 if t > 1.

Lemma 2.10. Let (mν), (β1,ν), (β2,ν), (pν) be sequences of nonnegative real numbers
with

0 < β1,ν ≤ β2,ν ≤ 1,

∞∏

ν=1

β1,ν = β1 > 0,

∞∏

ν=1

β2,ν = β2 > 0,

pν = p0λ
ν , λ > 1, p0 ≥ 1.
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We suppose

mpν
ν ≤ C0p

C1
ν t

(

m
pν

ν−1 + m
β1,νpν

ν−1 + m
β2,νpν

ν−1

)

, ∀ν = 1, 2, . . . , 0 ≤ t ≤ T.

Then

lim sup
ν→∞

mν ≤ cQγ1,γ2(t)m
β̃
0 ,

where β̃ =
∏∞

ν=1 β̃ν ,

β̃ν :=

{

β1,ν : mν−1 < 1,

1 : mν−1 ≥ 1,
γ2 =

1

p0(λ − 1)
, γ1 = β1γ2.

Now we list some results about a class of degenerated elliptic differential operators,
see [Tri78] and [Dre96].

Definition 2.11. Let ν > µ + 2, κl = 1
2 (ν(2 − l) + µl), l = 0, 1, 2. We consider the

class A
(2)
µ,ν of differential operators

Au =
1∑

l=0

∑

|α|=2l

%κ2l(x)bα(x)∂αu +
∑

|β|<2

%κ|β|(x)aβ(x)∂βu.

We assume

bα ∈ C1(Ω) ‖bα‖C1(Ω) < ∞, aβ ∈ C(Ω), ‖aβ‖C < ∞, (2.19)

−
∑

|α|=2

bα(x)ξα ≥ CE |ξ|
2 ∀(ξ, x) ∈ IRN × Ω, b(0,...,0)(x) ≥ CE > 0,

∀ε > 0 ∃δ > 0 : |aβ(x)| ≤ ε if dist(x, ∂Ω) < δ. (2.20)

The next two theorems give an a–priori–estimate and an existence result.

Theorem 2.12. Let A ∈ A
(2)
µ,ν , ν ≥ 0, 1 < p < ∞. Then there exists a λ0 ≤ 0, such

that for λ ≤ λ0, u ∈ W 2
p (Ω, %pµ, %pν)

C1 ‖u‖W 2
p (Ω,%pµ,%pν) ≤ ‖Au − λu‖p ≤ C2 ‖u‖W 2

p (Ω,%pµ,%pν)

holds, where Ci = Ci(λ) and C1 depends on CE , ‖bα‖C1 and ‖aβ‖C .

Theorem 2.13. Let A ∈ A
(2)
µ,ν , ν ≥ 0, 1 < p < ∞. Then there exists a λ0 < 0, such

that for λ ≤ λ0 the operator A−λE gives an isomorphic mapping from W 2
p (Ω, %pµ, %pν)

onto Lp(Ω).
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3. A–priori–estimates

We will use the Rothe method to solve problem (1.1), (1.2), (1.3). We choose n ∈ IN,
h = T

n , tj = jh, (j = 0, . . . , n) and consider a sequence (uj) ⊂ W 2
p0

(Ω, %p0µ, %p0ν) with

1

h
(uj − uj−1) + Atj ,uj−1uj = f(x, tj , uj−1), (3.1)

u0 = U0.

We assume uj−1 ∈ BR(U0) ∩ W 2
p0

(Ω, %p0µ, %p0ν). By Theorem 2.7 we have uj−1 ∈

C1
0 (Ω). Hence we can write

A′
tj ,uj−1

uj −
1

h
uj = f(., tj , uj−1) +

1

h
uj−1,

where A′
tj ,uj−1

stands for Atj ,uj−1 after application of the product rule to the principal

part. From (2.8) and uj−1 ∈ C1
0 (Ω) we deduce that A′

tj ,uj−1
∈ A

(2)
µ,ν . Theorem 2.13

shows that uj ∈ W 2
p0

(Ω, %p0µ, %p0ν), if −h−1 ≤ λ0.
It remains to prove that there exists a T ∗ > 0 such that uj ∈ BR(U0) if tj ≤ T ∗.
We introduce the notation

δuj =
1

h
(uj − uj−1), aj(u, v) = atj ,uj−1 (u, v), Aju = Atj ,uj−1u,

fj(x) = f(x, tj , uj−1(x))

and consider the variational problems

(δuj , v) + aj(uj , v) = (fj , v) ∀v ∈ C1
0 (Ω). (3.2)

We will use some estimates for the bilinear form aj(u, v).

Theorem 3.1. Let u, v ∈ W 2
p0

(Ω, %p0µ, %p0ν), p ≥ 2 and w = |u|
p−2
2 u. Then it holds

with 1
s > N ′+1

2N ′ − 1
N :

aj(u, u) ≥ c1 ‖u‖
2
W 1

2 (Ω,%µ,%ν) − c′1 ‖u‖
2
2 , (3.3)

aj(u, |u|p−2u) ≥
c2

p
‖w‖

2
W 1

2 (Ω,%µ,%ν) −
c′2
p
‖w‖

2
2 , (3.4)

|aj(v, |u|p−2u)| ≤ C ‖v‖W 2
p0

(Ω,%p0µ,%p0ν) ‖w‖
p−2

p
s ‖w‖W 1

2 (Ω,%µ,%0) , (3.5)

|aj(v, u)| ≤ C ‖v‖W 1
2 (Ω,%µ,%ν) ‖u‖W 1

2 (Ω,%µ,%ν) , (3.6)

|aj(v, |u|p−2u) − am(v, |u|p−2u)| (3.7)

≤ C(|tj − tm| + ‖uj−1 − um−1‖σ) ‖v‖W 2
p0

(Ω,%p0µ,%p0ν) ‖w‖
p−2

p
s ‖w‖W 1

2 (Ω,%µ,%0) .

Proof. We have

aj(u, u) ≥ CE

N∑

i=1

∫

Ω

%µ

(
∂u

∂xi

)2

dx +

N∑

i=1

∫

Ω

%(µ+ν)/2ai
∂u

∂xi
u dx + CE

∫

Ω

%νu2dx.
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From (2.7) and the Cauchy Schwarz inequality we obtain

N∑

i=1

∫

Ω

%(µ+ν)/2|ai|

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
|u| dx ≤ Ca

N∑

i=1

∥
∥
∥
∥

∂u

∂xi

∥
∥
∥
∥

L2(Ω,%µ)

‖u‖L2(Ω,%ν−2δ) .

From
(
L2(Ω, %0), W 1

2 (Ω, %µ, %ν)
)

ν−2δ
ν ,2

= W
ν−2δ

ν
2

(

Ω, %
ν−2δ

ν µ, %ν−2δ
)

we conclude ‖u‖L2(Ω,%ν−2δ) ≤ c ‖u‖
θ
W 1

2 (Ω,%µ,%ν) ‖u‖
1−θ
2 . Application of Young’s inequal-

ity gives (3.3).

Now we prove (3.4). We have

∇|u|p−2u = (p − 1)|u|p−2∇u =
2(p − 1)

p
|w|

p−2
p ∇w,

∇w =
p

2
|u|

p−2
2 ∇u, |u| = |w|

2
p ,

thus
N∑

i,k=1

∫

Ω

%µbik
∂u

∂xk

∂

∂xi
|u|p−2u dx ≥

2CE

p

N∑

i=1

∫

Ω

%µ

(
∂w

∂xi

)2

dx.

Furthermore,

N∑

i=1

∫

Ω

%(µ+ν)/2|ai|

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣
|u|p−1 dx ≤

C

p

N∑

i=1

∫

Ω

%(µ+ν)/2−δ

∣
∣
∣
∣

∂w

∂xi

∣
∣
∣
∣
|w| dx

≤
ε

p
‖w‖

2
W 1

2 (Ω,%µ,%ν) +
Cε

p
‖w‖

2
2 .

This gives (3.4).

Now we show (3.7). It holds

|aj(v, |u|p−2u) − am(v, |u|p−2u)|

≤
N∑

i,k=1

∫

Ω

%µ|bik(x, tj , uj−1) − bik(x, tm, um−1)|

∣
∣
∣
∣

∂v

∂xk

∣
∣
∣
∣

∣
∣
∣
∣

∂

∂xi
|u|p−2u

∣
∣
∣
∣
dx

︸ ︷︷ ︸

I1

+

N∑

i=1

∫

Ω

%(µ+ν)/2|ai(x, tj , uj−1) − ai(x, tm, um−1)|

∣
∣
∣
∣

∂v

∂xi

∣
∣
∣
∣
|u|p−1 dx

︸ ︷︷ ︸

I2

+

∫

Ω

%ν |b0(x, tj , uj−1) − b0(x, tm, um−1)| |v| |u|
p−1 dx.

︸ ︷︷ ︸

I3

We use Hölder’s inequality with 1
β1

+ 1
s1

= 1
2 , 1

α1
+ 1

p0
+ 1

s2
= 1, 1

β0
+ 1

p0
+ 1

s3
= 1 and
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conclude

I1 ≤ C

∫

Ω

|bik(x, tj , uj−1) − bik(x, tm, um−1)|
︸ ︷︷ ︸

β1

∣
∣
∣
∣

∂v

∂xk

∣
∣
∣
∣

︸ ︷︷ ︸

∞

|w|
p−2

p

︸ ︷︷ ︸

s1

∣
∣
∣
∣

∂w

∂xi

∣
∣
∣
∣
%

µ
2

︸ ︷︷ ︸

2

dx

≤ C(|tj − tm| + ‖uj−1 − um−1‖σ) ‖v‖C1 ‖w‖
p−2

p

s1
p−2

p

‖w‖W 1
2 (Ω,%µ,%0) ,

I2 ≤

∫

Ω

|ai(x, tj , uj−1) − ai(x, tm, um−1)|
︸ ︷︷ ︸

α1

%(µ+ν)/2

∣
∣
∣
∣

∂v

∂xi

∣
∣
∣
∣

︸ ︷︷ ︸

p0

|w|2
p−1

p

︸ ︷︷ ︸

s2

dx

≤ C(|tj − tm| + ‖uj−1 − um−1‖σ)

∥
∥
∥
∥

∂v

∂xi

∥
∥
∥
∥

Lp0(Ω,%p0(µ+ν)/2)

‖w‖
2 p−1

p

2s2
p−1

p

,

I3 ≤

∫

Ω

|b0(x, tj , uj−1) − b0(x, tm, um−1)|
︸ ︷︷ ︸

β0

|%νv|
︸ ︷︷ ︸

p0

|w|2
p−1

p

︸ ︷︷ ︸

s3

dx

≤ C(|tj − tm| + ‖uj−1 − um−1‖σ) ‖v‖Lp0(Ω,%νp0 ) ‖w‖
2 p−1

p

2s3
p−1

p

.

According to (2.10), (2.12), (2.14) we have

s := max(s1, 2s2, 2s3) <

(
N ′ + 1

2N ′
−

1

N

)−1

.

From
[
Lp0(Ω, %p0ν), W 2

p0
(Ω, %p0µ, %p0ν)

]

1
2

= W 1
p0

(

Ω, %p0(µ+ν)/2, %p0ν
)

and Theorem 2.7 we obtain (3.7). The proofs of (3.5) and (3.6) are left to the reader.
2

The main result of this section is the following

Theorem 3.2. There exist constants K > 0, h0 > 0, 0 < T ∗ ≤ T , such that for all
h ≤ h0 and all tj ∈ I∗ = [0, T ∗]

uj ∈ BR(U0), ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K.

holds.
We need some lemmata.

Lemma 3.3. There exist h0 > 0, C > 0, such that:
If u0, u1, . . . , ui−1 ∈ BR(U0), then ‖ui‖2 ≤ C.

Proof. We choose v = uj in (3.2) and obtain

(uj − uj−1, uj) + ch ‖uj‖
2
W 1

2 (Ω,%µ,%ν) ≤ h ‖fj‖2 ‖uj‖2 + Ch ‖uj‖
2
2 .
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Summing up (j = 1, . . . , i) and applying Young’s inequality gives

‖ui‖
2
2 − ‖u0‖

2
2 + ch

i∑

j=1

‖uj‖
2
W 1

2 (Ω,%µ,%ν) ≤ C ′
f + Ch

i∑

j=1

‖uj‖
2
2 .

Using the discrete version of Gronwall’s Lemma completes the proof. 2

For details of the following proof we refer the reader to [DP96], Theorem 3.1.

Lemma 3.4. Let 0 ≤ k ≤ j, u1, . . . , uj−1 ∈ BR(U0), ‖uk‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K.

Then there exists a continuous, monotone increasing function M(t) with M(0) = 0,
such that

‖uj − uk‖∞ ≤ M(tj − tk),

if h ≤ h0. The function M does not depend on k, but on K.

Proof. Let zi = ui − uk. Then we have δzi = δui and

(δzi, v) + ai(zi, v) = (fi, v) − ai(uk, v) ∀v ∈ C1
0 (Ω).

We choose p ≥ 2 and write v = |zi|
p−2zi, wi = |zi|

p−2
2 zi. Then

1

h

(
zi, |zi|

p−2zi

)
−

1

h

(
zi−1, |zi|

p−2zi

)
+

c2

p
‖wi‖

2
W 1

2 (Ω,%µ,%ν)

≤ ‖fi‖ϕ

∥
∥|zi|

p−1
∥
∥

ϕ′ + CK ‖wi‖
p−2

p
s ‖wi‖W 1

2 (Ω,%µ,%0) +
c′2
p
‖wi‖

2
2 .

Since ui−1 ∈ BR(U0) we have ‖fi‖ϕ ≤ Cf . Multiplying with p and applying Young’s
inequality give

1

h

(

‖wi‖
2
2 − ‖wi−1‖

2
2

)

+ c2 ‖wi‖
2
W 1

2 (Ω,%µ,%ν) − εK2 ‖wi‖
2
W 1

2 (Ω,%µ,%0)

≤ Cp ‖wi‖
2 p−1

p

2ϕ′ + Cεp
2 ‖wi‖

2 p−2
p

s + c′2 ‖wi‖
2
2 .

Since ϕ ≥ p0 > N and 1
s > N ′+1

2N ′ − 1
N we can apply Lemma 2.9 to estimate the norms

on the right–hand side. Thus,

‖wi‖
2
2 − ‖wi−1‖

2
2 + ch ‖wi‖

2
W 1

2 (Ω,%µ,%ν) ≤ CpσM h
(

‖wi‖
2β1(p)
q + ‖wi‖

2β2(p)
q + ‖wi‖

2
q

)

,

where 1 < q < r1, σM , σ do not depend on p, h and β1(p) = p−1
p+σ , β2(p) = p−2

p+2σ .

Now let l = 0, 1, 2 . . . pl = 2
(

2
q

)l

, β1,l = β1(pl) = pl−1
pl+σ , β2,l = β2(pl) = pl−2

pl+2σ and

mj,l = maxk≤i≤j ‖zi‖pl
.

Summing up (i = k + 1, . . . , j) gives

m
pl

j,l ≤ Ctjp
σM

l

(

m
plβ1,l

j,l−1 + m
plβ2,l

j,l−1 + m
pl

j,l−1

)

.
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From Lemma 2.10 we deduce

lim sup
l→∞

mj,l ≤ cQγ1,γ2(tj)m
β0

j,0.

We have mj,0 ≤ maxk≤i≤j ‖ui‖2 + ‖uk‖2 ≤ C(tj) ≤ C due to Lemma 3.3, thus

‖uj − uk‖∞ ≤ CQγ1,γ2(tj) =: M(tj).

2

Corollary 3.5. There exists a 0 < T ∗ ≤ T , so that uj ∈ BR(U0) if tj ≤ T ∗.

Proof. We use the previous lemma with k = 0. We can choose T ∗ so that M(T ∗) ≤
R and T ∗ ≤ T . 2

Finally, we need an estimate of ‖δuj‖p0
for the proof of Theorem 3.2.

Lemma 3.6. Let K > 0. Then exists a constant h0 > 0 and positive constants
c1, c2, c3, γ (indepedent of h, K), such that:

If h ≤ h0 and ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K for all 0 ≤ j ≤ i − 1, then

‖δuj‖
p0

p0
≤

1

1 − hc2Kγ
(c1 + c3tj) exp

(

tj−1
c2K

γ

1 − hc2Kγ

)

=: SK(h, tj−1)

holds for 1 ≤ j ≤ i.

Proof. We have for every v ∈ C1
0 (Ω) and j = 2, . . . , i

(δuj − δuj−1, v) + haj(δuj , v) = (fj − fj−1, v) + aj−1(uj−1, v) − aj(uj−1, v).

Let v = |δuj |
p0−2δuj and wj = |δuj |

p0−2

2 δuj . From (3.4), (2.16) and (3.7) we conclude

‖wj‖
2
2 − ‖wj−1‖

2
2 + ch ‖wj‖

2
W 1

2 (Ω,%µ,%ν)

≤ Cfh(1 + ‖δuj−1‖σ) ‖wj‖
2

p0−1

p0

2ϕ′ + Ch ‖wj‖
2
2

+ C ′
ah(1 + ‖δuj−1‖σ)K ‖wj‖

p0−2

p0
s ‖wj‖W 1

2 (Ω,%µ,%0) .

We apply Young’s inequality,

(1 + ‖δuj−1‖σ)
︸ ︷︷ ︸

p0

‖wj‖
2

p0−1

p0

2ϕ′

︸ ︷︷ ︸
p0

p0−1

≤ C(1 + ‖δuj−1‖
p0

σ ) + C ‖wj‖
2
2ϕ′ ,

(1 + ‖δuj−1‖σ)
︸ ︷︷ ︸

p0

K ‖wj‖
p0−2

p0
s

︸ ︷︷ ︸
2p0

p0−2

‖wj‖W 1
2 (Ω,%µ,%0)

︸ ︷︷ ︸

2

≤ ε ‖wj‖
2
W 1

2 (Ω,%µ,%0) + C ‖δuj−1‖
p0

σ + CεK
γ ‖wj‖

2
s + C,
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and deduce

‖wj‖
2
2 − ‖wj−1‖

2
2 + ch ‖wj‖

2
W 1

2 (Ω,%µ,%ν)

≤ Ch(1 + ‖δuj−1‖
p0

σ + ‖wj‖
2
2ϕ′ + Kγ ‖wj‖

2
s + ‖wj‖

2
2).

We show in a similar way as in the proof of the previous lemma

‖wj‖
2
2ϕ′ ≤ ε ‖wj‖

2
W 1

2 (Ω,%µ,%0) + Cε ‖wj‖
2
q , 1 < q < r1,

Kγ ‖wj‖
2
s ≤ ε ‖wj‖

2
W 1

2 (Ω,%µ,%0) + CεK
γ′

‖wj‖
2
q ,

where Cε does not depend on K. Thus,

‖wj‖
2
2 − ‖wj−1‖

2
2 + ch ‖wj‖

2
W 1

2 (Ω,%µ,%ν) ≤ Ch(1 + ‖δuj−1‖
p0

σ + Kγ′

‖wj‖
2
2).

We have ‖δuj−1‖
p0

σ = ‖wj−1‖
2
2σ
p0

. Summing up (j = 2, . . . , i) yields

‖wi‖
2
2 − ‖w1‖

2
2 + ch

i∑

j=2

‖wj‖
2
W 1

2 (Ω,%µ,%ν) ≤ Cti + Ch

i−1∑

j=1

‖wj‖
2
2σ
p0

+ CKγ′

h

i∑

j=2

‖wj‖
2
2 .

From (2.17) and Lemma 2.9 we see ‖wj‖
2
2σ
p0

≤ ε ‖wj‖
2
W 1

2 (Ω,%µ,%0) + C ‖wj‖
2
2, hence

‖wi‖
2
2+ch

i∑

j=2

‖wj‖
2
W 1

2 (Ω,%µ,%ν) ≤ Cti +εh ‖w1‖
2
W 1

2 (Ω,%µ,%0)+‖w1‖
2
2+CKγ′

h

i∑

j=2

‖wj‖
2
2 .

It remains to estimate ‖w1‖
2
2 + h ‖w1‖

2
W 1

2 (Ω,%µ,%ν). We take v = |δu1|
p0−2δu1, w1 =

|δu1|
p0−2

2 δu1 and obtain

‖δu1‖
p0

p0
+ ha1(δu1, |δu1|

p0−2δu1) =
(
f1, |δu1|

p0−2δu1

)
− a1(U0, |δu1|

p0−2δu1).

We have

− a1(U0, v) = − (A1U0, v)

≤ ‖A1U0‖p0
‖v‖p′

0
≤ C ‖U0‖W 2

p0
(Ω,%p0µ,%p0ν) ‖δu1‖

p0−1
p0

≤ Cε + ε ‖δu1‖
p0

p0
.

Taking account of ϕ ≥ p0, we have
(
f1, |δu1|

p0−2δu1

)
≤ ‖f1‖p0

∥
∥|δu1|

p0−1
∥
∥

p0
p0−1

≤ Cε ‖f1‖
p0

p0
+ ε ‖w1‖

2
2 .

This gives with (3.4)

(1 − 2ε) ‖w1‖
2
2 + ch ‖w1‖

2
W 1

2 (Ω,%µ,%ν) ≤ C + C ′
1h ‖w1‖

2
2 ,

and so ‖w1‖
2
2 + h ‖w1‖

2
W 1

2 (Ω,%µ,%ν) ≤ C, if h ≤ h0. Hence we conclude

‖wi‖
2
2 + ch

i∑

j=1

‖wj‖
2
W 1

2 (Ω,%µ,%ν) ≤ c1 + c3ti + c2K
γh

i∑

j=1

‖wj‖
2
2 .
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The constants c1, c2, c3 do not depend on K, i, h. By Gronwall’s Lemma we obtain
(if 1 − c2K

γh0 > 0)

‖wi‖
2
2 ≤

1

1 − c2Kγh
(c1 + c3ti) exp

(

ti−1
c2K

γ

1 − c2Kγh

)

.

2

Remark 3.7. It holds SK(h, ti−1) ≤ SK(h0, ti−1). SK(h0, 0) is uniformly bounded
with respect to h0 and K, if 1 − c2K

γh0 ≥ 1
2 .

The next lemma will complete the proof of Theorem 3.2.

Lemma 3.8. There exist constants K, 0 < T ∗ ≤ T, h0, such that:

1. It holds ‖U0‖W 2
p0

(Ω,%p0µ,%p0ν) < K.

2. If h ≤ h0, u0, . . . , uj−1 ∈ BR(U0), ‖ul‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K (l = 0, 1, . . . , j − 1)

and tj < T ∗, then ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K.

Proof. From (3.1) we see

Bu := −

N∑

i,k=1

%µbik(x, tj , U0)
∂2uj

∂xi∂xk
−

N∑

i,k=1

µ%µ−1 ∂%

∂xi
bik(x, tj , uj−1)

∂uj

∂xk

+
N∑

i=1

%(µ+ν)/2ai(x, tj , uj−1)
∂uj

∂xi
+ %νb0(x, tj , U0)uj

= f(x, tj , uj−1) − δuj +

N∑

i,k=1

%µ ∂bik

∂u

∂uj−1

∂xi

∂uj

∂xk

+

N∑

i,k=1

%µ(bik(x, tj , uj−1) − bik(x, tj , U0))
∂2uj

∂xi∂xk

+ %ν(b0(x, tj , U0) − b0(x, tj , uj−1))uj .

Theorem 2.12 gives

C1 ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) ≤‖f(x, tj , uj−1)‖p0
+ ‖δuj‖p0

+

N∑

i,k=1

∥
∥
∥
∥
%µ ∂bik

∂u

∂uj−1

∂xi

∂uj

∂xk

∥
∥
∥
∥

p0

+
N∑

i,k=1

∥
∥
∥
∥
%µ(bik(x, tj , uj−1) − bik(x, tj , U0))

∂2uj

∂xi∂xk

∥
∥
∥
∥

p0

+ ‖%ν(b0(x, tj , U0) − b0(x, tj , uj−1))uj‖p0
+ |λ| ‖uj‖p0

,

where C1 does not depend on K, since the coefficients of order 2 and 0 of the operator
B are independent of uj−1.

We estimate the items on the right-hand side:
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Since p0 ≤ ϕ and uj−1 ∈ BR(U0) we have ‖f(x, tj , uj−1)‖p0
≤ C.

It holds ‖δuj‖p0
≤ (SK(h0, tj−1))

1
p0 . Furthermore,

∥
∥
∥
∥
%µ ∂bik

∂u

∂uj−1

∂xi

∂uj

∂xk

∥
∥
∥
∥

p0

≤

∥
∥
∥
∥
%µ ∂bik

∂u

∂uj−1

∂xi

∂(uj − U0)

∂xk

∥
∥
∥
∥

p0

+

∥
∥
∥
∥
%µ ∂bik

∂u

∂(uj−1 − U0)

∂xi

∂U0

∂xk

∥
∥
∥
∥

p0

+

∥
∥
∥
∥
%µ ∂bik

∂u

∂U0

∂xi

∂U0

∂xk

∥
∥
∥
∥

p0

.

We have
∥
∥
∥
∥

∂bik

∂u

∥
∥
∥
∥
∞

≤ C,

∥
∥
∥
∥

∂uj−1

∂xi

∥
∥
∥
∥
∞

≤ ‖uj−1‖C1 ≤ C ‖uj−1‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ CK.

The Interpolation Theorem 2.6 gives with CU0 = ‖U0‖W 2
p0

(Ω,%p0µ,%p0ν)

∥
∥
∥
∥

∂(uj − U0)

∂xk

∥
∥
∥
∥

Lp0 (Ω,%p0µ)

≤ C
(

‖uj − U0‖W 2
p0

(Ω,%p0µ,%p0ν)

) 1
2

‖uj − U0‖
1
2
p0

≤ ε ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) + εCU0 +
C

ε
M(tj).

In a similar way we conclude

∥
∥
∥
∥
%µ ∂bik

∂u

∂(uj−1 − U0)

∂xi

∂U0

∂xk

∥
∥
∥
∥

p0

≤ C ‖uj−1 − U0‖W 1
p0

(Ω,%p0µ/2,%p0ν/2)

≤ C(K + CU0)
1
2 ‖uj−1 − U0‖

1
2
p0

≤ C(K + CU0)M(tj−1) + 1.

Finally, ∥
∥
∥
∥
%µ ∂bik

∂u

∂U0

∂xi

∂U0

∂xk

∥
∥
∥
∥

p0

≤ C(CU0 ).

The result is

N∑

i,k=1

∥
∥
∥
∥
%µ ∂bik

∂u

∂uj−1

∂xi

∂uj

∂xk

∥
∥
∥
∥

p0

≤ εKC ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) + εKCCU0 +
CK

ε
M(tj) + C(K + CU0)M(tj) + C.

From (2.8) and the mean value theorem we obtain

N∑

i,k=1

∥
∥
∥
∥
%µ(bik(x, tj , uj−1) − bik(x, tj , U0))

∂2uj

∂xi∂xk

∥
∥
∥
∥

p0

+ ‖%ν(b0(x, tj , U0) − b0(x, tj , uj−1))uj‖p0

≤ CM(tj−1) ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) .
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Finally,
|λ| ‖uj‖p0

≤ C ‖uj − U0‖∞ + C ‖U0‖∞ ≤ CM(tj) + C.

Thus,

C1 ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν)

≤ C2 + (SK(h0, tj−1))
1

p0 + εKC3 ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) + εKC3CU0

+
C4K

ε
M(tj) + C5(K + C6)M(tj) + C7M(tj) ‖uj‖W 2

p0
(Ω,%p0µ,%p0ν) .

We set ε = C1

4KC3
and choose tj ≤ T ∗

1 ≤ T with C7M(T ∗
1 ) ≤ C1

4 , which implies

C1 ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ C8 + (SK(h0, tj−1))
1

p0 + C9M(tj)(1 + K + K2).

The constants C1, . . . , C9 are independent of K, h, tj . Without loss of generality we
may assume h0 ≤ 1, hence

SK(h0, 0) =
c1 + c3h0

1 − c2Kγh0
≤

c1 + c3

1 − c2Kγh0
.

We fix K such that K > 1, CU0 < K and

C8 +

(

2
c1 + c3

1
2

) 1
p0

<
C1

4
K.

Now we choose 1 ≥ h0 > 0 with 1− c2K
γh0 ≥ 1

2 . Finally, we determine 0 < T ∗ ≤ T ∗
1 ,

such that

SK(h0, T
∗) ≤

c1 + c3T
∗

1
2

exp

(

T ∗ c2K
γ

1 − c2Kγh0

)

< 4(c1 + c3),

C9M(T ∗)(1 + K + K2) ≤
C1

4
K.

We thus get C1

2 ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) ≤
C1

2 K, hence ‖uj‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K. 2

Induction completes the proof of Theorem 3.2.

4. Convergence and Existence

We define the piecewise linear and piecewise constant interpolations

un(x, t) :=
ti − t

ti − ti−1
ui−1(x) +

t − ti−1

ti − ti−1
ui(x), (ti−1 < t ≤ ti),

un(x, t) :=

{

ui(x) : ti−1 < t ≤ ti,

0 : t ≤ 0.
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We have proved

‖un
t (., t)‖p0

≤ C,

‖un(., t) − un(., t)‖p0
≤ Chn,

‖un(., t) − un(., t − hn)‖∞ ≤ Chγ
n,

‖un(., t)‖W 2
p0

(Ω,%p0µ,%p0ν) ≤ K.

We show a first convergence result:

Theorem 4.1. There exists a function u ∈ C(I∗, Lp0(Ω)), such that

un → u in C(I∗, Lp0(Ω)).

Proof. It holds un
t + A

n
un = f

n
, where

A
n

= Atj ,uj−1 , f
n

= f(., tj , uj−1(.)), (tj−1 < t ≤ tj).

Considering two different subdivisions, this clearly forces

(un − um)t + A
n
(un − um) = f

n
− f

m
+ (A

m
− A

n
)um.

Let unm = un − um, unm = un − um, vnm = |unm|p0−2unm, wnm = |unm|
p0−2

2 unm.
The variational formulation of the above equation implies

(
(un − um)t, |u

nm|p0−2unm
)

+ an(unm, |unm|p0−2unm)

=
(

f
n
− f

m
, |unm|p0−2unm

)

+ (am − an)(um, |unm|p0−2unm).

From (3.4) and
∣
∣
∣

(

f
n
− f

m
, |unm|p0−2unm

)∣
∣
∣

≤
∥
∥
∥f

n
− f

m
∥
∥
∥

ϕ
‖unm‖p0−1

ϕ′(p0−1)

≤ C(hn + hm + ‖un(t − hn) − um(t − hm)‖σ) ‖unm‖p0−1
ϕ′(p0−1)

≤ C((hn + hm)p0 + ‖un(t − hn) − um(t − hm)‖
p0

σ ) + C ‖unm‖
p0

ϕ′(p0−1) ,

‖unm‖
p0

ϕ′(p0−1) = ‖wnm‖
2

2ϕ′ p0−1

p0

≤ ε ‖wnm‖
2
W 1

2 (Ω,%µ,%0) + Cε ‖w
nm‖

2
2 ,

∣
∣(am − an)(um, |unm|p0−2unm)

∣
∣

≤ C(hn + hm + ‖un(t − hn) − um(t − hm)‖σ) ‖um‖W 2
p0

(Ω,%p0µ,%p0ν) ×

× ‖wnm‖
p0−2

p0
s ‖wnm‖W 1

2 (Ω,%µ,%0)

≤ Cε

(

(hn + hm)p0 + ‖un(t − hn) − um(t − hm)‖p0

σ + ‖wnm‖2
s

)

+ ε ‖wnm‖
2
W 1

2 (Ω,%µ,%0) ,

‖wnm‖
2
s ≤ ε ‖wnm‖

2
W 1

2 (Ω,%µ,%0) + Cε ‖w
nm‖

2
2



Dreher , Pluschke, Weakly Parabolic Quasilinear Equations 17

we deduce that

(
unm

t , |unm|p0−2unm
)

+ c ‖wnm‖
2
W 1

2 (Ω,%µ,%ν) (4.1)

≤ C
(

(hn + hm)p0 + ‖un(t − hn) − um(t − hm)‖p0

σ + ‖wnm‖2
2

)

.

Using an idea of Lemma 6 of [Plu88], we obtain

d

dt
‖unm‖

p0

p0
= p0

(
unm

t , |unm|p0−2unm
)

≤ p0

(
unm

t , |unm|p0−2unm
)

+ p0 ‖u
nm
t ‖p0

∥
∥|unm|p0−2unm − |unm|p0−2unm

∥
∥

p′
0

≤ p0

(
unm

t , |unm|p0−2unm
)

+ p0 ‖u
nm
t ‖p0

(p0 − 1)
(

‖unm‖p0
+ ‖unm‖p0

)p0−2

‖unm − unm‖p0
.

From this and ‖unm − unm‖p0
≤ C(hn + hm) we conclude

d

dt
‖unm‖

p0

p0
≤ p0

(
unm

t , |unm|p0−2unm
)
+ C ‖unm‖

p0

p0
+ C(hn + hm)p0 + C(hn + hm)

p0
2 .

Integrating this inequality over [0, t0] and (4.1) yield

‖unm(., t0)‖
p0

p0
+ c

∫ t0

0

‖wnm(t)‖2
W 1

2 (Ω,%µ,%ν) dt

≤ C

∫ t0

0

‖unm(., t)‖
p0

p0
dt + C

∫ t0

0

‖wnm(., t)‖
2
2 dt + C(hn + hm)

p0
2

+ C

∫ t0

0

‖un(t − hn) − um(t − hm)‖
p0

σ dt.

From ‖wnm‖
2
2 = ‖unm‖

p0

p0
≤ C((hn + hm)p0 + ‖unm‖

p0

p0
) and

‖un(t − hn) − um(t − hm)‖
p0

σ

≤ C(‖un(t − hn)−un(t)‖p0

∞+ ‖un(t)−um(t)‖p0

σ + ‖um(t)−um(t − hm)‖p0

∞)

≤ C
(

(hn + hm)p0γ + ‖wnm‖
2
2σ
p0

)

≤ C
(

(hn + hm)p0γ + ε ‖wnm‖
2
W 1

2 (Ω,%µ,%0) + ‖umn‖
p0

p0
+ (hn + hm)p0

)

we obtain

‖unm(., t0)‖
p0

p0
+ c

∫ t0

0

‖wnm(t)‖
2
W 1

2 (Ω,%µ,%ν) dt

≤ C

∫ t0

0

‖unm(., t)‖
p0

p0
dt + C

(

(hn + hm)
p0
2 + (hn + hm)p0γ + (hn + hm)p0

)

.

The application of Gronwall’s Lemma completes the proof. 2

Now we can show more convergence properties.
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Theorem 4.2. There exists a function

u ∈ C(I∗, C1
0 (Ω)) ∩ L∞

(
I∗, W 2

p0
(Ω, %p0µ, %p0ν)

)
,

ut ∈ L∞(I∗, Lp0(Ω)),

such that

un → u in C(I∗, C1
0 (Ω)), (4.2)

un ⇀∗ u in L∞(I∗, W 2
p0

(Ω, %p0µ, %p0ν)), (4.3)

un
t ⇀∗ ut in L∞(I∗, Lp0(Ω)). (4.4)

Proof. To simplify notation we write Wθ = W sθ
p0

(Ω, %µθp0 , %νθp0), where

0 < θ < 1, sθ = 2(1− θ), νθ = ν(1 − θ),
µθ − νθ

sθ
=

µ − ν

2
.

We have
(
W 2

p0
(Ω, %p0µ, %p0ν) , Lp0(Ω)

)

θ,p0
= Wθ and sθ → 2, νθ → ν, µθ → µ if θ → 0.

From this interpolation, ‖un − um‖L∞(I∗,W 2
p0

(Ω,%p0µ,%p0ν)) ≤ C and ‖un − um‖p0
→ 0

we obtain
un → u in C(I∗, Wθ).

We have Wθ ⊂ C1
0 (Ω), if θ > 0 is sufficiently small. This gives (4.2).

Since W 2
p0

(Ω, %p0µ, %p0ν), Lp0(Ω) are reflexive Banach spaces and the limits are
unique, we have (4.3) and (4.4). 2

Theorem 4.3. This function u is a solution of (2.18).

Proof. We have
∫

I∗

(un
t , v) dt +

∫

I∗

an(un, v) dt =

∫

I∗

(

f
n
, v

)

dt.

Fix v ∈ L1(I∗, W 1
p′
0
(Ω)). From (4.4) we deduce

∫

I∗ (un
t , v) dt →

∫

I∗ (ut, v) dt. We

apply (4.2), un → u in L∞(I∗, C1
0 (Ω)) and the Theorem of Lebesgue, which completes

the proof. 2

Theorem 4.4. There exists at most one solution of (2.18) in C(I∗, C1
0 (Ω)) ∩

L∞(I∗, W 2
p0

(Ω, %p0µ, %p0ν) with ut ∈ L∞(I∗, Lp0(Ω)).

Proof. Let u1, u2 be two solutions, u = u1 − u2,

v(t) =

{

|u(t)|p0−2u(t) : t ≤ t0,

0 : t > t0,
w(t) =

{

|u(t)|(p0−2)/2u(t) : t ≤ t0,

0 : t > t0.

We have
∫

(ut, v) dt +

∫

a1(u, v) dt =

∫

(f1 − f2, v) dt +

∫

a2(u2, v) − a1(u2, v) dt.
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From

a1(u, v) ≥ c1 ‖w‖
2
W 1

2 (Ω,%µ,%ν) − c′1 ‖w‖
2
2 ,

(f1 − f2, v) ≤ C ‖u‖σ ‖w‖
2

p0−1

p0

2p′
0

,

|a2(u2, v) − a1(u2, v)| ≤ C ‖u‖σ ‖w‖
p0−2

p0
s ‖w‖W 1

2 (Ω,%µ,%0)

we conclude

‖u(t0)‖
p0

p0
+ c

∫ t0

0

‖w‖
2
W 1

2 (Ω,%µ,%ν) dt

≤ ε

∫ t0

0

‖w‖2
W 1

2 (Ω,%µ,%0) dt + C

∫ t0

0

(

‖w‖2
2σ
p0

+ ‖w‖2
s + ‖u‖p0

p0

)

dt

≤ ε′
∫ t0

0

‖w‖2
W 1

2 (Ω,%µ,%0) dt + C

∫ t0

0

‖u‖p0

p0
dt.

Gronwall’s Lemma now implies ‖u(t0)‖p0
= 0. 2

5. Counter Example

The assumptions b0(x, t, u) ≥ CE > 0 and %ν 6∈ L1(Ω) of Theorem 2.3 have the
surprising consequence, that the coefficient of u diverges strongly to infinity as x goes
to the boundary. These conditions come from the theory of weighted Sobolev spaces
and degenerated elliptic operators.

The following example shows that these assumptions can not be weakened.
Let N = 1, Ω = (−1, 1), %(x) = (1 − x2)−1, µ = − 9

20 , ν = 8
5 , p0 = 2. We consider

ut − (%µ(x)ux)x + %ν(x)(1 − x2)
3
5 u =

11

10
t + t(1 − x2)−

9
20 + (1 − x2)

11
20 +

12

5
(1 − x2)

13
20 −

78

25
x2(1 − x2)−

7
20 + (1 − x2)

1
5

with the data
u(−1, t) = u(1, t) = 0, u(x, 0) = (1 − x2)

6
5 .

All assumptions but the second of (2.6) are satisfied. The solution is u(x, t) = t(1 −

x2)
11
20 + (1 − x2)

6
5 . However, u(., t) 6∈ W 2

p0
(Ω, %p0µ, %p0ν) if t > 0.
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