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Real Algebraic Geometry I
Ordered Sets and Ordinal Numbers

1 Notation. Let A and B be sets. We denote by ALl B the disjoint union of A
and B.

2 Definition. Let (A, <,) and (B, <p) be two ordered sets.
(a) We define the sum of ordered sets
(A, <a)+ (B,<p)=A+B:=(AUB,<,)
such that for any 1,20 € AU B

r1,29 € Aand z1 <429 oOF
1 <4 To & 1,29 € Band x1 <g xy or
1€ Aand 2, € B

(b) We define the product of ordered sets
(A, <4).(B,<p)=A.B:= (A X B, <yex)

such that <. is the reverse lexicographic order, i.e. for any
(xhyl)’ ($27y2) € Ax B

< or
($17y1> Srlex +(.T2, y2) = o A Y2
y1 = y2 and 71 <p 79

3 Definition. A set A is called transitive if any element of A is also a subset
of A.

4 Definition. A set « is called an ordinal if it is transitive and if (o, €) is a
well-ordered set.




5 Definition. Let (A, <) be a well-ordered set. The order type of (A, <),
denoted ot(A), is defined as the unique ordinal to which (A, <) is isomorphic.

6 Definition. Let « and 3 be two ordinal numbers. Let n € N.
(a) We define the sum of ordinals as o +  := ot (o + 3).

(b) We define wn:=w+ -+ +w.
—_——

n—times

(c) We define the product of ordinals a..3 := ot(«.f3).
(d) We define w" :=w. - .w.
—_—

n—times



