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0. Introduction

0.1 Eigenfunctions of the Laplace Operator

For various reasons, it is desirable to know the eigenfunctions of the Laplace—operator (with homogeneous
Dirichlet boundary conditions) on a domain :

Au(z)+ du(z) =0, e,
u(z) =0, x € 08,

where 2 C R" is a domain (an open and connected set), u € C?(Q2), A € R, and

In many cases, the eigenfunctions will form an orthogonal basis of L?(2), which is what makes them
interesting.

For general domains 2, it is hopeless to find a formula for the eigenvalues A and the eigenfunctions u.
Only numerical techniques can help, and they are also quite elaborate.

For this reason, let us stick to simple domains € first.

0.1.1 An Interval in R!

Take n =1 and Q = (a,b). Then we have
0,

{u”(x) + du(x) =
u(a) = u(b) = 0.

a<x<hb,

The general solution is u(x) = ¢; cos(vVAz) + ¢z sin(v/Az). From the boundary conditions, you get the
system

cos(vVAa) sin(vAa)\ [(e1) _ (0
cos(V/\b) sin(vAb) ) \e2) ~ \0)”’
which needs a vanishing determinant, in order to have a nontrivial solution. Therefore, we obtain the

equation sin(v/A(b — a)) = 0, which gives

(nm) i = 11 () = sin nm(b— x)

A=\, = : —_— .
(b—a)? b—a

0.1.2 A Cuboid in R?

Now to some less trivial domain: Q = (a,b) x (c,d) C R%2. We make the ansatz u(z,y) = X (z)Y (y), and
obtain the system

X"(@)Y(y)+ X(@)Y"(y) + XX ()Y (y) =0, a<z<b, c<y<d,
X(a)=X(b) =0,
Y(c)=Y(d) =0.
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We divide the differential equation by XY (for a moment, we don’t care whether this could be zero),
and obtain

X" Y'l)

X@ Y "
since the LHS' depends only on z, and the RHS? depends only on y. This gives the two BVPs® to
ODEs*

X(2) 4 pX (@) =0,  X(a) = X(b) = 0,

V' (y)+ (A —p)Y(y) =0,  Y(c)=Y(d)=0.

We have already learned how to handle these two problems: only certain values for p and A\ will lead to
non-trivial solutions X and Y; and the functions X and Y will be certain Sine functions.

The function v = XY will then be an eigenfunction to the Laplace—operator. Surprisingly, every eigen-
function can be constructed like this (we will not prove this result).

0.1.3 A Disk in R?

Next, we consider a disk Q = {(z,y) € R?: 2% + y? < r3}. Introducing polar coordinates (r,¢) and
looking up the representation of the Laplace-operator in polar coordinates, we end up with the following
problem:

Aqu)\u:%(g (ra—“))qu%aa—;qu/\u:O, 0<r<ry 0<p<2m,

or or
’U,(T’0790) :05 OS SDS 271'7
u(r, 0) = u(r, 2m), 0<r<ro,
u(r, ) bounded, r — 0.

We copy the idea of splitting the variables from the cuboid case:
u(r, ) = R(r)®(p),

leading us to

L@, R ) 2(0) + 0 () + ARE)B(2) =0,
rO0RE) . 2le)
R T T

The LHS depends only on r, the RHS only on (. Call their value p. Then we obtain
"(p) + p®(p) =0,  @(0) = @(27),

hence /g must be an integer, p = m2, m =0,1,2,.... This will give us the following equation for the
function R:

m2

1
R'(r)+ -R'(r) + <>\ - —2> R(r) =0, R(rg) =0, R(r) bounded for r — 0.
r r
And now we are stuck. The standard theory of ODE does not tell us how to solve such equations. Pay
attention to the singularities of the coefficients for » = 0.
It is custom to do some cosmetic changes:
z =V, R(r) = y(x),

from which we can derive the differential equation (the so-called BESSEL equation)

y"(x) + éy’(m) + (1 - T—;) y(z) = 0.

The advantage is that we have one parameter less, but we still have no idea how solutions look like, and
if they even exist.

Heft-hand side

2right-hand side

3boundary value problem
4ordinary differential equation
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0.1.4 A Ball in R?

Another reasonable domain is a ball in R?, Q = {(x,y,2) € R?: 2% + y% + 22 < r3}. Introducing polar
coordinates and the Laplace operator in polar coordinates, we end up with the problem

Dy pout Au=0, 0<r<rg0<p<2m 0<6<m,

U(TOa ©s 9) = Oa
u(r,0,0) = u(r,2m, 0),
u(r, ¢, 0) bounded

0<p<2m 0<0<m,
0<r<ro0<l<m,

r— 0,

where

1/,0 1
AT7¢797’_2<7’ E)‘i’ﬁ&

1 8(, 8> 1 9
= sinf— | +

»,0)

#0 " §in6 00 90) " sin® 0 0p*
We make the ansatz u(r, ¢, 0) = R(r)S(p,0), and obtain, after some calculation,

2 Ar? —
R"(r) + ;R/(T) + =

R(r) =0, 0<r<ro, R(ro) =0.

The substitution
x=Vr,  y(z)=VaR(r)

then yields again a Bessel equation:

v+ @+ (1- 258y =0

Next, we should consider the other factor S = S(p, ). We split the variables again: S(p,6) = ®()0(6),
and obtain an ODE for ® which should be known by now:

"(p) +v®(p) =0,  ®(0) = d(2n),
which forces us to choose v = m? with m € Ny.

We substitute cos = x and y(z) = ©(0) with —1 < z < 1, and, after some calculation, we find

2z, w(l —2%) —v
1— 227 (z) + (1 —a2)2

y" (@) y(x) = 0.

Note the poles in the coefficients for x — +1. Again, we have no idea whether solutions to this differential
equation exist or not.

0.2 GAUSSIAN Integration

Let us be given a function f on the interval [—1,1]. We would like to find an approximate value of the
integral f;::_ll f(z) dz like this:

=1 n
/ fa)de~ S wi (),
x j=1

=—1
where the z; are certain points in the interval [—1,1] (not necessarily equidistant), and the w; are

so—called weights.

Is it possible to choose the z; and w; in such a way that all polynomials up to a certain degree are
integrated exactly ? How high can that degree be ?
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We have 2n parameters available, so we hope to integrate all polynomials of degree less than or equal to
2n — 1 exactly. This leads us to the GAUSS quadrature formulas. The z; must be chosen as the zeroes
of the LEGENDRE® polynomial P, = P, (z), which is defined as being the (only) polynomial solution to

the differential equation

(1 - a2)y"(2) - 20y (@) + n(n + Vy(x) = 0
with P, (1) = 1. The functions Py, Py, Pa, ..
must be chosen as

=1
WE = /
r=—1

n

I1

J=1,j#k

r—

=1
dz = /
r=—1

T — Ty

., P, form an I?(—1,1)-orthogonal basis of the space of all
polynomials of degree at most n. All the n zeroes of P, are in the interval [—1,1]. And the weights wy,

2

T — T
J dx.

n

I1

J=1.j#k

T — Ty

For the convenience of the reader, we list the data for the case n = 7:

Ly

Wy

—0.949107912342759
—0.741531185599384
—0.405845151377397
0

+0.405845151377397
+0.741531185599384
+0.949107912342759

N O U W N .

0.129484966168870
0.279705391489277
0.381830050505119
0.417959183673469
0.381830050505119
0.279705391489277
0.129484966168870

More parameters for the Gaussian quadrature (up to n = 96) can be found in [1].

As an example, we use this to evaluate Inb = f;:f) % dz. The exact value is
Inb5 ~ 1.6094379124341002818. . ..

First, we shift the interval [1,5] to [-1,1]:

3 =5 4 =1 9qdt
 r =243 ln5:/ _x:/ .
=1 &€ t=—1 2t+3

Evaluating this last integral with GAUSSIAN quadrature with n = 7 and with one or two sub-divisions,
as well as with the trapezoidal rule (n = 6) and Kepler’s rule (n = 6), we obtain the following numbers:

T —
t=

sub-division | value | error
0 1.6094346840305430703 | 3.228e — 06
1 1.6094378965041162519 | 1.592¢ — 08
2 1.6094379124141617306 | 1.993¢ — 11
Table 1: Gauss quadrature
sub-division | value | error
0 1.6436008436008436009 | 3.416e — 02
1 1.6182289932289932289 | 8.791e¢ — 03
2 1.611653797587057737 | 2.215e — 03

Table 2: Trapezoidal rule

5 ADRIEN-MARIE LEGENDRE, 1752 — 1833
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sub-division | value | error
0 1.6131128131128131129 | 3.675¢ — 03
1 1.6097717097717097716 | 3.338¢ — 04
2 1.6094620657064125734 | 2.415e — 05

Table 3: Kepler’s rule

0.3 Further Examples

There are several more differential equations which appear quite often, but are very hard to investigate
with the standard tools for ODE:

y"(z) — 2zy'(x) + \y =0 Hermite differential equation,
(1 —2)y"(z) + (v — (a+ B+ 1)z)y' () —aByy =0 hypergeometric differential equation,
2y () + (y—2)y' () —ay =0 confluent hypergeometric differential eq.

0.4 Summary
We should not consider each of the above differential equations separately. Instead, we should have a

look at the general structure:

All the equations look like

where a, b, and ¢ are polynomials of the form
a(z) = ap + aq x,
b(z) = Bo + iz + oz,
c(x) =0 + nx + 22’

In the sequel, a general theory of ODEs of that form will be presented, taking advantage from complex
analysis.
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Chapter 1

The Gamma Function and Related
Functions

1.1 EULER’s Gamma function

The material in this section is taken from [12, Vol. 2], [13, Vol. 1] and [6, Vol. 1].
Definition 1.1. For Rz > 0, we define
t=o00
I(z) ::/ e~ ft7 1 dt.
t=0

Obviously, I'(1) = 1; and by partial integration, we deduce that zI'(z) = I'(z 4+ 1), for 2 > 0. The
natural consequence is I'(n) = (n — 1), n € N_.

Next, we answer the following questions:
e Is I analytic ?
e Can the I' function be extended to whole C ?

e If not, does it have poles 7 What are the residues of I' 7

Suppose 0 < § < Rz < X < co. Writing 2z = z + iy and t*~! = exp((z + 1 — iy) Int), we see that t*~1 is
an analytic function of z, for ¢t > 0, and [¢*71| = ¢t*~!. Then it follows that

0<t<1 Slemt* nt| < e 0 Int],

1<t<oo dle”ft*  nt| < et M nt,

which implies that the integral [;~ e~*¢*~!Intdt converges uniformly, for the above z. Then the differ-
entiation under the integral is allowed, and we obtain

t=o00
r™(z) = / et (Int)™ dt, Rz > 0.
=0

The analyticity of the I' function then enables us to extend it to the left half-plane.

first variant: If Rz > 0 and n € N, then we have the identity

r
N = =) ,
(z+n-1D(Ez4+n—-2)-...- 2
where the RHS is trivially an analytic function for Rz > —n, provided that z ¢ {0, —1,...,—n+1}.

Then this formula gives us the unique analytic extension of the I' function to the left half-plane,
assuming that the number n has been chosen larger enough.

11
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second variant: We split the integral at ¢ = 1:
t=1 t=00
[(2) = Li(2) + I2(2) := / e tF At +/ el dt, Rz > 0.
t=0 t=1

The second integral I converges uniformly for £z < X < oo and can be extended to the left
half-plane without problems; it defines an analytic function there. The first integral converges I
uniformly for Rz > § > 0. We expand the exponential function into a series:

t=1 00
—1)¥
Li(z) = Z ut'”z*1 dt, Rz > 0.
t=0 =0 V'

Fix a z with Rz > 0. Then the series converges uniformly for 0 < ¢ < 1, and we can commute
integration and summation:

I(z) = i (=)~ 1 Rz > 0. (1.1)

vl z4v’
v=0

Fix a positive small ¢, and define

C.:=C\ [J{lz+ vl <e}.

v=0

The series (1.1) converges uniformly in C., and each term of that series is holomorphic. Then also
the limit is holomorphic, as can be seen from the Theorem of MORERA. Consequently, I; can be
extended analytically to C..

Proposition 1.2. The T" function can be analytically extended to C\ (—Ny), and we have the represen-
tation

F(z)—i(_l)y Ly t:we—ttz—ldt
B vl z+4v ¢ '

v=0 =1

In the points z = —n, the Gamma function has poles of first order with residue (_nl!)n.

1.2 The WEIERSTRASS Product Representation

For m,n € Ny, we can write

R (m + n)! ~nlln+1) (n+m)
Sl (14 4)(1+2) - (142
o m(m+1)-...- (m+n)
nln™
:nlggom(m+1)~...'(m+n)’

since the LHS does not depend on n. Observe that m could be complex in the RHS (assuming that the
limit exists).

Definition 1.3 (GAUsS). For z € C\ (—Ny), we define

nln?

Fel@) = I ey )

under the assumption that the limit exists.

Next, we show two things:
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e the limit exists, for z € C\ (—Np),
o ' =1T.

Lemma 1.4. The limit in Definition 1.3 exists.

Proof. For z € C and n € N4, we can write

zZ(z+1)-...-(z+n) z+1 242 z+n  _,
. . . .n

nin? 1 2 o n

) e
zexp<z<1+%+%+---+%lnn>)H(1+§)eXp(§).

v=1

It is known that lim, .oo(1 + 3 +---+ 2 —Inn) =y = 0.5772.. ., the EULER-MASCHERONI constant.
Therefore,

. 1 1 1
lim zexp (z (14—5 + 3 +- 4= —lnn)> = zexp(yz).
n—o0 n

All that remains is to prove that [],_; (14 £)exp(—2) has a limit, for n — oc.

Let |z] < N € N, and suppose n > 2N. Trivially,

(1 2o (-2) =TT (142w (-2) IT (14 Z)ow(-2).

2N—-1

with a first factor [/ . which is entire in z and has simple zeroes for z = —v. Write the second
factor as
= z z & z z
H (1+—)exp(——) :exp(Z log(l—l——) ——) ,
v v v v
v=2N v=2N

where logw = In |w| 4+ iargw, and argw € (—m, 7). We have to show that
- z z
I (g (1+2)-2) 12
Jim, 2 (e (1+7) =5 (1:2)

exists. But this is almost trivial: we know |£] < % and the expansion of the logarithm about the point 1:

2 ’LU3

10g(1+w):w7%+?$, |lw| < 1.

Majorizing with the geometric series, we see that

2 N2
<2

’10g(1+i)73’§2‘i
v v v v

Therefore, the series in (1.2) converges absolutely and uniformly, for |z| < N. The limit is then an
analytic function.

Hence we conclude that

I‘Gl(z) = ze? ﬁ (1 + S) exp (7%) , z e C.

This is the famous WEIERSTRASS product for the Gamma function. O

Lemma 1.5. If z =2 > 0, then I'(z) =T'q(2).
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Proof. Put p=x+ 14 n with n € Ny, and let t > 0. Then we have

¢ ¢ AN t\ "
exp|— ) >1+—-=exp(t) > (1+—-] = exp(-t)< [1+ - .
p p p p

Plugging this estimate into the integral definition of I', we see that

t=00 t=00 -p
t
I(z) = / et hdt < / (1 + —) t"tde (set 1+ % =1)
t=0 t=0 D P
T=1 T=1
= px/ Pt ) dr = (e + 1+ n)z/ (1 —7)*tdr
7=0 7=0
n!
=(x+1+n)” repeated partial integration).
( )x(z+1)(z+n) (rep P & )
We obtain for all x > 0 and all n € Ng:
r 1 n!
)< (zx+1+n)* )

Conversely, we have for 0 <7< 1land 0 <t < n:

. 1 t t . t\"
e —=exp|——|21l—-—=e€"2>2[|1——].
1—71 n n n

Plugging this into the integral definition of I', we see:

t=o00 t=n t n
[(z) = / e~ hdt > / (1 — —> o de (set 1 — L =7)
t=0 t=0 n

T=1 Xy

n-n.
— n(l_— zfld — .
”/T_o” TS eT D @)

Both estimates together then yield:

n " nn!
F(z).<n+m+1> < zx+1)-...-(z+n) <T@

All that remains is to send n to co. O

1.3 Properties of the Gamma Function

Proposition 1.6. For z € C\ Z, the following identity holds:

™

Frzrl-z =

sin(mz)’

Sketch of proof. Tt suffices to prove the identity for z = 2 € (0,1). Then we have

t=o0 §=00
L()I(1 —xz) = / et dt - / “sT%ds */ / ~(Fs)pr—lg=e qg dt.
t=0

Now we substitute:

. dsdt= —2  dudo.
1+o 1+ 0)2

t
u:=t+s, V= —, § =
s

Then it follows that

I(1l-—=x) / / 5 dudv
o Jo 1 + v 1+w
[e%e} o) U=00 v=00 ,.x—1
/ / e “du- / Y dv
o Jo u=0 v=0 L1+
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You will find the value ﬁ for the last integral, if you evaluate it by the residue theorem:

Choose a small € > 0 and a big R > 0. Consider a curve C like this: a straight line from € +i0 to R+ 10,
then a big circle with radius R to R — i0, then a straight line to € — i0, then a small circle with radius
€ to € +i0. The value of the integral along that curve is —2miexp(wiz), by the residue theorem. For

x € (e +10, R+10), you have ”1:: = %, and for z € (¢ —i0, R —i0), you have ”1:; = %.

The integrals over the circles vanish for ¢ — +0 and R — +o00. And so on.

):::71

Corollary 1.7. T'(3) = /7.

Corollary 1.8. From the above reflection formula and the Weierstrass product representation, we deduce
that

. - 2
smz:zl_ll(l—m).
Proposition 1.9. For z #£ 0, —%, -1, —%, ..., the following formula holds:
1 —2z+1
P)T(z+ 5= V2 I(2z).
Proof. We use the Gauss definition:

. nln® . nin*t1/2
9,1 Mn—co 3Dy gy WMo GFT72)(F 17357

22717 (2)0 (2 + 1)

: 2n)!(2n)2>
I'(2z) limzp— oo 2z(22(+1))-...-(22+2n)
021 | nn*nln*T12(22)(22 + 1) - ... (22 + 2n)
= im
n—oo z(z+1)-...-(z+n)(z+1/2)-...- (z+ 1/24+ n)(2n)!(2n)?*
o—1 | nininl/? (22)(2z +1) - ... (22 + 2n)22"+2
= im
n—oo  (2n)! (22)(22+2)2z+4)-...- (224 2n)(22+1)(22+3)-...- (22 + 1+ 2n)
nininl/2 220+l
= lim
. nlpl22ntl n
= lim
n—oo (2n)ly/n (22 + 1+ 2n)
ninl22n

lim ———
oo (2n)/n

and this does not depend on z. Hence it is a constant, which can determined by setting z = %

1.4 Asymptotic Expansions

We start with some heuristics.

The trapezoidal rule will give us a guess at the behavior of T'(z) for large positive x:

n 1 1
/ Inzdx =~ §ln1+ln2+ln3—|—...+ln(n—1)+§lnn
1
1
=In((n -1+ §lnn
1
=InT(n) 4+ §1nn.

On the other hand,

r=n

/ Inzde = (zlnz — z) =nlnn—-—n+1,
1

r=1
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which suggests something like
1
InT'(z) ~ (m—g)lnx—m—&—c, T — +o00.

In order to guess ¢, we exploit the doubling formula:

2

D cverem (e ) (24 d) x
Z2HZZCZHZ2 22 C

1
Inm+(1—-22)In2+ (2z — 5) In(2z) — 2z + ¢,

1 1
InT(z) + InT <z+ —) = §1n7r+ (=224 1)In2 + InT'(22),

1
2

1 11 2 1+2+1 L
zlnz 2nz z 5 c+zln 22

1 1 1
- §ln7T7221n2+1n2+ (22 5) In2+2zInz— §lnz—2z+c,

1 1 1 1 —-1/2
—§+c §ln7r+§1n2+zln< —1n(27r)+z< / )+D(|z|1).

z
z+1/2> 2 Z24+1/2

This suggests ¢ = % In(27). Then our conjecture is the following:
1 1
InT'(z) = (z—§)lnz—z+§1n(27r), z — 00,
[(z) = 2"~ Y2e7*\/2n, z — 0.

Example: Take z = 11. Then T'(11) = 10! = 3628800, and 2>~ /2e~ 2\/2m = 3601420.459. Take z = 41.
Then T'(41) = 40! = 8.1591528324789773E + 47 and z*~'/?e=*\/2w = 8.1425863585161782F + 47.

Of course, we should make sense of the “~”. To this end, we define:

w(z) :==InT'(z) — <z - %) Inz+z— %1n(27r), z€C\ (—Ro,4).

Our goal is to show that |u(z)| < % for large positive z € R.

Lemma 1.10. For x € (0,1), the limit lim, oo p(z + n) exists.

Proof. Define a function g by

9(x) = p(z) — p(z +1).

The recursion formula I'(z + 1) = zI'(x) then yields

o(z) = (Jc—l—%)ln(l—i-%) Y

By the series expansion In(1+¢) = — 12 + O(e?), we then obtain

C
lg(z)] < EE T > 2.

Now we have trivially

pla+n) = () — 3 gz +v),
v=0

and the RHS has a limit for n — oo. O



1.4. ASYMPTOTIC EXPANSIONS 17

Lemma 1.11. If z € (0,1), then lim, oo (u(x +n) — u(n)) = 0. Here, n € N, as always.

Proof. We compute:
w4+ 1) — p(n) = In (W) _ (m—i—n—%)ln(m—i—n)—i— (n—%)lnn—i—x

(W)_xln(m+n)+(n—%)1n(xin)+x
1n<F(x)z(a:+l)~...'(x+n1)>xln(z+n)+<nl> s T )
(

=In

I'(n) 2/ x+n

F@z(z+1)-...-(x+n-1) n—1 1

=1 In{ —— )

. (n)(n—l) o n+x +O(n™)

I@)a(z+1)-. w+n—1)) -1

= hl + D(n )a

( (n—1)! (n —1)*
and the first item converges to zero for n — oo, as follows from the GAUSS definition. (]

Lemma 1.12. We have lim,_, o p(x) = 0.

Proof. The existence of the limit follows from the last two lemmas. Making use of the doubling formula
once more, we check that the value of the limit must be zero. O

Lemma 1.13. For z € R, z > 2, the estimate |pu(z)| < < holds.

Proof. We have

(@)=Y glz+v)
v=0

and |g(y)| < & for y > 2. O

Proposition 1.14 (STIRLING’s formula). The is a constant C € R such that for © > 2 the following
estimate holds:

I'(z)

_ T ¢
rr—1/20—2 /9 x

1‘3

The proof should be obvious.

We can refine the above result a bit. First, we should introduce the BERNOULLI numbers and BERNOULLI
polynomials.

The Bernoulli polynomials B,, = B, (x) are defined by
BO (.Z‘) 1

B! (z) =nB,_1(z), n>1,
x=1

/ By@)ds =0, n>1.
x=0

For later use, we note that By (z) = © — 5. The Bernoulli numbers B,, are then determined via
By, := By(0).
For the convenience of the reader, we list some Bernoulli numbers:

1 1 1 1 )
Bozl, BQ:E’ —_ = — = —— = —

The Bernoulli numbers with odd index vanish, except By = —=.
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We have the general relations

k
By (z) = Z (k) Bjz*=I, k>1,

=0 \J
By(0) = By (1), k> 2,
- 1
Z<n+ )Bi(), n > 1. (1.3)
1
=0

The last relation can be used for the recursive computation of the Bernoulli numbers. It turns out that
Bs,4+1 =0 for n > 1. They are famous as ingredients in important Taylor series:

T >~ B
em—lznzz()Tx

o0

n— BQ” nisn n—
tana = Y _(=1)""" (2n)14 (4" — 1)z 1,
n=1

cotr = —

Moreover, we have the nice formula
p+1 1 p Bk P ek
+§np+27 k n? s p€N+.
k=2

1P+2P+,,,+npz
p+1

-1

Now we can describe the function p in another way:

Zg(m—i—u):Z/t_; #}/itdt:—;/t_; (x+v+t)"'Bi(t)dt
:7_2/ (z+v+t)" By(t)dt
=3 Z <(x+ v+t) "1 By(t)

()

. + /tH(x + v+ 1) 2 By(t) dt)

= t=0 =0
1By, 1 =t 9
“3 2 ), @O TROE
v=0 =

Now we introduce a 1—periodic function P,,: R — R by the formula
P,(t) = B,(t), 0<t<1.

Then we can write

1 1

p(z) = e 5/:<:)(x+z/+15)2P2(t) dt.

We have the recursion P/ (t) = nP,_1(t). By partial integration, it then follows that

1[5 Pt B 1 1 t=oc Pt
_/ i () gt — _Brar / k1 (t) dt.
t

k)i (@+0F k(k+1)aF k+1 (z + t)k+1
The numbers Bs, Bs, By, ...vanish; hence we conclude that
~ Bs, 1 1 t=o0 P2n+1( )
— (2v=1)2v 2>~ 2n+1 (x +t)2n

In [12], the following remainder estimates can be found:
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For all n € N4, there is an M, such that for all z € C\ (=R o), the following estimate hold:

1 M, 1

= BQV
- < : =ype (—mm).
#z) ; (20 — 1)20 221 | = cos2nt2(p/2) [22n L argz = € (=)

In the right half-plane, this estimate can sometimes be improved:

S

By, 1 < Bonqo 1
. 2v—1)2v 221~ 2n+1)2n+2) |z2ntV’

|arg z| <

=

w(z) —

v

Example: Taken =4 and z =x € R, x > 10. Then

Bongo

: < 8.417-10713.
@nt D)(2n+2) Joprir = 841710

Remark 1.15. It turns out that the recursion formula (1.3) is not numerically stable; and other formulas
of Bay, for large n are advisable. One of these formulas follows from the Fourier series

> cos(kx) (<) (27T)2”B2n ( x )

= k2n 2(2n)! 27
upon setting r = 0:
1 1 2n m
— n+1 = = Y .
Ban = (—1) 2<1+22n+32n+...>H<27T), n=123....

m=1

For n = 17, we have 272" = 5.820766091346741 - 10~ and 372" = 5.9962169748381 - 1017,

Now is a good point to introduce the Euler summation: take a function f, sufficiently smooth. Then
we can write

t=N N-1 =1 N-1 =1
/t f(t)dt = ,;)/t_o ft+n)dt = g/t—o f(t+n)B,(t)dt

=0
N—

i

— t=1
-y (f(t +mB|_ - [ CramB dt)
n=0 t=
N-1 N-1 t=1
= f(1+n;+f(n) —% F(t+n)Bh(t) dt
n=0 n=0 /t=0
N—1 N-—1 t— t=1
=310+ X 50+ 51 = 5 X (Pt - [ a0 o)
n=1 n=0 - t=0
N—-1 B =N t=N
P UG SEURE IR SUCI NS § IR ECIOL]
N-—1 B B =N t=N
=310+ X g+ 350+ (G0 - 5 0) |2 g [ om0
2 | | RS
Continuing in this style we find
N t=N B B B B t=N
2¥W=l¥.WNF(ﬁﬂ®+ﬁ”@+zﬁW®+~+@%WVW®tw+Rw

1 t=N

R:___/‘f@m@&ﬂww
P+ s !

This will enable us to efficiently compute Zg:o f(n), provided that we are able to integrate ftt:ON f(t)dte.

An important example is the zeta function, ((s) = >~ n~*. This function can be computed quite

easily by Euler summation. We will come back to the zeta function in connection with the psi function

below.
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1.5 The Beta Function and the Psi Function

Definition 1.16 (Beta function). For Ru > 0 and v > 0, we define the so-called Beta function

t=1
B(u,v) :/ t 1 —t)vtde.
t=0

Proposition 1.17. For u,v € C with Ru > 0 and Rv > 0, we have the identity
I'(u)I'(v)

B(u,v) = T(ut0)

(No proof.)

This result directly enables us to define the Beta function for u,v € C\ (=Np). The resulting function
is analytic everywhere where it is defined.

Definition 1.18 (Psi function). For z € C\ (—Ny), we define

¥(z) = ?((Z))

Trivially, we have ¥(z + 1) = 9(z) + %

Next, we derive a power series for the psi function near z = 1:

et | () Ea)

—logT'(z) =log(z) + vz + i (log (1 + S) - E) )

v

w<z)§+w§%<li§1>. (1.4)

Note that the last series is uniformly convergent for |z| < 1; therefore, the term-wise differentiation is
allowed. Then,

1 N N Al

—(z2) = = - =, <1
=11+ 203 () K
The absolute convergence allows to exchange the two summations. Then we get, with ((n) = 02, v ",
Pz+1)=—v=> (=2)"(n+1),
n=1
logT'(z +1) = —yz + i ﬂ((n)z” |z| < 1.
n=2 n 7

GAUSsS used a similar series 1812 to give a list of the values of I'(1 + x), where 0 < < 1, with step-size
0.01.

For later use, we present some representations of the psi function:

Proposition 1.19. 1. If z#0,—-1,—-2,..., then
b(z) = - +i =
2)=—=— S
P — v(z+v)

2. If Rz > 0, then

[ee] e—t e—zt
’I/J(Z) = /tzo (T — 1 —e_t) dt
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For the proof, we make use of a simple lemma:

Lemma 1.20. 1. If Rp > 0, then

1 o
- :/ e~ Pt dt.
p t=0

2. If x > 1, then

0 eft _ efxt
Inz = / —dt.
t=0 t

Proof. The first part is trivial, the second follows from

eft _ efzt
Inx = / —dp / / e Ptdtdp = / / e Ptdpdt = / fdt'
t=0

Proof of Proposition 1.19. The first part is just a reformulation of (1.4).

The formula of the second part can be obtained as follows:

w(z):7_77+l;u(z+u
n o0 Py
Tz (nh—{go (;;hln)) +VZ:1V(Z+V)
"1 " z
77;+nh—>ngo <lnn;;+;y(z+y)>

. 1 _ 1
:—;+nh_>n;o <lnnzz+y> fnan;O <lnnzz+y>

v=0

o -t _ ,—nt
/ . P / Z —(z4v)t dt
t=0 t=0,,
0 ,—t __ ,—nt o0 1— (n+1)t
([ Ldt,/ L)
n— 00 =0 t t=0 1—e
o] —t —nt —zt —zt —(n+1)t
= lim / L dt
n—oo \ J;—g \ t t 1—et 1—et
oo -t —zt 1 —(z+1)t
= lim / e_f € 7€_nt _767 dt ).
n—oo \ fi_g ¢ 1—et t 1—et

We observe that the term [...] is bounded over R, which enables us to apply the theorem of Lebesgue.
O
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Chapter 2

Homogeneous Linear Differential
Equations

2.1 Existence and Uniqueness

We recall from the theory of real systems of differential equations:

Let I = {t € R: |t — to| < R} be an interval on R, and let A = A(t) be a continuous matrix function,
A € C(I;R™ ™). Then the initial value problem
y'(t) = A(t)y(t)
y(to) = yo
has a unique solution y € C'(I;R™). Note that the solution y exists on the whole interval I.
Now we consider a similar situation in the complex plane.
Proposition 2.1. Let zg € C, K = Kgr(z0) = {z € C: |z — 29| < R}, and A = A(z) be a function from
C(K,C"*™), holomorphic in K. Let ug € C™ be a given complex vector. Then the initial value problem
u'(z) = A(z)u(z)
u(z0) = uo

has a unique solution uw € C(K;C™). This function is holomorphic in K.

Sketch of proof. It is very similar to the real case. Define a mapping u +— u by
i=a()i=ut [ AQuOd
¢

=20

where the integral is taken over any curve in K connecting z and zg, for instance, the straight line. The
proof is complete if you can show that this mapping u — @ has a fixed point. For details, see the real
case. o

Note that the solution u is holomorphic in the whole ball K = Kr(z).

As an application, consider the second order scalar differential equation
w”(2) + p(2)w'(2) + q(2)w(z) = 0,
w(zp) = wo, w'(20) = wy.

It is standard to transform it into a first order system upon setting u = (u1,us)? = (w,w’)T:

W(z) = (qo(z) pl(z)) w(z),  u(zo) = (Zf)
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We see that the initial value problem (2.1) has a unique holomorphic solution w in K, provided that the
functions p and ¢ are holomorphic in the ball K.

The concepts “linear independence” , “fundamental system” or “Wronski determinant” can be defined
as in the real case.

Now we consider differential equations in an arbitrary domain G, under the assumption that the functions
p and g are holomorphic in G.

Proposition 2.2. If p and q are holomorphic in G, and zp € G, then a solution w to (2.1) exists in a
ball Kr(z0) C G. This solution can be holomorphically extended along any path that remains in G; and
any such analytic continuation is again a solution to (2.1).

The proof should be obvious.

Remark 2.3. 1. If G is simply connected, then different analytic continuations coincide, by the mon-
odromy theorem.

2. If wy and wy form a fundamental system in Kgr(zo), then also their analytic continuations form a
fundamental system.

3. If p and q are rational functions, then any solution can be extended along any path that avoids the
poles of p and q.

2.2 Solutions Near Isolated Singularities of p and ¢

Now we are interested in the equation
w”(2) + p(z)w'(2) + q(z)w(z) = 0, 0<|z—2z| <R, (2.2)

where p and ¢ are holomorph for 0 < |z — 29| < R:

+o0 too
p(z) = Z ay(z — z0)", q(z) = Z b,(z — z0)", 0<|z— 2] <R.

As an example, we take
W) o (2) =0, p(z)= o=, a(2)=0, =0, R=oo.

It is easy to check that a fundamental system of solutions is given by wi(z) = 1, wa(z) = /2. Without
loss of generality, we can choose the main branch of the square root function, with cut on R_.

The cut plane is a simply connected domain. If we choose a small circle about a point a + bi, with a,
b negative, then w; and wy are a fundamental system of the differential equation in this ball. We can
continue the solution analytically, going around the origin zg = 0 counterclockwise, until we arrive at
the “upper bank” of the “river” R_. The extensions of w; and ws are 1 and /z. If we cross the cut and
continue the solutions analytically, then we obtain extensions w” = 1 and wy (2) = —/z.

We will now extend these ideas to the general case (2.2), and will find the following description of the
solutions:

Proposition 2.4. Let the functions p and q be holomorphic for 0 < |z—zg| < R. Then the equation (2.2)
has a fundamental system of solutions (wr,wrr) of the following form:

wr(z) = (z — 20)* Z cl(z— 20",
wrr(z) = (z — 20)? Z Mz — 20)” + awr(2) - log(z — 20).

If o1 — 02 € Z, then a = 0.
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Remark 2.5. 1. This is just an existence result.

2. The exponents €4 and the coefficients ¢ can be computed by comparing equal powers of z — zy. In
general, this is a nonlinear system for infinitely many unknowns, which cannot be solved. However,
in almost all relevant cases, this system is solvable step by step.

Proof. We choose a ray starting in zp, and cut the plane along this ray. Then we have a simply connected
domain, in which the coefficients p and ¢ are holomorphic functions. Hence we have a fundamental system
(w1, ws) of solutions to (2.2). Every solution w can be written as linear combination of w; and ws:

w=w(z) = Crwy(2) + Cowz(z) = (C1 C) (w1 (Z)) .

If we extend these solutions crossing the ray (counter-clockwise), we obtain new solutions wi, wy, and
w’t. They can be written in terms of wy and wo:

()= (o) ().

wt(2) = Crwf (2) + Cowy (2) = (C1 Co) (““ ‘“2) (wl(z)) .

a1 a22 w2 (Z)

The functions w; and wj must be linearly independent. Consequently,
det [ “1 @12 £ 0.
a21 a22

Now we are looking for solutions wy and wy; with w}“ = A\wy and w;} = Xowyy, for some A\,. We make
the ansatz wy, = C{wy + C§wa, and deduce that

(cy Cg) <““ alQ)Aa(Cla csg).

a21 a2

Therefore, \; and Ay are the eigenvalues of the matrix

and (C¢,C)T are the eigenvectors to A\y.

e The )\, are not zero, since det A # 0.

e The )\, do not depend on the fundamental system (wy, wz), because similar matrices have the same
eigenvalues.

Now two cases are possible.
Case 1: A\ # Ao

Then we have functions w; and wjy; with w}" = Mwy and w}} = Xowys. These functions are linearly
independent, since eigenvectors (C7, ()T to different eigenvalues are linearly independent. Now we
define

1

- log Aa, a=1,2.
2mi

Qa ‘=
We can choose any branch of the logarithm. Choosing another branch will add an integer constant
to 0q. Consider the function z — (z — 20)?~, defined in C with a cut along a ray starting from zg.
From (z — 20)? = exp(olog(z — 29)), we see that analytic continuation over the cut will give the value
Aa(z — 20)9>. Then we conclude that the functions

wy(2) wrr(2)
(z — z0)r’ (z — z0)@2
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do not jump if we cross the cut. Hence, they are analytic in the annular domain {z: 0 < |z — 20| < R}.
Consequently, they can be written as a Laurent series, and we obtain the desired representations

wr(z) = (2 — 20)% Z Mz —z),
wrr(z) = (z — 20)% Z cl{l(z—zo)".

Remark 2.6. 1. A different choice of 0, induces an index shift in the series > ..

v=—00"

2. A different choice of (z — z0)%~ induces a multiplication of the coefficients c¢& by a constant.

Case 2: \| = \o.
I

As above, we find a solution wy(z) = (z — 20)2* Y o cL(z— 20)”. Now we forget the old functions w;
and ws.

Take another arbitrary solution ws, linearly independent to w;. We choose (w;,ws) as fundamental
system. By analytic continuation, we get functions w}“ and wy with

w;r = /\1w1 +0w2,

+
w2 = a21wWwyr + a22W9.

The number A\; must be a double eigenvalue of the matrix

=(h8)
a1 @22

which implies ags = A1. Then we have w;' = Q91 W1 + AMws.

The function ws/w; has the following analytic continuation over the cut:

+
wy G wr +Aiwa a1 | we
Awr Awr Mo owr

Then the function

is continuous when we cross the cut; hence it can be written as a Laurent series. Put a = %% Then

wa(2) =
—alog(z — z9) = ¢z — 29)¥, 0<|z— 20| <R.
wr(2) g(z — 20) V:Z_OO (z = 20) |z — 2o
Multiplying with wy, we get
wa(2) = (2 — 20)% Z (2 — 20)” + awr(2)log(z — 2o).

We have the freedom to simultaneously shift the summation and the exponent g1, giving us another
exponent po with 01 — 02 € Z. O

2.3 Inessential Singular Points

Definition 2.7. A number zy € C is called inessential singular point! of the differential equation w" +
pw’ + qw = 0 if the main part of the Laurent serieses of the solutions wy and wyy contains only a finite
number of terms. Otherwise it is called essential singular point?.

1 auBerwesentlich singuldrer Punkt oder regulirer singuldrer Punkt
2 wesentlich singuldrer Punkt oder irregulirer singulirer Punkt
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Essential singular points are nasty. That is the reason why we want to exclude them.

Proposition 2.8. If zg is an inessential singular point of the differential equation w" + pw’ + quw = 0,
where the coefficients p and g are holomorphic in {z: 0 < |z — zo| < R}, then this differential equation
has a fundamental system of the following form:

wi() = (2 2007 Y ch(z — )", (23
v=0
wrr(z) = (z — 2)% Z Mz — 20)” + awr(2) - log(z — 20), (2.4)
v=0

where b and ¢! do not vanish. If 01 — 02 & Z, then a = 0.

Proof. Just shift the numbers p; and g5 by integers. O

Proposition 2.9. A number zy is an inessential singularity for (2.2) if and only if the following three
conditions are satisfied:

o The functions p and q have an isolated singularity at zo (or are regular there).
e The function p is regular at zg, or it has a pole of order 1 there.

e The function q is reqular at zg, or it has a pole of order at most 2 there.
These conditions are satisfied in all differential equations which we care about.

Sketch of proof. The conditions on p and ¢ are necessary:

Let (w1, ws) be a fundamental system of the form (2.3), (2.4). Suppose zp = 0. Then we can write

wy(z) = 290 Py (2),
wo(z) = 222 Py(2) + aw:(z) log(z),

where Py and P are power series with P;(0) # 0, P»(0) # 0. Then we have

wy + pw| + quwi =0,
wy + pwy + quwz = 0,

which is a linear system for the functions p and ¢q. By Cramer’s rule,

/! 1
__ Wwywi — wywy __w wy

/ / ’ .
WoW1 — WW2 w1 w1

Now we just have to count the multiplicities of the zero (or pole) at zop = 0 of the numerators and
denominators. Observe that

1 1
Wy W1 — W7 W2 / ’
—2— 1 = =9, log (whwy — whws),
WrW1 — Wy W2

(%)

/ /

whwy — wijwy = wid, [ — ).
w1

It turns out that the order of a pole of p at zyp = 0 can be at most one, and the order of a pole of ¢ at
zo = 0 can be at most two. The details are left to the reader.

The conditions on p and ¢ are sufficient:
We have

1 & R
p(z) = > Z ayz”, Q(Z) = 2 Z b,z",
v=0 v=0
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and make the following ansatz for the unknown solution w:

oo

w(z) = ZQZCUZV, co=1.

v=0

Then we obtain

0=w"+pw + qu

- Z aw+o)(v+o—1)2"107% 4 <% Z a,{z“> <Z cu(p+ Q)Zu+g1>
k=0

v=0 n=0
1 o0 o0
_ K +
+ <22 mez ) <Zcuz” Q) .
k=0 n=0
Set

f(o) :==0(o—1) +aoo+bo = 0® + (ap — 1)o + bo.

Comparing equal powers of z then yields the system of equations

flo) =0, (2.5)
aflo+v)= *Z((Q+N)aufu+bvfu) Cus v>1 (2.6)
pn=0

Equation (2.5) is called indicial equation. It has two solutions, g1 and ga. If f(o; + ) never vanishes,
then the coefficients ¢, can be computed recursively.

Case 1: g1 — 92 € Z. Then f(p; + v) is never zero, and the ¢, are uniquely determined.

Case 2: 91 — g2 € Z. Then, without loss of generality, 901 = g2 + m, with m € Ny. As a consequence,
f(01+v) never vanishes, and we can construct a solution w; of the desired form. The other solution
can then contain a logarithmic term; maybe the ansatz must be changed.

The further proof comprises the following steps:

The series ) ¢ (z — z9)” converges. We have to show that the radius of convergence is greater than
zero. To this end, we have to estimate how fast the coefficients ¢, can grow with increasing v.

The radius of convergence is R. Assume that the radius of convergence were smaller than R. Then
the boundary of the disk of convergence must contain a singularity of the solution. But this is
impossible, since the solution must exist as a holomorphic function wherever the coefficients are
regular.

The solutions are linearly independent. This is quite easy for 01 — 92 € Z, and a bit harder in the
exceptional case.

The details are intentionally omitted. O

Remark 2.10. The numbers o1 and oo can be computed as follows:

put ag = lim, .., (z — 20)p(2) and by = lim,_..,(z — 20)%q(z). Then o1 and o2 are the zeroes of the
polynomial f(0) = oo — 1) + apo + bo.

Remark 2.11. Consider a regular point zog of the differential equation. Then p and q are regular at
20, and we can prescribe w(zg) and w'(z) as initial values. Choosing them as 1 and 0, we find two
solutions wr(z) = Pr(2), wrr(z) = (2 — 20)Pri(z) with holomorphic functions P; and Pry satisfying
Pr(z0) = Pri(z0) = 1. On the other hand, the leading coefficients of p and q are ag = bg = by = 0, by
the formulas from the previous remark. The indicial equation then is f(o) = o(o — 1) = 0. This gives
01 =0 and g2 = 1, as can be seen in the formulas for wr and wyy.

Conclusion: reqular points can be interpreted as inessential singular points.
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2.4 Example: the Bessel Differential Equation

The differential equation
2 1 / V2
w(z)+;w(z)+ 1—; w(z) =0, veC, zeC\{0} (2.7)

is called Bessel differential equation. We have p=p(z) =1, ¢ =¢q(z) =1— ‘;—z, which are holomorphic
functions for 0 < |z| < co. The point zp = 0 is an inessential singular point. We have

0/0:1, a1:a2:--.20, bO:—V2, b1=0, 1)2:17 b3:"':O7
which leads to the indicial equation f(¢) = (0 — 1) + ago + bg = 0, hence p? — v? = 0, with solutions

01 =V, 02 = —V.
Case 1: 91 — 02 € Z. Then we have a fundamental system (wy,w;y) with w;(z) = 2 Z;OZO cizk,
wrr(z) = 277> 5oy cl12*. The recursion formula for the coefficients is

k—1
aflo+k)==> ((e+mar—p+bep)cy, k=1L
pu=0
For k =1, we obtain ¢; f(o+ 1) = —(pa1 + b1)ep = 0, hence ¢; = 0.
For k > 2, we find ¢ f(0 + k) = —cr—2 instead. Therefore,

Ck—2

e+ kP =7

Cr — —

Since ¢; = 0, all ¢, with odd k vanish, too. The other ¢ are given by

Co

H,T:1 flo+2p)

Observe that f(o+2u) = (0 + 2u)? — 0® = 4u(0 + ). Then it follows that

Com — (71)m

g (Cmd(cyrd T+
I Guv+ ) 4mml T(v+m+ 1)
1 (=)™’ (=™t T(=v+1)

Comn = =7 .
M (p(—v 4+ ) Amml T(—v +m 1)
It is custom to put

1 T 1

r_ L -+
OTWrwr1) U T T (w1

Then we have as fundamental system of solutions (wy,w;y) the functions J, and J_,, where

J(2) = (g)yrg(_m%, veC,

and the formula for J_,, is given by replacing v — —wv. This series converges everywhere in C, and
the function J, is called Bessel function or Cylinder function of first kind.

These functions are always solutions, even for g1 — 02 € Z.

Case 2: p; — 02 is an odd integer. Then we have v = k+ %, where k € Ny, without loss of generality.
The functions Jyi1/2 and J_j_;/o are solutions of the Bessel equation, and they are linearly
independent, because: the coefficient of the first term of the series does not vanish. Therefore, the
series converges to 1/I'(k +3/2) if z — 0. Then Jj41/2(2) goes to zero, and J_j_1/2(2) goes to oo
for z tending to zero.
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Case 3: 01 — 02 is an even integer. Now, we have v = k with k € Nj.
Obviously, J, = J_, for k= 0. For k € N, we have

Jor(z) = (g)i z_:o(_l)mm!r(ff) k+1)
Nk 0o . %2m
- (5) Z:k(il) m'gm)— E)!
z\tk k = m %27”
- ()" e e
= (1) Ji(2)

Therefore, the functions J, and J_, do not form a fundamental system of solutions of the Bessel
equation if v € Z.

In this case, we make the ansatz
wry(z) =27k Z em 2™ + alog(z)Ji(2), z # 0.
m=0

Put L=02+10.+(1— ’:—z) Then the Bessel differential equation can be written as Lw = 0. Now
we compute:

L("7R) = 252 (m = k) (m — k= 1) + (m — k) + 22 = k) = 2" 772 (m? — 2mk + 27),

L (i cmzmk> = i cmm(m — 2k)zm7k*2 + i Cmz™F,

m=0 m=0 m=0

oo oo 2
0= L(wr(2)) = Z cmm(m — 2k)zm_k_2 + Z emz™F 4 ;@Jk(z)

m=1 m=0

= i Cmm(m — 2k)z™ k2 4 i e _pz MR QZ_aaz <i (g)k+2u (1)~ )

| |
m=1 m=2 u=0 ,LL.([L + k)

=c(1—2k)z"F 14 Z Cnm(m — 2k) + cp_o) 2™ 24
m=2

1

+2a —1)2H2 7R (4 2p) P22,
> )
Multiply the equation with z**2. Then
0=rc1(1—2k)z+ Z (emm(m — 2k) + ¢pp—2) 2™+
m=2

— 1
+2ay (=127 ko) e

Now we compare equal powers of z. The last sum can not contain odd powers of z. Therefore,
c¢1 = 0, and all the other co,+1 vanish, too, because m — 2k # 0 for odd m. Then the index m
should be even, m = 2)\. We obtain

1
(deax A A — k) + ¢ A4 2a 2#2*]9*2# k42 52k+20
; 22 2)—2) Z ( H)M!(u—i-k)!
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Choose ¢y = 1, and compute ca, ¢4, ..., Cak—2, by setting deaxA(A — k) + cax—2 = 0. For A = k,
we obtain cop_22%* from the first sum, which can be eliminated by an appropriate choice of a.
Choose ¢y, arbitrary, and compute cag12, Cok+4, - - -, by another recursion formula, which contains

the contributions from the second sum.
The details are left to the reader.
Another choice of the fundamental system is as follows: put

Jy(z) cos(vm) — J_,(2)

sin(vm)

Y.(2) = , vgZ.

Then (J,,Y,) form a fundamental system of solutions for v ¢ Z. And if v = n € Z, define

Y, (2) = lim Y, (2).

v—n

It is possible to show that (J,,Y,) are a fundamental system of solutions (we will not prove this).

Evaluation of Bessel Functions

We give some remarks on how to evaluate J,(x) for v,z € R;.

z and v are small: use the power series

z is small and v is large: use the following recursion formula either forwards or backwards:

Joa(&) + T (2) = 2 2).

x is large (greater than v): use the asymptotic expansion

\/; (v,2) cosx — Q(v,u)siny),
(-

(k=D —=9)  (r—1)(u—9)(p—25)(p—49)
Pl2) ~ 1= ey 41(82)8 T
Qv 2) ~ 1! (b —1)(p—9)(p — 25)

— +..., Z — 00,

82 31(82)3

z — 00,

The series for P and @ do not converge. The error does not exceed the (k + 1)th term and is of
the same sign provided that k > v/2 and z is from R.

Details can be found in [14].

Roughly, the asymptotic behavior of J,(z) for z — oo can be explained as follows: if J, = w is a solution
to

0,

W)+ )+ (125 ) ute) =

22

then u(z) = 2'/?w(z) is a solution to

u(2) + (1 - ﬂ) u(z) =0,

z

which looks like the equation u”(z) 4+ u(z) = 0 for large |z|.
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2.5 Differential Equations of FUCHS class

We consider the differential equation
w”(2) + p(2)w'(2) + q(2)w(z) = 0, R < |z, (2.8)

where we assume that p and ¢ are holomorphic functions for |z| > R. Our goal is to study the behavior
of w for z — oco. Therefore, it is natural to transform the equation:

2= % wz) =w(©), W) =GO, w"(x) = "¢t + 2O,
SO+ (3= ™) O+ Fac @ =0 o<l <,
(0 = % - ép«*l), X(¢) = C—ﬂq@*l).

Definition 2.12. We say that zo = co is an inessential singularity of the equation (2.8) if (o = 0 is an
inessential singularity of the transformed equation w”({) + ¢(Q)w’'(¢) + x(w(¢) = 0.

We say that zg = 0o is a regular point of the equation (2.8) if (o = 0 is a regular point of the transformed
equation.
We know that (p = 0 is an inessential singularity of the transformed equation if and only if

o0

1 1 «— 1
Zkz axc", x(<)=§—2kzzoﬁk<k, 0<ll< &

Reformulating in terms of p and ¢, we find

2z — 2%p(z) = ZZ apz”", 2q(z) = 22 Zﬂszk,

k=0
=1 (e- Z =LY Gt R
pz)_ OéO akz I q(Z _22 ~ k< ) z .

z

This means that p must have a first order zero at z = 0o, and ¢ must have a second order zero at z = oo.
Additionally, both coefficients must be holomorphic functions near infinity.

Remark 2.13. The point zg = oo is a regular point if and only if g = 2 and By = 1 = 0. That means,
p has a second order zero at infinity, and q has a fourth order zero at infinity.

Remark 2.14. The indicial equation for w = w(¢) is
0(0—1) + ae + fo =0,
with ag = 2 — lim,_, o0 2p(2) and Bo = lim,_ o, 22¢(2).
Remark 2.15. The Bessel differential equation (2.7) has an essential singularity at infinity.

Definition 2.16. We say that a differential equation w” + pw’ + qw = 0 belongs to the FUCHS class if
all its singular points (including, possibly, infinity) are inessential singularities.

A differential equation of the Fuchs class can have only a finite number of singular points (otherwise,
the cluster point would be a non-isolated singularity).

Let z1,...,2, € C denote the (mutually distinct) inessential singular points of the differential equation.
Then the Theorem of MITTAG-LEFFLER guarantees that p and ¢ have the form

n

- o _ By, Ci .
=3P a0 =X (ot T )+, seC

k=1 k=1
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where p* and ¢* are entire functions.

From lim, . p(2) = lim,_ q(2) = 0 we obtain lim,_,o p*(2) = lim,—,o ¢*(z) = 0. Then the Liou-
VILLE theorem implies p* = ¢* = 0. Since ¢ must have a double zero at infinity, it follows that

k=1

Proposition 2.17. The differential equation w”(z) + p(z)w'(z) + q(2)w(z) = 0 belongs to the Fuchs

class if and only if there is a finite collection of mutually distinct complex numbers z1, ..., z, such that
n n n
Ak Bk: Ck
p(Z) ZZ_Zkv q(Z) Z<(2_Zk)2+2—2k ) Z k
k=1 k=1 k=1
Proof. The necessity has been shown above, and we skip the proof of the sufficiency. O

Remark 2.18. The indicial equation at zx reads
0(o—1)+ Ao+ Br =0.

The indicial equation at z = oo (with respect to { = %) reads
o(0 = 1) + @000+ fo,c0 =0

with

aooo—Z—hmzp —2—2Ak,

zZ—

ﬁo,oo—zlggozq ZB;mLhm Zzl—zk/z

:i B + hm chk <1+Z;k+<2;k) +> :i(Bk+Cka).
k=1 k=1

2.6 The Hypergeometric Differential Equation

Definition 2.19. Let a,b,c € C. The differential equation
2(1=2)w"(2) + (c— (a+ b+ 1)2)w' (2) — abw(z) =0
is called hypergeometric differential equation.
This differential equation can be written as w”(z) + p(z)w’(2) + ¢(z)w(z) = 0 with

—(a+b+1)z ¢ a+b+1l-c
po)= Carb Dz atbilzc

z(1—2) z z—1
ab —ab ab

G =T taor

z1 =0, zo =1,

Ay =, As=a+b+1—c¢
Bi=0, By=0,
C1 = —ab, Co = ab.

Remark 2.20. The differential equation is symmetric in a and b.



34 CHAPTER 2. HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS

The indicial equations are:

21:0: 9(971)+A19+B1:05 = 951):07 le):1767
z=1: o(o—1)+ Ao+ By =0, = Q§2)=07 QéQ)ZC—a—IL

z3=00: ol0—1)+ (2= A1 —A)o+ (Crz1+Caz) =0, — oY =aq, o) =1
Then we can write down the fundamental systems of solutions:

In the domain 0 < |z| < 1: Our general theory gives us
o0 ) o0 )
wj(z)zzOZc]Iz], wH(z)zzl*CZc]Uz],
7=0 7=0

provided that 1 —c € Z. If ¢ =1,2,3, ..., then we have solutions of the form

wr(z) = 2° Zc}zﬂ wrr(z) = 2'7¢ cJUzj + ewy(z) log(2).
Jj=0 j=0
And if c¢=0,—-1,-2,..., then we have solutions of the form

wr(z) = ZOchj-zj + ewrr(2) log(z), wrr(z) = zl_CchUzj.

7=0 7=0
According to our general theory, these series converge for 0 < |z| < 1. A simple calculation shows
that, for ¢ £ 0,—1,-2,...,

_ ~ala+1)-...-(a+k—1bb+1)-...-(b+k—1)
w(z) =1+ (et ). (ctk— DK 2

k=1

This series is called the hypergeometric series, since it becomes the geometric series for a = 1 and
b = c. Note that we obtain polynomial solutions for a = 0,—1,—-2,....

To simplify notation, we introduce the POCHHAMMER symbol:
1 k=0,
(a)r =
ala+1)-...-(a+k—-1) :keN;.

Then we can write, for ¢ # 0, —1,—2,...,

wr(z) = Z %zk =: oF1(a,b;¢;2) =: F(a,b;c; 2)
k=0

We know that the hypergeometric series can be analytically extended to C\ {1}. In general, this
extension is not unique if we go around the singularity at 1. It is custom to cut the plane along
R4\ [0, 1], i.e., to define the analytic continuation only for |arg(l — z)| < .

For ¢ & Z, we obtain
wrr(z) = zl_chl(a +1l-cb+1—-0¢2—c¢2),
with two cuts along R \ [0,1] and R_.
In the domain 0 < |z — 1| < 1: We have one solution
wrrr(z) = 2F1(a,b;1+a+b—c¢;1—2)
under the assumption 1 +a+b—c#0,—1,—2,..., and a second solution
wry(2) = (1= 2) "% F i (c—bc—a;14+c—b—a;1—2)

incaseof 1+a+b—c=#1,2,3,.... For the continuation of wy;;, we cut the plane along R_; and
for the continuation of wry, we cut the plane along R_ and Ry \ [0, 1].
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In the domain |z| > 1: We have the solution
wy (2) =27 %9F(a,14+a—c1+a—bz1)
under the assumption 1 4+a —b # 0,—1,—2,...; and the solution
wyr(z) = 27b oF1(b,14b—c;14+b—a; 271

under the assumption 1 4+a —b # 1,2,3,.... For the continuation of each solution, we cut the
plane along R .

Quite a lot of classical functions can be written as hypergeometric functions:

1
1—27

2F1(1,b;052) =
2Fi(a,05¢;:2) =1,
2F1(—n, 1; 1; 1-— Z) = Zn,
2F1(1/2,11;2) = (1 - 2)71/2,

1
2F1(1,1;2;2) = —=log(1 — 2),

z
29F1(1/2,1;3/2; —2%) = arctan(z),
29F1(1/2,1/2;3/2; 2%) = arcsin(z),
oFi(—n,n+1;1; (1 — 2)/2) = Po(2), (Legendre polynomial).

Next we give an explicit expression for the analytic continuation of 2F1(a, b;¢; z) outside the unit circle.
Observe that

G (7).

O T T(b+kIec—b
() T®)I(c—0) e+ k)
7& c—b) = I'(c) ' b+k—1(1 _ p\e—b—1
= ToTe—n 2t ke =Y = tore = /tzot+ (L—t)" " dt,

for R(b+k —1) > —1 and R(c—b—1) > —1. A sufficient condition is e > Rb > 0. Then we can write

( )F((C) B 2 (Z)!kzk /t:o g

b _
k=0

_ I'(c) ! b—1/q c—b—loo TN (1R Rk

- e 0 ;(J Ve

(c) / S —b-1 -
= t 1-—1)° 1—zt) %dt
e ot T
provided that |zt| < 1, which is satisfied for |z| < 1. We see that the integral on the RHS exists for all
z € C\ Ry and Re > RNb > 0. The integral converges uniformly with respect to z if 0 < e < |z| < R and
|arg(l — z)| < m — 0. Then the integral is a holomorphic function of z € C with the exception of real
z > 1.
We also see that oF1(a,b;¢; 2) is a holomorphic function of a, b, ¢ for a € C and Re > b > 0. Note that
the roles of a and b can be switched. Additionally, we remark that

—

2F1(a,b;c;2) = T

o

34

b
0. oF1(a,b;c;2) = —oFy(a+ 1,b+ e+ 1; 2).
c
From such integral representation formulas and similar formulas, it is possible to show that

1
F(C) 2 1(a/;b7 (& Z)

is an entire analytic function of a, b, c € C.
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Proposition 2.21. Every differential equation of the Fuchs class with at most three inessential singular
points (including, possibly, infinity) can be transformed to a hypergeometric differential equation.

Sketch of proof. We distinguish two cases.

Case 1: oo is a regular point. Then we have (at most) three inessential singularities at z1, 22, 23 € C,
and

3 3
p(z) = Z kazk, q(z) = Z ((z —sz)Q + P Cka)

k=1 k=1

with 22:1 Cr = 0. Additionally, we know that p behaves like % for z — o0; and ¢ has a fourth

order zero at infinity. We get Zzzl Ay = 2. Let ay, B denote the solutions of the indicial equation
at z,. We find

Ap =1—ap — B, By = apfk.

By a longer calculation, you can express Cj in terms of the «, 3, and z;.
Then we transform the variables:

PO B e W(t) =t (1 —t)"*2w(z(t)).

zZ9 — 292 Z*Zg,

We have the correspondences

z=z — t=20,
Z = 2o — t=1,
Z=2z3 — t = oo.

It is possible to show that W solves a hypergeometric differential equation with the parameters

a = o1 + a2 + s,
b= +as+ G,
c=1 + o] — ﬁl-
Note that Zizl(ak + Bk) = 1. Therefore, B2 does not appear.

Case 2: oo is an inessential singularity. Then we have

_ A ) = - By, Ck

Z—Z
1 k=1 k

with C1 +Cy =0, Ay, = 1 — a — Bk, and By = ai0k. Expressing Cj in terms of ay, Or and zg,
we find
1

(z—21)(z — 22)

q(z) =

(agﬂg i (21 - 22)04151 T (22 - 21)04252) '

zZ—2z1 Z—Z2
Then we transform the variables:

z— zZ1
t:

W(t) =t (1 = )" w(z(t)),

22*21’

with the correspondences

z=z — t=20,
Z = 29 — t =

b
2 =00 — t = o0.

The function W is a solution to a hypergeometric equation with the same parameters as in the
first case.
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O

We can permutate the points 0, 1, co and obtain again solutions to the hypergeometric differential equa-
tion. This way, we can show that

oF1(a,b;¢2) = (1—2) 7" 9F1(c —a,c = bj¢;2) = (1 — 2) " oF1(a,c — b 2/(2 — 1))
=(1—2)"oFi(c—a,b;;2/(2— 1)),

Similar relations can be written down for wyy, ..., wy, giving you 24 relations, the so-called KUMMER
relations.
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Chapter 3

General Properties of Special
Functions

3.1 Differential Equations of Hypergeometric Type

A hypergeometric DE has the form

" y—(a+B+1)z , . af w
wi(z) + z(1—2) wi(z) z(1—2)

(z) =0.

A differential equation of hypergeometric type has the form

where 7 = 7(2) and ¢ = o(z) are polynomials in of degree at most 1 and 2, respectively.

A differential equation of generalized hypergeometric type has the form

)w’(z) + :2(—(2))11)(2) =0, (3.2)

where 7 and o are as above, and v = 7(z) is a polynomial of degree at most 2.

Our goal is to transform these differential equations into each other. Let w = w(z) be a solution to (3.2).
Set w(z) = ®(z)u(z) with a certain holomorphic function ®. Then we have

o T L
7 ’
u(z)+(25+;>u(2)+(3+5;+§)u(z):()

Then the following lemma is proved easily:

Lemma 3.1. If ¢ = ¢(2) is a polynomial of degree at most 1 and ®'(2)/®(z) = p(z)/0(z), then a
differential equation of generalized hypergeometric type is transformed into a differential equation of the
same type.

By simple calculation, one can show:

Lemma 3.2. A differential equation (3.2), where o is neither a constant nor a quadratic polynomial with
a double zero, can be transformed into an equation of the form (3.1), by setting w = ®u and choosing ®
suitably.

Example 3.3. Consider the Bessel equation
2

w'(2) + Tw'(2) + (1 - ”—) w(z) = 0.

22

39



40 CHAPTER 3. GENERAL PROPERTIES OF SPECIAL FUNCTIONS
We have 7(2) = 1, 0(z) = z and v(z) = 22 — v2. Put ®(2) = exp(iz)z” and X = i(2v + 1). Then
u=1u(z) =w(z)/P(z) solves

2z + 20+ 1 i(2v+ 1

. . u(z) = 0.

If o is a constant or a second order polynomial with double zero, then other transformations are possible
which lead to differential equations of hypergeometric type. Details can be found in [10].

Definition 3.4. Any solution to an equation of hypergeometric type is called function of hypergeometric
type.

3.2 Polynomials of Hypergeometric Type

Hypergeometric functions oF1(a,b;c; z) are polynomials if a is a negative integer.
We look for polynomial solutions to the differential equation of hypergeometric type
o(2)w” (2) + 7(z)w'(2) + Aw(z) = 0. (3.3)

Lemma 3.5. If w solves (3.3), then the derivatives wi(z) := 0%w(z) solve

o(2)wy (2) + (2)w)(2) + prwe(2) = 0, (3.4)
(2) = 7(2) + ko' (2), pr =X+ k7' (2) + k(k; D "(z)eC

Proof. This is clear for k = 0. Differentiating (3.4), we obtain
oWy g + o'Wy + TRW)yy + TLWk41 + w1 = 0.

This is the differential equation for wy41. O

This can be reversed, under an additional assumption:

Lemma 3.6. If a function wy solves (3.4) with k =1 and X\ # 0, then a function w with w' = wy exists
which solves (3.3).

Proof. Define

We proceed in two steps:

Step 1: w’ = w;. This is easy:

1
w = - (o'w) + owy + 7wy + Twy)
1 1
Y (o'w] — mwi — prwy + 7'wy + TW)) = _X(_)\wl) = w;.

Step 2: w solves (3.3). We have w} = w”, hence

1
w=—-7 (ow” +Tw'),

which is equivalent to (3.3).
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Corollary 3.7. If wy is a solution of (5.4) and X\, ji1, ..., puk—1 # 0, then a function w with wy = 0%w
exists which is a solution to (3.3).

Proposition 3.8. Let n € Ny with A(n) := —n7'(2) — @a”(z) # 0, and assume that

k
e = A(n) + k7'(2) + (2)0”(2) #0, k=0,1,2,...,n—1.
Then (3.3) with A = X(n) has a solution w which is a polynomial of degree n.

Proof. We have p,, = 0. Then (3.4) with k& = n reads
o(2)wy, (2) + Ta(2)wn(2) = 0

which has a constant w,, = ¢ € C as solution. Then a function w exists with w,, = 92w(z) which
solves (3.3). This function is a polynomial of degree n. o

Definition 3.9. These polynomials are called polynomials of hypergeometric type.

Proposition 3.10 (Formula of RODRIGUEZ). Let A = A(n). Define a function o = o(z) by
9:(0(2)0(2)) = 7(2)e(z), i.e.,

Then polynomial solutions to (3.3) are given by the formula
B,

Pale) = o(z)

92 (e(2)0"(2)) ,
where B,, € C are free constants.

Proof. Put ox(z) = o(2)o*(2). Then (09)’ = Trok. The differential equations (3.3) and (3.4) can be
written in self-adjoint form:

(oow") + X(n)ow = 0,
(orow),) + prorwy = 0.

We know 0Fw = wy, for k =1,2,...,n — 1. Write wg = w. Then we have
1 I
kak:__(gk-‘rlwk-i-l) ) k:O71727"'7n_17
HE
because of (gx+1wi+1) = (okow},) = —prorwy, for 0 <k <n—1.

Plugging these equations into each other, we get

o (2) o (i

We know that w, is a constant, which completes the proof. O

Corollary 3.11. Put
k—1

A= (D [m: Ao=1.
1=0

Then the polynomial solutions of the Rodriguez formula satisfy

Pa(2) = (2P0 (o) ().
08 Pa(2) = — - @np yor—k (g(2)0™ (2))
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3.2.1 Legendre Polynomials
The Legendre differential equation is
(1— 22" (2) — 220 (2) + Aw(z) = 0.

We have o(z) = 1 — 2%, 7(2) = =22, gy, = A+ n7' + (5)0” = X — 2n — n(n — 1), which vanishes for
A= A(n) =n(n+1), n € Ng. We may choose ¢p = p(z) = 1 and get

Py(2) = Bp0Z (1= 2°)")

as polynomial solution to the Legendre differential equation for A = n(n + 1). It is custom to set

3.2.2 Chebyshev Polynomials
The Chebyshev differential equation is
(1 —22w"(2) — 2w/ (2) + Mw(z) = 0.

We have o(z) = 1 — 2%, 7(2) = —2, un = A+ n7’' + (5)0” = A —n —n(n — 1), which vanishes for
A = \(n) =n?, n € Ng. By computation, we find

0(z) = (1— 2372 Py(2) = Bpv/1— 220" ((1 - 22)"—1/2) .
The famous Chebsyhev polynomials
T, (z) = cos(n arccos x)

are obtained via

L) =137 (_1)71(271 Vit w0y ((1 - ”72)”_1/2) el

3.2.3 Hermite Polynomials
The Hermite differential equation is
w”(2) — 2w’ (2) + Mw(z) = 0,

with 0 = o(z) =1 and 7 = 7(2) = —2. Then we find y, = A +n7’ + (5)o” = XA — n, which vanishes for
A= A(n) =n, n € Nyg. Then we find

o(z) = exp(=2%/2),  Pa(2) = By exp(2*/2)07 (exp(—2°/2)).

The known Hermite polynomials He,, are obtained for B, = (—1)".

3.2.4 Jacobi Polynomials
The Jacobi differential equation is
2(1=2)w"(2) + (v — (a+ 1)2)w'(2) + Mw(z) = 0,

with o =0(z) =2(1 —2) and 7 = 7(2) =y — (e + 1)z. We obtain u, = A —n(a+1) —n(n — 1), which
vanishes for A\ = A(n) = n(a + n). We then find
1

z) = 27(z — 1)o7,
o(2) z(l—z)( ( 1) )
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Polynomial solutions are the Jacobi polynomials,
Jn(a,7;2) = 2F1(=n, a +n;v; 2).

The Legendre polynomials and Chebyshev polynomials can be written in terms of Jacobi polynomials:

1- 1-
Po(2) = Jn <1, 1; TZ> = oFy (—n,n+ 1;1; TZ> ;

11—z 11—z
To(2) = Jn (075;?) = ok (n, —n;§;?).

Another approach to the Jacobi polynomials is the transformation of the variable z, z = % The
exceptional points z = 0,1 then transform to ¢t = +1. Transforming the variable z — ¢, and writing z
again (abusing notation), we find

(1—25)w"(2)+ (b—a— (a+b+2)2)w'(2) + \w(z) =0,

with certain constants a,b € C and a new A\. We assume
Ra > —1, b > —1,

and then find o(z) = (1 — 2)*(1 + 2)*. Polynomial solutions exist for
A=An)=(a+b+2n+nn—1)=nla+b+n+1).

These polynomial solutions have the form

P,(z) = %(1 —2)7*(1+2)7P0r (1 — 2)" (1 + 2)"Th) .

—1)"

The custom setting B, = 5 )

leads to the Jacobi polynomials P{*".
We obtain polynomials of Legendre type for a = b = 0, and polynomials of Chebyshev type for a =b =
1
-1
From Corollary 3.11, it quickly follows that
1 (e
9. P () = M% pEtLa )

3.2.5 Laguerre Polynomials

The Laguerre differential equation is
2" (2) + (a+ 1 —2)w'(2) + Mw(z) =0,

with 0 = 0(2) = 2, 7 = 7(2) = a+ 1 — 2, hence pu, = A —n + (3) - 0 which vanishes for A = A(n) = n.
Then we find

0(z) = 2% exp(—2), Po(z) = Bpe®z %0 (e 729
The Laguerre polynomials are obtained for B,, = #,

=3 (1) S

k=0

We can also write

(a+1),
n!

nL{®(z) = 1Fi(—n;a+ 1;2).

There is a connection to the Hermite polynomials:

2
Hean(z) = (~2)"n LY/ (;) ,

2
Hegpi1(2) = (—2)"n!L(/?) (%) .
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3.2.6 Solutions to Bessel Equations

We know that the Bessel differential equation z2w” (2) + zw’(2) + (22 — v?)w(z) = 0 can be transformed
by setting

w(z) = ®(2)u(z) = *2"u(z),
giving us the following differential equation for u:
zu”(2) + (212 + 2v + 1)U/ (2) +i(2v + 1)u(z) = 0,

with o(z) = z, 7(2) = 2iz+ (2v 4+ 1), and A9 = i(2v + 1). We find A\(n) = —2in as values that give
polynomial solutions, hence

vV=-—-n-—— n € No.

As a result, pup = 2i(k —n) # 0 for k # n. It turns out that

Q(Z) —_ 62iz272n71,
The derivative 97 (... ) can be evaluated by the Leibniz formula. Going back to the solution w, we then

find
o= B LS (D (1)

k=0

It is custom to choose

21
noo 22
T 2"

which then yields w = H( ) the HANKEL function of first kind.

—1/2

Remark 3.12. Obuiously, there must be a relation

fn71/2( z) = ClJ—n—1/2(Z) + C2Jn+1/2(2)-
One can show that C1 =1 and Cy = (—1)"i.

Remark 3.13. We have the following asymptotic behavior for z — oo:

)

Zne1y2(2) ~ — i

Remark 3.14. The general definition of Hl(,l)(z) 18

vexp(i(z—vm/2—m/4)) oo  _sz sV is v—1/2 .
HD (2) = \/gz =5 (F(u+1//2) : JZoe 2 (14 %) ds :Rv >0,
e=ivr M) (2) R < 0.

As a consequence,

HY) | (2) = e_i(—"—l/Q)W\/§zn+1/2 exp(i(z — (n +1/2)7/2 — 7/4)) /oo e (1 . i_s) -
T s=0

n!
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3.3 Integral Representations

We know that a DE of hypergeometric type (3.3) has a polynomial solution

provided that n € N and A = A(n) = —n7’ — (g) o”. By the Cauchy integral formula, we then have

Puz) = 2 /|t . 7(3%)97@ at,

o(z) 2mi

assuming that z is not a zero of ¢; otherwise, ¢ would not be holomorphic.

’ v(v=1)
— =5,

This suggests the following ansatz: if A € C and there is a number v € C with A = —v7r
and if a curve I' C C is chosen suitably, then the function w, defined by

w ()= M2 ::/FMdt (3.5)

(-2

should be a solution to (3.3) with that constant .

Proposition 3.15. We make the following assumptions concerning (3.3):

o thereis av € C with A = —v7’ — @J”,

o the function u from (3.5) is holomorphic, and can be differentiated twice under the integral sign,

o if the endpoints of T are denoted by t1,t2 € CU {co}, then

ogv Tl (t)g(t) t=to
(t —2)7+2 le=t,

Then the function w, = % is a solution to (5.5).

Remark 3.16. The endpoint condition is satisfied in the following cases:

e {1 and te are zeros of o = o(t) with Rv > 0,
e t; =2z and ta = z with R(v +2) < 0,
e {1 =00 and tyg = oo with

o’ (t)o(t)

Héger (t _ Z)u+1 =0.

Proof. We start with a differential equation for w: if ow” + 7w’ + Aw = 0 and (09)’ = 70 and u = pw,
then:

(cow") + Xow = 0,

oow' = (oow) — (00)'w = (cu) — Tow = (ou) — Tu,
= ((ou) — Tu) + Au =0,

= ou” + (20" —T)u' + (6" =7 + N)u=0.

This reasoning can be reversed.
If A= —vr’ — 2057 then

-2
O’II—T/+)\:_(V+1) (VTU”—FT/).
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Now let u = u(z) be given by (3.5). We compute:

I=o(2)u"(z)+ (20'(2) — 7(2))u(z) — (v + 1) <VTQJ" + T/> u(2)

v+ 2)o(z 20'(2) — (2 %UNJFT/
=+ 1)/Fgu(t)g(t) (((t+ Z))VLS) + (t()z)wr(z) - ) gt

= (”H)/r% <(1/+2)0(z) + (207 (2) = 7(2))(t — 2) — <V220”+T') (tz)Q) ”

By Taylor’s formula, we get

o(z) =o(t) =o' (t)(t — 2) + 50" (t — 2)*,
d(z)=o(t) —o" - (t - 2),

T(2)=7(t) =7 (t — 2).

|~

Recall that ¢” and 7 are constants.

Inserting these expressions, we find, after some calculation,

I=w+1) /F o Belt) (v +2)o(t) —va' (t)(t —2) —7(t)(t — 2)) dt. (3.6)

(t —2z)v+3
Now we observe that
(6" o) = (0" - p0) = vo" Lo po + 0¥ (00) = vo¥ oo’ + ¥ Tp.

Then it is easy to check that

o (U(:+1 (;))”Q*(?) = i)v+3 (= +2)0" o+ (v0” 00" + 0 To)(t ~ 2))
- % (—(v+2)ot)+vo' ()t —2) +7(t)(t — 2)).

Modulo the sign, this is exactly the integrand from (3.6). Consequently, we get

v+ (H) ot t=t
(t—2)71t2 ) li=t,
Therefore, the function w is a solution of the differential equation under consideration. O

3.3.1 Representations for the Legendre Functions

2

For the Legendre DE, we have 0 = 0(z) = 1 — 2%, 7 = 7(2) = —2z and ¢ = p(2) = 1. We then obtain

A=—vr’ — @O’H =v(v +1). The equation

P 4rrv—-A=0
has two solutions v, v» € C with 11 + 12 = —1, 175 = —A. Choose such a v;. Then we get the solution
representation

(1-t2)”
W(2) = [ ————dt,
w3 = [ o
for ®v > —1, and (for instance) I' = [-1,1], z & [-1,1].

The Legendre differential equation can be transformed, by setting ¢ = (1 — 2)/2, to the equation

¢(1 = Qdw(C) + (1 = 20)cw(C) +v(v + Huw(¢) =0,
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which is a hypergeometric DE with a = —v, b = v 4+ 1 and ¢ = 1. Consequently, the function
1—2z
w=1w(z) = Py(z) == oF1 <+ L1, T) L i-s<2,

is a solution to the Legendre differential equation.

Another transformation of the Legendre DE is to set ¢ = 272 and w = 27"~ !, leading to ([3]):

=000+ ((v+3) - (v+3) <)@= (5+1) (5+3) w0 =0,

which is again a hypergeometric DE with a = £ +1, b = & + %, c=v+ % Consequently, we have a
solution

Val(v +1)

w(z) = Qu(2) = 559y

v v 1 3 1
V+12F1<§+1,§+§;V+§;Z—2>7 2| > 1, v#-1,-2,

In the definition of P, and @,, we have to assume that z ¢ (—oo,—1] and z &€ (—o0, 1], respectively.
Both functions can be analytically extended to the cut complex plane.

It can be shown that @), has a logarithmic pole at z = 1. Therefore, the functions P, and @, must be
linearly independent. A deeper analysis shows that

1 =t Q-2
Q.(z) = s /t:71 PR dt, Rv > -1, z € C\ (—o0,1].

This is exactly our above integral representation formula.
Another type of integral representation can be derived as follows ([3]):

We start with

2 [7/2 1/2
—/ sin? ()dgp—(/)k k=0,1,2,....
2]

™ =0 k! ’
Then we can write

) k
1—
Py(2) = oF1(—v,v+ 1315 (1 — 2)/2) = E ’“( 22)

k=0

o <1) / Nl

k=0

2 [ 11—
:—/ 2F1<1/1/+1 = Zsin ga) dep.
T Jp=0 27 2

We can compute the last hypergeometric function. Our claim is:

(WVItu+ V™ + (VIfut Ju)!
2v1+u ’

oF1(—v, v+ 1;1/2; —u) = fo,(u) :=

lu] < 1.

This is proved in several steps:

The function f, is first defined for |u| < 1, |argu| < 7, and obviously analytic there.

The function f,, does not jump when crossing the line (—1,0). Note that v/1 + u+ +/u is a complex
number with modulus one for u in the interval (—1,0).

e Therefore, the function f, is regular for |u| < 1. We have f,(0) = 1.

The function f, solves

ﬂ(ﬁ\/1+u(\/1+ufy)/)/—(l/+1/2)2fl,:0, | <1,  |argu| <.
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e Then we conclude that f, solves

1
vt s+ (54 20) £ - v+ Df =0
which can be transformed into a hypergeometric DE upon replacing v by —u. The parameters of
thisDEarea:—y,ﬁ:u—i—l,andfy:%

e Such a hypergeometric DE has exactly one solution that is regular at the origin and approaches 1 for
u — 0, namely 2F;(a, 3;7; —u). The other base solution (—u)!=7 oFi(a+1—7, +1—7;2—7; —u)
is singular for © — 0.

e This proves the identity.
Therefore, we have

2 [7/2 z—
re =2 n(

We know that P, is a regular function of z for z € C\ (—oo, —1]. The same holds for the RHS of this
representation formula. Consequently, this integral representation holds for z € C\ (—oo, —1] and all v.

1
sin? gp) de, 11—z <2.

Now we assume z = cosha with o > 0 and substitute sinh 5 9 — ginh & 5 sing. After some calculation, we
then find
2 [“ cosh (V + %) 0

P,(cosha) = — do, a >0, veC.
7 Jo v/2cosha —2coshé

Be careful when analyzing this integral—the integrand has a pole for = a.
Another representation can be found for —1 < z < 1. Then we can write z = cos § with 0 < 8 < 7, and

substitute smg = sin B sin ¢, giving us the famous DIRICHLET-MEHLER formula

2 (7 1o
Ccos (1/+ ) d9
v2cosf — 2cos 3

for any v € C. Also this integrand has a pole at the end of the integration interval.

P,(cosf) =

3.3.2 Representations for the Bessel Functions

If w is a solution to the Bessel equation with parameter p, then u = u(z), defined by u(z) = ez~ *w(z)
is a solution to

Ju'(2) +1(2p + Du(z) = 0,
with o(2) = 2, 7(2) = 2iz + (2u + 1) and A = i(2u + 1). We find o(z) = €?*22#, and make the ansatz
(t

_ 1 ( ) ) 72iZZ72/J, tye%ttzu
“2) = 2 / (=1 1= / t— =19

where v is an not yet known number, related to A =i(2p + 1) via

2u”(2) + (2iz 4+ 2pu+ 1

1 1
)\:—VT'fV(VTHU":fQVi, = v=—p- g

The result is

. tu—— 2it
u(z) = 6_2122_2“/ (71dt,

r(t— Z)_“+5

or, reformulated in terms of w (modulo a constant phase factor),
w(z) = e_izz_“/ 3 (2 — )Pt dt
r

In determining the endpoints of I, several choices are possible:
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o t=0if R(u+3) >0,
e t=zifR(p—32)>0
o t =00 if It — 4o0.

Three possible paths come to mind, assuming Ry > % and z € Ry:

T'p: from 0 to z
T'y: from z “vertically” to +oo,

Tyt from 0 “vertically” to +oo.

By the Cauchy integral theorem, we see
f&)dt+ fit)ydt = f(¢)de,
o Ty Iz

for any holomorphic function f.

We fix the arguments of the power functions as follows:

teTly : argt =0, arg(z —t) =0,
tely : argt € [0,7/2), arg(z —t) = —7/2,
tels : argt = m/2, arg(z —t) € (—m/2,0].

In other words, we cut the ¢-plane along (—o0, 0] and [z, +00).

Now we compute the three integrals:

Along T'y: Parametrizing the interval [0,2z] C R by ¢t = z - &2 with —1 < s < 1, we obtain

. T 1 1 p—1/2
wy(z) = eﬂzz*“/ ei#(1+9) <z (j) (z —z < + S>)> Zds
. 2 2 2

1 ' i 2 M 1
- izs o p—1/2 _ =  ovue1/2
oz | ¢ (1—s%) ds = 55 /s:OCOS(ZS)(l s?) ds,

— M

for Ru > % and z > 0. By analyticity, this integral represents a solution of the Bessel DE in the
cut plane C,.

We expand the Cosine into its power series, exchange summation and integration, use
! I 1
/ 82m(1 _ Sz)u—l/z ds = 5/ wm—l/z(l _ x)u—l/z dz = §B(m +1/2,14+1/2),
s=0 =0

exploit the doubling formula of the Gamma function, and obtain the POISSON integral representa-
tion of the Bessel function:

Ju(z) = m (g)lL /s_o cos(zs)(1 — s2)*1/2 ds, Ry > g (3.7)

Along T';: We parametrize the integration interval as ¢t = z(1 + %) with 0 < s < o0, and obtain, for
R > 2,

0o is is n=1/2 iz
_ iz 2iz—sz 1 - —y — r— —
wi =t [ ((103) (oo 3)) S
. i . . n—1/2
:eizz“i/ e %% lJrE =z ds
2 Jo—o 2 2

0o . pn—1/2
— _ei® 1 (f)u e—i(u+1/2)7r/2/ o 57 gh—1/2 (1+§) ds.
V2 \2 =0 2
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Choosing a constant factor, we get

9 eilz—pm/2—m/4) S is p—1/2
H(z) = \/j #7/ meEgh1/2 (4 2 d 3.8
w A =N e L 3 5 (38)

the POISSON representation of the first HANKEL function. This is a solution to the Bessel DE for
z >0 and Ry > 3/2, but the integral exists for any z with Rz > 0 and is holomorphic there.

One can show that Hﬂl) is an entire analytic function of u with H(_llZ(z) = eil“THle)(z).

Along I'z: We parametrize with ¢ = 5%, and obtain, by similar calculations,

9 e ilz—pm/2—m/4) 3] is n—1/2
HP(z) = \/j #—/ meEgnl/2 () 2 d 3.9
RSV I 2 > (39)

for Ry > 3/2 and Rz > 0. This function is called the second HANKEL function. Formally, we have
replaced i by —i everywhere.

One can show that first and second Hankel function are linearly independent, and that

1 3
Ju(2) =3 (Hy)(z) + Hf)(z)) L R

The so-called NEUMANN function, or cylinder function of second kind, is defined by

_ !

Nu(z) =9

(HD) ~ HP (=)

Sometimes it is denoted by Y. We have the identities

H}(Ll)(z) = Ju(z) +iN,(2),
HP (2) = Ju(z) — iNu(2).

3.4 Recursion Formulas
We know that the equation
ow” + 1w + Av)w =0, Av) = —vr’ — —20",

has a solution

w,(z) = L /a”(t)g(t) dt, (00) = To,

o(z) J (t—z)r*t

provided that the path of integration satisfies some conditions. Define

,,(2) ::/Mdt.

(t— 2t

Proposition 3.17. Any three functions ®,,,,, i = 1,2,3, satisfy a linear relation

3

Z Ai(z)q)wui (Z) =0,

i=1

where the A; are polynomials, and we assume that the following conditions are met:

® Vi —Vj, Ui — [y EZ; fOTiaj:1a2737
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e for all m € Ny, the expressions

P 1)ol) =
(t — z)ko t=t,

vanish, where t1 and ta are the endpoints of the integration curve, and vy € {v1,va,v3}, o €
{Nlaﬂ?v#’g}) with §):EVO S gRV’L'y §R/’LO Z §R/’L’L

Sketch of proof. Let a;, i = 1,2, 3, be functions of z. Then we have
3
o™ (t)o(t) vi—v i o™ (t)e(t)
-Eﬂ a; (2) Py, (2) = / T = 2yrott ; a;(2)a” T (E)(t — )T | dt = WP(@Z) dt

We look for rational functions a; and a polynomial ) with the property that

0" (olt) by 0" (Bel)
= Z)#UHP(t, ) =0 (Q(t) o ) .

Then the integral vanishes, and it remains to multiply with the denominators of the a;.

Of course, the hard part of the proof is to show that such functions a; and @ really exist. O
As an example, we remark that
/ v—1 " ’
(T + —5 0 ) S, 1+ (T1=0)0y, — (¥+1)oP, 41 =0.

In this case, we have a; = A; and Q = 1.

The following result gives the connection between the ®,,, and the derivatives of w,:

Proposition 3.18. Under the assumptions of Propositions 3.15 and 3.17, we have

E

ko, (2) = N ()
Oz wi(2) jl;[lc” Pr—i(2) ok (2)o(z)’

where C,EJ) =7+ %720”.

Proof. (Long.) Use the above relation between ®,,,_1, ®,.,, ®,,+1; and the fact that derivatives of
functions of hypergeometric type are again functions of hypergeometric type (and solve a certain second
order differential equation). Do the induction over k. O

Example 3.19. Let w, stand for J, or Hﬂl) or Hf). Then we have the recursion formulas

)

w,, (2) + gwu(z) —wy—1(2) =0, Ry > 2 z>0,
1—p 7

wy—2(z) + QTwu—l(z) +wu(z) =0, Ry > 2 z>0.

Since J,, is analytic in C\ {0}, and since H;(Ll), H;(LQ) are analytic for Nz > 0, these recursion formulas

extend to C\ {0} and the right half-plane, respectively.

Since we have no integral representation (not even a definition) of the Hankel functions for Rou < %, we

define them by the second recursion formula in this case. Then the Hankel functions are holomorphic
functions of z for all p € C.

From the integral representations, it can be seen that the Hankel functions are holomorphic functions of
wu, for Ry > % and z > 0. By analytic continuation, the Hankel functions are holomorphic functions of
w for all p € C and Rz > 0.
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Integral representations of the Hﬂj) (z) for z in the left half-plane can be found starting from the iden-
tities (3.8) and (5.9), and carefully bending the integration path from the real half-azis (0,00) to a ray
(0,00(c)) with |a| < 5. The result then is

(5 _ bm _ xy) poo(on) L \n—1/2
H{P(2) =/ 2 explil 4 ) / eTtH1/2 (1 T E) dt,
Tz e+ 3) t=0 2z

s 3T 1
f§+a1<argz<?+a1, %u>f§,
Hf)(z) _ /ieXp(_l(Z - % - %)) /OO(OCZ) e~ tpn—1/2 (1 _ i)# i dt,
Tz I'(p+3) =0 2z
3T T 1
— 2+a2<argz<§+a2, %u>f§.

The numbers a1 and o must satisfy |o;| < 5, and are chosen depending on z.

We have two integral representations in case of —mw < argz < 7.

Another sometimes useful recursion formula is

<laz)" (#0u(2)) = 20, (2)

z

Example 3.20. Write the Legendre polynomial P11 as

Pass(2) = SO (07 (2)e(2).

A careful analysis of the RHS then shows
(1= 2%)Py(2) = (n +1) (2Pu(2) = Pasy1(2)).
Example 3.21. The Laguerre polynomials satisfy

8L (2) = —LI D (2).

n—1

3.5 Generating Functions

We are given a collection of polynomial solutions

B
Po(2) = —=09" (o(2)o(2)"
()= 2201 ola)o))
to the equation ow” + 7w’ 4+ A(n)w = 0, where A(n) = —n7’ — @a".

And we are looking for an explicit formula for the expression

@(t,z)zz Bt
n=0 nee

where |¢| is small. This function ® is called generating function.

By Cauchy’s integral formula, we have

B, n!j{ o(s)"o(s) q
|s—z|=r

P,(z) = o) 2 PR s.

The zeroes of o are, in general, singularities of p. Therefore, the radius » must be chosen so small that
these zeroes of ¢ are outside the circle of integration.
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If |s — z| = r, and |¢| is small, then the series
i (tQ(S) )"
s—z
n=0
converges, and takes the value
1 s—z

1_ &6 (s—2) —ta(s)

Then we can write

oo

2= 5o 7{544 <sg(—s )z> <tg—ﬁ> @

n=0

1 o(s) . s—z s 1 o(s) s
 2mip(2) ﬁs_z_r s—z s—z—to(s) d 27ip(2) 7{S_Z|_T s—z—to(s) ds.

This integral can be evaluated by the residue theorem. The only singularities of the integrand are the
zeroes of the denominator, which we denote by N (s),

N(s)=s—z—o(s)t.

Let the radius r be fixed. Then Vieta’s theorem shows that there is exactly one zero of IV inside the
circle about z with radius r, for small |t|. Call that zero so. We find that

@(t,z>:LResso( o(s) ): 1 olso)
Y

0(2) s—z—o(s)t (2) 1 —0o'(so)t

1
Hence, we have proved:

Proposition 3.22. Let the functions P,, n € Ny,

B
P, (z) = =207 (o(2)o(2)"
(2) 202) (e(z)a(2)")
be a polynomial solution to the equation ow” + Tw’ + A(n)w = 0, where A(n) = —n7’ — @a", and
(c0) = To. Then we have the identity
2 Pu(2) 0(so) 1
P(t = t" = t 1
(t,2) 7;0 B,n! 0(z) 1—0'(so)t’ It <1,

where so = so(z,t) is that zero of N(s) = s — z — o(s)t which is closest to z.

Example 3.23. For the Legendre polynomials, we have

1)

() = Bad (1= 22)"). =
o(z) =1— 22, o(z) =1,
N(s)=s5—2z— (1 -5,
0:t5(2)+50—z—t,

1
S0 = o (—1 +4/1 +4t(t+z)) :
1—0'(s0)t =1+ 2sgt = /1 +4t(t + 2).
We write t instead of —2t, and find

V1 =2tz + 2’

There are several applications of this generating function:

= 1
SR - <
n=0

1We have to take the derivative of the denominator.
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o Putz=1:
=2 —  R1)=1
0
o Putz=-1
> —  Pu-1)= (-1

o Differentiate with respect to t:

- 1 1
P, "l =®(t,2) [ —= )| ——— - 2(t —
SR =00.9) () g 2 )

from which we deduce that

(z—1t) ZP = (1—2tz+1?) ZP ynt" L.

n=0

Comparing equal powers of t reveals the famous formula
(n4+1)Pyy1(2) — 2n+ 1)2P,(2) + nPp—1(2) = 0. (3.10)

e Differentiate with respect to z:

[ee) t
Y Pt =®(t,z) ———
n(’z) (72) 172tz+t2,

which implies

tZP = (1— 2tz + %) ZP’

n=0

Comparing equal powers of t then gives
P! 1(z) —2zP)(z) + P,_,(z) — Py(z) = 0. (3.11)
Eliminating Py, from (5.11) and putting it into the derived version of (3.10), we conclude that
2P (z) — P,_1(2) —nP,(z) = 0.
Similar results can be proved endlessly.

Example 3.24. We consider the Hermite polynomials H,,, which are defined by

Ho(2) = (1) exp(z2)07 (exp(—2%))

Note that H,, # He,. We have B,, = (—1)", o(z) = exp(—2?), o(z) =1, and N(s) = s —z — o(s)t =
s —z—t, hence so = z +t. It follows that

= exp(—2tz — t?).

= —1rnl p(z) 1 —d'(so)t

We replace —t by t, and obtain

i Hn(z)t” = exp(2tz — t?).

n!
n=0

As applications, we obviously have:
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o Put z=0: we get

0 1 n even,
H,(0) = { |
n=2m.

o Deriving with respect to t, we find H] (z) = 2nH,_1(z).
e Deriwing with respect to z, we conclude that
Hy1(2) —2zHp(2) + 2nH,—1(2) = 0.

Example 3.25. Finally, consider the Laguerre polynomials,
L) =

We have B, = L, 0(2) = e722%, 0(2) = z, which leads us to N(s) = s — z — o(s)t = s — z — st, hence

z
1—t

Then it follows that

S =

oo

T O B S SRS
n=0 o(z) 1 —0o'(so)t e %z¢ 1 —t

=(1—t)"*exp (-ftt).

Going the known way, we easily find

0.L (2) — 0.L, + LI (2) = 0.

3.6 Orthogonality

3.6.1 Special Orthogonal Polynomials

Let (a,b) C R be an interval of integration, and let w,, w,, be solutions to the equations of hypergeometric
type

ow! + Tw!, + Av)w, =0,

ow, + 7w, + Ap)w, =0,
which can be written in self-adjoint form
(cow,)" + A(v)ow, =0,
(oow,) 4+ Nu)ow, = 0.
We multiply the first equation with w,,, the second with w,, and subtract:
(oo(wyw,, — wuw;i))l + (AMv) = AM(p)) owyw,, = 0.

We assume that this equation can be integrated over (a,b). Then we get

(rotwyt, — w,w))|

— 0 - A0) [ ol (o) do

We wish the LHS to vanish. This will happen if a and b are zeroes of g, and w,, w, as well as their
derivatives stay bounded at the points a and b.

However, the functions w, and w, will have singularities at the zeroes of ¢, in general. The exceptional
case are polynomial solutions.
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Proposition 3.26. Let P,, P, with n # m be polynomial solutions to the equation
ow" + 1w + Mw =0, (A= A(n) or A= A(m)),

of hypergeometric type, and assume that

=0, k=0,1,2,....

Then the functions P, and Py, are orthogonal in I*((a,b), odx):

b
/ P, (z)Pp,(z)o(x)dx = 0.

=a

Proof. See above. O

Example 3.27. Take the Jacobi polynomials P\"". We have o(x) = 1—x2 and choose (a,b) = (—1,1).
The function o is o(z) = (1 — 2)®(1 + 2)”, where we assume N <> —1, RB > —1. Then it follows

x=1
/ (1—2)%(1 +2)? P ()PP () dz =0,  n#m.
r=—1

We obtain orthogonality relations for the Legendre polynomials and Chebyshev polynomials upon setting

a=p3=0and a = =—3, respectively.

Example 3.28. Take the Laguerre polynomials L™ . Then we have o(x) =z and o(x) = x%~*. We
assume o > —1 and choose (a,b) = (0,00), leading us to
/ L (2) L) (2)ax%e dz = 0, n # m.
=0
Example 3.29. Take the Hermite polynomials. There we have o = 1 and o(x) = exp(—x2). We choose

(a,b) = (—00,00) and obtain

/ B I-In(as)Hm(as)e_I2 dz = 0.

=—00

It remains to evaluate the integrals f; | P ()2 o) da.

To this end, we recall that w = w(z) and wy := ¥w solve

ow” + 1w + M(n)w =0,

" /
owy, + W' + prwyg =0,

m6(2) = 7(2) + ko' (2), pr = An) + k1’ + MO’” = A(n) — A(k),

2
which can be brought into self-adjoint form:
(eow')" + A(n)ow = 0,
(0™ w) 4+ (A(n) — A(k))oo*wy, = 0.
Now we put P, = w and P,gk) = wy, and see that
oP, = -0 LQUP' oot Pk = 9 ;gak“P(’”l) .
. \Am) ) " “\A(n) — A(k) "
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These representations enable us to calculate fab 0| P,|? dz by repeated partial integration:

z=b b 1 / /
Y A L LA LR

(n)y2 b
= L/ o (z)o(z) dx.

HOMT “ -+ fin—1 Jo—q

We discuss some examples.

B) +8+n+1 pla,8)
= atfindl pla

Jacobi polynomials: We know already that 3ZP7(LO‘ _1 . By induction, we then find

a-Tt+n n 1
NP = (a+B+n+1)(a+B+n+1)-...- (a—l—ﬁ—&—n—i—n)PO( +mapt )2—n.
The Rodriguez formula representation tells us that Péa'm’ﬁ *m) — 1, from which we conclude that

Ia+B+2n+1)
Mo+ B+n+1)2n

Further, we have pp = AM(n) — A(k) = (n — k)(a+ 8 +n + k + 1), which implies

T(a+8+2n+1)
‘T(a+p+n+1)"

onples) =

Moo Pp—1 =T

Finally,

/: o"(x)o(x)dx = /:71(1 — )1 —2)*(1+2)° dz

= / (1 —z)™(1 4 2) " de (x=2¢£-1)

=—1

1
= gxtftantl / (1 =& tneftndg =222 ¥ Bla+ n+ 1,8+ n+1)
£=0

_ 2a+ﬂ+2n+1r(a +n+DI(B+n+1)
D(a+3+2n+2)

Altogether, we obtain

'n+a+1I'(n+5+1)
Cn+a+B+DI(n+a+8+1)n!

b
/ o(@)| P9 ()? do = 200+
Legendre polynomials: The Legendre polynomials are Jacobi polynomials with o = 8 = 0, hence

1
2
R
r=—1

n+1

Chebyshev polynomials: The Chebyshev polynomials 7T, can be written as

n!

To(z) = 0 P2-1/2) () = F?;Fj_lﬁ;) PL1/2-1/2) (),

Then it follows that

/ 1 |Tn(x)|2dz< n!F(l/Q))> ol +1/20(n+1/2) 7

=1 V1—2? I'(n+1/2 2nT (n)n! T
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Laguerre polynomials: By similar computations, we find

> 2 I 1
/ oo (L) do = Ilntatl)

Hermite polynomials: We have

/OO e~ (Ho(z))? dz = 2"nl/7.

=—00

3.6.2 General Orthogonal Polynomials

Now let (a,b) C R be any (non-empty) interval, and ¢ be an integrable weight function from (a,b) into
R that does not change its sign.

Definition 3.30. Let (-,-) denote the following scalar product:
b
()= | o) f@lgo)d.

As usual, we define a norm || f|| by setting || f|| = /{f, f)-

If we apply the GRAM—SCHMIDT orthogonalization procedure to the sequence of polynomials 1, z, z2, .. .,
we obtain polynomials

DPosP1,P2; - - -

with (p;, p;) = 0 for i # j and degp; = j.

These polynomials p; are uniquely determined, up to multiplicative constants (which may depend on j).

We do not assume that these functions
solve differential functions of hypergeometric or whatever type !

Proposition 3.31. Every polynomial q of degree n can be written as a linear combination
n
(@) = ejps(x),
j=0

where the coefficients c; are uniquely determined and given by

o = tap5)
;= .
(pjspi)
Proof. Elementary linear algebra. O

Proposition 3.32. Let g be a polynomial of degree k < n. Then {q,pn) = 0.

Proof. Trivial because of ¢ = Z?:o ciDj- O

Example 3.33. We know that

T 0 :
/ cos(ngp) cos(mep) dp = § n#m
©=0 5 n=m> 0.

MOIVRE’s formula cos(ng) + isin(ne) = (cos ¢ +isin )™ yields

m

n
cos(ny) = Z a;jcos’ o, cos(my) = Z By cos' .
3=0 =0
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We substitute x = cosp, and obtain

n m
cos(narccosx) = Zajxj =: P,(x), cos(m arccosx) = Zﬁml =: Pp(x),
7=0 =0

and the integral identities

1
1 0 :n#m,
P, (2) P, (2) —— dx =
/x:ﬂ @) (gs)\/l—ac2 v {g :n=m > 0.

But these are exactly the orthogonality relations of the Chebyshev polynomials. The uniqueness of the
family of orthogonal polynomials (for a given scalar product) then implies

T, (x) = cos(n arccos x), n € Ny, -1<z<1,

where T, are the Chebyshev polynomials.

Using this new representation and addition theorems for the cosine, we obtain the recursion relation
Tys1(z) — 22T, (x) + Th—1(z) =0, n € Ny, -1<z<L

Clearly, To(z) = 1 and Ti(x) = x, which (together with the recursion relation) tells us that the leading
coefficient of T, is 27 1:

To(z) = 2" 2™ + bt 4. ...

Chebyshev polynomials play a certain role in numerical mathematics: let q be a polynomial of degree n
with leading coefficient equal to 2"~1. Then

> 1
_max |g(=)] 21,

and equality occurs exactly for ¢ = T,,. You can prove this by assuming max_1<z<1|q(z)| <1 and then
counting how often the sign of ¢ — T, changes. You will find that ¢ — T}, has at least n zeroes which is
impossible because the degree of this polynomial is at most n — 1.

Now we have enough knowledge to count the zeroes of p,:

Proposition 3.34. Let (p,)n be a family of orthogonal polynomials. Then the polynomial p, has n
mutually distinct zeroes in the interval (a,b).

Proof. The polynomial pg is a non-zero constant. Since (p,,po) = 0 for n > 1 and the weight function
o does not change its sign, the polynomial p,, must have a zero with sign change in (a, b).

Let (x1,...,2k) denote all zeroes of p,, in (a,b) where p,, changes its sign. Clearly, k < n. Put
g(z)=(x—x1) ... (& — xg).

Then (g, p,) # 0, because the integrand in this scalar product never changes its sign in (a,b). If k < n,
then (g, pn) = 0, because of Proposition 3.32. This is a contradiction, hence k = n. o

Proposition 3.35. There are constants au,, By and v, such that the family of orthogonal polynomials
(pn)n satisfies the following orthogonality relation:

-Tpn(-r) = anpn-i—l(x) + ﬁnpn(l‘) + Vnpn—l(-r)a n >0, p—1=0.

Proof. Since xp,(x) is a polynomial of degree n + 1, there are constants c¢; with the property that

n+1

= cipi(x c»:Lpn’pj>
zpn () —JZ:; i (), j ;. p;) .

We observe that (zpn,p;) = (pn,xp;) = 0 for n > 1+ j, due to Proposition 3.32. Put a,, = cp41,
On = cn and v, = Cp—1- O
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Proposition 3.36. Assume that the polynomials of the orthogonal family (p., ), have the form

1

pn(2) = anz”™ + byt ..

Then the numbers cu,, Bn, Vn of the previous proposition are given by

7% . br, bn+1 Gn—1 Hpn||2

fo=n -2y =

Qpn = ’ ’ 2°
Ap+1 (07 Ap+1 (079 Hpn,1||

Proof. By the recursion relation, we have
A" b = (@12 b2 )+ B (@™ bz ) (a2 ).
Comparing equal powers of x, we find
Un = QpGni1, bn = apbpt1 + Bnan.

Finally, the number ~,, is obtained via

B ~ {#paspu-1) 1
Yn = Cpn—1 = < = ) <pna1'pn71>
Pn-1,Pn-1)  [[pp-1l|
1 1

= .2 <pn; Op—1Pn + ﬁnflpnfl + 'Ynflpn72> = .2 <pn7 O‘nflpn>

lPn—1l lPn—1l
2
_ Ipnll” an—1

= 5 )
[Pl an
(]

Proposition 3.37 (DARBOUX—CHRISTOFFEL formula). Let the polynomials p, and the numbers a,
as above. Then we have the identity

i pe@)pe(y) 1 an puri(@)pn(y) — Pry1(y)pn(x) sty
2 - 2 , .
i—o okl lpn]l” @nt1 T —y

Proof. We know that

1

2

wpr(z) = axprr1(x) + Bepr(w) + k-1 [|p | ka_l(x),
k—1

1

2

ypk(y) = upr1(y) + Brpe(y) + a1 [|pk]| szm(y)
k—1

Multiply the first equation with ;‘Zpk(y) and the second with ;Vpk (z), and subtract:

Ik [Pk |
(z —ype(@)pely) -1
3 = 5 (Pk+1(2)Pk(Y) — Pr1(Y)Pr(2)) — ——5 (Pe(@)pr—1(y) — Pr(y)PK—1(T)) -
[l | [P | llpr—1l
It remains to sum up over k =0,1,2,...,n. O

This formula enables us to locate the zeroes of the p,, even better:

Proposition 3.38. FEvery interval of consecutive zeroes of p, contains exactly one zero of pn+1, and
vice versa.

Proof. Write the Darboux—Christoffel formula as

Z”: p@prly) 1 a, (anrl(x)anrl(y)pn(y) +Mpn+l(y)>

2 - 2
k=0 ”pk” Han Ap+1 ] T —y
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and send y to x:

z”:lpk(w)P_ 1 an

= —— (o1 (2)pn(2) — D)y ()Pt (7)) -
= |kl lpn ™ an+1

The LHS is always non-negative; hence the term p), , ;pn — p;,pn+1 never changes its sign.
Now let z; and z;11 be two consecutive zeroes of p,,. Then we have
Pu(@;) = pa(zjs1) =0, ph(z;) pr(@j41) <O,

since these zeroes are single and there is no other zero of p,, between them. We know that the expressions

0 = pp(@; )Pt () and 0 — o (@jr1)Pnt1(zj41)
have the same sign. It follows that p,41(z;) and py41(zj4+1) must have differing signs, from which we
conclude that there is an odd number of zeroes of p,41 between z; and x;4.

In a similar fashion, we can deduce that each interval of consecutive zeroes of p,1; contains an odd
number of zeroes of p,. A simple counting argument completes the proof. O



62

CHAPTER 3. GENERAL PROPERTIES OF SPECIAL FUNCTIONS



Chapter 4

Numerical Aspects of Special
Functions

4.1 Asymptotic Expansions

We start with an example: how to evaluate efficiently the integral f(z) = fto:oo e ot 4 for x> 0.

T+t
Writing

(71)n+1

tn+1
14+t ’

1
— =1t F (=)™
T3 FEEF o (D)™ +
we get

oo n+1
—J)tﬁ

flz)= Z(—l)k /t: e~k dt + (—1)"“/ e 1—+tdt'

k=0 t=0

Call the remainder term 7, (x). Substituting zt = 7 and recalling the definition of the Gamma function,
we find

F@) = 3 s 4 (e,

k

(=)

The remainder can be trivially estimated as follows:

< 1)!
[rn(2)] S/ e—otpnt1 gy = (1 ++2) :
t=0 "

Comparing this remainder estimate with the last term of the sum, we get

T (x)z" !

< n+1
n! -

€T

)

which goes to zero for fixed n and * — +oc.

. ! . . .
However, we can not write f(z) = Zﬁo(—l)k%, because this series converges nowhere. Such a series
is called asymptotic expansion.

Take z = 10 and n = 3, then |r,(z)| < 2% = 0.00024. The optimal error estimate is attained for n = 9:
7 (z)] < 3.6288 - 1075.

The main difference between a converging series and an asymptotic expansion is:

converging series: given a fixed x, we can calculate ) f,(x) as precise as we wish (assuming an exact
arithmetic).

63
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asymptotic expansion: given a fixed z, only a limited precision can be obtained (even if we had an
exact arithmetic).

Nevertheless, asymptotic expansions are useful tools for many purposes.
Definition 4.1. Let S C C be a sector in the complex plane, and Ao, A1, ... be complex numbers with
O0< R <RI <....
We say that a function f has the asymptotic expansion at infinity
f(z)NZ;Tkk, z €08, z— 00
k=0
if f(2) =Y j—o S +1a(2) with ro(2) = O(|z= +1]) for z — 00, 2 € S.
Definition 4.2. Let S C C be a sector in the complex plane, and Ao, A1,... be complex numbers with

0§§R/\0<§R>\1<....

We say that a function f has the asymptotic expansion at zero
o0
f(z)NZakzk’“, z €S8, z—0
k=0

if f(2) =Y g arz™ 4 rp(2) with rp(2) = O(J2A+1|) for z — 0, z € S.
Remark 4.3. e An asymptotic expansion need not converge.
o [f it converges, it need not converge to f (but the limit function has the same asymptotic expansion).

e Two functions that differ by an exponentially decaying function will have the same asymptotic
expansion (if they have one).

e A common observation is: the terms of the series decay first in modulus, then they grow again.
A standard numerical algorithm is to sum up the terms as long as they are falling, wait for the
smallest term, stop the summation there, and hope for the best.

e You can add, subtract, and multiply two asymptotic expansions; even divide if the denominator
never vanishes. Term-wise integration of an asymptotic expansion is also allowed, but not term-
wise differentiation.

Theorem 4.4 (Watson). Let g: Ry — C be a continuous function with the asymptotic expansion
g(t) ~ Y pe g ot for t — +0, where 0 < RAg < RA1 < .... Suppose that the integral

f(z) = / e ar

=0

converges for z = zg absolutely (then it also converges for all z € C with Rz > Rzp). Additionally, we
assume that g has at most exponential growth at infinity:

lg(t)] < Ceot, 0<t<oo.

Then f has the following asymptotic expansion at infinity:

= (A T
f(Z)NI;)ak 2(:’\5)’ z— 00, Rz>Rz, Rz>Ch, |argz|§§f($, 0> 0.
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Proof. Write g(t) = S-7—y at™ 1 + 5,_1(t). We know that |s,_1(t)] < Cp|t* 1| for 0 < t < ¢, where

¢ may depend on n. And for ¢ < t < 0o, we have |s,,_1(t)| < Ce“ol.
Then we find

t=0

ag
z

n—1 0o 00
f(z) = Z/ efztoékt”*ldt—i—/ e s, (t)dt

k=0 *1=0

k=0

A (& oo
(/\f) —|—/t e s, _1(t) dt+/ e s, (t)dt,

=0 t=c

by the substitution zt = 7. This is possible for |argz| < £ —§, where § > 0 can be chosen arbitrarily
small.
The two remainder integrals can be estimated as follows:

C c F
Jy o dt‘ <Cy [ exp(- R e < Coi ) e,
=0 t=0 (Rz)%RAn

since |Sz| < C|Rz]|.

Finally, for Rz > Cp, we get

(%Z)LCO exp((Cy — Rz)c),

/ e *tsn_1(t) dt‘ < C/ exp(—(Rz)t + Cot) dt =
t t=c

=cC

which is an exponentially decaying term for z — oo, |argz| < § — 4. O

4.1.1 The Asymptotic Expansion of the Gamma Function

Our goal is to reproduce the Stirling asymptotic of the Gamma function. We start with some formulas
from Proposition 1.19 and Lemma 1.20:

o e—t e—zt
=/ ——"= _at
lﬂ(z) /t 1—et ’

o 1

c© -t __ _—=zt
—Inz= —/ Ldt,
t=0 t

1 <1
= [ gea
2z i—0 2

Summing up, we find

I'(z) 1 o0 1 1 1 o0
-1 — = LN T dt =: —2t~ (1) dt.
T Mt /t:O6 (2+t 1et) /tzoe ()

Integrating this from 1 to zp, we find
z=z0 1 1 /1 1 1 zo
—Inzy—-Inl= - — “*tdzdt
.y T g /t_0<2+t 1—et>/z_1e =

1 < y(t
InT(z0) —zolnzog+20 — 1+ 3 Inzg = / #(e‘t — e o) dt.
t=0

InT(z0) = InT(1) — (zlnz — 2)

Now we write z again instead of zg. Observe that
y(t) 1 [t tet 1/t tet —t+1t 1 t t
(41— = (ol - )= (21—
t 12 2+ et —1 t2 2+ et —1 t2 2+ et —1

1 t te™? 1 t —tet —t
R (RS (g :7( )
t2 2 1—et 12 2 e~t—1 t2
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is even, continuous and bounded near ¢t = 0, and recall that

t  ~=DBy "
et —1 k'
k=0
where the By, are the Bernoulli numbers. Then we deduce that

/'Y oo
oS

k:l

and we can apply Watson’s Theorem with aj = (gz’)“! and A\p = 2k — 1, for £ > 1. The result is

1 & By (2k — 2)!
lnF(z)zlnz+zl+§lnz~/t_o dt+z (2k)1z2—1

One can show that

< A (t 1
1 +/ 1) =t gy = —Lingom,
o 1 2

=0

which leads us again to Stirling’s expansion.

4.1.2 The Asymptotic Expansions of the Bessel Functions

The Hankel function H, le) has the integral representation

HV(z) = \/zz“ exp(i(z — um/2 — 7r/4)); /OO e tEpn—1/2 (1 + i—t)#l/Q dt
; . Tt 179 Jio 2

provided that £z > 0 and Ru > —%. We can apply Watson’s theorem immediately, with

. n—1/2
_au—1/2 it 1/2 —-1/2 eXP(”"k/2>

g(t) = t+ <1 + 2> = th™ Z < — -t <L

We have
w—1/2\ exp(irk/2) 1
= —_— M =p—=-+k+1

g ( k ) ok ’ k 1% 9 + Kk + 1,

and obtain

1 2 _,exp(i(z —pr/2 —w/4)) 2 exp(ink/2) (u—1/2\T(u+k +1/2)
Hl(t)(z)N \/;Z T(p+1/2) ];0 9k ( k )W

E , >~ exp(imk/2)T(u+k+1/2) _
= \/;exp(l(zmr/27r/4))kz_o PR (g~ F T 1/2) 27k,

2)

We get a similar expansion for H, fb immediately, just replace i by —i everywhere.

Then an expansion of J,(z) for z — oo follows directly, via

Ju(z) = % (HD )+ HP ().
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4.1.3 A Variation of Watson’s Theorem
We consider the function
b
f) = [ emigar
t=a

where p = p(t) is real-valued and monotonically increasing. For p(t) =t and [a,b) = (0, 00), we recover
the situation of Watson’s theorem.

Following [11], we assume the asymptotic expansions

P(t)Np(a)+ij(tfa)j+“, t—a-+0,
=0

o0
g(t)NZgj(t—a)jJr)‘*l, t—a+0.
§=0
Additionally, we assume the following'! expansion of p':
s .
P~ pi G+t —ayt Tl t—ato.
§=0

If p is monotonically increasing, then pg > 0. In typical cases, we have uy = A = 1.

We introduce a new integration variable 7 by 7 := p(t) — p(a). Our goal is to rewrite the integral
ftb:a e~ P g(t) dt in terms of 7, and then to apply the Theorem of Watson.

We start with the asymptotic expansion of the inverse function 7 — ¢:
o0
t—aNchTj/“, 7 — 040,
j=1

where the ¢; can be computed from the py:

01:%, =P - (u;?;)p;*?upopz
Do 1P wepp + 3/M
Next, we transform the integrand:
ot 1
g(t)dt = g(t)g dr = g(t)p’(t) dr =: h(r)dr,

h(r) ~ Z ajTj+27u, T—0+0,
j=0

where the coefficients a; depend on the pr and g in a complicated way:

I s YR
,upa\/“ ’ 1 12po pé/\ﬂ)/u ’
(92 (A+2)pg 5 (A +2)go 1
ag = < P 2P0 + (A + 1+ 2)pi — 2upop2) 2152 pé/\w)/“.

In the case g(t) =1, we have A =1 and a; = (§ + 1)c;41/p-
Now we are in a position to apply Watson’s theorem and obtain:

Corollary 4.5. Under the above assumptions on p and g, the function f has the following asymptotic
expansion for x — +oo:

@S (A e
fl@)~e Z)F< 1 >;c(j+/\)/u'
=

This result can be used for proving Stirling’s asymptotic expansion of the Gamma function a third time.

lterm-wise differentiation of asymptotic series is, in general, not allowed
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4.1.4 The Method of Stationary Phase

We are concerned with an integral

I@)= [ émOgar
t=—00

where x € R is large, and p = p(t) is real-valued. By a heuristic argumentation, we will find out:

Only the stationary points of the phase, i.e. the points to with p'(tg) =0,
contribute to the principal term of the asymptotic expansion.

For simplicity, we assume:

e the functions p and g are differentiable an infinite number of times,
e there is exactly one point ¢y € R with p'(¢g) = 0,

e the function g = g(t) and all its derivatives decay for |t| — oo sufficiently fast.

The last assumption allows partial integration in the integral I, without introducing boundary terms at
t = +o0.

Choose a small positive number ¢, and define a cut—off function x;:

1 : —oco<t<ty—2e,
xi(t) =
0 :tp—e<t< oo,
with a smooth transition between tg — 2¢ and tg — €. Similarly, we define

0 : —oco<t<tg+e,
x3(t) =
1 tg+2e<t <0,

also with a smooth transition between tg + ¢ and ¢y + 2¢. Finally, define

xa2(t) =1 —xa(t) — xs(t).
We observe that
0 :|t—to| > 2¢,
Xa(t) = { 8ol 2

1 t—to] <e.

Then we define
I(x) = / POy (H)g(t) dt, k=1,2,3,
t=—o0

and have I(z) = I1(z) + I2(x) + I3(x). The term I; contains only contributions for ¢ “left from” tq; and
I3 contains only contributions for ¢ “right from” ¢,.

The advantage is that we are allowed to divide by p’(t) for |t — to| > &, since p’(¢) can not be zero there.
Then we are able to show that I; and I3 are not important:

I(z) = /t T Oy, (1)g(t) dt = / h (eimp(t)p/(t)) <M) dt

=—00 t=—o00 P (t)
_ 1 = (eixp(t)) (Xl(t)g(t)>/ dt-
1 /im0 p'(t) ’

the last identity follows from partial integration. As a result, we obtain

[ (z)] < —, 1<z <oo0.

8]Q
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We can repeat the partial integration, getting an arbitrary high power of %:

c
I (z)] < x—x 1<z < .

The same estimate can be shown for Is. Since N can be chosen freely, we say that these two sub-integrals
do not contribute to the principal term of the asymptotic expansion of I(x) for z — +o0.

Next, we consider Is. Supposing that ¢ is small, we can approximate p and g, by Taylor expansion:

1
p(t) = plto) + 5p" (o) (t = to)*, [t —to] <2,
g(t) = g(te), [t —to| <2e.

Then we find

to+2e
B)~ [ exp ialolt) + " ()t~ 0)%/2) alt)alto) e

~ q(to)el*P(to) / exp (iz(p” (to) (t — t0)?/2)) dt.
t=—o00
The last integral does exist, and it can be evaluated explicitely, because of:
oo . \1/2
/ exp (:I:ith) dt = e*i7/4 <—> , y > 0.
t=—o0 Yy
As final result, we get

1/2
3 €T — +OO7

2
zp (to)

I(Z‘) ~ e:l:i7r/4q(t0)eixp(to)

where we chose + or — depending on whether ap”(tg) > 0 or zp”(to) < 0.

This heuristic argumentation can be made rigorous: define a new integration variable 7 by

1
p(t) = plto) + 5p"(to)7", |t —to <2,

and rewrite the integral I in terms of this new variable 7. You then have

ot (t) N
ot =1,

It — to| < 2e.

Let the interval (Tynin, Tmaz) correspond to the interval (tg — 2¢,tg + 2¢). Then it follows that

L(z) = /me exp (ix(p(to) +P//(t0)7'2/2)) XQ(t(T))Q(t(T»% dr

=Tmin

= et [ oxp (o (1) /2) (r) () = xa(t(r)a(t(r) 22

=Tmin
And now perform a Taylor expansion of h at 7 = 0.

Details can be found in [11].

4.2 Recurrence Formulas

We know several recurrence formulas for special functions:

Chebyshev polynomials: T),(z) = 22T}, —1(x) — Th—2(x), n > 2,

Legendre polynomials: nP,(z) = (2n — 1)aP,_1(z) — (n — 1)P,_2(x), n > 2,
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Laguerre polynomials: nL%a)(x) =2n+a—-1- x)Lgloi)l(x) —(n+a- 1)L£loi)2(x), n>2,
Hermite polynomials: H,(x) = 2zH,_1(z) — 2(n — 1)H,_2(x), n > 2,

Bessel functions: J,,1(z) = 2J,(z) — J,_1().

Our question is the following: given values of these functions for n = 0 and n = 1, can we calculate the
values for large integer n via these recurrence relations ?

4.2.1 An Example

We test the recurrence relation of the Bessel function with the following program (see also [2]):

#include<iostream.h>
#include<iomanip.h>
#include<math.h>

int main(){
double Jn, JO, J1;
double x;
int n;
cout << endl << "x eingeben: ";
cin >> x;
cout << endl << "J_0(x) eingeben: ";
cin >> JO;
cout << endl << "J_1(x) eingeben: ";
cin >> Ji;
cout << ::setprecision(16);

cout << "n = Q0" << " J_n(x) " << JO << endl;
cout << "n = 1" << " J_n(x) =" << J1 << endl;

for (n = 2; n < 30; n++) {
Jn=2x* (n-1) *x J1 / x - JO;

cout << "n = " << n << " J_n(x) =" << Jn << endl;
Jo = J1;
J1 = Jn;

b
We choose x = 2.13 and get the following output (citing [2]):
X eingeben: 2.13

J_0(x) eingeben: 0.14960677044884

J_1(x) eingeben: 0.56499698056413

n=20 J_n(x) = 0.14960677044884
n=1 J_n(x) = 0.5649969805641299

n 2 J_n(x) = 0.380906826324991

n 3 J_n(x) = 0.1503210031447733
n=4 J_n(x) = 0.04253261915324368
n=2>5 J_n(x) = 0.009425923252386066
n==~6 J_n(x) = 0.001720541656080581
n=7 J_n(x) = 0.0002672691762369261
n =238 J_n(x) = 3.615715486635142e-05
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n=29 J_n(x) = 4.333865012661992e-06
n = 10 J_n(x) = 4.670565082569638e-07
n =11 J_n(x) = 5.164210712170661e-08
n =12 J_n(x) = 6.633614746019365e-08
n =13 J_n(x) = 6.958074417255457e-07
n =14 J_n(x) = 8.427088023837548e-06
n = 15 J_n(x) = 0.000110082814467876
n = 16 J_n(x) = 0.00154203508758005

n =17 J_n(x) = 0.02305664150598358

n =18 J_n(x) = 0.3664982518623927

n = 19 J_n(x) = 6.171280009689386

n = 20 J_n(x) = 109.7314549726431

n =21 J_n(x) = 2054.513320415533

n = 22 J_n(x) = 40401.79880674209

n = 23 J_n(x) = 832536.6357390455

n =24 J_n(x) = 17939262.63499424

n = 25 J_n(x) = 403432536.8289199

n = 26 J_n(x) = 9452308080.766882

n =27 J_n(x) = 230357140326.9635

n = 28 J_n(x) = 5830587869222.533

n =29 J_n(x) = 153062093881486.1

This is obvious nonsense, because the following formula follows from the Poisson representation (3.7) of
the Bessel function, after some calculation ([1]):

1 ™
Jn(z) = —/ cos(z sinf — nh) d6, n € Ny,
T Jo=0
which yields |J,,(z)| <1 for z € R.

One of the reasons of the instability of this algorithm lies in the factor 2(n — 1)/ in front of .J,,, which
becomes large for large n, whereas the final result is expected to be small. A small result can only occur
if catastrophic cancellation happens, which makes the algorithm unstable.

4.2.2 Introduction to Recurrence Relations

Example 4.6. Consider the FIBONACCI recurrence:
an fl : given7 € R7
fn:fnfl“i’fan in > 2.

We obtain the well-known FIBONACCI numbers for fo = f1 = 1.

1t is clear that the sequence (fn)n is uniquely determined upon choosing fo, f1. Therefore, the set of all
possible sequences is a linear space of dimension 2. For constructing two linearly independent sequences,
we make the ansatz

fn=2c", ceR, neNg,

and arrive at the equation ¢* = c + 1 with the solutions

1++5

2 )

c1 =1.618034..., cy=—0.618034....

C1,2 =

We see that |c1| > 1 and |ca| < 1. The space of all sequences (fn)n s spanned by an increasing sequence,
and a decreasing sequence.

Definition 4.7. Let (ay,)n and (Gn)n be sequences of given complex numbers. We say that a sequence
(fn)n of complex numbers satisfies a recurrence relation if

fn = Oénfnfl + 6nfn72
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holds for all n > 2. Let V4 3 denote the two-dimensional space of all sequences (fn)n satisfying this
recursion relation.

If Vo3 = span{(f,) )n, (f,; )n} with two linearly independent sequences (f,5)n and (f;)n that fulfill
fa

A, F =0

then the sequence (f;7)n is called dominant, and the sequence (f,7 )n is called recessive.

A dominant sequence can not be unique, since you can add an arbitrary multiple of the recessive sequence
to it, and still get a dominant sequence. However, the recessive sequence is unique (up to a constant
factor).

If you start the recurrence with initial values fo and f; that belong to the recessive sequence, then the
recursion should produce that recessive sequence—in theory. However, in practice, the numerical values
of fy and f; will be contaminated with errors that contribute to the dominant solution, which soon will
become very big for increasing n.

The evaluation of a recessive sequence is numerically unstable.
In case of the Bessel recurrence, we have a recessive sequence (J,,(x))n, and a dominant sequence (Y, (x))n,

(which fulfills the same recurrence relation). In fact, for fixed z € C and v — +o00, we have ([1]) the
asymptotic relations

Jy<z>~¢;r_y(g)”, yy<z>~—\/g(g)”_
fn-1

For a general recurrence relation f, = au, fn_1 + Onfn—2, we can define u, = ( f ), and obtain

Un:Anunfla An: <0 1>7

Bn anp

or, even more general, u, = F(n, up_1).

Definition 4.8 ([7]). Suppose F(n,0) =0 for every n, and consider the problem

Unyg given,
up = F(n,up—1) :n>ngp.
We say that the zero sequence (0),, is

a stable solution if, for every € > 0, there is a § = §(g,ng) such that |u,,| < 0 implies |u,| < € for
n > no,

a uniformly stable solution if it is a stable solution and 6 = §(e,ng) can be chosen independently
Of no,

attractive if there is a 6 = 6(ng) such that |un,| < § implies lim, o u, = 0,

asymptotically stable if it is stable and attractive,

We cite from [7, Chapter 4]:

Proposition 4.9. Suppose F(n,u,) = Au,, where the matrix A does not depend on n.

e The zero solution is asymptotically stable if and only if the eigenvalues of A are inside the unit
disk, i.e., |\j| < 1.

o The zero solution is stable if and only if the eigenvalues of A have modulus less than or equal to
one, and those of modulus one are semi-simple (i.e., their algebraic and geometric multiplicities
coincide).
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Corollary 4.10. The zero solution of the Chebyshev recurrence relation is stable, for —1 < x < 1. The
eigenvalues of the recurrence matriz A have modulus one.

Therefore, we can evaluate T, (x) by forward recursion, starting from n = 0, 1, provided that —1 <z < 1.

Concerning the recurrence relation of the Legendre polynomials, we are tempted to read it as a perturbed
Chebyshev recurrence relation:

P (2= ora - (1- D) P, e (2 D)o mm - (1-1),

and expect a similar behavior as the Chebyshev recurrence relation.

For completeness, we cite [7, Chapter 4] again:

Proposition 4.11. Consider the recurrences

vy = Av,_q, (4.1)
Up = (A+ Bp)up—1. (4.2)

e If the zero solution to (4.1) is uniformly stable and Y " ||Bn| < oo, then the zero solution
to (4.2) is uniformly stable.

o0
n=ngo

o If the zero solution to (4.1) is asymptotically stable and >
to (4.2) is asymptotically stable.

|| Bp|| < oo, then the zero solution

The attempt to apply this result to the Legendre recurrence fails, because of ||B,| = £. However,

making use of the diagonalizer of A we can show that

_ (Poa(z)
ol < Cnlhall, w= () crsest

The details are left to the reader, as an exercise. In this sense, we can say that the forward recurrence
relation of the Legendre polynomials is almost stable, provided that —1 <z < 1.

Unfortunately, the other recurrence relations do not have, in general, stable zero solutions. We cite again
from [7, Chapter 3.3]:

Proposition 4.12 (Perron, Poincare). Suppose lim, oo an = Qoo, limy 00 Bn = Boo, and By, # 0,
for all n. Let A1 2 be the solutions to the characteristic equation

A s h = B = 0,

and suppose |A1| # |Aa|. Then the recurrence relation fn, = &y fr—1 + Bnfn—2 has two solutions (fn,1)n
and (fn,2)n with

i I g 2,
n— 00 n,1 n—0o0 n,2
This applies to the Legendre recursion for |z| > 1. In this case, we have ao = 22 and S5 = —1, hence

A2 = ¢ £ Va2 — 1. We see that the Legendre recurrence relation (for the functions @, which satisfy
the same relation) has a dominant and a recessive solution, for || > 1. The dominant solutions can be
evaluated satisfactorily by forward recursion. Unfortunately, the sequence (Q,), is recessive.

=

For the Laguerre polynomials Ly, ', we get Ay = A2 = 1, hence no news.

For completeness, we cite one more result from [3]. It includes the previous one; just take A = B = 0.

Proposition 4.13 (Perron, Kreuser). We consider the recurrence f,, = a fn—1 + Bnfn_2 under the
condition 3, # 0 for all n. Suppose the following asymptotic behavior for o, and B,:

an ~ an, B ~ bn®, ab # 0, A, BeR.
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If 2A > B, then there are solution sequences (fn,1)n and (fn,2)n with

b
fosra o4 fovr2 b opoa

fml , fn,2 a

, n — 00.

If 2A = B, then define numbers A\ 2 as solutions to A2 —al—b=0.

If |\]| > |A2|, then we have solution sequences (fn,1)n and (fn,2)n with

fyia A, fov12 Agn A
fn,l fn,2
If |\| = |A2|, then every non-trivial solution sequence (fy), satisfies
1/n
. [/l
fim sup (m =l

If 2A < B, then every non-trivial solution sequence (fy), satisfies

/n
. fal '
hlrnsup(nl!B/'2 = /0]

n—oo

We see that, in case 24 < B, the second solution is recessive, as well as in the first sub-case of the case
2A = B.

Example 4.14 (Laguerre polynomials). We have a =2, A=0,b=—1, B=0, hence 2A = B. It
follows that |A1] = |A2| = 1, hence

1/n

lim sup ‘L%O‘) (:I:)’ =

Laguerre polynomials can be evaluated by forward recurrence.

Example 4.15 (Hermite polynomials). We have a = 22, A =0, b = -2, B =1, hence 2A < B,
from which we obtain

H, 1/n
lim sup (l n|1(/$2)|) =2,

n—oo
Hermite polynomials can be evaluated by forward recurrence.

Example 4.16 (Bessel functions). We have a = %, A=1,b= -1, B=0, hence 2A > B, and
consequently,

Jnr11 2 foyi2 z 1

~ —n
fn,l X ’ fn,2 2

The first solution corresponds to the Y, (x), the second one to J,(x).

4.2.3 Backward Recurrence

We wish to compute Jo(x), Ji(x), ..., Jo(x), for real x and (possibly) large n. Forward recurrence is not
numerically stable, since the sequence (J,,)m, is recessive. But if we go backwards, then (Y, ) becomes
recessive, and (Jp,)m becomes dominant.

Therefore, our strategy could be as follows:

e Pick a number M € N, suitably large.

e Put fa11 =€ and fy12 = 0, for some small ¢. For instance, e = 107100,
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e Follow the recurrence formula

o= 2(m+1)

fms1 — fmy2,

form=M,M—-1,...,1,0.

e Compute Jy(x) by other means (power series or asymptotic expansion or polynomial approximation
or whatever).

0()

e Evaluate a scaling factor Sy = , and put

Jl(:r) = Soflv" 7Jn(1') = Sofn

The sequence (fm)m is increasing rapidly (for m going downwards), therefore e should be chosen small,
to prevent the arithmetic from overflowing.

The number M should be chosen large, to eliminate the influence of the recessive sequence (Yy,).m,, but
not too large, for reasons of overflow.

Another possibility of calculating the scaling factor comes from the relation

(x)+2 Z Jo(x) =
k=1

or similar relations. The terms Jor(x) decrease exponentially with growing k, provided that k& > |z|.
Then it is no longer necessary to evaluate Jy(x) by other means. Another choice is ([3])

m)I'(2a + m) ~ (w/2)e"
+22 - mIF(1+2a) Jarm(@) = T3

which enables us to compute J, (z) for v ¢ N.

4.3 Further Methods

A good survey on further methods of evaluating special functions can be found in [5]. See also [1].

Another approach can be found in [9] (and other books by Luke): many special functions can be written
in terms of hypergeometric functions 2F(a, b; ¢; z). Given a complex number z, choose a complex number
w such that 0 < z/w < 1. Then you have an expansion of the form

oFi(a,b;c;2) = ZC’ Th(z/w),

where T,, are the Chebyshev polynomials, and C,, are so-called Chebyshev coefficients. In many cases,
these coefficients form a sequence (C,), that decreases exponentially fast. Consequently, you need only
a few terms in this sum ZZOZO ... for the approximation of 2F;(a, b;c; z). Moreover, these coefficients C,,
satisfy a three-term recurrence relation with known coefficients a.,, 85, which can be solved by backward
recurrence. Finally, several scaling conditions of the form Y ° /A, Cp = 1 are known. Then you
can utilize one such scaling condition for the computation of the scaling factor Sy, and another scaling
condition for checking the correctness of your result. However, the details are quite involved.

A free source of easily accessible online information on the implementation of algorithms is the GNU
Scientific Library (GSL).
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