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Abstract

We investigate the linear system of thermoelasticity, consisting of an elasticity equation
and a heat conduction equation, in a waveguide 2 = (0, 1) x R™~1, with certain bound-
ary conditions. We consider the cases of homogeneous and inhomogeneous systems
and prove decay estimates of the solutions, which are a key ingredient to showing the
global existence of solutions to nonlinear thermoelasticity, after having decomposed
the solutions into various parts. We also give a simplified proof to the representation of
the solutions to the Cauchy problem of thermoelasticity.
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1. Introduction

Thermoelastic equations describe the elastic and thermal behavior of elastic heat
conductive media. The classical equations in thermoelasticity, based on the Fourier
law for heat conduction, are of a hyperbolic—parabolic coupled type ([1, 2]).

In this work, we are going to study the long time behavior of solutions to the fol-
lowing initial boundary value problem of linear thermoelastic equations in {(¢, z): t >
0, x € Q} with Q = (0,1) x R"~! being a so-called waveguide:

O — k AO+ v divuy = g(t,z), (t,z) € Ry x Q,
(1.1)

{utt —pDu—(p+ N graddivu 4+ v, grad€ = f(t,z), (t,z) € Ry xQ,

with the initial condition

(u, ut,0)(0,2) = (u®,ut,0%)(z), x€Q, 1.2)
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and the boundary conditions

13
0,0(t,x) =0, (t,x) € Ry x99, (1.3)

{ul(t,x) = Oyus(t,z) = ... = Qun(t,z) =0, (t,x) € Ry x 99,
where « and 6 denote the displacement and temperature deviation to a reference value
respectively, all coefficients in (1.1) are constants with all of 1, 2u+ A, k and -1y, being
positive, and 9, is the normal derivative on the boundary of the waveguide 2. With
B = vy diag(1,9,,...,d,) we can write the boundary conditions for u as Bu = 0.
Here 7, is the standard trace operator.

To study the long time behavior of solutions to linear problems is not only impor-
tant for understanding the underlying physical phenomena, it is also the crucial step for
establishing the global existence of solutions to the corresponding nonlinear problems
(cf. [3]). There already have been proved many results on the long time behavior of so-
lutions to the Cauchy problem for equations of thermoelasticity, e.g. see [2, 4, 5, 6] and
references therein. It is well-known that the long time behavior of solutions is closely
related to the spectral properties of the linear operators. For the Cauchy problems, it
is studied usually by taking the Fourier transform in space variables, and investigating
the asymptotic behavior of eigenvalues for large/small frequencies. These eigenvalues
depend in a non-homogeneous way on the frequencies (see [7] for precise asymptotic
expansions of the eigenvalues) which expresses the mixed hyperbolic—parabolic nature
of the system. Typically, a power type decay of solutions to the Cauchy problem can
then be shown.

In general, this idea does not work for problems in domains with boundaries. First,
the Fourier transform is not available. And second, in case of Dirichlet boundary con-
ditions, there are even counter-examples which show that the decay of the solutions to
the linear problem (1.1) with vanishing right hand sides can be arbitrarily slow if the
domain 2 admits a periodic orbit of billard, see [8]. On the other hand, the energy of
rotationally symmetric solutions even decays exponentially, as demonstrated in [9].

An interesting and viable problem is to ask for decay properties in a waveguide. In
[10], Lesky and Racke first described the long time behavior of solutions to the initial
boundary problems for wave equations in a waveguide. Recently, they have also studied
the elasticity problems (without temperature equations) with boundary conditions like
(1.3) in [11]. In this paper, we shall develop their idea towards a study of the long
time behavior of solutions to the problem (1.1), (1.2) and (1.3). We mainly discuss
this problem with homogeneous equations, and the inhomogeneous case can then be
studied by using the Duhamel principle, after a special reduction of the problem which
makes the right-hand sides satisfy a large number of boundary conditions.

First, by carefully studying the Helmholtz projection associated with the boundary
conditions (1.3), we deduce that the solenoidal part of the displacement solves a wave
equation, which was considered already by Lesky and Racke in [10], and the poten-
tial field and the temperature deviation satisfy the equations of hyperbolic—parabolic
coupled type from thermoelasticity. Then, we decompose the unknown functions into
zero—modes (which do not depend on the bounded variable) and higher order modes.
It is observed that the zero—modes of the potential field and the temperature devia-
tion solve the Cauchy problem of thermoelastic equations in infinite direction variables



(@’ € R™1), so from the classical theory it follows that these zero—modes decay
of the order O(¢t~(»=1)/2), while for the equations of higher order modes, we derive
that they decay exponentially when ¢ goes to infinity by using a partial eigenfunction
expansion in the bounded direction, and taking the Fourier transform in infinite direc-
tion variables. Therefore, the potential field and the temperature difference decay as
O(t~(»=1)/2) with respect to the time variable. Finally, by combining the result of
the wave equations in a waveguide from [10] for the solenoidal fields, we conclude
that the zero—modes of the displacement and temperature deviation decay of the order
O(t~(»=2)/2) and their higher order modes decay of the order O(¢t~(»~1)/2) when ¢
goes to infinity.

The remainder of this paper is arranged as follows: In Section 2, we state two main
theorems on decay of solutions to homogeneous and inhomogeneous equations. In Sec-
tion 3, we present some general facts of the equations (1.1) in a waveguide, including
the Helmholtz projection, the zero—mode projection and existence of solutions to the
(homogeneous) problem (1.1), (1.2) and (1.3). The homogeneous and inhomogeneous
equations will be studied in Section 4 and Section 5 respectively.

2. Main Results

First, we note that we can assume the constants +; and 5 in (1.1) to be equal and
positive, via the scaling u = \/~1/v24. Considering first the homogeneous case, we
are led to the system

{utt —puAu—(u+ N graddive + Bgradd =0, (t,z) € Ry x Q, 2.1)

Htan9+ﬂdivut:O, (t,$)€R+XQ,
together with the initial condition (1.2) and the boundary conditions (1.3).

We are looking for solutions (u, #) to this problem in a space X which incorporates
the boundary conditions (1.3):

X = X, x X,

Xu=que ()C([0,00), H*7(Q)): Bu=0,,
j=0

Xo = {0 € C([0,50), H() () ([0, 50). L(2)): 00,0 =0},
where we do not notationally distinguish £2(2) and (I?(£2))™. We introduce the no-
tations A, and A for the Dirichlet Laplacian and Neumann Laplacian on €2, with
the respective domains D(Ap) = H?(Q) N HY(Q) =: H3(Q) and D(Ay) = {p €

H?(Q): 700, = 0} =: HZ(Q).
Our main results are the following two theorems.

Theorem 2.1, Assume i > 0, u+ A > 0,k > 0and g € R. If the initial data satisfy
(u®,ut,0°) € H*(Q) x H(Q) x H*(Q),
Bu® =0, vou% =0, 700,8° = 0,



then the system (2.1) with the initial condition (1.2) and the boundary conditions (1.3)
has a unique solution (u, 0) € X.
Suppose the initial data additionally have the regularity
W € DAY nWEF(Q), ut e DAY nwE (),
ud € DAY AWES(Q), uh € DALV nwEQ), 2<k<n
0° € D(AR?) nwEH (@),
with Ky = |%] + 3 and K = 2[Z] + 5, and the solenoidal parts of «° and u'

also belong to the Sobolev spaces WK“( )y and W ~1(Q). Then the solution (u, 6)
decays as follows:

[(Vu, Opu, O)(t, ) || 1o o)
< 70 |
(1+t)(n=2)/2

Define a further set of initial data (u[oo] , u[lo] , 9[00]) as an average over the cross section
of the waveguide like this:

)

‘u ul 90 HWK+1( 0<t < oo.

QxWE @) xw (@)

1
’LL{O]J:O, ufo]yk(x):/ _Oui(zlv:EQV"azn)le; 2Sk§na j:071a

1
9[0]( x) = Lzoeo(zl,xg,...,xn)dzl,

and write (ujo, 0jo;) for the solution to (2.1) with boundary conditions (1.3) and with
the initial data (ujg, ujg, 0fp;). Then the difference (u, ) — (uo), ) has stronger
decay than (u, 9) alone:

H u—u t(u—U[O]),e—e[O])(t

C
=1+ D72 [(u®,u', 6°) HWK+1(Q)><W1K’1(Q)><W1K+1(Q)’

7')HLoo(sz)

0<t<o0.

We also consider an inhomogeneous version of the thermoelasticity system:

{utt —pAu—(u+ A graddivu + Bgrad 6 = f(¢t, x),

2.2
0y — k AO+ Bdivuy = g(t, x). (22)

The uniqueness and existence of a solution (u, 8) in the space X follows directly from
Duhamel’s formula under standard assumptions on the regularity of f and g; therefore
we now concentrate on the decay of the solution.

Theorem 2.2. There are natural numbers L, K, N with the following property: If the
right—-hand sides f and g are of the regularity

fe ()7 ([0,00), HFI(Q) nWRETI(Q) () C*F([0, 00), L()),
§=0
f,9 € CTFH([0,00), I2(2)),



with 1 < p < 2, and if the Compatibility conditions 5.1 and 5.2 are valid, then the
solution (u, ) € X to (2.2) has an asymptotic behaviour described by the following
inequality:

c 0,0 ,1 0
(Y, Ovw, 0) (¢, )| oy < A+ 020/ 17072 [(Vu?,u® ' 6 )HW;V(Q)
(2.3)
C max(2K—1,L—1)
e ai ,
* (1+ ¢)(n=D(/p=1/4)/2 ZO H(at 1:0i9)(, )ngvfjm)
]:
max(2K—1,L—1)
J .
LAED DR (CHIUS] I
7=0
¢ 1
w0 [ e 06 g 0
t 1 N
max(2K,L) .
* C/S:O (1+t—s)n-DA/p-1/0)/2 ‘ O, (.9, >HWI§V(Q) ds,

wherel/p+1/¢ =1.

3. General Properties of Thermoelastic Systems in Waveguides
The following result is almost immediate:

Lemma 3.1 (Uniqueness). For a solution (u,0) € X to (2.1)-(1.3), we define an
energy as

1 2 2 .2 2
E(t) = 3 (||Ut||L2(sz) + 1 Vullzz o) + (14 A) [|divull7z o) + ||9||L2(Q)) ;
where ||VU||2L2(Q) =D ik |\8juk||i2(m. Then we have the identity

OE(t) = —k[IVO(t, )y, >0

Under the assumptions ;. > 0, u + A > 0, K > 0, 8 € R the solution (u, #) is unique
in the space X.

3.1. The Helmholtz projection

Next we recall from [12] the Helmholtz decomposition in an arbitrary bounded or
unbounded domain w C R™. The space of I?(w) potential vector fields is defined as

Go(w) = {Vyp € P(w): ¢ € Lye(w)},

and it is a closed subspace of I?(w), equipped with the usual L?(w) scalar product.



For a given arbitrary vector field v € I?(w), the Lax—Milgram theorem guarantees
the unique existence of a vector potential field Vo € G2 (w) satisfying

(Vo V) iy = (0, V) 2y, V¥ VY € Ga(w).

Consequently, the function ¢ € I?

1. (w) is a weak solution to the boundary value
problem

{ A p(z) = divo(z), T € w,
Ovp(z) = v(x) - U(z), z € Ow.

The Helmholtz projector P then is defined as Pv := v — V, and Puv is orthogonal
to any field from G2 (w), by construction. The image of P is called L2 (w), it is the
completion of the space of divergence free vector fields from C§°(w) under the I (w)
norm, and we have the orthogonal decomposition 2 (w) = I? (w) ® Ga(w).

The Helmholtz projection in general Lebesgue spaces L' (w) with 1 < r < oo is
more delicate. First we define some needed function spaces:

Cioy (@) = {v: Ju e CF°(R™) withv = u, },

W, (w) = {p € Lpe(w): VpeL'(w)}.

The norm in W (w) is given by IVell (., and functions which differ only by a
constant are considered equal. Then in [13j)| it has been shown that the Helmholtz
decomposition exists in L"(w) if and only if for all vector fields f € L"(w) there is a
unique ¢ € W,! (w) such that

/(Vso—f)-wdxza Ve Whiw), %+%:1,

There are certain unbounded domains w with smooth boundary for which the decom-
position I (w) = I (w) @ G,(w) is not valid, see [14], [15], and also [16]. Here
I (w) is the completion of the space of divergence free vector fields from C§°(w)
under the L (w) norm, and G, (w) is defined similarly to G2 (w) above.

However, in case of a waveguide w = Q = (0,1) x R"~1, the existence and
continuity of the Helmholtz projection has been established in [17], [18], [19] and
[20], for instance.

Now we stick to this waveguide §2.

Lemma3.2. For 1 < r < oo and m € N, P is a continuous map from W™ () into
itself.

PROOF. By [21], the space C{3 () is dense in WL(Q). For f € I'(Q) with f =
Pf + Ve, we have
[o-n Toa=0,  wecH@, (3.1)

and A = div f in the sense of distributions. If additionally f € W,(f2), then
© € W2,,.(Q), by elliptic regularity. Choose k& € {2,...,n}. Then 9, f € L"() and

Lloc



we have the Helmholtz decomposition ;. f = Pdj.f 4+ Vi, for some ¢, € W(Q),
and consequently

/Q(V%—(?kf)'v¢d$=07 vy € O (Q).

By (3.1) we also have

[Fe= ) vowds =0, wwec@)

and partial integration then gives
/ (VO = O f) - Vipdaz =0,
Q

for all v from C'F, (Q) which is dense in W (Q). Therefore ¢, = 9 modulo
constants, and we have shown the improved regularity 0y € W) for2 <k <n
instead of ¢ € W1 (). Then also 9,9 € L"(2) for k > 2, and it remains to discuss

0. But

Fo=N0p=Y Re=divf—> eI (D)
k=2 k=2
and the consequence is the continuity of the mapping P: W !(Q) — W1(Q). Higher
order derivatives are treated similarly, which finishes the proof.

Lemma3.3. If v € H%(Q), then Pv € H%(Q) and B(id —P)v = 0. If v € H?(Q)
and Bv = 0, then BPv = 0.

PROOF. The third claim follows directly from the first two. The first claim was proved
in Lemma 3.2. Concerning the second claim, we can write (id —) Pv = V¢ with some
¢ € HP _(Q) and 40010 = 0. For k > 2 we then have v0910r¢ = 700k01 = 0,
because second order traces of ¢ at 92 exist.

Lemma 3.4. For a function v € H?(Q) with Bv = 0, it holds PAv = A Pu.

Moreover, if v is a vector field with v; € D(Ag/Q) and v, € D(Aﬁﬂ) for k =

2,...,nandsome K € N4, then also (Pv); € D(Ag/Q) and (Pv), € D(Aﬁﬂ).

PROOF. The map v — P Awv — A Pu is continuous from H2(2) to I*(9), and by

density it suffices to prove the first assertion for v € Cfg)(ﬂ). Now we only have to

show that (A Pv, V) 1» ) = O forall v, ¢ € Co) (©2), which can be done by repeated
partial integration and div Pv = 0.

This proves the second claim in case of K = 2 (and K = 1 runs similarly).
Now consider an even K > 4. Then we know v € H¥X(Q) with BAlv = 0 for
1=0,...,K/2 — 1, and induction gives P A v = A Py for such I. By Lemma 3.3,
then also BA! Pv = 0. And in case of an odd K > 3, we know v € H (Q) with
BA'w=0forl =0,...,(K —1)/2 — 1, and also yo(A' v); = 0. The rest of the
proof goes in a similar way as before.



Coming back to a solution (u, #) of (2.1)—(1.3), we define the solenoidal part and
the potential part of « in the usual way:

u*°® := Pu, uP® = (id —P)u.

Similarly, we write %°, 15, 40P 1:Po for the solenoidal and potential parts of
the initial data.

Lemma 3.5. If (u,0) € X is a solution to (2.1)—(1.3), then u*° € X,, and (uP°,0) €
X are solutions to the systems

uyy — pAu* =0, 3.2)
and
uby — (2 + \) AuP® + Bgrad 0§ = 0, (3.3)
0 — kAN + Bdivul® =0, '
together with the initial conditions
(usov uio)(ov I) - (u()’SOa ULSO)(I)’ (upo, ugo, 9) (Ov :ZJ) = (u(),po, ul,po7 9) (I)

Conversely, if 4*° and uP° are solenoidal and potential vector fields with «*° € X, and
(uP°,0) € X, which solve (3.2) and (3.3), then (u, f) € X solves (2.1), (1.3) where

u = u®° + uP°.

PROOF. By Lemma 3.3, the Helmholtz decomposition preserves the H?2(2) regularity
and the boundary conditions encoded in the operator B. Now let (u, ) be a solution
to (2.1), apply P to the first equation of that system, and then make use of Lemma 3.4
to obtain (3.2). Subtracting (3.2) from (2.1) then gives (3.3). The converse direction is
immediate.

Lemma 3.6. Ifa function « from X, solves the wave equation (3.2) and has solenoidal
initial data, then the solution « remains solenoidal for all times.

PROOF. Write u = ¢ + «P° and observe that » and »*° have the same regularity,
solve the same differential equation and the same boundary conditions. It remains to
apply Lemma 3.1 with the parameters A := —p and G := 0 to show u = u*°.

Lemma 3.7. If a pair of functions (u, 8) from X solves the thermoelasticity system

{uttaAqu/Bgrad@O, a>0, BeR, 34)

0, —kANO+ Bdivu, =0, Kk >0,

and the initial data for « are potential fields, then the solution « remains a potential
field for all positive times.

PROOF. Write u = u*® 4+ uP°, apply Lemma 3.5 with ;1 := awand A := —p, and then
make use of Lemma 3.1 to deduce that v = uP°.



3.2. The zero mode projection

Solutions of (2.1) that do not depend on z; deserve a special treatment. To this end,
we define two more orthogonal projectors:

Definition 3.1. For a scalar function ¢: Q — R, we set Pyp: @ — R as

(POQO)(I) ::/: @(Zlvx%"'azn)dzl = <80(',132,---,zn)77/10(')>L2(071)wo(xl)-

Z10

For a vector valued function u: Q@ — R™, we fix Py pu: Q@ — R™ as

0
PQUQ
(Po,u) (1, ..., %) i= : (X1, Tn).

POun

We introduce the notations o := Pow, ¢[4] := @ — Pow, u] := Po,pu and upy) :=
u— Py pu.

These projectors map I?(2) continuously into itself.

Here the function o (x1) = 1 is the normalized eigenfunction to the zero eigen-
value of the Neumann Laplacian on (0, 1); and since ¢y does not depend on x, we
call o) the zero mode of ¢, and 4 is said to contaln the higher modes of . And
the Dirichlet Laplacian has no zero eigenvalue, which is the reason why the first com-
ponent of Py pu has been defined as zero, cf. the definition of the boundary operator
B.

Lemma 3.8. These projectors commute with the usual differential operators and the
Helmholtz projector provided appropriate boundary conditions are satisfied:

o ifu € H(Q) with you; = 0, then div Py pu = Py divu,

o if o € H'(Q), then grad Pyy = Py p grad ¢,

(
o if o € H?(

)
)
Q) with 499, = 0, then Py A p = A Py,
o ifu € H2(Q) with vod,ur = 0fork =2,...,n,then Py g Au= A Py pu,
)

o if u € H?(Q2) with you; = 0, then Py g grad div u = grad div Py pu,

o if u € H'(Q) with yous = 0, then Py pPu = PP, gu, where P is the
Helmholtz projector.

Then the following result is proved by very similar methods as the Lemmas 3.5,
3.6 and 3.7, exploiting the commutation relations from Lemma 3.8.

Lemma 3.9. If (u,0) € X is a solution to (2 1) (1.2), (1.3), then (ujo), 0pg)) € X isa
solution to (2.1), (1.3) with initial data( 90 )



If (u,0) € X is a solution to (2.1), (1.2), (1.3), and the initial data (u", u!, 0°)
are pure zero modes in the sense of Py pu® = u°, Py pu! = u!, Py6° = 6°, then the
solution (u, @) remains a pure zero mode for all positive times.

If (u,0) € X is a solution to (2.1), (1.2), (1.3), and the initial data (u", u,6°)
contain no zero modes in the sense of Py pu® = 0, Py pu' = 0, Py = 0, then the
solution (u, §) remains a zero mode free solution for all positive times.

The advantage of considering the zero mode part of the solution separately is man-
ifold: first, this part solves a thermoelastic system in the whole space R"~!, and then
we can quote well-known results for such situations. Second, the Poincare’s inequality
becomes available. And third, the Neumann Laplacian becomes an invertible operator
if we consider only the subspace of zero mode free functions.

More precisely, this means the following.

Lemma 3.10 (Poincare’s inequalities). We have, with a constant C' independent of ¢,
el 20y < Cllovell 2q) » € Hy(), (3.5)
H@HB(Q) <cC ||3180||L2(Q) ’ pc H'(Q), Pp=0. (3.6)

PROOF. The estimate (3.5) is standard. Concerning (3.6), we choose an ¢ > 0 and a
¥ € H'(2) N C=(Q) with [l¢ — 9| 1 o) < . Then

[P0l 120y = 1PV = @)l 1202y < 1Y = @l 120y <&

and we have
el 20y < e = Yl 20y + 1Po¥ll 2y + 1Gd =Fo)bll 12y < 26 + [IxIl 120y »

with y := (id —Py)%. Note that y € H'(Q) N C>(Q) and 9, x = 9,1 as well as

1

/ X(z1,%2,...,2,)dz; =0, (z2,...,2,) € R"L
Z1:0
By Poincare’s inequality on (0, 1), we have
||X(a Z2,... 7xn)||[,2(0,1) < C ||81X(5 Z2,. .. 71'71)”[‘2(0,1) )
X2 () < ClOWI ) < Ce+ Cllorgll 2qy »
which finally gives us
H‘P”L?(Q) < (2+C>5+CH81‘PHL2(Q)7 Ve > 0.

Sending ¢ to zero completes the proof.

By either (3.5) or (3.6), then the Lax—Milgram lemma gives us the existence,
unigueness and a priori estimates of solutions w € H () to the scalar weak Dirichlet
and Neumann problems

Aw:f’ ’YQ’UJ:O, fELQ(Q),
Aw=f, Yo w = 0, Pyw =0, feI*(Q), Pf=0. (3.7

10



The solutions w can then be found by spectral decomposition on Z?(0, 1), which means,
in case of (3.7) and ¢; being the eigenfunctions of the Neumann Laplacian,

f(I) = Z’l/}j(zl)fj(x% s ,$n), w(gj) = ij(zl)wj(x27 s 7$n)a

j=1
(—7r2j2+3§+"'+8721)wj:fj onR™ L.

For each of the boundary conditions, we have || A w”i?(ﬂ) = k=1 Hajc’)kaQB(Q),
and consequently
2
Hw||H2(Q) <C ||f||L2(Q) : (3.8)

3.3. Existence of solutions

Now the splitting of  into solenoidal and potential part is justified, and we discuss
the existence of solutions.
The existence of the solenoidal part is obvious:

Proposition 3.1 (Existence of the solenoidal part). Necessary and sufficient for the
global existence of a solution u € X, of the wave equation (3.2) with initial data u°
and u! is

(u®,ut) € H*(Q) x H'(), Bu’ =0, ~yul =0.

The existence of the potential part «P° will be established in Proposition 3.3, after
several preparatory lemmas.

Now let (u, §) from X be a solution to (3.4) and introduce a vector W with n(n +
1) 4+ 1 components,

W=wm, . whtHT (3.9)
where W) W (+1) are n—vectors,
X 1
W = graduy, (1<k<n), Wt — —_ g, (3.10)
Va
and W ("*+2) is a scalar, )
w2 — —g. (3.11)
(6%
Then we obtain the system
oW + AW =0, (3.12)
0 0 a1 0
A=lo . 0 a 0 | (3.13)
aj a, 0 Pgrad
0 0 pdiv —-kA

11



where ay, is an n x n matrix of the form

0 ... 8 ... 0
ap =—Va | : :
0 ... Op ... 0

with non-vanishing entries in the k—th column.

Lemma 3.11. If (u,0) € X is a solution to (3.4), then the function W constructed
above is a solution to (3.12) of the regularity

W e 1 ([0,00), VH' (2)) () C([0,00), VH?*(Q)),  1<k<n,
Wt e ¢1([0,00), () () C([0,00), H' (),

W2 e C([0,00), H*(2)) () C*([0, 00), ()
(3.14)
and boundary conditions

YWD = oW = oW =00, WD =0, 2<k<n  (3.15)

Conversely, let W be given with the properties (3.14) and (3.15). Then there are
(u®,ut,0%) € H?(Q) x HY(Q) x HY(Q) such that

0(t, ) :== VaW (¢, 1),
u(t,r) = u’(x) + \/a/t W) (7, z) dr
7=0

satisfy (u,6) € X and solve (3.3) with initial conditions (1.2).

PROOF. We start with constructing (u®, ut, #°). By (3.14), there is a scalar function
by € H2(€) with W1 (0, 2) = grad ¢y (). From the boundary condition o W,\" =
0 we then find that +; is constant on {0} x R"~! and on {1} x R"~!. Since the
trace o, at the boundary belongs to H3/2(R™~1), both constants must be zero, and
then u{ := +; has homogeneous Dirichlet boundary conditions. For k > 2, there
are functions ¢, € H?(Q) with W*)(0,2) = grad+x(z). Then u) := 1 has
vanishing Neumann boundary values. Next, we put u!(z) = /aW "+ (0,2) and
0° () := /aW ™ +2)(0, z).
For &k > 1, we remark

t
grad ug(t, z) = grad ul) (z) + \/a/ grad ngn+1)(77 x)dr
= gradul(z / oW (1, )y dr = WP (¢, 2).

Then (3.3) follows easily, and the proof is finished.
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To define the domain of the operator .4, we bring into play that « shall be a vector
potential field. But first we define the ground space H.

Definition 3.2. A vector (W™, ... W (+2)) belongs to # if and only if

e there is a scalar function ¢ such that Vi € H'(Q)NG2(Q2) and BV = 0, with
Wk =g, Vefork=1,...,n,

o Wt € Gy (),
o W+2) ¢ [2(Q).
Lemma 3.12. The space H, equipped with the Z2(£2) norm, is a Banach space.

PROOF. The space H'!(Q)NG2 (), endowed with the H*(£2) norm, is the intersection
space of two Banach spaces. lts subspace Z,,,, consisting of all those elements V¢
with BV = 0 is a closed subspace, since Z;,,, is the null space of a bounded trace
operator. Applying the closed graph theorem to the operators 0, : Zim, — L*($2) for
k =1,...,n concludes the proof.

Of course, the condition BV = 0 reduces to vo01¢ = 0, due to the limited smooth-
ness of .
We also define a closed subspace of H:
My = {(W<1>, WD) (1Y, 8,V i, Vi, 9) € M
PQ(,D = Po’L/} = P019 = 0} .

(3.16)

By repeated use of Poincare’s inequalities, we deduce the estimates
el r2i) < C 0@l 12() < C' 101Vl 12(q) »
||7/1||L2(Q) <C ||317/)||L2(Q) )

valid for W € H,..
We also note that the vector W = (01 Ve, ..., 0,Vp, Vi, 19) is mapped by A to
the vector AW = (—/ad1 V1, ..., —/adp Vi, V(—y/a A p+89), B A p—k A D).

Definition 3.3. The domain of the operator A is fixed as
D(A) = {W =W, WOy ey AW eH, WD) ¢ D(AN)} :
Lemma 3.13. A vector W belongs to D(.A) if and only if W € H and
e WM e HY(Q)for1 <k <n+1and W+ ¢ H2(Q),
e the boundary conditions (3.15) hold.

Furthermore, if W € C([0,0), D(A)) and 9,W € C([0,0), H), then W has the
regularity (3.14).
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PROOF. From (AW)®) ¢ 12(Q) for 1 < k < n we find W) ¢ HY(Q) N
Go(Q). And W +2) € D(A ) C H2() together with (AW)\" ™) ¢ 12(Q) imply
diviw®) ¢ 12(Q) for 1 < k < n. We know that W(*) = 9,V for some scalar
function » and all &, hence we obtain A 9y € I?(£2). From

Adip) € IH(Q),  10(dip) =0,  dip e H(Q),

we conclude that 8 € H2(Q) = H?(Q) N HL(Q). Then the boundary values 0 ¢
belong to H3/2(052), and for k > 2 we find o (0,0, p) = 0, and therefore we know
for such k that

A(Orp) € (), Y001 (Okp) =0, e € H' (),

hence drp € H%(Q) and BVy = 0, from which W) ¢ H(Q) and the condi-
tions (3.15) follow. The proof is complete.

Lemma 3.14. The embedding D(.A) C H is dense.

PROOF. We concentrate our discussion to the components W™, ..., W Let
Ve € HY(Q) N G2(Q) be given with vpd10 = 0 and W*) = 9, V. Choose a
smooth vector field v (which will in general not be a potential field) with yov; = 0 and
IV = ] 1 () small and set Vip := (id —P)v. Then also ||V — V|| 1 ) Will
be small, by t e continuity of id — P as mapping between Sobolev spaces of the same
order. Lemma 3.3 gives BV = 0. It remains to set W*) := 9, Vi for 1 < k < n.

Further, we define an operator A, with domain D(A;) := D(A) N Hy, with
AW .= AW for W € D(A,). This operator maps D(A) into H..

Lemma 3.15. Suppose AW = F with F € H, W € D(A), and W*) = V¢ for
1 < k < n. Then we have the estimates

(n+1)
|vw HD)(Q < CIF 2 (3.17)
(n+2)
|awes|| <Pl (3.18)
n+1 n
101011172 0 SC(HFl( ) LZ(Q)+H61W< +2) mm)' (3.19)

To each F' € H, there is exactly one W € D( A, ) with AL W = F, and we have
the following estimate, with some constant C' independent of F":

H(W<1>, . .,W("“))‘ < C||F,,. (3.20)

HW(nJrz)‘

H1(Q) H2(Q)

PROOF. Estimate (3.17) follows from F*) = ¢, W"+D for 1 < k < n, having

(3.18) as a direct consequence. Finally, the equation for the first component Fl("“) of
F+1) implies

INCREES C1F1(n+1) + ey W2 Yoo =0,
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with certain constants ¢y, ¢, and then (3.8) completes the proof of (3.19).

Concerning the last claim, we know F*) = 9, Vg fork = 1,...,n, with pp €
H2(Q), 7081901: =0and POSDF =0; Ftl) = V’lﬂF with wF S Hl(Q) and Po’lbp =
0; as well as F("*t2) = 9 € I2(Q) with Py = 0.

We wish to find ¢, ¥, 9 with —\/ad, Vi) = Oy Vor, V(—va A p+509) = Vg,
BAY —kAY = Jp, and additionally Vo € H?(Q), Vi € HY(Q), 9 € H*(Q),
Y00y (p,1,0) =0, and Pyp = Pyyp = Pyd = 0.

Then necessarily ¢ = —pp//a. Next ¢ is uniquely determined via A(—x9 +
Bv) = ¥, which is solvable since Pydr = 0. After having determined ¢, we finally
consider —/a A ¢ = g — 39 + const. It turns out that this integration constant must
be zero, since the other three items of this equation are members of I?(£2). Then ¢
is uniquely determined with the desired properties. Here we have made repeated use
of (3.8), which also gives (3.20), finishing the proof.

Lemma 3.16. The operator A is a closed operator, A: D(A) — H.

PROOF. Take a sequence (W,)sen C D(A) which converges in the norm of H to
an element W, € H. Additionally, suppose lim_. [[AW, — Y||,, = 0 for some
Y. € H. We intend to show W, € D(A) and AW, =Y.

From our assumption, we have already the convergence lim;_, ) = w™ in
the topology of 12 (2), for k = 1,..., n+2. From (3.17) we directly obtain Wit ¢
H (), with the H(€2) convergence lim,_.. W™ ™ = W™ and v, Y =
0. The Neumann Laplacian Ay : D(Ay) — L#() is closed, then (3.18) 7imp|ies
W e D(Ay) = H2(), and we have the convergence lim,_o, W™ =
W in H2(Q).

Next, we know that there are functions ¢ and .. with the properties

W =0, Ve,  (1<k<n), Ve,€H*Q),  BVp,=0,
W =0V,  (1<k<n), Ve €H(Q),  ydp.=0.

Since (W) sen converges to W, in H, we get lim, oo [[01(9105 — 0194) 120y = 0.
from which (3.5) yields lims_, ||01s — 81<p*|\l;(m = 0. Now consider the case
k = 1 first. From (3.19) and the closedness of the Dirichlet Laplacian A ,: D(Ap) —
I3(Q), we find 810, € D(Ap) = H () with lims_ o [|0105 — 019l g2y = 0.

Next take 2 < k < n. The k-th component of ((AW,)"*+) cy is a Cauchy
sequence in I?(2), hence also the sequence (A dxps)sen. We know already that the
sequence (970kps)sen converges in L2(€2) to the limit 970, ¢., and therefore also
the sequence (Y, 020k s )sen has a limit in L?(£2). Via a partial Fourier transform
which replaces the variable 2’ := (x2,...,2z,) with & := (&, ...,&,), we conclude
that also (8;*,' Orps)sen is a Cauchy sequence, for all multi-indices o’ = (aw, ..., ay)
with |o/| = 2. Then it follows that

Tim [95(ps — @)l ey =0, Va=(an....an). o] =3

This means that (W§k))5€N converges to W not only in the norm of I?(2), but also
in the norm of H'(©2). Now the closedness of A quickly follows.
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The next result is proved by a similar technique as the previous one.

Lemma 3.17. The adjoint operator .A* has the same domain, D(A) = D(A*), and it
is given by

0 0 —aq 0
A=10 ... 0 -a, 0
—a] ... —a, 0 —fBgrad
0 0 —Gdiv. -k A

For W € D(A), we have

2

el

R (AW, W) 20y = & HVW o

Proposition 3.2. The operator —A generates a Cy semigroup of contractions on the
space H. For each Wy € D(A), the system (3.12) has a unique solution W ¢
C([0,00), D(A)) with W (0) = Wo and ||[W (t)||,, < ||[Woll, forall t € (0, 00).

Proor. This follows from the above results on A as well as A*, and the Lumer—
Phillips theorem.

For later use, we study higher regularity of the solution:

Lemma3.18. Let W € D(A™) := {W € D(A): AW € D(A™ 1)} for an odd
integer m > 1. Then

o WM € H™(Q)for 1 <k <n+ Land Wr+2) ¢ Hm+1(Q),

o if W = (01Vep,...,0,Vp,Vip,0)T, then Vo € H™T1(Q) as well as Vi) €
H™ (), and the following boundary conditions are valid:

Y007 = 007" = 70078 = 0.

PROOF. By Lemma 3.13, the claim is valid for m = 1. Now let the assertion be
shown for m, and suppose W € D(A™*2), where W = (0:V,...,0, V¢, V1, 0).
Then we have AW € D(A™), to which we apply the induction assumption and find
(AW)F) ¢ H™(Q) and (AW)("+2) ¢ H™+1(Q). In the manner of the proof of
Lemma 3.16 we show step by step: W+ ¢ H™m+1(Q), W+2) ¢ H™+2(Q),
Ve € H™2(Q)and WK € H™1(Q) for 1 < k < n.

Moreover, we have

AW = (a1W<"+1>, e an WD ST [y oW ),
k=1

.
— kAW 4 Bdiv W<"+1>)

= (—Vat VY, ..., —a0, Vi, V(—Va A+ 30), —k A0+ BAY)
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and the induction assumption concerning the boundary values gives
YO (—vVa N+ B) = 07 (—k NG+ BAY) = 0. (3.21)

Because we also have o970 = 0, the first desired identity 097"y = 0 is obtained.

In a second step, we consider A2W € D(A™). By the same procedure as in the
first step, we show W) ¢ H™+2(Q) for1 < k < n + 1 and W2 ¢ Hm+3(Q).
And we also have

n T
AZW = <...,...,...,Za,I(AW)<k> +BV(AW)(”+2),---> :

k=1

> af (AW)H) 4 BV(AW) ) = aVA Y + V(=K A0+ BAD),
k=1

and the induction assumption is
1007 (@ A+ Bk A0+ B AY)) =0,

from which we find o0 A+ = 0, by (3.21), hence v, T2+ = 0, and then also
7007260 = 0. The proof is finished.

To obtain a better feeling of the elements of D(.A™), we describe a subset:

Lemma 3.19. For m being an odd integer > 1, we define
Yoo = {W = (@19,....0.V,V0,0)T: (Y, Ve, 0) € H™ (),

00 (p,,0) =0, k=1,3,...,2m — 1}_
ThenY,, C D(A™).
For the proof, we only note that A% maps Y,,, into Y,,,_2,and Y; C D(A).

Proposition 3.3 (Existence of the potential part). Suppose that we are given initial
data (u°, u!, %) with the regularity
u’ € H*(Q) N Ga(9), Bu® =0,
ul S HI(Q) n GQ(Q), vou} =0,
0° € H*(QY),  400:16° = 0.
Then the thermoelastic system (3.4) with the initial conditions (1.2) possesses a unique
solution (u,0) € X.
Moreover, for each m € N there is a number A such that: if the above introduced
initial data (u°, u!, 0°) additionally satisfy (u°,u!,6°) € HM (Q) and
BAW =0,  AFul=0 000 =0, 1<k<M/2-1,
then the solution (u, ) has higher regularity in the sense of (A" u, A" 0) € X for
0<k<m.

PROOF. It suffices to combine Lemma 3.7, Lemma 3.11, Lemma 3.13, Proposition 3.2
and Lemma 3.19.
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4. Decay Estimates

In this section, we prove decay properties of the solution « to (2.1) which will be
the main part of the proof of Theorem 2.1. First we consider the solenoidal part «5°

Proposition 4.1. If u™ solves (3.2) with u* € X, then E5°(¢t) = const with

S0 1 so (|2 so |12
B2 () = 5 (I Iaq) + 1 IV0lFa(qy ) -

Moreover, we have the decay estimates

H(Vu Ot ) )HL“(Q) “
C 0,so0 1,s0
< -
= (1 +1t)(n=2)/2 (‘ U ) + ‘ "o W1K1(Q)> ’
H(Vu atum)( )Hmm 4.2)
< 0,s0 H 1,s0
(1+t (H YL Wi+ () Y w1 )’

under the following assumptions on the inital data:

° e D(AK=?) A WL (Q), up™ e DA nwEL (@),

° e D(AK=?y AW (@), up™ e DA nwEL (@),
where 2 < k < n, Ky = |2] +3and K = 2| 2] + 5. Here u{"*(z) = u{°(0,z)
and u}*(z) = 9u™(0,z) denote the initial data of the first component of »*°, and

the |n|t|al data +%-%° and «!»5° are split into zero mode parts and higher mode parts as
in Definition 3.1.

PROOF. The energy estimate follows from Lemma 3.1, and the estimates (4.1), (4.2)
can be found in [10].

Now we handle the potential part: let (v,0) € X with v := «P° be a solution

to (3.4) and write
v
V= (?})7 U/:(U27"'avn)—r7

¥ = (z2,...,xn), V/ = (0a,...,0,), and A" = Y}, 87. Accordingly, we also
introduce div’.

Zero mode solutions to (2.1) solve thermoelasticity problems in domains of one
dimension less, because zero mode functions do not depend on x1:
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Proposition 4.2. If (u[o}, 0jo)) € X solves (2.1) and (1.3) with u[p being a potential
field, then E[%‘]’(t) = const with

EPo _ (H U [0]

+(p+A) ‘

2
po

th HVU[O] 12()

12(9)

. poll? 2
dlquO]HLZ(Q) + ||9[O]||L2(Q)) :

Moreover, we have the decay estimates

||8 VU[Q],atu 9[0]

C 0 1 0
S A7 pe-ranse H(V“ww”ww9[01)ngv+waw<m :

(t,-) ||Lx(m (4.3)

where oo € N, and N > n is an integer, under the following assumption on the initial
data: Ntlal
+|a

PROOF. We only have to remark that the inequality (4.3) is just the L>°—~L' decay
estimate for the potential part of a solution to a thermoelasticity problem in the spatial
domain R™~!, compare [2, Lemma 4.15].

Note that the vector potential part of a zero mode vector field remains a zero mode
vector field, by Lemma 3.8.

The Propositions 4.1 and 4.2 describe the decay of the solenoidal part and the zero
mode of the potential part, and therefore we can now restrict our attention to (v, 8) € X
as solution to (3.4) with v = up° and 6 = 6. The decay estimate will be given in
Proposition 4.3.

4.1. Fourier decomposition and fundamental solution
Let ¢1, ¢, ... denote the eigenfunctions to —d7 with Dirichlet boundary condi-

tions on (0, 1), with eigenvalues A1, Ao, ..., and write vy, 11, ... for the eigenfunc-
tions to —d? with Neumann boundary conditions on (0, 1), with the associated eigen-
values \g, A1, . ... We assume the usual normalization:

1 1
/ ¢F (1) day = / $F (1) day =1,
0 0

and we have the explicit representations ¢;(z1) = constsin(jmx1) and ¢;(z1) =
const cos(jrxy ), as well as \; = 7252

Recalling the boundary conditions Bv = 0, the following Fourier decomposition
is natural:

vi(t,x) = Zvl,j(tam/)d)j(xl)v V' (t,x) = ZU; (t, ") (1),
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and we regard the Fourier coefficients vy ;: [0,00) xR ™" — R, v/ [0,00) xR" ™! —
R"71,0;: [0, 00)xR"~ — R as new unknown functions for which we seek estimates.
Note that terms with the function ¢, do not appear because of the absence of zero
modes.

Making use of 01 ¢y, = >\,1€/21/;k, we then derive the systems for j > 1:

8?1)17]- - OZ(AI 7)\]')1)17]' - ﬁ)\;/29] = 0,
v — a(L —X)v) 4+ BV'0; =0,
0:9; — k(A —=X))0; + BON2v1 j + B0, div' v = 0.
Next we perform a Fourier transform, exchanging the variable z’ € R"~! against

E/ = (527 <o agn) S Rn_l:
01,(t,&) = /}Rni1 exp(—iz’ - & )vy ;(t,2') da’,

and accordingly for v} and 0;. Setting 0; = 0;(¢') := \/a([€']2 + X;), we then find
forall j > 1:

OFon 5 + 0301 5 — BN;20; =0,
821/ + ij + pig’ 9 =0,
8,59 + Q 9 + ﬁ)\ 8,51)1 J + ﬁatlf AI- = 0

where ¢'- 0} stands for the euclidean bilinear product of vectors with n — 1 components.
To bring this system into first order form, we set for j > 1:

wl,](ﬁag) —at’l)l,](f €)+IQJ( ) ( 7 a
wa,;(t, &) = 0u0(t, &) +1i0; (€)05 (¢, €),
w&j(taf/) 9¢01,5(2, ) — 19](5) it ),
wa,j(t, &) = 0u0(t,€') — e (€)05 (¢, €),
UAJS,](taE/) = \/_ j(tvé- )
and W, := (a0 j,...,1s,;)". Then we obtain the system
oW; + A;W; =0
~io; 0 0 0 —BN V2
0 —io; 0 0 Big’ V2
A = 0 0 io; 0 *A;/Q/\/i
0 0 0 io; BiE' /2
BN IVE BIENT VR BN VR BIE)TIVE (k/a)d?

In the sequel, we will determine approximately the fundamental solution to this ODE
system, and therefore we wish to find the eigenvalues and eigenvectors of A;, modulo
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some remainder terms. To take a more general approach, we fix a cone K in a “fre-
quency space” RY, and introduce symbol classes: a function f mapping from K into
C (or CF or CP*9) is said to belong to the symbol class S if we have the estimate
[f(m)] < Cfln|™ forall n € K. And it belongs to the homogeneous symbol class S¢,
if additionally f(on) = 0®f(n) forall o > 0and n € K.

In our case, K = [0,00) x R"™! with p = (n1,...,m) = (\/A;,&). We may
ignore during our computations that ) ; takes discrete values only and is separated from
zero.

Then we write A(n) := A;(¢') and U(t,n) := W;(t,¢'). We end up with the
system

0,U + AU = 0, (4.4)
A(n) = Az(n) + Ar(n),

0 0 O e
Ay=(0 0 0 € Sl2lom7 02(77) = _Q?(gl)a

[0

0 0 ag

—-D 0 b
A= 0 D bl e Slllomv

—b* —=b* 0

with D being an imaginary multiple of the » x n identity matrix, b being a column
vector with n complex-valued entries, and b* = (bT) the hermitian adjoint. Note that
there are positive constants ¢; and cz with ¢1|n|? < a2(n) < c2|n|? foralln € K.

To the (2n + 1) x (2n + 1) matrix A, 2n — 2 eigenvalues and eigenvectors can be
found right away:

Lemma4.l. Letcy,...,c,—1 be vectors from C™ with the properties
b e, =0, ChCl = Omk, 1<m,k<n-—1.
Then the vectors
fe= (0,007,  1<k<n-—1,
frir = (0,¢1,0) 7, 1<k<n-1,

are eigenvectors to the matrix A, and the associated eigenvalues are —ig; and ip;,
respectively.

The characteristic polynomial of A is
det(A — XI) = (—ig; — N)" " "(ig; — N * ((az — M) (07 + A%) — 2[b°N),

and this polynomial has appeared many times in thermoelasticity, cp. the works [3]
or [7]. Naturally, a detailed understanding of the eigenvalues and eigenvectors of A is
indispensable for proving decay properties for the system (4.4). Our formulas (4.5) and
(A.1) recover results known from [7] and [3], but it seems that the method presented
here is considerably simpler, and we also find the eigenvectors with minimal additional
effort.

To stay away from trivialities, we assume 5 # 0.
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Lemma 4.2. If  # 0, then A can not have purely imaginary eigenvalues except Lip,
both with multiplicity n — 1.

PROOF. The last factor in the characteristic polynomial of A does not vanish for A =
+ip;. Now suppose A = io were an eigenvalue of A with R > o # =£p;, then
(ag —i0) (0 — 0®) — 2i[b]*c = 0, and taking the real part gives a contradiction.

4.1.1. The case of large |n]; |n| > Co > 1
Lemma 4.3. There is a constant C such that for || > Cj, the remaining eigenvalues
of A are

. ] 1
An = —loj + — +O(In[7"),
a
. b -1
2|b|?
A2nt1 = G2 — (|12| +O0(n| =),

with |b]? /a2 = 5%/(2k), and with the normalized eigenvectors

fu = (b/181,0,0)" + O(n|™),
Jan = (0,b/[6],0)" + O(n| ™),
font1 = (0707 1)T + O(|77|_1)-
PROOF. We clearly have

)\1)\2 e )\2n+1 =detA = GQQ?H, )\1 + /\2 + ...+ /\2n+1 =trA= as.

By Lemma 4.1, only the eigenvalues \,,, A2, and As,1 are not yet known. Then it
follows that

Aadondoni1 =207, An+ Ao + Aong1 = an. (4.6)
We apply the Gershgorin principle (see [22]) to the last row of the matrix A and find
A2nt1 = az + O(|n]). (4.7)
This eigenvalue must be a solution to (a2 — A)(03 + A?) — 2[b]*A = 0, which we can
rewrite as
2P 2|b|?
07 + )2 A1+ 03/22)

Plugging (4.7) into the right-hand side gives the desired expression of Ay, from (4.5).
By (4.6) we then get

ag—)\z

2|b)?

ag

which has the representations of \,, and Ao, in (4.5) as direct consequences.
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For the eigenvector f,, to the eigenvalue \,,, we make the ansatz f,, = (zy, 2., 2//) "
with | f,,| = 1. Then we obtain

(I6I* /a2 + O(In|~")In 0 b n 0
0 (2i0; + O(1)) I, b 2z =101,
—b* —b* as — \p, 2 0

and reading this system from the bottom line up we show 2! = O(|n|=!) and 2/, =
O(|n|=1). Then necessarily |z,,| = 1 — O(|n|~1), and the first line gives z,, || b.

The representations of fo,, and f2,,41 are shown in a similar manner. The proof is
complete.

Letgy,...,g2nr1 € C™ be the eigenvectorsto A* = A, — A; with eigenvalues \,,,,
hence A* ¢, = Amgm, Where we can arrange that g,, = f,, form =1,...,n— 1 and
m =n+1,...,2n—1. Anormalization of the g,, is given by the condition g, f,, = 1
form =1,...,2n+1; and then we have even g}, fr = dmi. Since the vectors f;, form

an asymptotically unitary matrix for |n| — oo, the norms |gy| are uniformly bounded
with respect to  if || > Co.

Lemma 4.4. Let (v,0) € X be asolution to (3.4), with v being a vector potential field.
Then the Fourier coefficients W; (¢, &) satisfy, for |(A;,&)| > Co, the decay estimate
S Cefct

Wit €) ;0.

, 0<1t< o0,

where the constants C' and ¢ are independent of 5, ', .

PROOF. We can write W;(0,&) = 32"t ay f, and the o, € C can be determined
via ay, = g;W;(0,€). However, if v is the gradient of a scalar function that satisfies
homogeneous Neumann boundary conditions, then o, = 0fork =1,...,n — 1 and
k=n+1,...,2n— 1.

4.1.2. The case of intermediate |n|; ¢ < |n| < Co
Keep Cj fixed as in the previous part, and choose an arbitrary ¢ between 0 and 1.

Lemma 4.5. Let (v,0) € X be asolution to (3.4), with v being a vector potential field.
Then the Fourier coefficients W;(t, &') satisfy, for ¢ < |(1/A;,&')| < Co, the decay
estimate

’Wj(t,g’)’ < Ce " [W;(0,¢)

, 0<t< o0,
where the constants C' and ¢ depend only on ¢ and Cy.

PROOF. We start with describing the eigenvalues \,,, A2,,, A2,41 (the other eigenval-
ues do not participate in the representation of the solution since v is a vector potential
field). If |n| = Co, then they have positive real part, and by Lemma 4.2, these eigenval-
ues are never on the imaginary axis. Then a compactness argument gives us a positive
number ¢ such that ®A,(n) > cfork = n,2n,2n + 1, whene < |n| < Co. It
may happen that two such eigenvalues coincide and Jordan blocks appear during the
construction of the fundamental solution; this situation can be resolved with the same
technique as in [6].
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4.2. Reconstruction

In this section, we show how the reconstruction of the zero mode free vector v
from its Fourier coefficients leads to decay estimates of v, coming from the pointwise
estimates of the Fourier coefficients |WW; (¢, £')|.

Proposition 4.3. Let (uff] ,0117) € X be asolution to (3.4), with u>° being a potential
field. Then E[‘f] (t) = const with

2 2
I2(Q) + ||9[+]HI/2(Q)) :

Setv := uff] and 0 := 0|, for sake of brevity. Choose a non-negative integer m, and
set Kpo = 2m + L"T’lj + 3. Then under the assumptions

2
po
th HVU[JF] I2(Q)

‘1,2(9

+(pu+ N

div uP

[+]

(A v, AP0 e 0<k<meN, (4.8)
) € D(AG, p°/2), vi e DAY,
v) e DAk oyl e DA/
0° € D(AR?),

~—

(2<k<n), (4.9)

~—

the following decay estimates hold:

feY —ct 0,1 p0
19 (Vo, 0w, 0)(t, ')||L°°(Q) <Ce H(U v, 0 )HHKpo (Q)x HXpo—1(Q) x HEpo () 2

(4.10)
where a € N™ with |a| < 2m.
PROOF. The point-wise estimates obtained so far can be combined into
‘Wﬁ5)<ce*“ (0,6)],  j>1, €eRL
Then we deduce that
Je Wi, oy <0 Wi @D
where j > 1,5 € R, W; = (w1 ,...,ws,)" and

w1, 5 (t,l‘/

/

we j(t, @ (0 +iy/a(N; — A) v;(t, '),

(0 —iy/a(N; — A" ) 4(t, 2),

/

wy,j(t, @ (0 —iy/a(N; — A) v;(t, '),

V20;(t, o).

/

) =
)
ws ;i (t,2")
)
) =

Ws, 5 (t, x
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We continue with the norm equivalences

for s € R, which follow from Fourier transform in R”~! and Plancherel.

Fora = (a1, ') € N™ with a; + |o/| < 2m—+ 1, the components of the vector val-
ued function z; +— 07" g‘fv(t, x1, ') either fulfill homogeneous Dirichlet boundary
conditions, or we have

0% W,

o ’ / 1o ! .y
0pr (Opv1,5, 0w, Vv 3, V'L, juy 5, jus, 05)

~ ‘

’Hs(]RH) ’
(4.12)

He=(Rn-1)

1
/ oY v(t,xy, 2" dzy =0, ae 2/ € R"L
0

Here we have used the absence of zero modes and (4.8). In both cases we can bring
Poincare’s inequality on the bounded domain (0, 1) C R! into play:

2

! 2 !
8?182‘/0(15,9:1@’)‘ < c] 82182 u(t, -, ')

W3 ((0,1))

, 2
< c] a1 (¢, ., ')

12((0,1))

o
/7 2 /7
:E jaat1) (‘6§,v17j(t,x’)‘ + |09 v} (t, x")
=1

)
In the last step, we have exploited (4.8) once again. Similar estimates can be derived
for

o7 0% O (t,wn,a)| (] < 2m),

aflag,’e(t,zl,z’)] (la| < 2m).

Now choose a real number b with (n—1)/2 < b < n/2. Then with the notation (¢) :=
(1 + |¢'|?)Y/? and by Sobolev’s embedding H*(R™~!) ¢ L°(R" ') and (4.11),

/ 2 2
2 8‘1 Ulyj(t,l‘/)‘ S 0]2 ’

!

. o’ ) .
J O vt )HHZ’(R"*U

it [ e e @
;

7\ 2b na' 11 /2 /
<O [ " |@) Wit )| ds

-1
]Rg,

<o [ @) @) wi.e)

1

2
d¢’

2
— 0672ct

2 Wj(o")"Hb(Rnfl),
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and consequently, by (4.12),

, 2 e , 2
aflag,v(t,xl,x’)\ < Cem? Ny " P 1102 Wj(O,-)HHb ) (4.13)
j=1
_ 2
MZ( ] ‘vijHlﬁ’b*‘“/‘(R”*l)7L 7 loj HHbH o/|(Rn- 1))
o0
Jrceizctz (anl ||V/v?,j||j{b+\a/\(ugn71) +5% ||V 0/HHb+\ o' | (R~ 1))
j=1
—2ct = 2(a14+1) |[,,0 [|2 2(ay+1) [|,,07][2
+Ce Z (J Hvl,jHHbHa’\(Rn—l) +J ij ||Hb+\a’\(Rn—1))
=1
jOO
+0672ctz 2001 ||00HHZ)+‘CV ‘(Rn "
j=1

where v , v} " are the Fourier coefficients of the initial function +°, and similarly for
vij, ’Ujl» "and HJQ.
By the assumption (4.9), we have for a; + |o/| < 2m + 1

a1 98’ a
R D S e ¢

|87 |<b+]a’| \ﬁ |[<b+|e| =1

2
Z |v1,3||Hb+\a/\(Rn71)-

I/ 1 »J I2(Rn—1)

The other terms in the right-hand side of (4.13) can be treated similarly, and then (4.10)
follows, finishing the proof of Proposition 4.3.

Now we come to the proof of the first main result.

PROOF (PROOF OF THEOREM 2.1). First we split the vector field « into solenoidal
part «*° and potential part «P°, and then we split the potential part «P° into zero mode
part ufo‘) and higher mode part upfr) . Similarly we write 6 = 0] + 04]. These split-
tings have been justified in the Lemmas 3.5, 3.6, 3.7, 3.8, 3.9. By Lemma 3.4, the many
boundary conditions on the initial data «° and «!, as described in Theorem 2.1, sur-
vive the Helmholtz projection. Then Proposition 3.1 and Proposition 3.3 have shown
that these three parts exist with the desired regularity. The uniqueness was proved in
Lemma 3.1. The decay under the assumption of higher regularity of the initial data is
then proved in the Propositions 4.1, 4.2 and 4.3.

5. Proof of Theorem 2.2

PROOF. We begin by considering the zero mode part (u(), 0}0)) of the solution (u, 0) €
X to (2.2) separately. This pair (uy, ) does not depend on 1, and it solves the
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system
6t2u[0] — p A up) — (p+ A) grad divug) + B grad uje) = fioj,
ate[o] —kA 9[0] + G div 8{[1[0] = g[0]s
with initial data (ufgy, ufy, 0f;)- This can be read as a thermoelastic system in the
spatial domain R™~!, and we can quote the following decay estimate
[(Vugo), gy, o)) (¢

C
< Groeaamvaz IV

7')HLq(Q) (5.1)

ujo], ufo], Arugo), O10)) (0, -) HWé\z(Q)

k 1
+ C/S_O (1 +t— s)(n=2)(1/p=1/0)/2 H(f[O]vg[O])(Sv’)"W;V(sz) ds,
from [2]. Here 1 < p < 2 and % + i = 1. Note that the mappings f +— f[ and
g — g[o] are continuous in the norms of Wi (Q).

Next we study the higher mode part (u ( 1,0147). We split up, further into the
solenoidal part u?o] and the potential part u Then ufi] solves the decoupled system
of wave equations

Ouigy —ns “?01 = fi¥)
with homogeneous Dirichlet boundary conditions for the first component u[+] 1 and
homogeneous Neumann boundary conditions for the other components Uiy o k> 2.
However, the Neumann Laplacian on €2 has a spectrum separated from zero, since all

functions here are free from zero modes. The initial data are called u?ﬁo and u’; 5]".
Then we can quote the following decay estimate from [10]:
|wuy a0 62
C 0,s0 1,s0 _ 0,so
= (1 +t)(”*1)(1/P*1/Q)/2 (H(vu[+] 7u[ +] u[+] ) W2K+1 ()
2K—1
J
+ Z H8 YRIC HW,?K*J'(Q)
t
C
Jr/5_0 (14t — s)(n=D(A/p=1/a)/2 ‘ (s, )HLP(Q) ds
2K—1
+CZ ‘8Jf[+] H 2K =1
DN
where now 1 < p < 2, % + % = 1. Here we have to suppose that
2K ) ) )
I3y € ()67 ([0,00), HX77(92) n WKTI () () C2FH([0, 00), L(9)), (5.3)
7=0

with K > | 2] + 1. Additionally, we have to assume:
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Compatibility Condition 5.1. The formally computed higher order derivatives of u[+]
att =0, (9]u?,)(0,-) = ul(-) with

UT4]
-1 e —2— so 7 o) .
uj,so L Zi:O (N A)kag 2 2kf[+] (0 ) (p’ A) ?.H . J even,
[+] T %71 i —2— S0 71 S0 -
SiZo (WA (0,) + (uA) Y jodd,

satisfy the compatibility conditions of order 2K :
s ¢ @) W (Q) 1 j=0,...,2K +1,
[+] I2(9) Dj=2K+2.

Here K > | 2] + 1. Additionally, the first component ufj]ol satisfies homogeneous
Dirichlet boundary conditions, and the other components uff]“k

Neumann boundary conditions.

satisfy homogeneous

Note that, by Lemma 3.2, the Helmholtz projector maps Sobolev spaces W () con-
tinuously into themselves, but only for 1 < r < oco. Therefore we cannot expect (5.2)
to hold for ¢ =

It remains to study the potential part u[ +] of u1;. We construct a vector IV from

ub +] and 64 as in (3.9), (3.10), (3.11), and obtain the system
oW + AL W =F, (5.4)

with A as in (3.13) with domain D(A,) = D(A) N H,, compare Definition 3.2,
(3.16) and Definition 3.3. And we have

T
1 1
F+: (0,70’ﬁf[p':],ﬁg[+]) €H+.

Under the assumptions £ € C'([0,00), H4) and WO := W (¢t = 0) € D(A,), we
then have a unique solution W € C*([0,0), H4) N C([0, ), D(A4)). Then the
higher order derivatives of W at t = 0 are formally given by

OW)(t=0)=W':=F)0) — AW’ := F,(0,) — AL W°,
(FW)(t=0) =W?:=F}(0) — AL F?(0) — AAW°
= (atF-t-)(Oa ) - A+F+(Oa ) - AiWOa

OFW)(t=0)=W":=F{Y Z ALTEEN0) — AR WO

= (OF1F)(0 ZAL YOI FL)(0, ) — AW,

=1

The following condition will become useful soon:
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Compatibility Condition 5.2. Forl = 1,..., L, the above defined term 1! is a mem-
ber of D(A). Here L is chosen in such a way that L + 1 is the smallest odd integer
greater than or equal to K, = | 251 ] + 3.

Assuming F' € C**1([0, 00), H ) we then find W e C*+1([0, 00), H ) by stan-
dard semigroup theory, and we can introduce W := A;L OFW , where we use that A,
is continuously invertible on .. by (3.20). This function 17 then solves

OW + AW =F = AJR0FF,  W(0,) = ALPWE(). (5.5)
More precisely, we have:

Lemma 5.1. If the Compatibility condition 5.2 is valid and I, € CLTH([0,00), Hy ),
and if W € C([0, 00), D(AL)) N C([0, 00), D(ALT)) solves (5.5), then

L—1
W(t,x) = AP P (o) = > AV F () — Wt x)
=1

is a solution to (5.4) with initial data W°. Here F := oM F.

The proof is straightforward.

The key advantage of this approach is that decay estimates for T/’ can be obtained
via Proposition 4.3 and Duhamel’s principle because the right-hand side F* satisfies a
large number of boundary conditions, compare Lemma 3.18.

Then W (0, ) from (5.5) belongs to D(A% ™), and Proposition 4.3 in connection
with Lemma 3.18 give us

< Cefct

1(Q)

e

‘F(Sa)H dS,

t
W, c / —e(t=9)
(0,) HEpo () + 5:06 Hpo (Q)

where K, = | %51 | + 3 is as in Proposition 4.3.
Going back to the function W, we obtain, by the continuity of the embeddings
Wyt 2(Q) ¢ HSvo () and WH(Q) € L9(Q),

L—-1

IW (Y agay < D IS E0F Pt ) g
=0

L—1
et I-LoL—1-1
+ Ce <||W<o7~>||wfpo+n/2m)+l§_; [ F+(0,')||Wfpo+n/2(m>

t
e(t—s I
* C/s:Oe (=) HA+ atLF-i-(Sa ')HWPI<p0+n/2(Q) .
By a method very similar to the proof of (3.20), we can show that

||'AjrmG+HWTk(Q) §C||G+|‘Wf’m(g)7 0§m§k7
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for G, € Hy NWE™(Q)and 1 < r < oo. Then it follows that

Wt s Q><CZ||8l RANCD][——— (56)
=1

L
+Ce <||W(07 My sevotnrzg) + ; 16171 £+ (0, ')HWPKI”M'/”(QJ

t
+ C/ efc(tfs) ||8tLF+(s, ')||WKpo+n,/2fL(Q) ds.
s=0 P

Then the proof of the decay estimate (2.3) can be concluded by addition of (5.1), (5.2)
and (5.6). This completes the proof of Theorem 2.2.

A. Appendix

The estimate (4.3) follows from an L>°—I! estimate of vector potential solutions
to thermoelastic systems in a whole space, and such an estimate can be derived from
pointwise estimates of solutions to (4.4) via Fourier transform. This in turn requires
knowledge about the eigenvalues and eigenvectors to the matrix A from (4.4). By the
Lemmas 4.1 and 4.3 and the proof of Lemma 4.5, only the case of |n| < ¢ is not yet
covered in this paper. For reasons of self-containedness, we close this gap now, and the
proof we give here seems to have the advantage of being considerably shorter and less
technical than other approaches.

Lemma A.1. There is a positive constant ¢ such that the eigenvalues A,,, Ao, and
A2nt1 Of the matrix A are

—ivat B2l + 3 +ﬁ2)ln|2+0(lnlg),
=iva+ @+ 5 +52)|77I2 +O(Inf?), (A1)
Aont1 = ——=n* + O(|77| )s

P

for 0 < |n| < e. The normalized eigenvectors f,,, fan, font+1 have the form
(fn7 f2n7 f2n+1) = (f7(7,0)7 2(2)7 f2(701)+1 + O(|77|)7

the vectors f,§0> chosen such that (f1, ..., fn—1, f,§0>,fn+1, coos fon—1, 2n ,f2n+1) is
an orthornormal family of eigenvectors of the anti-self-adjoint matrix A .

PROOF. As in the proof of Lemma 4.3, we start with determining the missing eigen-
values \,,, Ay, and Agy, 1. TO this end, we write

-D 0 § 00 0 o
=A== 0o D b|+|0 0 0 = Ay + A,
—b* —b* 0 0 0 az/|n|



with Ay € SO and A, St 1f 7 approaches 0 radially, then Ay = const with the

hom

eigenvalues

:._,:5\”71:71@]-/|77|’ 5\n+1:---:5\2n71:igj/|77|7

M
Ao ==/ @2 +20b2/Inl,  Aan =1iy/2+2b1%/Inl,  Aeny1 =0,

which all belong to SP_ . It is well-known that simple eigenvalues depend analyti-
cally on the perturbation of the matrix, which is in our case a2 /|n|. This gives us the

asymptotic expansions
An = =i/ 02 +2[b|2 + culn* + O(|n]*),
Aon = iy/0F + 2[bJ2 + canlnl? + O(In*),
)\2n+1 - 02n+1|77|2 + O(|77|3)7

with coefficients ¢,,, can, c2n41 NOt yet known. Due to det(A — A\I) = 0, these three
A solve
(a2 = A)(0F +A%) = 2[b]*X =0, (A2)

with ay = k[n|?, 03 = a|n|?, [b|* = 552|n|*. Bringing (A.2) into the form

ag(gf +A%) -3
o2+ 22

we find the expression for Ao, 11 in (A.1). Then we deduce that

a
Andan = g3 = (a+ 8)nl* + O,
K32
An +A2p = a2 — Aopp1 = P Inl* + O(nl"),

which yields the formulas for A,, and Ay, in (A.1).

For the proof of the statement concerning the eigenvectors, we only note that the
normalized eigenvectors to simple eigenvalues depend smoothly on the perturbation of
the matrix.
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