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Introduction

Historical Overview

It is a central question in mathematics whether a given mathematical
task that is known to have a solution can be solved effectively. For
example, one can ask if it is possible to effectively factor an integer
into its prime factors, that is, if there exists an algorithm that takes
an integer as input and gives its list of prime factors as output. One
easily sees that such an algorithm exists, but this is not so clear in
other cases. For example, the tenth problem of Hilbert’s list of 23 open
problems from 1900 proposed the following task.

FEine diophantische Gleichung mit irgendwelchen Un-
bekannten und mit ganzen rationalen Zahlenkoeffizi-
enten sei vorgelegt: man soll ein Verfahren angeben,
nach welchem sich mittels einer endlichen Anzahl von
Operationen entscheiden lisst, ob die Gleichung in
ganzen rationalen Zahlen ldsbar ist.

In other words, Hilbert asks for an algorithm that decides whether
a polynomial equation (in several variables) with coefficients in the ring
of integers Z has a solution in Z. It took 70 years until Matijasevich
could show that the task posed by Hilbert cannot be solved: There
exists no such algorithm. It is an important unsolved question until
today, whether this remains true if we replace the ring Z by its quotient
field Q, i.e. if we ask for rational solutions of polynomial equations with
rational coefficients.

Instead of considering equations over a ring or field R, and asking
which of these equations have a solution in R, one may more generally
consider first-order formulas in the language of rings and ask which
of these are satisfied in R. One says that R is decidable, or that the
complete theory of R is decidable, if there exists an algorithm that
determines whether a given first-order sentence holds in R or not.

In 1949, J. Robinson proved that the field Q of rational numbers is
undecidable. A few years later, she generalized this result to number
fields, i.e. finite extensions of Q. On the other end, results of Tarski
from 1948 show that the field C of complex numbers and the field R of
real numbers have a decidable theory. In 1965, Ax-Kochen and Ershov

9



10 INTRODUCTION

independently presented the — at that time surprising — result that also
the theory of the field of p-adic numbers Q, is decidable.

Let us now focus on results about algebraic fields, that is, fields lying
between Q and the algebraic closure Q of Q. The results mentioned
above also show that the field of algebraic numbers Q, the field of real
algebraic numbers

]Ralg =RnN @7
and the field of p-adic algebraic numbers

@p,alg = Qp N @

are decidable. So, roughly speaking, fields ‘close to Q’ are undecidable,
whereas fields ‘close to Q’ tend to be decidable. Therefore, it is a
challenge to find decidable algebraic fields which are as ‘far away from
Q’ (or as ‘close to Q’) as possible.

Each of the following four theorems makes use of what is called a
geometric local-global principle, or Hasse principle. Roughly speaking,
a field K satisfies a (geometric) local-global principle if a variety over
K has a K-rational point if and only if it has a rational point over each
field in a family of localizations of K. These localizations can be, for
example, completions of K with respect to a family of absolute values
on K. If one can decide whether an equation over K has solutions in
these localizations, then a local-global principle may allow to decide
whether an equation over K has a solution in K. For an extensive
survey on the use of local-global principles in decidability proofs see
[Dar00al.

A number field K is called totally real if every embedding of K into
C maps K into R. Thus the field of totally real algebraic numbers

Qi = m (Ralg)Tu

T€Gal(Q)

where Gal(Q) = Aut(Q/Q) is the absolute Galois group of Q, is the
maximal Galois extension of Q in R.

Fried-Haran-Voélklein combined their results on the absolute Galois
group of Q. with the fact that the field Qy, satisfies a local-global
principle (a result of Moret-Bailly and Green-Pop-Roquette) to prove
the following:

THEOREM A ([FHV94]). The complete theory of the field of totally real
algebraic numbers Q. is decidable.

Ershov proved a p-adic analogue of this. Let

Qtotp = ﬂ (Qp,atg)”

T€Gal(Q)
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be the maximal Galois extension of Q in Q,. If S is a set of prime
numbers, let

@tot,S = ﬂ Qtot,p‘

peS

Using the same results of Moret-Bailly and Green-Pop-Roquette, and a
result of Pop on the absolute Galois groups of the fields Qo g, Ershov
was able to prove decidability of these fields.

THEOREM B ([Ers96b]). Let S be a finite set of prime numbers. Then
the complete theory of the field Qior,s @s decidable.

A different line of research on decidable theories of algebraic fields
started much earlier. Instead of investigating the complete theory of a
single field, one can try to determine the probability that a given first-
order sentence holds in a randomly chosen member of a certain class of
algebraic fields. Let K be a number field, and let e be a nonnegative
integer. For an e-tuple

o= (01,...,0.) € Gal(K)*

of elements of the absolute Galois group Gal(K) = Aut(K/K) of K,
denote by

K(U):{xef(:al(:v):~~:ae(:c):x}

the fixed field of o in K. Since Gal(K)¢ is a compact group, it admits a
unique normalized Haar measure. Thus one can ask for the probability
that a given sentence holds in K(o), where o € Gal(K)¢. The set of
sentences which hold in K (o) with probability one is called the theory
of almost all K (o).

Using a result on the absolute Galois groups of these fields and
a (degenerated) local-global principle they satisfy (both by Jarden),
Jarden-Kiehne proved the following:

TueoreM C ([JK73]). The theory of almost all fields K(o), o €
Gal(K)¢, is decidable.

Denote by K[o] the maximal Galois extension of K contained in
K (o). After determining the absolute Galois groups of these fields,
and showing that they satisfy a local-global principle, Jarden was also
able to prove the following:

TuroreEM D ([JarQ7]). The theory of almost all fields K[o], o €
Gal(K)e¢, is decidable.
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The decidable theories of algebraic fields mentioned so far can be
summarized in the following diagram.

Q \
Ralg Qp,alg f(<o-)

Qtr Qtot,p R [U]

Qtot,S

The Present Work

In this work we combine and generalize the four theorems mentioned
above. Let S be a finite set of absolute values on a number field K.
For p € S we denote by K, the maximal Galois extension of K in a

completion K, » of K with respect to the absolute value p, and we let

Ktot,S = K N ﬂ Ktot,p
pes

be the field of totally S-adic numbers over K. If o € Gal(K)®, let
Kiot 5(0) = Kiot,s N f((a)

be the fixed field of o in K g, and let
Kiot,5[0] = Kior,s N K[o]

be the maximal Galois extension of K in K s(o). Note the following
special cases of these definitions, and compare with the corresponding
theorems above.

(A)If K =Q, e=0, and S = {| - |} consists of the archimedean
absolute value on Q only, then Ko s(0) = Qy,.

(B) If K =Q, e =0, and S consists of finitely many non-archime-
dean absolute values on Q, then Kot (o) = Qior.s.

(C) If S = 0, then Ky 5(0) = K(o).

(D) If S = 0, then K 5lo] = K[o].

The special case K = QQ can be pictured as follows.
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5
\
Rag Qe Qo)
@, Qo @[‘a]
@s
N\
Quor.s(0)
Quor.s(0]

In a series of papers, Haran-Jarden-Pop recently determined the
structure of the absolute Galois groups of the fields Ko s(0) and
Kot slo] (for almost all o) as a free product of a free profinite group
and an infinite free product of local factors. Moreover, Jarden-Razon
and Geyer-Jarden proved that these fields satisfy a certain geometric
local-global principle — they are PSC. Making use of these two alge-
braic results, we prove the following two theorems.

THEOREM 1. Let S be a finite set of absolute values on a number field
K, and let e be a nonnegative integer. Then the theory of almost all

fields K1, 5(0), o € Gal(K)¢, is decidable.

THEOREM I1. Let S be a finite set of absolute values on a number field
K, and let e be a nonnegative integer. Then the theory of almost all

fields K1 slo], o € Gal(K)¢, is decidable.

In fact, in both cases we prove more, cf. Theorem and The-
orem [5.5.4 We show that the probability that a given sentence holds
in Kot s(0) resp. Kot g[o] can be recursively computed, and we prove
Theorem [[| in a more general setting with K replaced by a countable
Hilbertian field of characteristic zero satisfying some recursivity as-
sumptions.

Our proof follows the pattern of the proof of Jarden-Kiehne men-
tioned above. A key step is to find an axiomatization of the theories
in question. That is, to give some algebraic properties that character-
ize the models of the theory among all fields, and to show that these
properties can be formulated by first-order sentences.
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One of these algebraic properties is the PSC property. Therefore,
in Chapter [2| we develop a model theory of a quite general class of PSC
fields, which we call PSCC. In particular, we show that the class of
PSCC fields is elementary.

A second algebraic property we use in our axiomatization is con-
cerned with the absolute Galois groups. We construct ‘group piles’ by
adding local objects to the absolute Galois groups. The main difference
between our treatment and the work of Haran-Jarden-Pop is that in
our model-theoretic situation only the ‘local part’ of the group pile is
accessible, while the ‘free part’ is not. This causes some difficulties,
which we overcome by working with certain characteristic quotients of
the group piles. This is done in Chapter [3]

The proofs of Theorem [[] and Theorem [[I] are carried out in Chap-
ter [ and Chapter 5] respectively. Chapter [I] summarizes some ba-
sic results on real closed fields, p-adically closed fields, and profinite
groups.



CHAPTER 1

Preliminaries and Notation

1.1. Notation

By Q, R, C, Qp, F, we denote the field of rational numbers, the field of
real numbers, the field of complex numbers, the field of p-adic numbers,
and the finite field with ¢ elements, respectively. By N, Z, Z>, we
denote the set of positive integers, the ring of integers and the set of
nonnegative integers, respectively. Every ring and every semiring is
commutative with 1. If R is a ring, we denote by R* the group of
invertible elements of R. .

If K is a field, we denote by K a fixed algebraic closure of K, by
K the separable closure of K in K, and by Gal(K) = Gal(K,/K) its
absolute Galois group.

The cardinality of a set X is denoted by |X|. A set is countable
if and only if it is countably infinite or finite. By w we denote both
the smallest infinite ordinal number and the smallest infinite cardinal
number. By U we denote the disjoint union of sets, and also the direct
sum (i.e. coproduct) of topological spaces. We use the term compact
as a synonym for quasi-compact.

Varieties are geometrically irreducible and geometrically reduced.
If V' is a variety defined over a field K, we denote by K (V') the function
field of V over K.

1.2. Model Theory of Fields and Recursion Theory

We recall some notions from model theory and fix the logical setting
we are working in.

We only consider classical first-order logic. The structures we con-
sider are only fields, and expansions of fields by additional structure.
For basic model theoretic notions like language, structure, formula,
model, and satisfaction, see for example [Mar02] or [F.JO8, Chapter 7].

The language of rings is

‘Cring = {+7 R 07 1}7

where + and - are binary function symbols, — is a unary function
symbol, and 0 and 1 are constant symbols.

Let £ be a language containing Lyn,. If K is an L-structure (i.e. a
field with possibly some extra structure), and C'is a subset of K, denote

15



16 1. PRELIMINARIES AND NOTATION

by
L(C)=LU{c,: xeC}

the language £ augmented by constant symbols for the elements in C.
Every L-structure F' containing K is then naturally an £(C')-structure,
and K is naturally embedded into every £(K)-structure that is a model
of the positive diagram of K, [F.JO8, 7.3.1]. We write =¢ for elementary
equivalence of £(C')-structures.

If p(z1,...,2,) is an L-formula in n free variables, and K is an
L-structure, we denote by

p(K)={ae K": K = ¢(a)}
the subset defined by ¢ in K.

An L-theory T has quantifier elimination if every L-formula is
equivalent modulo 7" to a quantifier free formula. It is complete if
for every L-sentence ¢ it holds that T' = ¢ or T = —¢. It is model
complete if every extension K < L of models of T is elementary,
ie. K < L. An L-structure K is Ny-saturated if for every countable
subset C' C K the following holds: If ¥ is a set of £(C)-formulas

in countably many free variables such that every finite subset of X is
satisfied in K, then X is satisfied in K.

LEmMMA 1.2.1 (Léwenheim-Skolem downwards). Let £ be a countable
language, and let K be an L-structure. If C' C K is a countable subset,

then there exists a countable elementary substructure Ko < K with
C C K.

PROOF. See [FJ08, 7.4.2]. O

If D is an ultrafilter on a set I, and K; is an L-structure for each
1 € I, then the ultraproduct

[[x/p
iel
is an L-structure with universe the Cartesian product [ [, ., K; modulo

the relation ~ given by (;)ier ~ (yi)ies if and only if {i € I: x; =
y;} € D, c.f. [FJ08, Chapter 7.7].

LEMMA 1.2.2 (Lo$’s theorem). If ¢ is an L-sentence, then
[[K/DE
iel
if and only if
{iel: K, =¢}eD.
PROOF. See [FJO8, 7.7.1]. 0

A set X C N” is recursive if the characteristic function of X is a
recursive function in the usual sense, see for example [FJO8, Chapter
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8.5]. If L is a countable language with a fixed embedding £ — N, then
an L-theory T is decidable (or recursive) if the set 7', identified with
a subset of N via a Godel numbering, is recursive, [FJ08, Chapter 8.6].

A presented field is a countable field K together with an injection
p: K — N such that the images of the graphs of addition and multi-
plication are recursiveEI If £ is a finite language containing L,i,g, then
the injection p: K — N induces an injection £(K) — N. We refer to
this injection when we call an L(K)-theory decidable.

If K is a presented field, one can inject the ring of polynomials K[X]
into N via a recursive pairing function N x N — N. We say that K has
a splitting algorithm if the set of irreducible polynomials in K[X]
is a recursive subset of K[X]. If K has a splitting algorithm, then one
can recursively factor elements of K[X] into irreducible factorsf]

1.3. Profinite Groups and Profinite Spaces

A profinite group G is a topological group with a totally disconnected
compact Hausdorff topology. Equivalently, it is an inverse limit of finite
groups, [RZ00} 2.1.3]. A subgroup of G is open if and only if it is closed
and of finite index in G, [FJ08, 1.2.1(a)], and each closed subgroup is
the intersection of open subgroups, [FJ08, 1.2.3]. The category of profi-
nite groups is closed under quotients, direct products, inverse limits,
[EJO8, 1.2.6], and fibre products, [FJO8, 22.2.1]. Note: We always
consider profinite groups as topological groups, so in particular homo-
morphisms between profinite groups are continuous homomorphisms.
By H < G (resp. H < G) we indicate that H is a closed (resp. normal
closed) subgroup of G. If X C G, we denote by (X) the closed sub-
group generated by X in G. We use the symbol 1 to denote both the
unit element of G, and the trivial subgroup {1} < G.

A subset X C GG converges to 1 if X ~\ H is finite for each open
normal subgroup H <G. We denote by rank(G) the (profinite) rank of
G, that is, the minimal cardinality of a set of (topological) generators
converging to 1, cf. [FJO8, 17.1.3]. If G — H is an epimorphism of
profinite groups, then rank(H) < rank(G), [FJ08, 17.1.4]. We say that
G is finitely generated if rank(G) < occ.

PROPOSITION 1.3.1 (Gaschiitz). Let m: G — H be an epimorphism of
profinite groups with rank(G) < e € Zsq. Let hy, ..., h. be a system of

generators of H. Then there exists a system of generators gy, ..., ¢ge of
G such that w(g;) = h;, i=1,... €.

PROOF. See [FJ08, 17.7.2]. O

!Note that our definition differs from [FJ08, 19.1.1] as we do not assume the
images of the graphs to be primitive recursive. Furthermore, we refrain from using
meta-mathematical concepts like ‘explicitly given’.

280 this definition coincides with [FJ08|, 19.1.2], except that also here we replace
primitive recursive by recursive and drop properties like ‘explicitly given’.
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LEMMA 1.3.2. Let G, H be profinite groups, and assume that G is
finitely generated.

(1) If G and H have the same finite quotients, then G = H.

(2) If every finite quotient of H is a quotient of G, then H is a
quotient of G.

(3) If G = H, then any epimorphism G — H is an isomorphism.

PROOF. See [FJ0S8, 16.10.7, 16.10.8]. O

A profinite group F is free on a set of generators X C F'if (X) = F,
X converges to 1, and for each map p: X — G into a profinite group G
for which (p(X)) = G and X \ p~!(H) is finite for each open normal
subgroup H<G, there exists a unique epimorphism ¢: F' — G extending
. If k is a cardinal number, we denote by F), the free profinite group on
a set of k generators. It exists and is unique up to isomorphism, [F.JOS|
17.4.7]. In particular, E, is the free profinite group on a countably
infinite set of generators.

If G, H are profinite groups, the free product G x H is a profinite
group determined up to isomorphism by the following properties: G
and H are closed subgroups of G« H with G « H = (G, H), and each
pair a: G — C, f: H — C of homomorphisms of profinite groups
extends uniquely to a homomorphism v: G« H — C, [FJ08|, 22.4.9].

LEMMA 1.3.3. Ifr € Gx H and G*NG # 1, then x € G.
PROOF. See [RZ00, 9.1.12]. O

If L/K is a Galois extension, then Gal(L/K) is a profinite group in
the Krull topology. A basis for the neighbourhoods of 1 is given by
the open subgroups Gal(L/N), where N/K is a finite Galois subexten-
sion of L/K, [FJ08, Chapter 1.3]. Galois correspondence establishes
a bijection between the closed subgroups of Gal(L/K) and the inter-
mediate fields of L/K, [FJ08, 1.3.1]. If F'//K is an extension, then the
restriction map resp, /i, : Gal(F) — Gal(K) is continuous.

LEMMA 1.3.4. If K = L are elementarily equivalent fields and Gal(K)
is finitely generated, then Gal(K) = Gal(L).

PRrOOF. See [FJ0S8, 20.4.6]. O

Like any compact group, a profinite group admits a unique normal-
ized Haar measure, i.e. a (left and right) invariant complete regular
probability measure, cf. [F.JOS, Chapter 18].

A profinite space is a totally disconnected compact Hausdorff
space. Profinite spaces can be characterized as inverse limits of fi-
nite discrete spaces, or as zero-dimensional compact Hausdorff spaces,
[RZ00L 1.1.12]. Here, a topological space is called zero-dimensional
if it has a basis for its topology consisting of open-closed sets. For
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example, the underlying space of a profinite group is a profinite space.
Any product or finite direct sum (i.e. coproduct) of profinite spaces is
a profinite space, and a subspace of a profinite space is profinite if and
only if it is closed. Since profinite spaces are compact Hausdorff, any
continuous map between profinite spaces is closed, and any continuous
bijection of profinite spaces is a homeomorphism.

LEMMA 1.3.5. Let X be a profinite space with a subbasis B which is
closed under complements. Then the following are equivalent.

(1) B is closed under finite intersections.
(2) For allU,V € B,UNV € B.
(3) Ewvery open-closed subset of X is in B.

PROOF. See [Pre84, 6.6]. O

LEMMA 1.3.6. If a profinite group G acts continuously on a profinite
space X, then the quotient space X/G is profinite and the quotient map
X — X/G is continuous and closed.

PRrOOF. By [Bou98, I11.4 Prop. 2, Prop. 3|, X/G is compact Hausdorff.
Moreover, it is zero-dimensional, since if U C X is open-closed, then
the G-closure U C X is also open-closed. Indeed, U® is the union
of homeomorphic copies of U, so it is open, and it is the image of the
closed map U x G — X given by (z, g) — 29, so it is closed. O

A Cantor space is a perfect second-countable profinite space.
Here, a topological space is called perfect if it has no isolated points,
and second-countable if it has a countable basis for its topology. A
finite direct sum of Cantor spaces is a Cantor space, and a closed sub-
space of a Cantor space is a Cantor space if and only if it is perfect.
All Cantor spaces are homeomorphic to each other, [Kec94l, 7.4], so we
also talk about the Cantor space C.

LEMMA 1.3.7. Let ¢: X — A, a: B — A be continuous surjections
of topological spaces, where A is discrete, o has finite fibres, and X
15 zero-dimensional perfect Hausdorff. Then there exists a continuous
surjection A: X — B with ao A = .

PROOF. Let a € A. Since A is discrete, X, = ¢~ !(a) is a nonempty
open-closed subset of X. Since X is Hausdorff and has no isolated
points, X, is infinite. The fibre B, = a~!(a) is finite by assumption.
Let B, = {b1,...,b,}, and choose distinct elements z1,...,x, € X,.
Since X is zero-dimensional Hausdorff, there are open-closed subsets
Xan, ooy Xan of X, with z; € X,; and X, = |J;—; X

Now define A on X, by A|x,, = b;, and do this for all @ € A. Since
x; € X, for every ¢, A is surjective. Since each X, ; is open-closed, A
is continuous. Since for z € X, ;, ¢p(z) = a and a(A(a)) = a(b;) = q,
ao\=p.
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1.4. Real Closed Fields

We recall the notion of real closed fields and quote some well known
results from [Pre84].

Let K be a field. A positive cone of K is a semiring P C K such
that PU(—P) = K and PN (—P) = {0}. An ordering of K is a total
order < on K such that {z € K: x > 0} is a positive cone. The map
that assigns to an ordering the corresponding positive cone induces a
natural bijection between the orderings of K and the positive cones
of K. An ordered field is a field K together with an ordering. A
pre-positive cone of K is a semiring P C K such that K? C P and
—-1¢P.

LEMMA 1.4.1. Fach pre-positive cone of K is the intersection of the
positive cones of K containing it. In particular, each pre-positive cone
of K is contained in a positive cone of K.

PROOF. See [Pre84, 1.6]. O

An ordering < of K is archimedean if for every x € K there
exists y € N C K with < y. Any archimedean ordered field can
be embedded into R (as an ordered field), [Pre84, 1.23|, hence the
ordering of an ordered algebraic extension of an archimedean ordered
field is archimedean.

A field is real closed if it has an ordering but each proper algebraic
extension has no ordering. A real closed field K has a unique ordering,
given by the positive cone K2, [Pre84, 3.2]. A real closed field F is a
real closure of an ordered field K if I is an algebraic extension of K
and the unique ordering of F' extends the ordering of K. Any ordered
field K has a real closure, which is unique up to K-isomorphism, [Pre84)
3.10]. If L is a finite extension of an ordered field K, then the extensions
of the ordering of K to L bijectively correspond to the K-embeddings
of L into a fixed real closure of K, [Pre84, 3.12].

LEMMA 1.4.2. A field which is algebraically closed in a real closed field
15 real closed.

PROOF. See [Pre84, 3.13]. O

PROPOSITION 1.4.3 (Artin-Schreier). A field K is real closed if and
only if Gal(K) = Z/2Z.

ProOF. This follows from |[Lan02, VI.9.3] and [Pre84, 3.3]. O

LEMMA 1.4.4. Let V' be an affine variety defined over a real closed field
K. Then V' has a simple K-rational point if and only if the ordering
of K extends to an ordering of K(V').

PROOF. See [Lan02, XI.3.1, XI.3.6] or [Pre&1) 0.4]. O
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The language of ordered rings
Eg = Ering U {S}

is the language of rings augmented by a binary relation symbol <,
which is interpreted as the ordering of an ordered field.

PROPOSITION 1.4.5 (Tarski). The L<-theory of real closed ordered

fields has quantifier elimination, is model complete, complete, and de-
cidable.

PROOF. See [Mar(02, 3.3.15, 3.3.16]. O

1.5. Valued Fields

We recall some basic notions from valuation theory. For more details
see [FJ08, Chapter 2|, [Efr06], or [EP05].

A valuation on K is a Krull valuation on K, i.e. an epimorphism
v: K* — T from the (multiplicative) abelian group K* onto an ordered
(additive) abelian group I' that satisfies v(a + b) > min{v(a), v(b)} for
all a,b € K*. We let v(0) = oo and v < oo for all ¥ € I'. The group
[ is the value group of v. The valuation ring of v is O, = {z €
K:v(z) > 0}. Two valuations are equivalent if their valuation rings
are equal. The valuation ring O, is a local ring with maximal ideal
m, = {z € K: v(z) >0}, and K, = O,/m, is the residue field of v.

An ordered abelian group I' is of rank one if it has no non-trivial
proper convex subgroup, and discrete if it has a smallest positive ele-
ment, i.e. if [" is discrete in the order topology. A valuation v on K is
of rank one resp. discrete if the value group v(K*) has this property.
We normalize every discrete valuation v such that Z is a convex sub-
group of the value group. In particular, 1 denotes the smallest positive
element of the value group.

LEMMA 1.5.1 (Artin-Whaples, Weak Approximation Theorem). Let
V1,...,0, be pairwise inequivalent discrete rank one valuations on K,
and let <q,...,<,, be pairwise distinct archimedean orderings of K.
Let 1, ..., Tp, Y1, Ym € K, € € (K*)?, and n € Z. Then there
exists v € K such that for 1 <i <n,

vi(z — x;) > n,
and, for 1 < j <m,
:rj—EQ §x§$j+62.
PRrOOF. See [EP05, 1.1.3]. O

Let v be a valuation on K and F/K a field extension. Then v can
be extended to a valuation w on F, [EP03, 3.1.1]. One calls e,/, =
(w(F*) : v(K*)) the ramification index and f,;, = [F, : K, the
residue degree. If F/K is algebraic, then w(F*) is contained in
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the divisible hull of v(K™), [EP05, 3.2.4]. If F//K is Galois, then the
extensions of v to F' are conjugate over K, [EP05] 3.2.15].

LEMMA 1.5.2 (Fundamental inequality). Let v be a valuation on K,
and let wy, ..., w, be all inequivalent extensions of v to a finite exten-
sion L of K. Then the following inequality holds.

Zewi/vfwi/v < [L : K]

i=1

If v is discrete of rank one and L/K is separable, then equality holds.
PRroOOF. See [EP05, 3.3.4, 3.3.5]. O

If v is a valuation on K, we say that (K,v) is a valued field. A
valued field (K, v) is Henselian if v extends uniquely to K. Every val-
ued field (K, v) has a minimal algebraic extension which is Henselian,
its Henselization. It is unique up to K-isomorphism, [EP05, 5.2.2].
If (F,w) is the Henselization of (K, v), then the extension w/v is im-
mediate, i.e. e,y = fu = 1, [EP05] 5.2.5].

LEMMA 1.5.3 (Hensel-Rychlik). Let v be a Henselian valuation on K.
If f € OJX] and a € O, with v(f(a)) > 2v(f'(a)), then there exists
a € O, with f(a) =0 and v(a — ) > v(f'(a)).

PROOF. See [EP05, 4.1.3(5)]. O

LEMMA 1.5.4 (Hensel’s lemma). Let v be a Henselian valuation on K.
If f € O,[X] and a € O, with f(a) € m, and f'(a) ¢ m,, then there
exists a € O, with f(a) =0 and a — a € m,,.

Proovr. This follows from Lemma [1.5.3] O

The language of valued fields
Lp = Lng U{R}

is the language of rings augmented by a unary predicate symbol R,
which is interpreted as the valuation ring of a valued field.

1.6. p-adically Closed Fields

We recall the notion of p-adically closed fields, and quote some well
known results from [PR84] and some properties of the absolute Galois
group of a p-adically closed field.

A valuation v on a field K of characteristic zero with residue field
of characteristic p > 0 and corresponding valuation ring O is a p-
valuation of p-rank d € N if

dimg, O /pO = d.
We also say that the valued field (K, v) is a p-valued field.
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The residue field K, of a p-valued field (K, v) is finite, and the value
group v(K*) is discrete and v(p) € Z. If e = v(p) and f = [K, : F,],
then d = ef, [PR84, p. 15]. We call (p, e, f) the type of (K,v). Thus,
if two p-valued fields have the same type, then they have the same
p-rank. If L/K is an extension of p-valued fields, then L and K have
the same p-rank if and only if they have the same type. In that case,
this type is also the type of each intermediate extension of L/K.

A p-valued field is p-adically closed if it has no proper p-valued
algebraic extension of the same p-rank. Every p-adically closed valued
field (K, v) has a unique p-valuation, [PR84l 6.15]. We therefore also
call K p-adically closed. A p-adic closure of a p-valued field (K, v) is
an algebraic extension of (K, v) which is p-adically closed of the same
p-rank as (K,v). A p-valued field (K, v) is p-adically closed if and only
if it is Henselian and the value group v(K*) is a Z-group, [PR84] 3.1].
Here, an ordered abelian group I' is a Z-group if it is discrete and
(I' : nI') = n for each n € N. Any p-valued field (K,v) has a p-adic
closure. A p-adic closure of (K,v) is unique up to K-isomorphism if
and only if v(K*) is a Z-group, [PR84, 3.2].

LEMMA 1.6.1. If a field is algebraically closed in a p-adically closed
field K, then it is p-adically closed of the same p-rank as K.

PROOF. See [PR&4, 3.4]. O

LEMMA 1.6.2. Let V' be an affine variety defined over a p-adically
closed field K. Then V' has a simple K -rational point if and only if the
unique p-valuation of K extends to a p-valuation of K (V') of the same
p-rank.

PROOF. See [PR&4, 7.8]. O

The language
ﬁp,dzﬁRU{Cl,...,Cd}U{Pn: n EN}

is the language of valued fields augmented by d constant symbols
ci1,...,cq interpreting a fixed F,-basis of O/pO, and unary predicate
symbols P,, n € N, interpreting the subset of n-th powers of a p-valued
field of p-rank d. The class of p-adically closed valued fields of p-rank
d is elementary in the language Ly, [PR84] p. 86].

PROPOSITION 1.6.3. The Lg-theory of p-adically closed valued fields
of p-rank d is model complete and decidable, and it has quantifier elim-
ination in the language Lp 4. The Lr-theory of p-adically closed valued
fields of type (p,1,d) is complete.

PROOF. See [PR84, 5.1, 5.2, 5.6, 5.4]. O
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A p-adic field is the completion of a p-valued number field, i.e. a
finite extension of Q,. A p-adic field F' is p-adically closed of p-rank
[F: Q,), [PR&4] p. 21].

LEMMA 1.6.4. Every p-adically closed field is elementarily equivalent
to a p-adic field.

PRrOOF. Let E be p-adically closed, and let K = QNE,Ky=0Qn @p.
By Lemma [[.6.1] K is p-adically closed of the same p-rank as F, so

—QNQ, C K. Then [K : K] < oo, c.f. [PR84, 2.9], so F := KQ,
is a p—adlc field. Since K is algebraically closed in F', K and F have
the same p-rank by Lemma [1.6.1, Therefore, £ = K = F' by model
completeness (Proposition [1.6.3)). O

LEMMA 1.6.5. Let K be p-adically closed. Then Gal(K
generated, prosolvable, torsion-free, and cd;(Gal(K)) =
prime number [.

) is finitely
2 for every

PRrROOF. First, if K is a p-adic field, then Gal(K) is finitely gener-
ated and prosolvable, and cd;(Gal(K)) = 2 for every I, [NSWO08| 7.4.1,
p. 409, 7.1.8(i)], so in particular it is torsion-free. Since every p-
adically closed field K is elementarily equivalent to a p-adic field K
(Lemma [1.6.4), and Gal(Kj) is finitely generated, Gal(K) = Gal(K,)
has all the asserted properties (Lemma [1.3.4)). O

PROPOSITION 1.6.6 (Neukirch-Popf}Efratfl Koenigsmann). Let K be
p-adically closed, and let L be a field. If Gal(K) = Gal(L), then L is
p-adically closed of the same type as K.

PROOF. By Lemma [[.6.4] K is elementarily equivalent to a p-adic
field Ky, and Gal(K) = Gal(Kj) by Lemma and Lemma [1.3.4]
By [Koe95, Theorem 4.1], if Gal(Ky) = Gal(L), then L is p-adically
closed. But Gal(L) determines the type of L, see for example [JR79,
Lemma 1]. O

3see [PopSs
4see [Efr9H]



CHAPTER 2

Local-Global Principles for Fields

The aim of this chapter is to develop basic model theoretic properties
of fields satisfying a certain local-global principle, which we call PSCC.
For subfields of the fields K. g we are interested in, the PSCC property
coincides with the PSC property of [JRI§|, [GJ02], and [HJP09%]. A
PSCC field F satisfies a local-global principle with respect to p-adic
closures and real closures belonging to primes of F' that lie over a given
finite set of local primes S of some fixed base field K, and have the
same type as their restrictions to K.

Previous works in this direction are [Pre81], [Ers82] and [Pre85]
on PRC fields, [Gro87] and [Kiin89b] on PpC fields, and [Kiin89a] on
PC) fields. Furthermore, the work [Ers92] on RC; fields, and [Dar00b],
[Dar01] and [Ers01] on local-global principles for rings are related to
the subject. We make use of ideas from some of these works.

The three main goals for the PSCC fields under consideration are:
First-order definition of the holomorphy domains (Sections [2.3}2.4)),
axiomatization of the PSCC property (Sections, and describing
totally S-adic extensions (Sections [2.82.9).

For the rest of this work, let K be a field of characteristic
zero.

2.1. Classical Primes

We start this chapter by introducing the notion of a classical prime.
This notion generalizes the notion of a place of a number field and
unifies considerations about orderings and p-valuations.

DEFINITION 2.1.1. A prime p of K is either an equivalence class of
valuations on K (p is a non-archimedean prime) or an ordering of
K (p is an archimedean prime). The characteristic

char(p)

of p is defined as follows: If p is an equivalence class of valuations,
then char(p) = char(K,), the characteristic of the residue field K, =
K,, v € p; if p is an ordering, then char(p) = oc.

REMARK 2.1.2. The reader may have noticed that our definition of
primes does not include the classical so called ‘complex primes’, i.e. ab-

25
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solute values for which the corresponding completion is isomorphic to
C. The reason for this is that both for the PSCC property and for
the definition of the fields K. s we are interested in, the ‘complex
primes’ in S can be disregarded.

DEFINITION 2.1.3. Let p be a prime of K.

If char(p) # oo, let v, be a fixed valuation in the class p, and denote
by

O, ={z € K: vy(z) > 0}

the corresponding valuation ring.
If char(p) = oo, denote the ordering p by <,, and by

Op={reK:z>,0}
the corresponding positive cone.

DEFINITION 2.1.4. Let F'/K be an extension of fields. A prime P of
F lies over a prime p of K if

OpNK =0,

We write this as
Bl =p.

REMARK 2.1.5. If F/K is finite of degree n, then there are at most
n primes of F' lying over a given prime p of K. This motivates the
following definition.

DEFINITION 2.1.6. Let p be a prime of K. We say that p totally
splits in a finite extension F/K if there are exactly [F' : K| many
primes of F' lying over p. We say that p totally splits in an algebraic
extension of K if it totally splits in every finite subextension.

DEFINITION 2.1.7. Let p be a prime of K. The localization
KP

of K with respect to p is a Henselization of (K, v,) (if char(p) # oo)
resp. a real closure of (K, <,) (if char(p) = oo0). It is unique up to
K-isomorphism.

ExXaMPLE 2.1.8. The field Q has one archimedean prime, which we
denote by oo, and one non-archimedean prime for each prime number
p, which we simply denote by p. Note that in our notation, Q, is
now the field of p-adic algebraic numbers, whereas the field of p-adic
numbers is denoted by Qp.
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REMARK 2.1.9. If F/K is an extension and ‘B is a prime of F' lying
over a prime p of K, we can and will assume that K, C Fip.

DEFINITION 2.1.10. If p is a prime of K and ¢ € Aut(K) is an auto-
morphism of K, then the conjugate

op
of p is the unique prime of K with O,, = 0(O,).

LEMMA 2.1.11. If F/K is a Galois extension and B, Q are primes of
F with B|x = Q|x = p, then there exists o € Gal(F/K) with o = Q.

PROOF. If char(p) = oo, then both Fy and Fq are real closed fields,
and thus real closures of K with respect to <,, so they are conjugate

over K, cf. Section [1.4 If char(p) # oo, then the claim follows from
the fact that vy and vg are conjugate over K, cf. Section [1.6] Il

DEFINITION 2.1.12. If S is a set of primes of K,

R(S) =[]0y

pes
is the holomorphy domain of S.

REMARK 2.1.13. Note that if S contains archimedean primes, then
R(S) is only a semiring but not a ring.

DEFINITION 2.1.14. A classical prime p of K is either an equivalence
class of p-valuations, for some prime number p, or an ordering of K.

DEFINITION 2.1.15. For a classical prime p of K, a classical closure
of (K,p) is a p-adic closure of (K, v,) resp. a real closure of (K, <,).
Let

CC(K,p)

denote the set of all classical closures of (K, p) contained in K. We say
that (K, p) is classically closed if K € CC(K,p), i.e. if K is p-adically
closed resp. real closed.

DEFINITION 2.1.16. A prime p of K is local if it is classical and
the value group of v, is isomorphic to Z resp. the ordering <, is
archimedean.

REMARK 2.1.17. Note that this definition of local primes essentially
coincides with the definition of local primes in [GJ02] and [HIJP09a],
and the ‘classical P-adic valuations and orderings’ in [HJP09b]. Indeed,
an ordering of K is archimedean if and only if there is an embedding of
K into R (see Section, and since a field complete with respect to an
archimedean absolute value is isomorphic to either R or C by Gelfand-
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Mazur (cf. [Lan02, XII.2.4]), embeddings of K into R correspond to
‘non-complex’ archimedean absolute values on K, cf. Remark 2.1.2] If
a p-valuation v on K is discrete of rank one, then the completion of K
with respect to v is a p-adic field, cf. [Ser79, Chapter IT §5], and rank
one valuations on K correspond to non-archimedean absolute values

on K, cf. [End72l 7.6, 3.5].

DEFINITION 2.1.18. A classical prime p of K is quasi-local if K, €
CC(K,p), i.e. if the localization is a classical closure.

REMARK 2.1.19. Note that each prime of a number field is local,
and each local prime is quasi-local. If p is quasi-local, then all K’ €
CC(K,p) are K-conjugate. A non-archimedean classical prime is quasi-
local if and only if its value group is a Z-group, cf. Section[L.6 If F/K
is an algebraic extension and ‘B is a classical prime of F' lying over a
local prime p of K, then B is local.

DEFINITION 2.1.20. The type

tp(p)

of a classical prime p of K is the type (p,e, f) of the p-valuation v, if
char(p) = p, and (oo, 1,1) if char(p) = oo.

DEFINITION 2.1.21. We say that a field F' is PFC with respect to
a family F of algebraic extensions of F' if every absolutely irreducible
smooth variety V' defined over F' has an F-rational point, provided it
has an F’'-rational point for each F’ € F, cf. [Jar91l, §7].

If S is a set of primes of F, then F' is pseudo-S-closed with
respect to localizations (PSCL) if it is PFC with respect to the
family

f:{FsI;Z‘BES}

of localizations.

If S is a set of classical primes of F', then F' is pseudo-S-closed
with respect to classical closures (PSCC) if it is PFC with respect
to the family

F=J ccr p)

PeS
of classical closures.

REMARK 2.1.22. Since every classical closure is Henselian resp. real
closed, if F'is PSCC, then F'is PSCL. However, the converse does not
hold, as the example of a p-valued Henselian but not p-adically closed

field shows, cf. Remark [2.1.19 and Proposition [2.2.11| below.
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2.2. PSCC and PSCL Fields

In this section we define the class of fields we are working with. For
the rest of this chapter, we work in the following setting.
SETTING 2.2.1.

e K is a fixed base field of characteristic 0.
e S is a finite set of local primes of K.
e [’ is an extension of K.

DEFINITION 2.2.2. For p € S denote by
Sp(F)

the set of all classical primes B of F' that satisfy the following condi-
tions:

(1) Blx =».
(2) tp(*B) = tp(p).

DEFINITION 2.2.3. Let

cf. Definition [2.1.12]
CC(Fp) = |J CcCEP),

PeS, (F)
cf. Definition [2.1.15] and
CC(F,8) = | CcC(F,p).

pes

REMARK 2.2.4. If p € S with char(p) # oo and P € S,(F'), then vy
extends v,. Indeed, first note that by our convention of identifying Z
with a convex subgroup of the value group, the value group of v, is a
subgroup of the value group of vyg. Let m, € K such that v,(m,) = 1.
If tp(P) = tp(p) = (p,e, f), then pr,© € OF C Oy, s0 e = vg(p) =
evy(my), and therefore vgp(m,) = 1 = vy(mp). Since vy(K*) = Z, this
implies that vg(z) = vy(x) for all x € K*.

DEFINITION 2.2.5. We say that F is pseudo-S-closed with respect
to localizations (PSCL) resp. pseudo-S-closed with respect to
classical closures (PSCQC) if F' is PSCL resp. PSCC with respect to

S = Ss(F).
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REMARK 2.2.6. Note that F' is PSCC if and only if F' is PFC with
respect to the family

F = CC(F,S).

If Fis PSCC, then F'is PSCL, cf. Remark [2.1.22]

REMARK 2.2.7. Note that for K = Q and |S| = 1, our notion of PSCC
fields coincides with the classical notions of PpC resp. PRC fields. For
K = Q and S a finite set of prime numbers, the notion of PSCC
fields coincides with the notion of PC), fields of [Kiin89a] and [Kiin92].
For K = Q and S = (0, a PSCC field is just a PAC field (cf. [FJOS,
Chapter 11]).

REMARK 2.2.8. Note that there is a related notion of PSC fields in the
literature. However, in [JRI8] and [GJ02] this property is only defined
for algebraic extensions of K, and in [JROI1], [Raz02] and [HJP094]
only for subextensions of Ky s/K (cf. Definition below). For
subextensions of Ky g/K, the three notions PSC, PSCL, and PSCC
coincide, but both the PSCL property and the PSCC property are
defined for arbitrary extensions of K. The reason for our focus on the
PSCC property is that, as we show, it is elementary.

DEFINITION 2.2.9. We say that F'is S-quasi-local if every B € Ss(F)

is quasi-local (cf. Definition [2.1.18)).
LEMMA 2.2.10. If F/K is algebraic, then F' is S-quasi-local.

PROOF. Since S consists of local primes, every B € Sg(F) is local, and
thus quasi-local, cf. Remark [2.1.19, O

ProprosiTiON 2.2.11. If F' is PSCC, then F' s S-quasi-local.

Proor. If Fis PSCC, then F' is PFC with respect to F = CC(F, S),
cf. Remark . Hence, the claim follows from [HJP09d, Proposition
2.3(a)]. Indeed, this proposition implies that if F' € CC(F,S), then F'
is dense in F” if two conditions are satisfied.

The first condition is that CC(F,S) is ‘étale-compact’. This is in
particular the case if CC(F, S) is ‘strictly compact’, see [HJPOT, Section
1]. The second condition is that F” is minimal in CC(F, S). This always
holds if there are no non-trivial inclusions among elements of CC(F, S).

In Lemma below we prove properties of the absolute Galois
group of an arbitrary extension F' of K, which via Galois correspon-
dence imply that CC(F,S) is ‘strictly compact’ and that there are
no non-trivial inclusions among elements of CC(F,S). Therefore, if
B € Sg(F) and F' € CC(F,*B), then F is dense in F’, and hence P is
quasi-local. O
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2.3. Defining Holomorphy Domains in a General Setting

This section contains the technical first-order definition of the holomor-
phy domains. We consider the following setting.

SETTING 2.3.1.

e [ is a field of characteristic zero.

e S is a set of classical primes of F'.

e S is partitioned as S = ), S;, such that for every i, if P, Q €
S;, then char(P) = char(Q).

e For each 7, m; is an element of F'* that satisfies the following
conditions:
(S1) If B € S; and char(P) # oo, then veyp(m;) = 1.
(52) If P € S\ S; and char(P) # oo, then vgp(m; — 1) > 0.
(S3) If B € S; and char(P) = oo, then m; <gq —1.
(S4) If P € S\ S; and char(*P) = oo, then m; >g 0.

DEFINITION 2.3.2. We write
char(S;)
for char(‘P), P € S;, and we let

n
= | |7Tz'.
i=1

Our first goal is to give a first-order definition of the holomorphy
domain R(S;) of S; in the case that F'is PSCL. The case n =m =1
of the following lemma can be found in [HP8&4].

LEMMA 2.3.3. Let f € F[Xy,...,Xy] and g € F[Y1,...,Y,] be non-
constant polynomials, and let ¢ € F*. If g is square-free in F[Y],
then

BX,Y) = f(X)g(Y) +c € FIX,Y]
15 absolutely irreducible.

PROOF. Without loss of generality assume that F = F. We prove the
lemma by induction on n.

First assume that n = 1. Let r(Y) be any prime factor of g(Y).
Since g is square-free, r|g but 7? fg. Write h as a polynomial in X;.
Then r divides all coefficients of h except the constant one. Thus, by
Eisenstein’s criterion (cf. [FJO8, Lemma 2.3.10(b)]), h is irreducible
in F(Y)[X]. Therefore, if h decomposes in F[X,Y], then one of the
factors must be in F[Y]. But then, since ¢ # 0, this factor must be in
F, and thus h is irreducible in F[X,Y].

Now assume that n > 1 and f ¢ F[X;]. Assume that i decomposes
as h = hyihy with hy, hy € FIX, Y]\ F. Since ¢ # 0, we have hy, hy ¢
F[X;]. Hence, there exists x € F such that hy(x, Xs,...,X,,,Y) ¢ F,
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ho(z, Xo, ..., X,,,Y) ¢ F, and f(z, Xs,...,X,) ¢ F. Consequently,
f(x,Xg,,Xn)g(Y) +c= hl(l',XQ,...,Xn,Y)h2($,X2,...,Xn,Y)

decomposes in F[Xs, ..., X,, Y], contradicting the induction hypothe-
sis. Il

LEMMA 2.3.4. Let f € F[Xy,...,X,] be non-constant, and let g €
F[Y] be non-constant and square-free in F[Y| with g(1) # 0 and ¢'(1) #
0. Then the polynomial

GX,Y)=g(Y)(1+f(X)) —g(1) € F[X,Y]

is absolutely irreducible, and for every root x of f, (x,1) is a non-
singular point on the hypersurface defined by G.

PROOF. Since f is non-constant, also 1 + f is non-constant. Since in
addition g is square-free in F[Y] and g(1) # 0, Lemma implies
that G is absolutely irreducible. If f(x) = 0, then G(x,1) = g(1)(1 +
f(x)) —g(1) =0 and g—g(x, 1) = ¢'(1) # 0. Therefore, (x,1) is non-
singular on the hypersurface G = 0. U

Our formula defining R(S;) makes use of a polynomial of the form
G(X,Y) in Lemma 2.3.4 More precisely, we let f(X) depend on a
parameter a € F such that R(S;) consists of all a € F for which
G(X,Y) has azero in F (in the case char(S;) # 00). We construct f(X)
as a product of several polynomials, each of which has a zero in a certain
class of localizations of F', so that the hypersurface G = 0 has a simple
point in every localization. The basic idea for this ‘modular’ approach
appears in Kiinzi’s work [Kiin89al.

LEMMA 2.3.5. Under Setting the polynomual
Ai (X) = X2 — T
satisfies the following conditions:

(A1) If B € SN\ S; and char(P) # 2, then A; has a zero in Fig.
(A2) If B € S; and char(P) # oo, then for all x € F', vgp(A;(x)) <
1

(A3) [f‘ﬁ € S; and char(*P) # oo, then vyp(A;(1)) = 0.
(A4) A;(X) is square-free in F[X], and Al(1) # 0.
(A5) If B € S; and char(*P) = oo, then for all x € F, A;j(z) >q 1.

PROOF. Let P € S\ S; with char() ¢ {2,00}. The reduction A; of
A; with respect to P is 4;(X) = X?—1 by (S2). Thus, since A;(1) =0
and AL(1) = 2 # 0 (since char(3) # 2), Hensel’s lemma (Lemma [1.5.4)
gives a zero of A; in Fig. Now let p € S\ S, with char(5) = oo. Since
m; >q 0 by , A; has a zero in the real closed field Fis. This proves
(A1).

Now let P € S; with char(*) # oo and x € F. If vgp(x) > 0, then
vp(x?) > 2 > vg(m) by (S1)), so vp(Ai(z)) = vgp(m;) = 1. If vg(z) <0,
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then veg(2?) < vg(m;) by (S1), so ve(Ai(z)) = vg(x?) < 1. This proves
(A2).

Furthermore, vg(A4;(1)) = vp(l — m) = 0 by (SI). This proves
(A3).

Condition (A4) follows from char(F") = 0 and m; # 0.

Finally let B € S; with char() = oo, and z € F. Then m; <g —1
by and 2% >4 0, so A;(x) >q —m; >g 1. This proves (A5). d

LEMMA 2.3.6. Under Setting the polynomaial
Bi(X)=X*+mX+7

satisfies the following conditions:

(B1) If B € S\ S; and char(P) = 2, then B; has a zero in Fy.
(B2) If B € S; and char(*P) # oo, then for all v € F, vp(Bi(x)) <
1.

PROOF. Let P € S\ S; with char() = 2. Then the reduction B;
of B; with respect to P is B;(X) = X2 + X (by and (S2)), and
Bi(X) = 1. Therefore, by Hensel’s lemma, B; has a root in Fig. This
proves (B1).

Now let P € S; with char() # oo and x € F. If vgp(x) > 0, then
(S1)) and imply that vg(z?) > 2 > vg(71) and vg(mz) > ve(m) =
vp(7), so vp(Bi(x)) = vp(r) = 1. If vp(z) < 0, then and
imply that vgp(2?) < vp(r) < vp(mez) and vp(z?) < 0 < vgp(m), so
vg(Bi(x)) = vgp(a?) < 1. This proves (B2). O

LEMMA 2.3.7. Under Setting if char(S;) # oo, then for every
a € F, the polynomial

D’i,a(X> = 0,7T,L'X2 —X+a

satisfies the following conditions:

(D1) If B € S; and vyp(a) > 0, then D;, has a zero in Fyp.
(D2) If P € S; and vp(a) < 0, then vp(D; o(z)) < vgp(a) for all x €
F. Thus, if vg(D;q(x)) > 0 for some x € F, then vg(a) > 0.

PROOF. Let P € S; with vg(a) > 0. Then D;,(X) € Ogp[X] by (S1).
The reduction D; , of D; , with respect to P is D, .(X) = —X +a, and
D ,(X) = —1. Therefore, D;, has a zero in Fy by Hensel’s lemma
(Lemma [1.5.4)). This proves (D1).

Now let P € S; with vgp(a) <0, and let z € F. If vg(z) > 0, then
vgp(amz?) > vp(a) and vp(x) > 0 > vgp(a), so vp(D; (7)) = vgp(a). If
vg(x) < 0, then vp(ama?) < 2vq(z) + vp(m) < —1+vp(z) + vp(m) =
vp(x) by (S1); and vg(ama?) = vyp(a) +vyp(m) + 2op(x) < vpla)+1—
2 < vg(a), so vp(D;q(2)) = vgp(ama?®) < vgp(a). This proves (D2). O
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LEMMA 2.3.8. Under Settmg and char(S;) # oo, let a € F. If

A; satisfies (Al] . , B; satzsﬁes . . and D, , satisfies (D

. then the polynomml
Gio(X,Y) = 4(Y)(1 4 7 *Ai(X)Bi(X)D; o (X)) — As(1)

satisfies the following conditions:

(1) If Gio has a zero in F', then vg(a) > 0 for all P € S;.
(2) If F is PSCL and vgp(a) > 0 for all P € S;, then G;, has a

zero in F'.
PROOF. Let z,y € F with G, 4(x,y) = 0 and let P € S;. Then
vp(1 + 7 Ai(2) Bi(2) Dia(2)) = vyp(Ai(1)) — vp(Ai(y)) = 1
by and . Thus,
vp(m; *Ai(2) Bi(2) Dy (1)) > 1,
SO
Um(Dm(w)) > —1+ dvg(m;) — vp(Ai(x)) — vp(Bi(x)) > 0

by (S1 . , and (B2)). Therefore, vg(a) > 0 by (D2 .

Now assume that F is PSCL and vm(a) >0 for all P € §;. If
A;(1) =0, then G, ,(0,1) = 0. Hence, assume without loss of generality
that A;(1) # 0. Let P € S. We claim that A;(X)B;(X)D;.(X) has
a zero in Fy. If P € S\ S; and char(P) # 2, this follows from (Al)).
If P € S\S; and char(P) = 2, this follows from (BI). If P € S,
this follows from (D1]). Therefore, by Lemma and , Gig is
absolutely irreducible and has a simple zero in Fis for all f € S. Since
F is PSCL, G;, has a zero in F'. O

This almost concludes the proof of the definability of R(S;) for
char(S;) # co. We now turn to the case char(S;) = oo.

LEMMA 2.3.9. Under Setting if char(S;) = oo, then the polyno-
maal

C(X)=X*+X +2
satisfies the following conditions:

(C1) If B e SN\ S; and char(P) = 2, then C has a zero in Fip.
(C2) If B e S;, then C(x) >p 1 for every x € F.

PROOF. If char(*f) = 2, then C has a zero in Fy by Hensel’s lemma,

and this implies (C1). If z € F, then 2 + 2+ 2= (z + 3)? + I >q 1,
o (C2) holds. O

LEMMA 2.3.10. Under Setting if char(S;) = oo, then for every
a € F, the polynomial
E(X)=X?—a

satisfies the following conditions:
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(E1) If B € S, and a > 0, then E, has a zero in Fip.
(E2) If B S, x,e € F, and E,(z) <gp e, then a >q —e.

PROOF. Let P € S; with a >4 0. Then a has a square root in the real
closed field Fiy, and this implies (E1).

Now let B € S;, and x,e € F with F,(x) <ge. Then 22 —a <g ¢,
and therefore a >g —e, since 22 >4 0. This implies (E2). O

LEMMA 2.3.11. Under Setting if char(S;) = oo, then for every
u € F*, the polynomial

H,(X) =X+

satisfies the following conditions:
(H1) If B € S;, then for allz € F, H,(x) >q u*.
(H2) If B € S, then H,(1) =1+ u? >4 0.
(H3) H,(X) is square-free in F|X]|, and H/ (1) # 0.

Proor. (H1) follows from a? >¢ 0. (H2) follows from H,(1) = 1+
u? >q 1 >4 0. (H3) follows from u # 0 and char(F) = 0. O

LEMMA 2.3.12. Under Setting and char(S;) = oo, let a € F
and u € F*. If A; satisfies (Al) and (AD), C satisfies (C1))-(C2), E,
satisfies (E1)-(E2), and H, satisfies (H1)-(H3), then the polynomial

Gian(X,Y) = H,(Y)(1 + A;(X)C(X)E.(X)) — H,(1)
satisfies the following conditions:

(1) If Gian has a zero in F', then a >g —% for all P € S;.
(2) If F is PSCL and a > 0 for all P € S;, then G, 4, has a

zero in F.

PROOF. Let z,y € F such that G;,.(z,y) =0 and let p € S;. Then

Hu(l) 1+ u? 1
1 —+ Al(x)C'(x')Ea(x) ( ) < u2 =1 + E
by (HI| -, (H2). Thus, E,(z) <q - by (Af) and (C2). Therefore,
a >y~ by (E2).

Now assume that F' is PSCL and a >¢ 0 for all P € S;. If H,(1) =
0, then G, 4.(0,1) = 0. Hence, assume without loss of generality that
H,(1) # 0. Let g € S. We claim that A;(X)C(X)E,(X) has a
zero in Fg. If P € SN S, and char(P) # 2, this follows from (AL).
If char(*PB) = 2, it follows from . If P € S;, it follows from (E1))
Therefore, by Lemma , , and the assumption that F'is PSCL,
it follows that G, ., has a zero in F. O

For the following proposition, let A;, B;, C, D;,, E,, H, be the
concrete polynomials defined above.
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PROPOSITION 2.3.13. Under Setting|2.5.1}, for char(S;) # oo let p;(a)
be the Lying(m1, ..., my,)-formula

(32, y)(Ai(y) (1 + 77 Ai(2) Bi(w) Dia()) — Ai(1) = 0),
and for char(S;) = oo let p;(a) be the Lying(m;)-formula
(Vu # 0)(3z, y) (Hu(y) (1 + Ai(2)C(2) Ey(2)) — Hu(1) = 0).
Then the following holds for the subset ¢;(F) C F defined by p;:

(1) @i(F) € R(S)).
(2) If F is PSCL, then ¢;(F) = R(S;).

PROOF.

PART A: CASE char(S;) # oo. Note that the left hand side of the
equation in ¢;(a) is G;4(z,y), where G 4 is the polynomial defined in

Lemma [2.3.8 By Lemma [2.3.5] Lemma [2.3.6, and Lemma [2.3.7, A;,
B;, and D, satisfy (Al])-(A4), (BI)- ., (D1)-(D2). Therefore, if

Gia(z,y) = 0, then vg(a) > 0 for all P € S; by Lemma M(l), SO
a € R(S;). This proves (1). Conversely, if a € R(S;) and F' is PSCL,
then ¢;(a) holds in F' by Lemma [2.3.8{2). This proves (2).

PArT B: CASE char(S;) = oco. By Lemma Lemma
Lemma 2.3.10] and Lemma 2. 3 1 2.3.11, A;, C, E,, H, satlsfy ., 1
-D (E1)-(E2), (HI)-(H3 Flrst assume that PBeS and a E
©i(F), i.e. the polynomial G“w of Lemma 2| has a zero for all
u € FX By Lemma 2.3.12(1), a > —1/u? for all PeS andue F~.
If a <g 0, then a <y —1/(2?) or a <y —1/(1/a)?, since otherwise
a>qp —1/4 and a <g —1. Thus, a >3 0 for all P € S;, i.e. a € R(S)).
This proves (1). Now assume that F' is PSCL and a € R(S;). By
Lemma (2), Gliau has a zero in F for each u € F*, ie. y;(a) is
satisfied in F'. This proves (2). O

REMARK 2.3.14. Note that in the case char(S;) # oo, our definition
of R(S;) is existential. With a little more effort, it is possible to give
an existential definition of R(S;) also in the case char(S;) = oc.

2.4. Defining Holomorphy Domains in PSCL Fields

Now we apply the general construction of the previous section to the
fields we are interested in. For the rest of this chapter, we continue to
work in Setting and make the following additional assumptions:
e For p € S non-archimedean, m, € K with v,(m,) =1 is
fixed.
e For p € § archimedean, let m, = —1.

LEMMA 2.4.1. Let S = {p1,...,pn}, Si = Sp,(F), and S = |J_, Si.
Then there exist my,...,m, € K that satisfy the conditions of Set-

ting [2.3.1]
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PROOF. Let i € {1,...,n}.

PART A: char(p;) # oo. By the weak approximation theorem (Lemma
, there exists m; € K with vy, (m;—mp,) > 1, vp, (m—1) > 1 forj 7éz
Wlth char(p]) # 00, and 0 <, m; <, 2 for j #i Wlth char(p])

particular, vy, (m;) = vy, (mp;) = 1. So m; satisfies (S1)), (S2), and .
cf. Remark 2.2.41

PART B: char(p;) = co. By Lemma [L.5.1] there exists m; € K with
—3 <p, T <p, —1, vy, (m — 1) > 1 for j # 4 with char(p;) # oo, and
0 <p, m <p, 2 for j # i with char(p;) = oco. Thus, m; satisfies (S2),
(S3) and (S4). O

So in particular, Proposition [2.3.13| applies under our current set-
ting. We write
%holom,p

for the corresponding L,ing(K')-formula constructed there. More pre-
cisely, if p € S, then holomp(a) is the formula ¢;(a), where ¢ is chosen
such that p = p; in Lemma [2.4.1] This way we proved the following.

PROPOSITION 2.4.2. Letp € S. Then the following holds:
(1) Soholom,p(F) C Rp(F>
(2) If F' is PSCL, then @nolomp(F) = Ry(F).
DEFINITION 2.4.3. Let p € S. If char(p) # oo, let ¢ = |K,|, and define
the p-adic Kochen operator (of type (1,1) over K) by
1 T
W(r) = — (2" —2) — (a7 —2)7) 7
Tp

if this expression is well defined, and 7,(z) = 0 otherwise. Define the
p-adic Kochen ring (of type (1,1) over K) of F by

b
Lp(F) = {1 +7TpC: b,c € Ogl1p(F)], 1+ mpc # O}.

If char(p) = oo, let

and
Lp(F) = Oy ()],
the semiring generated by v(F) over O,.

LEMMA 2.4.4. Letp € S. Then Sy(F) # 0 if and only if 7, " ¢ T(F).
In that case, Ry(F) =T'y(F).

PROOF. For the case char(p) # oo see [PR84] 6.4, 6.8, 6.9, 6.14]. For
the case char(p) = oo, first note that I',(F) C R,(F). Assume that
there exists P € Sp(F). Then I'y(F) C Ry(F) C Ogp, so —1 ¢ I',(F).
Conversely, if —1 ¢ T'y(F'), then I'y(F') is a pre-positive cone. By
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Lemma [L.4.1] T, (F) = Ry(F). So I'y(F) # F implies that Sp(F) #
. g

LEMMA 2.4.5. Let p € S and let L/F be an extension. If Sy(L) =0,
then there exists a finitely generated subextension Lo/F of L/F with
Sp(Lo) = 0.

PROOF. By Lemma [2.4.4) m; ' € T,(L), so by the definition of T'y(L)
there exists a finitely generated extension Ly/F' contained in L such

that 7, € T'p(Lo). Thus, Sp(Lo) = 0 by Lemma [2.4.4] O

DEFINITION 2.4.6. Let Tholomp be the Lyng(K)-theory consisting of
the following sentences.
(1) A finite number of sentences stating that @pelom p defines a ring
(if char(p) # oo) resp. a semiring (if char(p) = oo).
(2) For every a € O, the sentence

@holom,p<a>-
(3) The sentence

(V) (Photomp (5 (2)))-
(4) If char(p) # oo, the sentence

(V2) (Photom p() A 1+ 757 7 0 = Dholom,p((1 + mpa) 7))
(5) The sentence

Photom,p(Tp ) = (V) (Pholom,p()).

PROPOSITION 2.4.7. The field F' satisfies Tholom,p if and only if the
formula pnolom p defines the holomorphy domain R,(F') in F.

PROOF. First suppose that @polom,p(F) = Ryp(F'). Since a holomorphy
domain is a ring resp. a semiring, F' satisfies (1). If R,(F) = F, then
F satisfies (2)-(5), so assume that Sy(F') # 0. By Lemma T, ¢
I'y(F) and T'y(F) = Ry(F). So since O, C I'y(F) and v,(F) C T'p(F),
F satisfies (2) and (3). If char(p) # oo, P € Sp(F) and x € Og, then
vgp(l + mpx) = 0, so vgp((1 + mpx)™') = 0. Hence, if # € F and F
satisfies Qpolom,p(2), then F' satisfies pholomp((1+mpz)~1). Therefore, F
satisfies also (4). Since m; ' ¢ T',(F), F' does not satisfy @holom,p(7, '),
and hence satisfies (5).

Conversely suppose that F' satisfies Tholom,p. It follows from Propo-
sition 2.4.2(1) that noomp(F) € Rp(F). By (1), @holomp(F) is a
ring resp. a semiring. Moreover, by (2) and (3), it contains O, and
Yo(F). If char(p) # oo, then @hoomp(£) is closed under the map
z — (14+myx) ! for x with 14wz # 0. Therefore, Ty(F) C @nolom p(F).
If 7,7t € Ty(F), then 7" € @nolom,p(F), 50 @hotom,p(F) = F by (5), and
thus nolom,p(F) = Rp(F). If ;' ¢ Tp(F), then Iy(F) = Ry(F) by
Lemma [2.4.4] 50 potomp(F) = Rp(F). O
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2.5. Quantification over Classical Primes

In this section we translate first-order statements concerning the clas-
sical primes of F' to statements about F' and the corresponding holo-
morphy domains.

LEMMA 2.5.1. Let p € S with char(p) # co. Fora € F let
Hp(a) ={PB € Sp(F): a € Og}.
Then the following holds:
(1) If a,b € F, then Hy(a) N Hy(b) = Hy(a? + mpb?).
(2) If a € F*, then Sp(F) ™ Hy(a) = Hp((mpa®)™1).

(3) If P(Zy,...,Zy) is a boolean polynomiall, then there exists a
rational function

T(X) S Q(WP)(Xla s 7Xn)
such that for all ay,...,a, € F,

P(Hy(ar),...,Hp(ay,)) = Hp(r(as, ..., a,)). (2.1)
PROOF.
PROOF OF (1). Let P € S,(F) and a,b € F. If vp(a) > 0 and vg(b) >
0, then vg(a? +mpb?) > 0 since vy (m,) > 0. Conversely, if vg(a) < 0 or
vg(b) < 0, then, since vg(my) = 1, 2vg(a) # 2vp(b) + vp(m), and thus
vg(a? + mpb?) = min{vgp(a?), vp(mpb?) } < 0.
PROOF OF (2). Let P € S,(F) and a € F*. If vp(a) > 0, then

vg(mpa?) > vg(my) > 0, so vg((mpa?)~t) < 0. Conversely, if vgp(a) < 0,
then vy (mea®) < —1, so vg((mpa?)~t) > 0.

PROOF OF (3). First note that for a € F, Hy(a) = Hy(a) N Hy(1) =
Hy(a® + m,) by (1), and a* + m, # 0. Hence, the set of boolean
polynomials P(Z) for which there exists a rational function r(X) €
Q(mp)(X1,...,X,) such that r(a) ¢ {0,00} and hold for all
ai,...,a, € F contains the boolean polynomials 71, ..., Z,. By (1), it
is closed under intersections. By (2), it is closed under complements.
Therefore, it is also closed under unions, and hence contains all boolean
polynomials. O

REMARK 2.5.2. In what comes, the predicate symbol R of the language
Lr will be used in two different ways. It will interpret either a valuation
ring resp. positive cone Og, or a holomorphy domain R,(F). We write
(F,Og) and (F, Ry(F')), respectively, for the corresponding structures.

NOTATION 2.5.3. For convenience, we introduce the L£g-formula

r € R*

Isee [FI08, Chapter 7.6)
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as an abbreviation for the formula

re RANz'ER.

REMARK 2.5.4. Note that formally we work in the language L,iys of
rings, i.e. there is no function -~! in our language. However, it is com-
mon to use this function in first-order formulas when working in fields,
knowing that it can always be eliminated by introducing a new quan-
tifier. More precisely, if ¢(z) is a formula, then ¢(z7!) is equivalent in
the theory of fields to

(Fy)(zy =1 Ap(y))
or
z# 0N (Vy)(zy =1 — ¢(y)).

In other words, the function -~! can always be eliminated either by
introducing an existential or a universal quantifier. Therefore, we will
not make use of the function -~! in formulas we claim to be quantifier
free, but we will eventually use this function in universal or existential
formulas.

PROPOSITION 2.5.5. Letp € S.

(1) There exists a recursive map ¢(x) — y3(x) from existential
Lr-formulas to Lr(my)-formulas such that for every extension
F/K and elements ay, ..., a, € F the following statements are

equivalent:
(la) There exists P € Sp(F) such that (F, Og) = ¢(a).
(1b) (F, Ry(F)) & ¢p(a).

(2) There exists a recursive map ©(x) — @py(x) from universal
Lg-formulas to Lr(my)-formulas such that for every extension
F/K and elements ay, ... ,a, € F the following statements are
equivalent:

(2a) (F,Oy) |- pla) for all P € Sy(F).
(2b) (F, By(F)) E ¢pu(a).

PROOF. First of all, note that we can get ¢, v from ¢, 35 via g,y &
=(=¢)p3. Thus, it suffices to prove (1). For z € F, let Hy(z) = {P €
Sp(F): x € Og}.

PART A1l: CASE char(p) # co. First assume that ¢(x) is of the simple

form
/\(fi(x) €R)A /\(QZ<X) ¢ R),

1

where f;, g; € Z[X] for all 1.
Assume that (1a) holds. Then there exists B € S,(F') with fi(a) €
Og and g;(a) ¢ Ogp for all i. Hence,

(Y H(£i(2)) OV (Sp(F) ™ Hylgi(a))) # 0,
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or, equivalently,

(Sp(F)\ﬂHp(fi(a))) UUHp(gz-(a)) 7 Sp(F). (2:2)

By Lemma [2.5.1{(3), applied to the left hand side of inequality ((2.2)),
there exists a rational function r € Q(m,)(X) independent of a such

that

Hy(r(a)) = (Sp(F) > ﬂ Hy(fi(a))) U U Hy(gi(a)).

But if Hy(r(a)) # Sp(F) thenr(a) ¢ R,(F'). Therefore, if we let ¢, 3(x)
be the formula

~(r(x) € R),

then (1a) implies (1b).

Conversely, suppose that (1b) holds. Then r(a) ¢ R,(F'), and hence
Hy(r(a)) # Sp(F). Therefore there exists P € S,(F) with f;(a) € Og
and g;(a) ¢ Og for all ¢, i.e. (1a) holds.

PART A2: CONCLUSION OF THE PROOF FOR char(p) # co. Now
assume that ¢(x) is an arbitrary existential £z-formula in prenex dis-
junctive normal form, i.e. p(x) is of the form

Gyio-um) Vo IAUuGey) € R) A /\(%‘j(x» y) & R) A

J 7

A N g y) = 0) A \kig(x,9) # 0)]:
where fi;, i, hij, kij € Z]X,Y]. Let ¢;(x,y) be the formula
N (fis(x.y) € R) A /\(gij(X, y) ¢ R).

Then ¢; is of the special form considered in PART Al. Let ¢, 5(x) be
the formula

G, um) V) pa(xy) A /\(hij(xv y)=0)A /\(kij(xv y) # 0)].

J

Then ¢, 5 satisfies the claim. This follows from the fact that exis-
tential quantifiers commute with each other (even first and second or-
der quantifiers, as in our case), and with disjunctions. Furthermore,
F = Ni(hij(x,y) = 0) A N\i(kij(x,y) # 0) if and only if (F, Ry(F)) |=
Nilhij(x,y) = 0) AN (ki (%, y) # 0).

PART B1: CASE char(p) = oco. First of all, assume that ¢(x) is of the
form

/\(fi(x) € R)

7

where fi,..., fm € Z[X].
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Assume that (1a) holds. Then there exists an ordering B € S,(F)
with fi(a) >3 0,..., fi.(a) >3 0. Hence, R,(F)[fi(a),..., fm(a)], the
semiring generated by fi(a), ..., fm(a) over Ry(F), is contained in Og.
In particular,

By(F)f1(a), -, fm(@)] N (=By(F)) S Opn (=Og),

SO

Ry(F)[fi(a), .-, fm(2)] N (=Ry(F)) = {0}. (2.3)
Equality ([2.3)) says that all possible non-zero finite sums
D sifi@)t e f(@)r,
j=1
where s; € R,(F) and k;; > 0 for all j,[, are not in —R,(F'). Hence, if
©p,3(x) is the formula

(Vs1,...,8. € R) (- Z sifi(x)f 9t f(x)fm € Ry(F)

j=1
= D sii)M e fu(x)B = 0),
j=1

where r = 2™, and (k;1,. .., kj) ranges over {0, 1}™, then (1a) implies
(1b).
Conversely, suppose that (1b) holds. Then

(Vs1,..., 8 € Rp(F)) (Z s;fr(@)ft .. f(a)kim £ 0

— Zijl(a)kj’l e fn(@)Mm ¢ —Ry(F)),

where r = 2™, and (kj1,...,kj,,) ranges over {0,1}™, holds. Since
F? C R,(F), this remains true if » € N and the (kj1,...,k;.n) are
taken from (Zx)™. Hence, holds. Since —1 € —R,(F), —1 ¢
Ry(F)[fi(a),..., fm(a)], so Ry(F)[fi(a),..., fm(a)] is a pre-positive
cone. By Lemma [1.4.1] there exists an ordering P € S,(F) with
fi(a) >x0,..., fin(a) >3 0, and hence (1a) holds.

PArT B2: CONCLUSION OF THE PROOF FOR char(p) = oo. Now
assume that ¢(x) is an arbitrary existential £Lz-formula in prenex dis-
junctive normal form. Replace z ¢ R by (—z € R) A (x # 0) to assume
that ¢(x) is of the form

@) VIAUxy) € B)A N\ (6 y) = 0) A A\ (ki (x,y) # 0))

J 3

where fi;, hij, kij € Z]X,Y]. Now conclude the proof as in PART A2.
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PART C: RECURSIVITY. Everything in the construction of ¢, 3, like
finding the prenex normal form of a formula, or finding the rational
function r € Q(m,)(X), can be done explicitly. Therefore, the map
©(x) — pp3(x) can be chosen to be recursive. O

REMARK 2.5.6. We borrowed the idea for the case char(p) = oo from
Prestel’s work [Pre81, p. 154]. The idea for the case char(p) # oo
appears in Grob’s thesis [Gro87, proof of Theorem 4.01].

2.6. Quantification over Classical Closures

We use the quantification over classical primes of the previous section
to quantify over classical closures.

DEFINITION 2.6.1. For p € S with char(p) # oo, we fix a finite set
Cp € K of representatives of K.

LEMMA 2.6.2. Let p € S with char(p) # oo, and let P € S,(F) be
quasi-local (see Definition . Let n € N and r = 2vgp(n). Then
the following holds for each x € F*:

(1) @ & (Fg)™ if and only if for ally € F, vp(y"z — 1) <.

(2) x € (Fp)" if and only if for all y € F, the following two
conditions hold:
(2a) vp(y"z/mf) #0 for 1 <k <n.
(2b) If vp(y"x) = 0, then

vm<y”<z cng> x—l) >
0<j<r

for some ¢y, ..., c. € Cy.

PROOF. Let O = R,(Fip) be the unique valuation ring of Fiy lying over
Og. Note that O N (Fp)" = (O*)".

PROOF OF (1). First suppose that z = 2", where 2 € Fiy. We want to
show that there exists y € F such that vg(y"z — 1) > r. Since O/Oy
is immediate, there exists v € F'* with uz € O*, and thus u"x € O*.
Therefore assume without loss of generality that x € O, ie. x = 2"
for some z € O*. Since 7, is a uniformizer for O, and C, is a set of
representatives of O /7,0,

—1 1
=t amt ey +wn
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where cg, ..., ¢, € Cyand w € O. Then y :=co+cr1mp+ -+ +c,mp € F
and

vp (e —1) = vp((z7" —wrp )z — 1)

= ug (Zn: <T;> 2wt — 1) =
= vy (i <TZL> Zi(—um;“)i) >

> T

Conversely, suppose there is y € F with vg(y"x — 1) > r. Then
vp(y™x) > 0 and the polynomial f(Z) = Z™ — y"x € O|Z] satisfies

vgp(f(1)) = vp(l — y"x) > r = 2ugp(n) = 2vp(f'(1)).

Therefore, f has a zero in Fii by Hensel-Rychlik (Lemmal|l.5.3), i.e. z €
(F)".
PROOF OF (2). Suppose that (2a) holds for all y € F. Then n fugp(z)—
k for k =1,...,n — 1. Since P is quasi-local, vgp(F*) is a Z-group
(cf. Remark [2.1.19), so n|vgp(x). Therefore there is some y € F such
that vp(y"z) = 0. By (2b), there are co,...,c, € Cp such that
vp(y" (22, ¢jmp)"e — 1) > 7. By (1), = € (Fg)™.

Conversely suppose that z € (Fiz)". Then for all y € F, n|og(y"z),
so vyp(y"z/mf) # 0 for 1 < k < n, ie. (2a) holds. If vp(y"x) = 0, then
there is z € O* such that z" = y"x. Write 27! as

1

T =ctamt e, + wrt

p Y

with co,...,¢; € Cp and w € O. Then y"(3_; cmi)ie = 2h(z7! —
wrp )", so vp(y" (Y2 ;)" — 1) > r, and thus (2b) holds. O
LEMMA 2.6.3. Let p € S with char(p) # oo, and let P € Sy(F) be

quasi-local. Let n € N and r = 2vy(n), and write O = R,(Fy). Define
Lr(K)-formulas

enlz,y) & me 1) €R

and
n—1
balwy) o (N\y'em® ¢ RA (s € R* —
k=1

— \/ (y"™( Z ¢m)'e —1)m, "' € R))

€oyscr€C) 0<5<r

Then for x € F* the following are equivalent:

(1) = & (Fp)"
(2) (Fyp, O) = (vy)(¢n(2,9)).
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(3) (F,Og) = (vy)(¢n(2,9)).

Furthermore, the following are equivalent:
(1) z € (F,ﬁ)”
(2) (Fp, 0) = (YY) (n(2, 1))
(3') (F, Og) = (Vy)(¢n(z,y)).

PRrROOF. Note that (F, Og) = ¢n(z,y) if and only if vgp(y"z — 1) < 7.
By Lemma[2.6.2(1), applied to the field Fy, (1) implies (2). Since the
formula (Vy)(¢,(z, y)) is universal, (2) implies (3). By Lemmal[2.6.2(1),
applied to the field F, (3) implies (1).

Note that (F,Og) = ¥n(z,y) if and only if properties (2a) and
(2b) of Lemma [2.6.2)(2) hold. By Lemma [2.6.2)2), applied to the field
Fy, (1) implies (2'). Since the formula (Vy)(¢,(x,y)) is universal, (2)
implies (3'). Finally, by Lemma [2.6.22), applied to the field F, (3)
implies (1'). 0

REMARK 2.6.4. One could imagine a different approach and define 1,
from ¢,, by using a set of representatives of F;E / (F%)” as parameters.
But since these representatives depend on n, this would imply the use of
infinitely many parameters, and would force us in the following lemma
to make stronger recursivity assumptions on K — which we wish to
avoid at this point. The approach we chose uses only a finite set of
parameters for all of the v,.

LEMMA 2.6.5. Let p € S. There exists a recursive map p(X) +—
G, r(X) from Lyng-formulas to Lr(K)-formulas such that for every
extension F/K and elements ay, ..., a, € F the following holds:

(1) If F' = p(a) holds for all F' € CC(F,p), then (F,R,(F)) =

Ppy,r().
(2) If (F,Rp(F)) = ¢pv.r(a) and P € Sp(F) is quasi-local, then

Fy = p(a).
PROOF.

PART A: CASE char(p) = p # co. Recall that the theory of p-adically
closed fields of fixed p-rank d has quantifier elimination in the language

EP,d :ﬁRU{Cl,...,Cd}U{PnZ n e N},
which is the language of rings augmented by a predicate R for the

p-valuation ring O, constants ci, ..., ¢4 for an F,-basis of O/pO, and
predicates P, for the n-th powers (Proposition [1.6.3)).
In our case, we may choose ¢y, ..., cq from K, since for P € S,(F),

vy and v, have the same p-rank, and hence Og/pOyp = O,/pO,.
Therefore, there exists a quantifier free formula ¢(x) in the language
Lr(K)U{P,: n € N} such that for each P € S,(F) and each p-adic
closure F’ of (F,vyp) with p-valuation ring Ops, and every a € F™,
F' | p(a) if and only if F’ = ¢(a). Here F' |= ¢(a) means that R
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and P, are interpreted, respectively, by the p-valuation ring Qg of F”,
and the subset (F”)" of n-th powers.

Let n(x) be the universal Lg(K)-formula obtained from the dis-
junctive normal form of 1 (x) by replacing all occurrences of z € P,
resp. © ¢ P, by the universal Lz(K)-formulas (Vy)(¢,(z,y)) resp.
(Vy)(pn(z,y)) constructed in Lemma [2.6.3] If F’ is as above, then
the prime of I’ belonging to Op is quasi-local, and hence (1) < (2)
and (1) < (2') of Lemma imply that F’ = ¢(a) if and only if
(F',Op) = n(a). Let ¢pv r(x) be the formula n,v(x) that Proposi-
tion attaches to n(x). Then the following are equivalent for every
ac k™

(a) (F,Ox) = n(a) for all B € S,(F).
(b) (F, Rp(F)) |= #pv.r(a).

We claim that ¢, v r(x) satisfies (1) and (2).

PArRT Al: PROOF OF (1). Assume that F’ = p(a) for all F’ €
CC(F,B), P € Sp(F). Then F’ |= ¢(a), and hence (F', Op/) = n(a).
Since 7 is universal, this implies that (F, Og) = n(a) for all P € S,(F).
By (a) = (b), (F, Rp(F)) = ¢py.r(a).

PART A2: PROOF OF (2). Assume that (F,R,(F)) = ¢pv.r(a)
and P € S,(F) is quasi-local, and let O = R,(Fy). By (b) = (a),
(F,Og) = n(a). Recall that n was built from the quantifier free
Lr(K)U{P,: n € N}-formula 1 by replacing all atomic formulas z €
P, resp. © ¢ P, by the universal formulas constructed in Lemma[2.6.3]
By (2) & (3) and (2') < (3') of that lemma, these universal formu-
las are satisfied in (F, Og) if and only if they are satisfied in (Fig, O).
Therefore, since (F, Og) is a substructure of (Fy, O), (F,Og) = n(a)
implies that (Fip, O) = n(a). As mentioned above, this implies that
Fy = ¢(a). Therefore, Fig = ¢(a), as claimed.

PART B: CASE char(p) = oo. The theory of real closed fields has
quantifier elimination in the language L< = Ly, U {<}, see Proposi-
tion [1.4.50 Thus, replacing x < y by by y — x € R, we get a quantifier
free Lr-formula ¢(x) such that for every P € Sy(F) and a € F™,
Fy = ¢(a) if and only if (Fip, O) = ¢(a), where O = R,(Fip) is the
positive cone (i.e. the set of squares) of Fi. Since the ordering of Fip
extends <q, (Fy,O) = ¢(a) if and only if (F, Og) = ¥(a). Propo-
sition gives an Lp(K)-formula v, v(x) such that (F, Ry(F)) |=
Ypv(a) if and only if (F, Ogp) = ¢(a) for all P € S,(F). Therefore, the
Lr(K)-formula ¢y v r(X) < 1, v(x) satisfies (1) and (2).

PART C: RECURSIVITY. The formula ¢,y g(x) is constructed from
@ via quantifier elimination, the formulas ¢,, 1, from Lemma [2.6.3]
and the map 7 +— 7,y of Proposition 2.5.5] The map 7 — 7,y is re-
cursive by Proposition [2.5.5 and since the theory of real closed fields
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and the theory of p-adically closed fields of a fixed p-rank are decid-
able (Proposition and Proposition , the quantifier elimina-
tion can be carried out recursively. Since the formulas ¢, and 1,
involve only parameters from the finite set (J g Cp U {7y}, indepen-
dent of n, replacing x € P, and = ¢ P, by the formulas (Vy)(¢,(z,v))
resp. (Vy)(n(z,y)) from Lemmal2.6.3 can be done recursively. There-
fore, the map ¢(x) — ¢pv,r(x) can be chosen to be recursive. O

PROPOSITION 2.6.6. Let p € S. There ezists a recursive map p(X) +—
Gpv(x) from Lyng-formulas to Lying(K)-formulas such that for every

extension F'/K that satisfies Tholom.p, and for all elements aq, ..., an, €
F the following holds:

(1) If F' = p(a) for all F' € CC(F,p), then F = ¢py(a).
(2) If F = ¢pv(a) and P € Sy(F) is quasi-local, then Fig = ¢(a).

Proor. Combine Lemma [2.6.5| with Proposition [2.4.7] U

2.7. Axiomatization of PSCC Fields

We use the results of the previous section to axiomatize the PSCC
property.

LEMMA 2.7.1. Let p € S and F' € CC(F,p), and let V be a smooth
absolutely irreducible variety defined over F. Then V(F') = 0 if and
only if Sy(F'(V)) = 0.

PRroOF. This follows from Lemma [[.4.4] and Lemma [[.6.2] O

DEFINITION 2.7.2. Construct an Ling (K )-theory Tpgcc as follows:
Let
fulT,2) =Y TaZ - Z3" € Z|T, Z
o

be the general polynomial in n variables Z1,..., 7, of degree n with
coefficients T. Here « runs over all n-tuples & = («y,...,q,), a; €
Lo, D iy o < .

For n € N, let ¢,,(x,y) be an L,;,,-formula stating that the poly-
nomial f,(x,Z) with coefficients x is absolutely irreducible, see for
example [FJO8, Chapter 11.3], and all singular points on the affine hy-
persurface defined by this polynomial lie on the subvariety defined by
the polynomial f,(y,Z) with coefficients y.

Let 0, (x,y) be the Lin,-formula

(Fz)(fu(x,2) = 0N fuly,z) #0)
stating that the polynomial with coefficients x has a zero which is not
a zero of the polynomial with coefficients y. By Proposition there
exists an Ling(K)-formula (7, ), v (X, y) such that if F' satisfies Tholom,p,
then the following holds for all tuples a, b from F'.

(a) If F" |=n,(a,b) for all F" € CC(F,p), then F' = (1,)pv(a, b).
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(b) If F = (Mn)py(a,b) and P € S,(F) is quasi-local, then Fiy |=
n.(a, b).
Let ¢, be the L,y (K)-sentence

(VX’ Y) [(wn(xa y) A /\ (ﬁn)p,V<Xa y)) - nn(xa Y)]

pes
Let Tpscc consist of the following sentences.

(1) For every p € S, the theory Tholom,p-
(2) For every n € N, the sentence .

ProOPOSITION 2.7.3. The field F satisfies Tpscc if and only if F is
PSCC.

PROOF. First assume that F' is PSCC. Then F is also PSCL (cf. Re-
mark [2.2.6). Hence, if p € S, then @uoom,p defines Ry(F) in F by
Proposition [2.4.2] Therefore, by Proposition [2.4.7, F satisfies Tholom,p-
Thus, F satisfies (1).

By Proposition 2.2.11] each 9 € S,(F) is quasi-local. By (b), for
all tuples a, b from F, if F' = (7,)p.v(a, b) then Fip = n,(a, b) for every
P € Sp(F). Therefore, if F' = ¢y(a,b) A A cs(fin)pv(a, b), then the

conditions

fu(@a,Z) =0, fu(b,Z)#0 (2.4)

define a non-singular variety V' which has an Fig-rational point for every
B € Ss(F). Therefore, since F' is PSCL, V' has an F-rational point,
so F' = n,(a,b). Consequently, F' satisfies (2).

Conversely, assume that F satisfies Tpscc. Then, for all p € S, F
satisfies Tholom,p- Let V' be any absolutely irreducible smooth variety
over F' that has an F'-rational point for every F’ € CC(F,S). Then the
F'-rational points are Zariski-dense on V, as follows from Lemma[2.7.1]
Therefore, assume without loss of generality that V' is given by tuples
a resp. b from F as in (2.4). Thus, F' | n,(a,b) for every F’ €
CC(F,S). Therefore, by (a), F' = (1,)pv(a,b). Since F satisfies (2),
F = n.(a,b), i.e. V has an F-rational point, and so F is PSCC. O

REMARK 2.7.4. Note that Proposition 2.7.3] gives an L,ing-axiomati-
zation of PpC, PRC, and PC,, fields, cf. Remark

REMARK 2.7.5. We can use our results to prove the conjecture posed
by Darniere in |[Dar01l Remark 11]: If F is a finite family of fields
taken among R and the finite extensions of the fields Qp, and Qr is
the maximal Galois extension of Q contained in every F' € F, then
there exists a finite extension K/Q contained in Qx and a finite set
of primes S of K such that Qr is PSCC. Hence, Qr is ‘restricted
RC-local’ by Proposition , and Ry is Lying(K)-definable in Qz by
Proposition [2.4.2]
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REMARK 2.7.6. If fact, with a little more effort, our method can be ex-
tended to allow finite initial ramification and finite residue field exten-
sion of the p-valuations, and hence to cover all ‘PCC’ fields of [Pop03].

COROLLARY 2.7.7. Let p € S and let p(x) be an Lyng-formula. The
Liing (K)-formula $,v(x) of Proposition satisfies the following:
For every PSCC field F O K and for all elements aq,...,a,, € F the
following are equivalent:

(1) F |= ¢py(a).

(2) F' = ¢(a) for all F' € CC(F,p).
ProoOF. By Proposition F satisfies Thoiomp. Furthermore, by

Proposition [2.2.11] every P € S,(F) is quasi-local. Thus, the equiva-
lence of (1) and (2) follows from Proposition [2.6.6] O

2.8. The Strong Approximation Property

In this section we discuss the ‘strong approximation property’ and
prove that every PSCC field satisfies this property. We need the strong
approximation property for the characterization of totally S-adic ex-
tensions in terms of holomorphy domains, which follows in the next
section.

DEFINITION 2.8.1. Let S(F) be the set of all primes of F, and let

Sp(F) be the subset of those lying over p € S. We equip S(F) with the

following Zariski-topology: A subbasis is given by sets of the form
H(a) = {P cS(F): a € O},

where a € F. A set S C S(F) is profinite if S, as a subspace of
S(F), is a profinite space. We say that S satisfies SAP (the Strong
Approximation Property) if S is profinite and the family H(a) NS,
a € F, is closed under finite intersections.

Let Sp(F) = S(F) N Sx(F) be the set of non-archimedean primes
of F. We also consider the following (finer) patch topology on Sp(F):
A subbasis is given by sets of the form

Hp(a) = {P € Sp(F): vyp(a) > 0}
and

Hp(a) = {P € Sp(F): vgp(a) > 0},
where a € F'.

LEMMA 2.8.2. For every p € S, Sp(F) is profinite, and the family
H(a)NSy(F), a € F, is closed under complements (in Sp(F)).

PROOF.
PART A: CASE char(p) # oo. First note that for a € F'*,
Hp(a) = Sp(F) ~ Hp(a™),
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so Hp(a) is open-closed in the patch topology. By Lemma [2.5.1)(2),
Sy(F)~ Hp(a) = Hp((mya®)™) N S,(F),

so the family Hp(a) NSy(F), a € F, is closed under complements and

the patch topology on S,(F') coincides with the Zariski-topology. By

[HJPO7, Proposition 8.2], the patch topology on Sp(F) is profinite.
Hence, also the closed subset

So(F)= () He(@)n () (Sp(F)~ Hp(a))

a€Op a€K Oy

is profinite. Therefore, it suffices to show that S,(F') is closed in Sy(F).

CrLAM A1l. The set
S = {P € S,(F): vy is discrete and vyp(m,) = 1}

is closed in Sy(F).

Indeed, for P € S,(F), vyp(m,) is the smallest positive element of
the value group vg(F*) if and only if for all a € F*, vg(a) < 0 or
vp(a) > vgp(m,). Thus,

S =8,(F)n () (Hp(a™") U Hp(m, " a))

is closed.

CrLAIM A2. The set Sp(F) = {P € S;: Fy = K,} is closed in S;.

Indeed, let F = {f € O,[X]: f € K,[X] has no zero in K,}. Then
for P € &1, Fip = K, if and only if no f € F has a zero in Fig. That is,

So(F) = &0 [ () Hlmy'a™) U H(fa) ™),
fEF acFX
and this proves the claim.
PART B: CASE char(p) = oo. Since for a € F*, S;(F) N H(a) =
H(—a)NSy(F), the family H(a) NSy(F') is closed under complements.

By [Pre84, 6.5], the Zariski-topology on the space S (F') of orderings
is profinite. Since each of the sets H(a) N Se(F) is closed in Sy (F),

Sp(F) = () H(a)NSw(F)
a€Oy

is closed in Sy (F), and hence profinite. O
LEMMA 2.8.3. If char(p) # oo, then Sy(F') satisfies SAP.

PROOF. By Lemma 2.8.2] S,(F) is profinite. By Lemma [2.5.1(1), the
family H(a) NSy(F), a € F, is closed under finite intersections. Hence,
Sp(F) satisfies SAP. O
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DEFINITION 2.8.4. We say that F is S-SAP if S,(F') satisfies SAP for
each p € S.

LEMMA 2.8.5. If F/K is algebraic, then F is S-SAP.

PROOF. Let p € S. If char(p) # oo, then S,(F) satisfies SAP by
Lemma [2.8.3] If char(p) = oo, let a,b € F. Then, since F/K is
algebraic, there exists a finite subextension L/K of F/K such that
a,b € L. Since L/K is finite, Sy(L) is finite and every P € S,(L) is lo-
cal. Therefore, Lemma [L.5.1] gives ¢ € L such that for P € S,(L),
1 <pg c <p 3if a,b € Og, and =3 <y ¢ <y —1 otherwise. If
B € Sp(F), then P, € Sy(L), hence ¢ € Og if and only if a,b € Og,
i.e. H(a)NH(b)NS,(F) = H(c)NSp(F). Thus, S,(F) satisfies SAP. O

If Fis PRC, then So(F) satisfies SAP, see [Pre&1l Proposition 1.3].
In fact this holds for every PSCC field. We prove this by combining the
construction of Section [2.3| with the specific polynomial constructed by
Prestel.

LEMMA 2.8.6. For a,b e F*, let
fap(X,Y) = abX?Y? +aX?+bY? — 1 € F[X,Y].

If p € S with char(p) = oo, and P € Sp(F), then the following holds:
(1) fap has a zero in Fy.
(2) If z,y € F and fop(x,y) >q —1, then ab(az? + by*) >gq 0 if
and only if a >3 0 and b >4 0.

PROOF.
PRrROOF OF (1). First note that

fap(X,Y) = aX?(bY? + 1) 4+ (bY* — 1).

One can choose y € F such that (—l)byZ_1

o) o1 % 0. Indeed, if a >g 0,
lety=0.Ifa<gOand b >3 0,lety=14b""1. Ifa <p 0and b <y 0,
let y =1 —b"'. Since Fy is real closed, there exists € Fy such that

2_
= (1)L hence fup(z,9) = 0.

PROOF OF (2). First note that f,;(0,0) = —1, so x # 0 or y # 0.
Furthermore, f,,(z,y) >5 —1 implies that
az® + by* >q —abr’y’. (2.5)

If a >3 0 and b >y 0, then ab(az® + by?) >3 0. If a <gp 0 and
b <g 0, then ab > 0 and az? + by® < 0 (since = # 0 or y # 0), so
ab(az® +by*) <p 0. If a > 0 and b <y 0, or a <y 0 and b > 0, then
ab <q 0 and thus ab(az® + by?) <g —a’b?2%y? <5 0 by (2.5). O

ProrosiTION 2.8.7. If F' is PSCC, then F' is S-SAP.
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PROOF. Let p € S. If char(p) # oo, then S,(F) satisfies SAP by
Lemma . Therefore, assume that char(p) = oo, and let a,b € F*.

We want to use the polynomials constructed in Section 2.3} Recall
Lemma which gives a translation from our current setting to

Setting [2.3.1] Let
Gap(X,Y, Z) = Ho(Z)(1 — A(X)C(X) fap(X,Y)) — Ha(1),

where A;, C, Hy, fap are as in Lemma [2.3.5| (where 7; is chosen accord-

ing to Lemma , Lemma [2.3.9] Lemma [2.3.11 and Lemma .
By (Al), (C1), and Lemma[2.8.6(1), 4;(X)C(X)fus(X,Y) has a zero
in Fip for each P € Sg(F). Since F is PSCC, (H3) and Lemma
imply that there exist x,y,z € F such that G,,(z,y,2) = 0. Thus, if
B e S,(F), then

1= Ai(2)C(x) fas(,y) =
by and , SO
AD)C@) fupl ) > —
Since A;(z)C(z) >¢ 1 by and (C2), this implies that
fap(z,y) 25 —i >p —1.

Therefore, by Lemma [2.8.6(2),
H(a)NH(b) NSy(F) = H(c) NSp(F),

where
c = ab(az® + by?) € F.
Hence, S,(F') satisfies SAP, as claimed. O

2.9. Totally S-adic Field Extensions

We define totally S-adic field extensions and describe them in terms of
holomorphy domains.

DEFINITION 2.9.1. Let p € S. If M/F is an extension, let
resy: Sp(M) — Sp(F)
given by
Qe Qr
be the restriction map (cf. Definition [2.1.4)).

LEMMA 2.9.2. If p€ S and M/F is an extension, then the restric-
tion map resy: Sp(M) — Sp(F) is continuous in the Zariski-topology

(Definition [2.8.1)).
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PROOF. Let a € F. The inverse image under res, of the basic open set
{PB € Sp(F): a € Og} is the basic open set {Q € Sy(M): a € Oq}.
O

Hence, res, is continuous.

DEFINITION 2.9.3. Let p € S. We call an extension M/F totally
p-adic if the restriction map resy: Sp(M) — Sp(F) is surjective. We
call M/F totally S-adic if M/F is totally p-adic for each p € S.

REMARK 2.9.4. Note that if K = Q and |S| = 1, then our notion of
totally S-adic extensions coincides with the classical notions of totally
real extensions (as in [Pre81], [Ers82]) resp. totally p-adic extensions
(as in [Gro87], [Jar91]). The following lemmas unify results from these
works.

REMARK 2.9.5. In [HJP09D] there is a section titled ‘Totally S;-adic
Extensions’, and there is a definition of a ‘maximal totally S;-adic
extension’. However, note that the ‘maximal totally S;-adic exten-
sion’ of K is not a maximal totally S-adic extension in our sense (where

S - Sl)

LEMMA 2.9.6. Let p € S. If M/F is an extension and Sp,(F') satisfies
SAP, then the following statements are equivalent:

(1) M/F is totally p-adic.

(2) Ry(M) N\ F = Ry(F).

(3) Bo(M) N F C Ry(F).

PROOF. PROOF OF (1) = (2). Assume that M/F is totally p-adic.
Then

= (] Op= () (0anF)=R,(M)NF.

PeS, (F) QeS, (M)

PROOF OF (2) = (3). This is trivial.

PROOF OF (3) = (1). Assume that the restriction map res,: Sp(M) —
Sy(F) is not surjective. By Lemma [2.8.2 S,(M and S o(F') are profi-
nite spaces. Hence, since res,, is continuous (Lemma , resp(Sp(M))
is closed in Sy(F'). Therefore, Sy(F') res,(Sy(M)) is nonempty and
open. If follows that the complement of a basic open-closed set con-
tained in Sy(F) Nresy(Sy(M)) is an open-closed proper subset X of
Sp(F') containing res,(Sy(M)).

By Lemma [2.8.2] the subbasis H(a) N Sp(F), a € F, of S;(F) is
closed under complements. Hence, since S,(F) satisfies SAP, X =
H(z) N S,(F) for some x € F by Lemma [1.3.5] Therefore,

tes,(Sy(M)) € H(z) N Sy(F) S Sy(F).
Then x € Ry(M) N F but x ¢ Ry(F'), so Ry(M)NF Z Ry(F). O
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COROLLARY 2.9.7. Assume that F' is PSCC. If F < M is an elemen-
tary extension, then M/F is reqular and totally S-adic.

PROOF. Every elementary extension is regular, see for example [F.JOS|
7.3.3]. By Proposition[2.7.3} since F'is PSCC and M = F', M is PSCC.
Thus, by Proposition [2.4.2] since F' < M, R,(M)NF = R,(F) for each
p € S. By Proposition [2.8.7, since F' is PSCC, F'is S-SAP. Therefore,
by Lemma M/F is totally S-adic. O

LEMMA 2.9.8. The field F is PSCC if and only if for every domain
R = Flzy,...,x,] which is finitely generated over F' and whose quo-
tient field M is reqular and totally S-adic over F, there exists an F'-
homomorphism R — F.

PRrROOF. First assume that Fis PSCC. If M/F is regular, then R is the
coordinate ring of an absolutely irreducible affine variety V' defined over
F. Letp € Sand P € S,(F'). By Proposition , since F'is PSCC,
B is quasi-local. If M/F is totally S-adic, there exists Q € S,(M)
lying over . Then Mq D Fy(V), hence Sy(Fp(V')) # 0. Thus, since
Fy € CC(F,B), V has a simple Fyg-rational point by Lemma[2.7.1] So
since F'is PSCC, V has an F-rational point, and therefore there exists
an F-homomorphism R — F.

Conversely, let V' be an absolutely irreducible affine variety over F',
and assume that it has an F’-rational point for every F’ € CC(F,S).
Then R = F[V] is a domain which is finitely generated over F' and
whose quotient field M = F(V) is regular over F. Let p € S, P €
So(F), and F' € CC(F, ). Then S,(F'(V)) # 0 by Lemma [2.7.1] so
if Q € S,(F'(V)), then Q|y € Sp(M) and Q|p = B, hence M/F
is totally S-adic. Consequently, by assumption there exists an F-
homomorphism R — F',i.e. V has an F-rational point, as claimed. [

LEMMA 2.9.9. Let M/F be an algebraic extension. Then the following
holds:

(1) CC(M,S) C CC(F,S).

(2) If M/F is totally S-adic Galois and F' is S-quasi-local, then
CC(M,S) = CC(F,9).

(3) If N/F is totally S-adic Galois, F C M C N is a subexten-
sion, and F is S-quasi-local, then CC(F,S) = CC(M,S) =
CC(N, S).

PROOF. PROOF OF (1). Let Q € Sy(M) and let M’ € CC(M, Q).
Since tp(Q) = tp(Qlr) = tp(p), and M'/F is algebraic,
M' e CC(F,Q|r) C CC(F, ), as claimed.

PROOF OF (2). Let P € S,(F), and let F' € CC(F,*B). Since P
is quasi-local, F' =p Fy. Since M/F is totally S-adic, there exists
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Q € S(M) with Q|p = B. Then Fy C Mg, so Fig = Mg since
Fy € CC(F,*B). Thus, Fy € CC(M,S). Hence, since M/F is Galois,
F' e CC(M,S), as claimed.

PROOF OF (3). Since CC(N,S) C CC(M,S) C CC(F,S) by (1), and
CC(N, S) = CC(F,S) by (2), CC(F,S) = CC(M,S)=CC(N,S). O

2.10. The Classical Closures of a PSCL Field

We prove that local primes of an algebraic PSCL field lie over primes
in S.

LEMMA 2.10.1. Let p be a local prime of K which is not contained in
S. If F is PSCL, then Sy(F) = 0.

PrROOF. Let S = {py,...,p,} and S" = SU{p,+1}, where p,,;1 = p. By
Lemma, we can apply Setting to S’. Let a € F be arbitrary.

PART A: CASE char(p) # co. Let
Gia(X,Y) = A;(Y)(1 4+ 7, Ay (X)Bi(X)D; o (X)) — Ai(1)

be as in Lemma applied to S and i = n+ 1. Let P € Sg(F) =
Ss/(F') N Sp(F). We claim that

A(X)By(X) Dol X)

has a zero in Fy. Indeed, if char(P) # 2, this follows from (AI]). If
char(3) = 2, this follows from (B1]).

Assume without loss of generality that A;(1) # 0. By Lemma
and , G, is absolutely irreducible and has a simple zero in Fiy
for all P € Sg(F'). Since F is PSCL, G, , has a zero in F'. Hence, by
Lemma [2.3.8(1), vp(a) > 0 for all P € S,(F). So since a € F was
arbitrary, S,(F) = (), as claimed.

PART B: CASE char(p) = co. Let u € F'* and let
Gi,a,u(Xa Y) = HU(Y)(l + AZ(X)C(X)Ea<X)) - Hu(l)

be as in Lemmal[2.3.12applied to S" and i = n+1. Let P € Ss(F). We
claim that A;(X)C(X)E,(X) has a zero in Fig. Indeed, if char(3) # 2,
this follows from (Al]). If char(P) = 2, it follows from (C1)).

Assume without loss of generality that H,(1) # 0. By Lemma/[2.3.4]
, and the assumption that F' is PSCL, it follows that G;,,, has
a zero in F. Hence, Lemma (1) implies that a >g —25 for all
B € S,(F). Consequently, since v was arbitrary, a >¢ 0. Hence, since
a was arbitrary, Sy(F') = 0, as claimed. O

PROPOSITION 2.10.2. Let*B be a local prime of F'. If F/K is algebraic
and F is PSCL, then Bk € S.
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PROOF. Since F/K is algebraic, there exists a finite extension K;/K
contained in F' such that tp(‘B) = tp(P|k,). Let S; = Ss(K7). Then
Ss(F) = Ss,(F), and F is PS;CL. Since K;/K is finite, S; is finite.
Therefore, assume without loss of generality that K = K.

Let p = P|x. Since P is local, also p is local. Since tp(P) =
tp(p), P € Sp(F). In particular, Sy(F) # 0. Therefore, p € S by
Lemma [2.10.1] as claimed. U

REMARK 2.10.3. With the generalization of our results indicated in
Remark [2.7.6] one could prove Proposition [2.10.2] for arbitrary PSCL
fields F' and for arbitrary classical primes 3 of F'.

REMARK 2.10.4. In the case that F' is PAC, Proposition [2.10.2] follows
from the theorem of Frey-Prestel, see [F'J08, 11.5.1] and [F.JO8, 11.5.5].
The case of PRC and PpC fields is proven in [GJ91]. The general case
appears in [Pop03, Theorem 2.9].

2.11. A PSCC Embedding Lemma

In this section we prove an embedding theorem for PSCC fields. It
generalizes the ‘PAC Embedding Lemma’ of [JK75] (cf. [E.J0O8, 20.2.2]),
and the proofs are very similar. A slightly more general statement, in
fact a generalization to ‘PCC’ fields, appears in [Pop86]. The work
[Dar01] contains a further generalization to certain rings with an ‘RC-
local” quotient field. The special case of PRC fields is proven in [Ers84],
and a partial case for PpC fields in [Kiin89b].

LEMMA 2.11.1. If B is a classical prime of F with F € CC(F,*B), and
E is a field with Gal(E) = Gal(F'), then there exists a classical prime
Q of E with tp(Q) = tp(P) and E € CC(E, Q).

PROOF. If char() = oo, this follows from Proposition [1.4.3] If
char(3) # oo, it follows from Proposition [1.6.6] O

LEMMA 2.11.2. Let K C E C F, pe S, Q € Sy(F) and P =
Qlp € S,(E). If F' € CC(F,Q), then E' :== F'NE € CC(E,P)
and res: Gal(F') — Gal(E') is an isomorphism. In particular, if
F' € CC(F,p), then E' := F' N E € CC(E, p).

PrOOF. The field E’ is algebraically closed in the real closed resp. p-
adically closed field F”, so it is real closed resp. p-adically closed itself,
see Lemma and Lemma [1.6.1] Let Q' be the unique prime of
F’ over Q. Then P’ = 9’|z is the unique classical prime of £’ with
char(g’) = char(Q’). Moreover, tp(P’') = tp(P'|r) = tp(p), so £’ €
CC(E,P'|g). Since P'|p = Q'|g = PB, it follows that £’ € CC(FE,B).
Since £’ = F’ by model completeness (Propositionand Propo-
sition [1.6.3)), and Gal(F”) is finitely generated (Proposition and
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Lemma [1.6.5]), Gal(E’) = Gal(F’) by Lemma [1.3.4L Thus the epimor-
phism res: Gal(F') — Gal(E’) is an isomorphism by Lemma [1.3.2(3).
O

LEMMA 2.11.3. Let p € S, let L/K be an extension, and assume
that E,F are linearly disjoint extensions of L. If L € CC(L,p),
E € CC(E,p), and F € CC(F,p), then Sp(EF) # 0.

PROOF. By Lemma 2.11.2] E/L and F/L are regular. Hence, EF/L
is regular, since E and F' are linearly disjoint over L. Suppose that
So(EF) = 0. By Lemma [2.4.5] there exist finitely generated subexten-
sions Ey/L of E/L and Fy/L of F/L such that S,(EoFp) = 0.

The fields Ey, Fy, EoFy are function fields of varieties V., W, V x W
over L. By Lemma [2.7.1] since Sp(Ep) # 0 and Sy(Fp) # 0, V and W
have simple L-rational points. This implies that also V' x W has a
simple L-rational point, so Sy(EoFp) # 0, again by Lemma , a

contradiction. O

REMARK 2.11.4. The real case of this lemma occurs in [Pre81] and
[Ers83b], where it is attributed to [vdD78|. The p-adic case is proven
in [Gro87] and [Kiin89b].

PROPOSITION 2.11.5. Let L O K and let E/L, F/L be regular exten-
sions, where E is countable and F is Ny-saturated and PSCC. Then
for every homomorphism

v: Gal(F') — Gal(F)
with resp ; 0y = resp i |cai(r), there exists an L-embedding
E—F
such that (1) = 7|z for all T € Gal(F).

PROOF.

PART A: THE FIELD CROSSING ARGUMENT. Assume without loss of
generality that F and F' are linearly disjoint over L and contained in
a common field. Then E and F are linearly disjoint over L. So since
resg f © Y = resp | cair), the homomorphism ~ defines an embedding

¢: Gal(F) — Gal(EF/EF)
with
resppyp © ¢ = idgar) and respgpo @ =7,
see for example [FJO8, 2.5.5]. Let D be the fixed field of p(Gal(F)) in
EF. Then
eS g Gal(EF/D) — Gal(F)

is an isomorphism, hence D/F is regular. The situation is as follows.
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PArT B: CLAaM. D/F is totally S-adic.

Letp e S, P e Sp(F), F' € CC(F,B), and P’ € S,(F”). Then L' =
LNF" e CC(L,p), and resg,; is injective on Gal(F”) by Lemma|2.11.2}
Since resp ; 07 = respi|car). also 7 is injective on Gal(F”), and
L’ is the algebraic closure of L in the fixed field £’ of v(Gal(F")) in
E. By Lemma , there exists a classical prime Q' of E’ with
tp(Q’) = tp(P) and E’ € CC(E,Q’). Since L' is algebraically closed
in both F’ and F', Q’|L/ Py by Lemma[2.11.2] so E' € CC(E, p).

By Lemma b TOSj 7 Gal(E') — Gal(L') is an isomorphism,
so B'L, = E. Hence, E'F = EF and thus respp p IS injective on
Gal(EEF/E'F'). Together with respp/p © ¢ = idgar) this implies
that Gal(EF/E'F') C @(Gal(F')). In particular, E'F' O D. By
Lemma [2.11.3] there exists Q € S,(E'F’). Since F' C E'F’ and
F' e CC(F,P), Qlr = P. Thus Q|p € Sp(D) extends P, and this
proves the CLAIM.

PART C: CONCLUSION OF THE PROOF. Since EF = DF and EF /D is
algebraic, E C EF = D[F] = F[D]. Hence, since E is countable, there
exists a countable subset Dy C D such that E C F[D,]. Since F is
PSCC and D/F is totally S-adic by the CLAIM, Lemma implies
that for every finite subset D; of Dy, there is an F-homomorphism
F[Dy] — F. Therefore, since F' is Ni-saturated, there exists an F-
homomorphism F[Do] — F. Since D/F is regular, the latter homo-
morphism extends to an F-homomorphism 4: F [Do] — F.
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For 7 € Gal(F) and z € FU Dy, §(p(7)z) = 7(6(z)). Indeed, if = €
F, then §(¢(1)z) = 8(tz) = 7o = 7(dz), since respz i © ¢ = idgar)
and 6|z = idp. And if @ € Dy, then §(p(7)x) = 0(z) = 7(d(z)) since
©(Gal(F)) = Gal(EE /D) and §(Dy) C F. Therefore the restriction of
§ to E satisfies all of the requirements. Il






CHAPTER 3

Absolute Galois Group Piles

Starting from a Hilbertian field K and a finite set S of primes of K,
[HJPQO9b] proves that for almost all o € Gal(K)¢, the absolute Galois
group of Ky (o) is a free product of a free part and S-local subgroups.
The proof depends on properties of the structures that consist of the
groups and all the S-local subgroups. These structures are called ‘group
piles’. In Chapter [4] and Chapter |5 we use this notion to investigate
the model theory of the fields Ko (o) and Ko s]o].

For this chapter, we fix a finite set S not containing 0. All
notions of this chapter depend on S. Furthermore, let ¢ < w
be an ordinal number.

3.1. Group Piles
We introduce the subgroup functor and the category of group piles.

DEFINITION 3.1.1. Let G = lim | G/N be a profinite group, where N
runs over all open normal subgroups of G. Then the set

Subgr(G)

of all closed subgroups of G is equipped with a profinite topology,
induced by Subgr(G) = lim  Subgr(G//N). A basis of open-closed sets
for this topology is given by sets of the form

{I" € Subgr(G): 'N = HN},

where N is an open normal subgroup of G and H is a closed subgroup
of G. The group G acts continuously on Subgr(G) by conjugation.
A homomorphism a: G — H of profinite groups induces a map

Subgr(a): Subgr(G) — Subgr(H)
given by I' — a(I).
LEMMA 3.1.2. The map Subgr is a covariant functor from the category

of profinite groups (with homomorphisms) to the category of profinite
spaces (with continuous maps).

Proor. We only have to show that if a: G — H is a homomorphism of
profinite groups, then the induced map Subgr(G) — Subgr(H) is con-
tinuous. Since Subgr(H) = lim Subgr(H/N), it suffices to prove that

61
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Subgr(G) — Subgr(H/N) is continuous, where N is an open normal
subgroup of H. Since

G H

|

G/a '(N) — H/N
commutes, also

Subgr(G) Subgr(H)

| |

Subgr(G/a ' (N)) — Subgr(H/N)

commutes. Since Subgr(G/a~1(N)) is discrete, and the vertical arrows
are continuous, the claim follows. O

LEMMA 3.1.3. If H is a closed subgroup of a profinite group G, then
Subgr(H) is a closed subspace of Subgr(G)[]

PROOF. By Lemma [3.1.2] the inclusion Subgr(H) — Subgr(G) is con-
tinuous. Since both spaces are compact Hausdorff, the inclusion is
closed, and thus a topological embedding. U

DEFINITION 3.1.4. A group pile is a structure
G = (G7 g07 gp)peS

consisting of
(1) a profinite group G,
(2) a nonempty G-invariant closed subset Gy C Subgr(G) such
that the elements of Gy are pairwise conjugate in GG, and
(3) a G-invariant closed subset G, C Subgr(G) for each p € S.

We let
G =g

REMARK 3.1.5. Condition (2) says that G, consists of a single G-orbit
in Subgr(G), i.e. there exists Gy € Gy such that Gy = (Go)¢ :=
{(Gp)?: g € G}. Hence, our notion of group piles coincides with
the group piles of [HJPQO9b|, except for a small difference in notation
concerning Gy. The notion of group piles is also related to the ‘A*-
groups’ in [Ers95], [Ers96al, and [Ers99].

DEFINITION 3.1.6. The order resp. rank of G is the order resp. (profi-
nite) rank of G. A finite group pile is a group pile of finite order. We
call G self-generated if there exists Gy € Gy such that G = (Gy, G),

IThat is, Subgr(H) is a closed subset of Subgr(G) and the inclusion
Subgr(H) — Subgr(G) is a topological embedding.
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i.e. G is generated by G and the groups in G, p € S. It is called bare
if G = {1}, and deficient if Gy = {1}. The deficient reduct of G is

G = (G, {1},Gy)pes.

Instead of (G, {1}, Gy)pes, we also write (G, Gy)pes. We call G sepa-
rated if the sets G,, p € {0} U S, are disjoint, and reduced if there
are no non-trivial inclusions among the elements of G.

REMARK 3.1.7. Note that if G is self-generated, then G = (G, G) for
any Gy € Gy.

DEFINITION 3.1.8. A homomorphism of group piles

f: (Ga gO7 gp)peS - (H7 HOa HP)PGS

is a homomorphism of profinite groups f: G — H such that f(G,) C H,
for each p € {0} U S. It is an epimorphism if f: G — H is surjective
and f(G,) = H, for each p € {0} US. It is an isomorphism if in
addition f: G — H is an isomorphism. The homomorphism f is called
rigid if f|r is injective for each I" € G.

If N is a closed normal subgroup of G, let

Gon = {I'N/N:T € G,} C Subgr(G/N).
Then the quotient
G/N = (G/N> go,N, gp,N)peS
is again a group pile. The quotient map G — G/N extends to an

epimorphism of group piles G — G/N, and every epimorphism of
group piles is of this form.

REMARK 3.1.9. We identify the category of bare deficient group piles
(with homomorphisms) with the category of profinite groups (with ho-
momorphisms) via the forgetful functor (G, Gy, Gy)pes — G-

DEFINITION 3.1.10. Let I be a directed set. An inverse system of
group piles (over [) is a family G; = (G, Gi0, Gip)pes, © € I, of group
piles with epimorphisms 7;;: G; — G; (i < j) that satisfy m; = idg,
and Tj3 O Tgj = Ty (Z S] S l{?)
The inverse limit
G = (G7 Go, gp)pes = l&nGz
iel
is defined as follows: Let
%
iel
be the inverse limit of profinite groups. Then
Subgr(G) = @Subgr(Gi),

el



64 3. ABSOLUTE GALOIS GROUP PILES

SO
Gy = liLngi,p C Subgr(G)

el

is a closed subset of Subgr(G) for each p € {0} U S. Since all G, are
Gi-invariant, G, is G-invariant. Since each G; consists of a single G-
orbit, Gy consists of a single G-orbit. Therefore, G is indeed a group
pile.

The failure of a deficient group pile G to be self-generated can be
measured by a certain quotient G of G. We introduce some notions
related to that quotient.

LEMMA 3.1.11. Let G = (G, Gy, Gp)pes be a group pile and H < G
a closed subgroup with I' < H for all ' € G. Then G, is closed in
Subgr(H) for each p € S.

PROOF. Since G, is closed in Subgr(G) and is contained in the subspace
Subgr(H) (Lemma [3.1.3)), it is also closed in that subspace. O

DEFINITION 3.1.12. For a group pile G = (G, Gy, Gp)pes let
G :=(G)

be the closed subgroup generated by the subgroups in Gy, p € S. Then,
by Lemma [3.1.11}

G = (G’, gp)pes

is a (self-generated and deficient) group pile. Since G is G-invariant,
G’ is normal in G. Hence, the quotient

G =G/¢
is a (bare) group pile.

LEMMA 3.1.13. If o: G — H 1is an epimorphism of group piles, then
oG = H.

PROOF. By definition of an epimorphism of group piles, p(G) = H.
Hence, since ¢ is continuous and closed, p((G)) = (H), as claimed. O

DEFINITION 3.1.14. Let ¢: G — H be an epimorphism of group piles.
By Lemma [3.1.13] its restriction

oG — H

is an epimorphism of self-generated deficient group piles. Moreover,
the induced map

@2G—>H

is an epimorphism of bare group piles.
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LEMMA 3.1.15. The map G — G’ (resp. G — G) is a covariant
functor from the category of group piles with epimorphisms to the cate-
gory of self-generated deficient group piles with epimorphisms (resp. the
category of bare group piles with epimorphisms).

PRrOOF. This follows from Lemma B.1.13] O

LEMMA 3.1.16. Let G = (G, Gy)pes be a deficient group pile and A =
A a bare deficient group pile. Then the map ¢ — ¢ gives a bijection

between the epimorphisms from G to A and the epimorphisms from G
to A.

Proor. If ¢: G — A is an epimorphism of deficient group piles, then
¢: G — A = A is an epimorphism of bare deficient group piles. Con-
versely, given an epimorphism ¢: G — A, the composition @ o7, where
m: G — G is the quotient map, is an epimorphism from G to A. These
two operations are inverse to each other. U

DEFINITION 3.1.17. Let G be a group pile. We say that G is e-
generated if e < w and rank(G) < e, or if e = w. We say that G
is e-bounded if ¢ < w, G is self-generated, and rank(Gy) < e for all

Gy € G, or if e = w.

REMARK 3.1.18. Note that a deficient group pile is self-generated if
and only if it is O-generated. Every e-bounded group pile is e-generated.

LEMMA 3.1.19. Let ¢: G — H be an epimorphism of group piles. If
G is e-generated, then H is e-generated. If G is e-bounded, then H is
e-bounded.

PRrOOF. If e = w, there is nothing to prove, so assume that e < w.
The induced map @: G — H is an epimorphism by Lemma , SO
rank(H) < rank(G) < e. If G is self-generated, then also H is self-
generated. Since ¢(Gy) = Ho, if Hy € Hy, there exists Gy € Gy with

©(Go) = Hp and thus rank(Hy) < rank(Gy) < e. O

LEMMA 3.1.20. A deficient group pile G is e-generated if and only if
every finite quotient of G is e-generated.

ProoF. If e = w, there is nothing to prove, so assume that e < w.
If G is e-generated, then every finite quotient of G is e-generated
by Lemma Conversely, suppose that G is not e-generated.
Then there is an epimorphism G — A onto a finite group A with
rank(A) > e (see for example [RZ00, 2.5.3]), so A is a finite quotient
of G (Lemma which is not e-generated. O



66 3. ABSOLUTE GALOIS GROUP PILES

3.2. Embedding Problems for Group Piles

We introduce embedding problems and prove that a locally solvable
finite embedding problem can be dominated by a rigid finite embedding
problem.

DEFINITION 3.2.1. An embedding problem for G is a pair
EP=(p:G— A, a:B— A)

of epimorphisms of group piles. It is called finite, self-generated,
e-generated, e-bounded, deficient, or bare, if B has this property.
It is called rigid if « is rigid. A solution of the embedding problem
(, ) is an epimorphism v: G — B such that a oy = ¢. We picture
this as follows.

G

vy
®

B ’_a, A
The embedding problem EP is locally solvable if, writing G =
(G,Go,Gp)pes and B = (B, By, By)pes, the following holds for every
pe{0}uUs:
(%) For every I' € G, thereis a A € By, and for every A € B, there

is a I' € Gy, such that there exists an epimorphism yr: I' — A
with avoyp = |p.

LEMMA 3.2.2. If there exists Gy € Gy and By € By and an epimor-
phism ~o: Go — By with a0 y9 = ¢|a,, then (x) holds for p = 0.

PROOF. If g € G and I' = (Gy)? € Gy, choose b € B with a(b) = ¢(g),
and let A = (By)b. If b € B and A = (By)” € By, choose g € G
with ¢(g) = a(b), and let I' = (Gy)?. Define yr: I' — A by yr(z) =
Yo(x¢ ). Then a(yr(x)) = @(z9 )P = p(z) for all z € T. O

LEMMA 3.2.3. Every rigid deficient embedding problem is locally solv-
able.

PROOF. Suppose EP is rigid and deficient. Since B is deficient, also
A is deficient, so if Gy € Gy, then ¢(Gy) = 1. Thus, (x) is satisfied
forp=0. Let pe S. If I € G, choose A € B, with a(A) = ¢(I).
If A € By, choose I' € G, with ¢(I') = a(A). Since « is rigid, yr =
(a|a)™t o | maps T onto A and satisfies o o v = |- O

DEFINITION 3.2.4. Let ¢: G — A and a: B — A be homomorphisms
of deficient group piles. Define the (symmetric) deficient fibre prod-
uct as the deficient group pile



3.2. EMBEDDING PROBLEMS FOR GROUP PILES 67

with projections #: H — G, m: H — B as in the diagram
BxaG-2vG

B— %+ A

as follows:

H=Bx A G
is the fibre product of profinite groups, #: H — G and n: H — B are
the projections, and, for p € S,

H, = {T € Subgr(H): (') € Gy, n(T") € By} .
Define the (asymmetric) rigid product as the deficient group pile
H = (H,H;®)pes = B X G
by .
H,® ={I' € H,: G|r is injective} .

LEMMA 3.2.5. Let EP = (¢: G — A, a: B — A) be an embedding
problem of deficient group piles.

(1) The deficient fibre product Bx o G is a deficient group pile and
the projections 3 and w are homomorphisms of group piles. If
EP s locally solvable, then B and 7 are epimorphisms.

(2) If B and G are finite, then the rigid product B x,® G is a
deficient group pile. If EP 1is locally solvable, then 7 is an
epimorphism and (3 is a rigid epimorphism.

PROOF. Since G, is G-invariant and B, is B-invariant, H, and H,r,ig are
H-invariant. The epimorphism 3: H — G induces a continuous surjec-
tion Subgr(H) — Subgr(G) by Lemma [3.1.2] Hence, {I' < H: 3(T) €
Gy}, as the inverse image of the closed set G, is closed. The same is
true for 7, and therefore H, is closed. If B and G are finite, also H is
finite, so in that case H;ig is closed. By the definition of H,, f and 7
are homomorphisms of group piles.

Now suppose that EP is locally solvable. Given Gy € G, there is
By € B, and an epimorphism v: G; — B; with a oy = ¢|g,. It defines
a homomorphism 4: G; — H with f o4 =idg, and m o4 = 7. Let
H, = ’?(Gl) Then B(Hl) =G, € Qp and W(Hl) = ’Y(Gl) = B, €
By, so H; € H,. Furthermore, since 3 o4 = idg,, B|m, is injective.
Consequently, Hy € Hy®. Similarly, given B; € B,, there is H, € Hp®
with w(H;) = By. Therefore, # and 7 are epimorphisms of group piles.
In the case of the rigid product, 3 is furthermore a rigid epimorphism
by the definition of H,,®. O

REMARK 3.2.6. Note that the deficient fibre product is a fibre product
in the category of deficient group piles (with homomorphisms). The
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rigid product can be seen as a canonical version of [HJP09b, Lemma-
Construction 4.2].

LEMMA 3.2.7. Let (p: G — A, a: B — A) be a locally solvable
embedding problem. Then for every normal subgroup N<B, the induced
embedding problem (G — A/a(N),B/N — A/a(N)) is also locally
solvable.

G
Y
B—Y A

B/N -2 A/a(N)
PROOF. Let B = (B, By, By)pes = B/N and A = (A, Ay, Ay)pes =

A/a(N), and let 7: B — B, #: A — A be the quotient maps and
&: B — A the induced epimorphism. Then 7 o o = & o . We have to
prove that the embedding problem (7 o ¢, &) is locally solvable.

Let p € {0} U S and let I' € G, be given. Then there is a A € B,
and an epimorphism yr: T' — A with aoyr = ¢|p. Let A = 7(A) € B,
Then moqpr: I' — A is an epimorphism with & o (mro~r) =Toa oy =
(o)l i

Conversely, let A € B, be given. Choose A € B, with 7(A) = A.
Then there is a I' € G, and an epimorphism yr: I' = A with o yp =
©|r. Hence, moyp: I' — A is an epimorphism with @ o (m o p) =
Toaonr = (Toy)lr. g

The following lemma is a special case of [HJP09b, Lemma 4.1].
LEMMA 3.2.8. Let (p: G — A, o B — A) be a locally solvable

finite embedding problem. Then there exists an open normal subgroup
N a G with N < Ker(yp), such that the induced embedding problem
(G/N — A,B — A) is locally solvable.

G

G/N

2
B——A
PROOF. Since (¢, a) is locally solvable, we can find for each p € {0}US

an I,, a family {(B;,G;) € By, x Gy: 1 € I,} with B, = {B;:i € I,}
and G, = {G;: i € I,}, and a family v;: G; — B, of epimorphisms with
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aoy; = ¢lg, (1 € Iy). For every i € e py,5 fp: choose an open normal
subgroup N; <« G with N; < Ker(y) and N; N G; < Ker(v;). Extend
v to an epimorphism ~;: G;N; — B; by setting 7;(N;) = 1, so now
aovy; = ¢|gn;- Theset G, = {A € G,: AN; = G;N;} is an open-closed
neighbourhood of G; in G,. In particular, Uielp G; = Gy. Since G, is
compact, there is a finite subset J, C I, such that G, = Uier g,.

Enlarge J,, if necessary, to assume that B, = {B;: i € J,} for all
p e {0tUS. Let J = Uy s o Then N := (., N; is an open
normal subgroup of G with N < Ker(y). Let H = G/N, and let
m G — H and ¢: H — A be the induced epimorphisms. We claim
that the embedding problem (@, «) is locally solvable.

Let p € {0} U S and let H; € H,. Then there is a G; € G,
with 7(Gy) = H;, and there is an i € J, with G; € G;. Note that
Ker(m) = N < N; < Ker(v;). Thus G1N; = G;N; implies that v;(G;) =
7i(G;) = B;. Let 71 = 7i|g,. The epimorphism ~;: G; — B; induces
an epimorphism 4,: H; — B; with a0, = @|g,.

Let By € B,. Choose i € J, with B; = By and let H; = 7(G;) € H,.
Then v;: G; — B; induces an epimorphism ~;: H; — By with avo; =

PROPOSITION 3.2.9. Let (p: G — A, a: B — A) be a locally solvable
e-bounded finite embedding problem where G is e-bounded. Then it
can be dominated by an e-bounded rigid finite embedding problem,
i.e. there exist epimorphisms &: B — A, 0. G — A, B: A — A,
B: B — B such that o = Bo@ and Bod = ao 3, and (p,@) is an
e-bounded rigid finite embedding problem.

B B

B+ A

ProoFr. By Lemma 8} there are a finite group pile A and epimor-
phisms ¢: G — A, ﬁ AHAWItth—ﬁO(pSUChthat (ﬁ, )1sa
locally solvable embedding problem. Since G is e-bounded, also A is
e-bounded (Lemma @D

Let B = Bdf x Adef Adf he the rigid product and let a: B — Adef
and 3: B — B be the projections. By Lemma m&), & is a rigid
epimorphism and 3 is an epimorphism. Choose Ao e Ay and B, € By
and an epimorphism ~y: Ag — By with a0 = 5| A,- Then 7o defines
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a homomorphism ~g: Ay — B with a o Yo = id 4, and 6 04 = Y. Let
By = fyo(Ao) and note that a(BO) = Ay and ﬁ(Bo) By.

CASE e =w. Ife =w, let B = (B (Bo) ,B )pes, and let a: B — A
and 3: B — B be the epimorphisms induced by & resp. 3. Then (p, &)
is a rigid finite embedding problem which dominates (¢, «), so we are
done.

CASE e < w. In this case, rank(éo) < rank( 1o) < e, and since
A and B are self-generated, A = <A0,A’ ) and B = (By, B’). Let
B = (By,B') < Band B, = (BQ)B. Then B = (B, By, Bp)pes is a

self-generated group pile by Lemma [3.1.11] and a(B) <A0, Al ) =
A and B(B) = (By,B'Y = B by Lemma Since Ay = (Ag)?
and By = (By)?, a(By) = Ay and 5(By) = By, so a|z and | are
epimorphisms of group piles. Therefore, with & = @|z and § = 3 |5,
(¢, @) is a rigid e-bounded finite embedding problem which dominates
(0, ). O

3.3. Free Product Group Piles

In this section we introduce and study the free product of a profinite
group and a group pile.

LEMMA 3.3.1. Let m: G — H be an epimorphism of profinite groups.
Let e € Zo, let N<G be a closed normal subgroup with rank(G/N) < e,
and let hy,...,he € H such that H = (hy,..., he,n(N)). Then there
exist g1,...,9. € G such that G = (g1,...,9.,N) and 7w(g;) = hy,
1=1,...e

PROOF. Let G = G/N, H = H/n(N), and let 7: G — H be the
induced eplmorphlsm Then H = <h1, ey Be>, so Gaschiitz’ lemma
(Proposition [1.3.1]) implies that there are gy, ..., g. € G such that G =
(1, Ge) and ﬁ(gi) =hyi=1,...,e. So, G = {(g1,...,ge, N) and
there are nq, .. ne € N such that 7(g;) = hyw(n;), i =1,...,e. Thus,
setting ¢/ = gin; ', G ={g},...,g., Ny and 7(g}) = h;,i=1,...,e. O

LEMMA 3.3.2. Let A be an e-bounded self-generated group pile and
let G be an e-generated deficient group pile. For every epimorphism

7 G — A there exists an e-bounded self-generated group pile B with
Bdef G such that m: B — A is an epimorphism.

PROOF. If e = w, let Ay € Ay and B = (G, (77 *(Ap))%, Gp)pes. Since
A = (Ag, A"), B is self-generated by Lemma , and m: B — A is
an epimorphism.

If e < w, let Ay € Ay and choose aq,...,a, € A with Ay =
(ai,...,a.). By Lemma 3.1.13] A = (a1,...,a., A’) and 4’ = 7(G"),
so Lemma [3.3.1] gives g1,...,9. € G with G = {(g1,...,9.,G’) and
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7(g;) = a;. Let Go = {(g1,...,g.) and B = (G, (Gp)%, Gp)pes. Then B
is e-bounded and 7: B — A is an epimorphism. Il

DEFINITION 3.3.3. Let H = (H, H,)pes be a deficient group pile and
let F' be a profinite group. Define the free product group pile

G = (G,00,Gp)pes = FxH
of F with H as follows: Let
G:=FxH
be the free product of profinite groups,
Go .= {F?: g € G},

and, for p € S,
G, ={A%: A eH, ge G}

LEMMA 3.3.4. Let G = F « H be a free product group pile. Then the
following holds:

(1) G is a group pile.

(2) G=(F H).

(3) If H is self generated, then G is self-generated.
(4)

The map H,/H — G,/G induced by the embedding H, — G,
1s a homeomorphism for every p € S.

PROOF.

PRrROOF OF (1). Since H is a closed subgroup of G, the embedding
H, — Subgr(G) is continuous for every p € S by Lemma [3.1.3] Thus
also the map H, x G — Subgr(G) given by (A, g) — AY is continuous.
Therefore, since H, x G is compact, its image G, is closed in Subgr(G).
By definition, G, is also G-invariant. Similarly, also Gy is closed and
G-invariant. Thus, G is indeed a group pile.

PROOF OF (2). Since G = Fx H, we have G = (F, H), cf. Section[L.3]

PROOF OF (3). If H = (H), then G = (F,H) by (2), so G = (F,G),
since H C G. Therefore, since F' € Gy, G is self-generated.

PROOF OF (4). By definition of G,, the map H,/H — G,/G is sur-
jective. It is also injective, since if 1 # I'y,I'y € ‘H, and g € G with
Y =T, then HYNH # 1,50 g € H by Lemma|[1.3.3

Since the embedding H, — G, is continuous (Lemma , and
the projections H, — H,/H and G, — G, /H are continuous and closed
(Lemma [1.3.6)), the induced map H,/H — G,/H is continuous. Since
also the quotient map G,/H — G,/G is continuous, the composition
Hy/H — G,/G is a homeomorphism. O

The following lemma justifies the name ‘free product group pile’.
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LEMMA 3.3.5. Let G = F'xH be a free product group pile and let A =
(A, (Ao)?, Ap)pes be a group pile. For every epimorphism o: F — Ay
and homomorphism B: H — A% there is a unique homomorphism
7: G — A with y|p = a and v|la = .

PROOF. By the universal property of the free product there is a unique
homomorphism v: G — A with vy|p = a and 7|y = 3. Forp € S, every
I' € G, is G-conjugate to some A € H,, so y(I') = y(A)* = B(A)* € A,
for some a € A. Moreover, y(F9) = A1 € (Ay)4, so v extends to a
homomorphism of group piles. O

LEMMA 3.3.6. Let G = F x H be a free product group pile where H is
self-generated and deficient. Then the composition

eF—G—3d
s an isomorphism of profinite groups.

PROOF. The fact that G = (F, H) (Lemma[3.3.4(2)) and G’ > H' = H
since H is self-generated imply that G = (F,G’). Hence, € is surjective.
By Lemma there is an epimorphism 0: (F * H)% — F with
d|r = idp and |y = 1. Since every I' € G is conjugate to a subgroup
of H, this implies that d|¢ = 1, so § factors as § = dp o 7 through the
quotient map 7: G — G. Then &y o € = idp, so € is also injective. [

LEMMA 3.3.7. Every finite e-generated bare deﬁgient embedding prob-
lem (p: F, — A, a: B — A) for the free group F, has a solution.

PRrOOF. Let Fe be free on X C ﬁ’e. Since X converges to 1 and A is
finite, there exists a finite subset Xog = {z1,..., 2} C X with k <
e such that (X N~ Xy) = 1. It follows that (p(Xy)) = A. Since
rank(B) < e, we can assume without loss of generality that rank(B) <
k. By Proposition there exist generators bq,...,b; of B with
a(b;)) = ¢(x;) for i = 1,... k. Then the map vy: X — B given by
Yo(x) =1if 2 € X N Xy, and yo(z;) = b; for i = 1,..., k, extends to
an epimorphism ~: F, — B with ao v = ¢, as claimed. O

LEMMA 3.3.8. Let G be an e-bounded and self-generated group pile,
and let (p: G — A, a: B — A) be a locally solvable e-generated
deficient finite embedding problem. If Gy = F. for Go € Gy, then there
exist A and B with A% = A and B¥ = B such that (p: G —
A, a: B — A) is a finite locally solvable e-bounded self-generated
embedding problem.

PROOF. Let Gy € Gy and Ay = ¢(Gp). Then G = (Gy,G') im-
plies A = ( A, A") (Lemma , so A = (A, (A, Ap)pes is e-
bounded self-generated. By Lemma [3.3.2] there exists an e-bounded

self-generated group pile B = (B, (By)?, By)pes such that a: B — A is
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an epimorphism. Without loss of generality assume that «(Bg) = Ay.
We claim that EP = (¢: G — A, a: B — A) is locally solvable.
Since Gy = F, and B is e-bounded, there exists an epimorphism

Yo: Go — By with a0 y9 = ¢|g, by Lemma By Lemma [3.2.2]
this implies that FE P is locally solvable. U

3.4. Semi-Constant Group Piles

In this section we introduce group piles of free products over semi-
constant sheaves. First we recall the notion of free products of profinite
groups in the sense of [Har87] and [Mel90].

A sheaf of profinite groups is a triple (X, 7,7) where 7: X — T is
a continuous surjection of profinite spaces such that all fibres of 7 are
profinite groups and the map

{(myy) e X x X:7(x)=7(y)} = X, (z,y)—~z'y (3.1

is continuous. A morphism \: (X,7,7) — G from a sheaf (X, 7,7T)
into a profinite group G is a continuous map A: X — G that is a
homomorphism of groups on each fibre of 7. A free product of the
sheaf (X, 7,T) is a morphism A: (X,7,T) — G into a profinite group
G with the following universal property: For every morphism ( from
(X, 7,T) into a profinite group H there exists a unique homomorphism
v: G — H such that vo A = 3. For any sheaf (X, 7,T), a free product
(X,7,T) — @G exists and is unique up to isomorphism, see [Mel90]
(1.14)]. Note that in the special case where T' = {t;,%,} is a discrete
space consisting of two points, if (X, 7,7) — G is a free product, then

G277 Ht) * 7 (t)
is a free product in the sense of Section [I.3]

LEMMA 3.4.1. If \: (X, 7,T) — G is a free product, then for every t €
T, X\ maps the profinite group 7 *(t) isomorphically onto the subgroup
Gy = MN77Yt)) < G. The groups G, satisfy the following properties.
(1) G=(Gy:teT).
(2) If g € G and t,s € T with (Gy)! N Gs # 1, thent = s and
g € Gy.

PROOF. For the fact that A is injective on each fibre of 7 see [Mel90),
(1.15) Lemma (2)]. For (1) see [Mel90, (1.15) Lemma (1)]. For (2) see
[Mel90L (4.9) Proposition (2)]. O

DEFINITION 3.4.2. Suppose that for every p € S we are given a non-
trivial profinite group I'y, and a (nonempty) profinite space T},. Define

a triple
(X,7,T) <UF x Ty, [ T, )

pes pes
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where m (J,cg I'p X Ty — J,es Ty is piecewise defined to be the pro-
jection I'y x T, — T,. Then the map (3.1) is continuous, and hence
(X, 7,T) is a sheaf, which is called the semi-constant sheaf of (I'y)pes
over (Ty)pes-

DEFINITION 3.4.3. Let

A: (Urp pr,w,UTp> — H

pes peS

be the free product of the semi-constant sheaf of (I'y)pes over (7})pes;,
and let H,; := A(I'y x {t}). Define

Hopo = {Hp: t € Ty} C Subgr(H)
and
Hy={I":T € Hyo, h € H} C Subgr(H).
Then H = (H,Hy)pes is called the semi-constant group pile of
(T'p)pes over (Ty)pes-

LEMMA 3.4.4. Let H be the semi-constant group pile of (I'y)pes over
(Tp)pes. Then the following holds.

(1) H is a self-generated deficient group pile. Moreover,

(2) H is separated and reduced (cf. Definition[3.1.6), and 1 ¢ H.

(3) Letp € S. The map T, — H given by t — H,, is continuous.
The map T, — Hp/H given by t — (Hy;)" is a homeomor-
phism. In particular, T}, and H,o are homeomorphic.

PROOF.

PROOF OF (3). Let 6: T, — 'H be the map ¢t — H,,.

To prove that 6 is continuous, it suffices to show that the map
T, — Subgr(H/N) given by t — H,:N/N is continuous for each open
normal subgroup N of H. Let p: H — H/N be the quotient map. Then
a = po Alr, <7, is continuous. If x € H/N and t € T}, then = € p(H,,)
if and only if ¢ € m(a~"(z)). The projection 7|r, x7, is open, and H/N
is finite. Hence, if U € Subgr(H/N), then {t € T,: p(Hy:) = U} =
m(a™}(U)) is open, as claimed.

The map T, — H,/H is the composition of § and the quotient map
n:H — H/H. If t1,ty € T, with (nof)(t1) = (no0)(ts), then there ex-
ists h € H such that (Hp,,)" = Hyy,. Hence, (Hpy, )" N Hyyy 2Ty # 1,
so t; = ty by Lemma [3.4.1[2). Therefore, n o 6 is injective. By
Lemma n is continuous and H,/H is a profinite space. Con-
sequently, 17 o € is a homeomorphism.

PrOOF OF (1). First, H is a group pile. Indeed, H, is the image
of the compact set T, x H under the map (¢,h) — (Hp;)", which is
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continuous by (3). Therefore, H, is closed for each p € S. Finally,
H = (Hpo),eg by Lemma W(l), so in particular H is self-generated.

PROOF OF (2). Since I'y # 1 for each pe S, 1 ¢ H. If p,q € S and
I' e Hy, I't € Hy with I' € I'y, then there exist h,hy € H such that
I € Hyo and T € Hgo. Then ()" A TH = '™ +£ 1, hence
p=gq, " =T" and h~'h; € T" by Lemma [3.4.1(2). This implies
that hih ' €e D C Ty, s0 = F’l“h_l = T';, and hence H is separated
and reduced. O

DEFINITION 3.4.5. Let H be the semi-constant group pile of (I'y),es

over (T)pes (Definition [3.4.3), and let G = F, * H be the free product
3:3.3)

group pile (Definition . We call G the e-free semi-constant
group pile of (I'y)pes over (T})pes-

LEMMA 3.4.6. Let G = F, « H be the e-free semi-constant group pile
of (T'p)pes over (Ty)pes. Then the following holds.

(1) G is an e-bounded and self-generated group pile.
(2) G is separated and reduced.

PROOF.

PRrROOF OF (1). By Lemma|3.4.4(1) and Lemma|3.3.4(1), G is a group
pile. By Lemma|3.4.4(1), H is self-generated, hence G is self-generated
by Lemma [3.3.4(3). If Gy € Gy, then Gy = F, implies that rank(Gg) =

A

rank(F,) = e, and therefore G is e-bounded.

PROOF OF (2). By Lemma[3.4.4(2),1 ¢ H, andthus1 ¢ G. Ifp,q € S,
and I' € G, and I'; € G4 with I' C I'y, then there exist g, g; € G such
that I'Y € H, and I'{" € H,. In particular, H'nH%" DT # 1,
so Lemma implies that g~'¢g; € H. Thus, I'"" € H,. Hence,
I9t C I'{" implies that T'9* = T'{", since H is reduced by Lemma[3.4.4]2).
Therefore, I' = I'1, hence G is reduced.

Moreover, I'" € 'H,N'H,. If follows that p = q since H is separated
by Lemma [3.4.42). Let I' € Gy. If e = 0, then ' = 1, hence I' ¢ G.
If e >0 and I' € G, then there exists g € G such that I'Y € H, so
YN H =T9 # 1, contradicting Lemma [3.4.1]2). Therefore, G is
separated. O

Besides the Gaschiitz lemma, we need the following variant of it:

PrOPOSITION 3.4.7 (Efrat). Let a: B — A be an epimorphism of
finite groups, Ay, ..., A, subgroups of A, and By,...,B, subgroups of
B. Suppose that A = (Ay,...,A,), B = (By,...,By,), and for all i,
a(B;) is conjugate to A;. Then there exist by,...,b, € B such that
B = <B11’1, ..., BIr) and (Bl = A; for all i.

PROOF. See [Efr97]. O
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The following result is essentially proven in [HJP09b, Proposition
5.3(h)]. One reason why we cannot just quote [HJP09D] is that we also
need the case e = w.

PROPOSITION 3.4.8. Let G = F,«H be the e-free semi-constant group
pile of (I'p)pes over (Ty)pes, where each Ty, is perfect, and let (¢: G —
A, a: B — A) be a finite rigid e-bounded self-generated embedding
problem for G. Then (p, ) has a solution v: G — B.

PROOF. By definition, H = (H, Hy,)pes, where

A: (U T, x Ty, , UTP> — H
pes pesS

is a free product, Hy,; = ALy x {t}), Hpo = {Hp.: t € T}, and

Hp = {Ahi A€ Hp,o, h e H} Let Ap,o = (,O(pr)-

Since ‘H,,o meets all H-conjugacy classes of H,, and H, meets all G-
conjugacy classes of Gy, Ay = ©(Hy ) meets all A-conjugacy classes of
A,. Thus, every subgroup in a(B,) is conjugate to a subgroup in A, .
Since «(B,) = A,, we can write B, = {B,;: ¢ € I,} for some finite
index set I,, and A, = {A,;: @ € I}, such that «(B,;) is conjugate
to A, for every p € S and i € I,.

Let By € By, Go = F. € Gy and Ay = ©(Gy) € Ap. Since
B is self-generated, B = (BO,B,J,QPE&ZHP. By Lemma (1) and
Lemma(Q), G = (Go, Hpo)pes- Therefore A = (Ao, Api)cgicr 50
by Proposition there exist b € B and b,,; € B for every p € S and
i € I, such that with Byo = {(By;)?i:i € I,}, B = <(Bo)b,l5’p7o>pes,
a((By)?) = Ag and a((B,;)" 1) = A,; for every p and i. Without loss
of generality assume that B} = By. Omit some of the (B,;)%, if nec-
essary, to assume from now on that they are distinct. Since Gy = F,
and B is e-bounded, there exists an epimorphism vq: Gy — By with
@07 = ¢|g, by Lemma[3.3.7

Since T}, is homeomorphic to Hpo by Lemma [3.4.4(3), H,o is per-
fect. Hence, by Lemma [[.3.7] there exists a continuous surjective map
Aot Hpo — By such that a(A,(A)) = ¢(A) for every A € H,o. For
i € Iy, let T,y = {t € Ty: A\p(Hpy) = (Bp;)®i}. Then T, = Wier, Tpi-
Since ), is surjective, each T}, ; is nonempty. Since ), is continuous, and
the map t — H,, is continuous by Lemma W(B), T, is open-closed.
Note that if t € T},;, then p(H,;) = A,,;.

Since « is rigid, « is injective on each element of B,o. Hence, we
can define a morphism 3 from the sheaf ([, Ty X T, 7, c5 Tp) to
B by

ﬁ‘FPXTP,i = (Oé|(Bp,i)bp7i)7l opoA

The morphism [ defines a homomorphism vg: H — B with yg o A =
B. Since for t € Ty, B(Lp x {t}) = (Bp;)", the homomorphism
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vg extends to a homomorphism of group piles v4: H — B, By
Lemma [3.3.5 vy extends to a homomorphism v: G — B with 7|g, =

7Yo-
Since each T,; is nonempty, v(Hy0) = By, 0 B = (By, Bp»())peS im-

plies that v: G — B is surjective. Since B, meets every B-conjugacy
class of By, 7(Gy) = By for every p € S, so v: G — B is an epimorphism
of group piles. If h = A(z,t) € Hpy, x € 'y, t € T}y, then

aoqp(h) =aoymoA(r,t) =aof(x,t)=poAxt)=p(h),
so a0 y|g = @|g by the universal property of the free product. Also,
a0 Y|a, = ©lay, 80 @0y = @ by the uniqueness in Lemma O

3.5. S-adic Absolute Galois Group Piles

We now define the S-adic absolute Galois group pile of a field.
For the rest of this chapter, let S be a finite set of local
primes of a field K of characteristic zero.

LEMMA 3.5.1. Let G be a profinite group and I" a finitely generated
profinite group. Then
G ={H < G: H is a quotient of '} C Subgr(G)

15 closed.

PROOF. We prove that Subgr(G) \ G is open. Let H < G such that H
is not a quotient of I'. Since T" is finitely generated, by Lemmall.3.2(2)
there exists an open normal subgroup Hy < H such that H/Hj is not a
quotient of I'. Let N<G be an open normal subgroup with NNH < H,.
Since H/Hy is not a quotient of I', also H/(NNH) is not a quotient of I'.
If H' < G and H'N = HN, then H'/(NNH') = H'N/N = H/(NOH),
hence H' is not a quotient of I'. Therefore, Subgr(G) \ G is open. [

DEFINITION 3.5.2. If F' D K is an extension, let
G, = {Gal(F"): F' € CC(F,p)},
cf. Definition [2.2.3], and let
Galg(F) = (Gal(F), Gp)ses

be the S-adic absolute Galois group pile of F'. For a Galois exten-
sion E/F, let

Galg(E/F) = Galg(F)/Gal(F)
be the S-adic Galois group pile of F/F.

The following lemma is similar to [HJP09b, Lemma 10.3(c)-(d)],
which, however, is concerned with fields instead of group piles, and is
restricted to certain subfields of Ky g.

LEMMA 3.5.3. The S-adic absolute Galois group pile Galg(F) is a
separated reduced deficient group pile.
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PROOF. Let G = (G, Gy)pes = Galg(F).

PART A: G IS A GROUP PILE. Let Galg(K) = (H, Hy)pes and p € S.
We have to show that G, is closed. Let I' = Gal(K,). Since p is local,
H, = ' is closed in Subgr(H). By Proposition and Lemmal[L.6.5]
[ is finitely generated. Let Gy < G.

We claim that Gy € G, if and only if Gy is a quotient of I' and
resp z(Go) € Hy. Indeed, if Gy € Gy, then resp z(Go) € H, and
Gy = resﬁ/K(Go) =~ I by Lemma . Conversely, if reSF/f((Go) €
H, = ', then I is quotient of Go. Hence, if also Gy is a quotient of
I, then Gy = T by Lemma M(l) Therefore, by Lemma , the
fixed field F’ of Gy is real closed resp. p-adically closed of the same
type as Kj. In addition, resz z(Go) € Hy implies that F' € CC(F, p),
ie. G(] c Qp.

By Lemma [3.5.1} the set of Gy < G such that Gy is a quotient of I'
is closed. Since H, = I'" is closed, and reszz: Subgr(G) — Subgr(H)
is continuous by Lemma3.1.2} the set of Gy < G with resz,z(Go) € H,,
is closed. Therefore, G, 1s closed.

PART B: G IS SEPARATED AND REDUCED. Let p,q € S, I' € G,
I'y € G4, and assume that I C T';.

If char(p) = oo or char(q) = oo, then I' = Ty, since the absolute
Galois group of a real closed field is finite (Proposition , and
the absolute Galois group of a p-adically closed field is non-trivial and
torsion-free (Lemma [1.6.5]). So since the ordering of a real closed field
is unique, p = ¢.

If char(p) = p # oo and char(q) = ¢ # oo, let F' and F] be the
fixed fields of T resp. T'y, and let K’ = KN F’ and K|, = K N F!. Then
K{ C K', and K’ € CC(K,p) and K| € CC(K,q) by Lemma [2.11.2]
Thus, since p and q are local, K’ is Henselian with respect to two rank
one valuations, which must be equivalent by F. K. Schmidt’s theorem,
cf. [EP05, 4.4.1]. In particular, p = ¢. Thus the restriction of the
unique p-valuation of F’ to FY is the unique p-valuation of F”, so p = q.
Therefore, by the maximality of p-adically closed fields (of the same
type), F' = FJ, hence I' =T'y. O

REMARK 3.5.4. The reader might want to check that in Lemma [3.5.3
we indeed proved what we promised in the proof of Proposition [2.2.11],
and that we did not use Proposition [2.2.11| or any of its consequences
in the proof of Lemma [3.5.3

REMARK 3.5.5. If (N;);er is a directed family of closed normal sub-
groups of a group pile G with (),.; NV; = 1, then G = liLnieI G/N;. In
particular, Galg(F) = lim A Gals(E/F), where E ranges over all finite
Galois extensions of F'.
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LEMMA 3.5.6. Let F' O K be S-quasi-local, let M/F be an extension,
and let
resy; i Galg(M) — Galg(F)

be the restriction map. Then resyy p 1S @ homomorphism of group piles,
and the following are equivalent.

(1) resy z is an epimorphism.

(2) resy; p is a rigid epimorphism.

(3) M/F is regular and totally S-adic.

PROOF. Let p € S. If M’ € CC(M,p), then F' = M' N F € CC(F,p)
by Lemma [2.11.2, Thus, res;; 7 Gal(M) — Gal(F) indeed induces a

homomorphism of group piles resy; 7 Gals(M) — Gals(F).

PROOF OF (1) = (3). Suppose that resy 7 Galg(M) — Galg(F)
is an epimorphism of group piles. Then res; z: Gal(M) — Gal(F)
is surjective, so M/F is regular. Let p € S, P € Sy(F), and F' €
CC(F,B). Then there exists M’ € CC(M,p) with M’ N F = F'. Let
Q" be the unique prime of M’ lying over p and let Q = Q’|p;. Then
tp(Q) = tp(p), so Q € Sp(M), and Q| = P. Therefore, M/F is
totally S-adic.

PROOF OF (3) = (2). Since M/F is regular, resy 7 Gal(M) —
Gal(F) is surjective. Consider p € S, P € S,(F), and F' € CC(F,B).
Since M/F is totally S-adic, there exists Q € S,(M) lying over ‘B. If
M" € CC(M,Q), then F” = M" N F € CC(F,B) by Lemma .
Since P is quasi-local, F’ and F" are conjugate over F. Since resy; /P
is surjective, there exists a conjugate M’ € CC(M,Q) of M” with
M' N F = F'. Therefore, resy; p0 Galg(M) — Galg(F) is an epimor-
phism of group piles. By Lemma [2.11.2] res: Gal(M’) — Gal(F’) is an

isomorphism, so res;; j is rigid.
PROOF OF (2) = (1). This is trivial. d

3.6. e-Free C-Piles
We generalize the ‘Cantor group piles’ of [HIP09D] to e-free C-piles.

DEFINITION 3.6.1. An e-free C-pile is a deficient group pile G that
satisfies the following conditions:

(1) G is e-generated.
(2) Every finite rigid e-generated deficient embedding problem for
G is solvable.

LEMMA 3.6.2. If e < w and G is an e-free C-pile, then G = E..

Proor. If B is a finite group with rank(B) < e, then (G — 1,B — 1)
is a finite rigid e-generated deficient embedding problem for G, so it
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has a solution by (2). Therefore, by Lemma [3.1.16} every finite group
B with rank(B) < e is a quotient of G. Together with (1) this implies
that G = F,, cf. Lemma M(l) O

PROPOSITION 3.6.3. Let G be an e-free semi-constant group pile of
non-trivial profinite groups (I'y)pes over perfect profinite spaces (Ty)pes-
Then the deficient reduct G°* of G is an e-free C-pile.

PROOF. By Lemma [3.4.6(1), G is e-bounded and self-generated. If
e < w, then Lemma [3.4.4(1) and Lemma imply that G = E,, so
Gf satisfies (1). If e = w, then (1) is tr1v1ally satisfied.

Let EP = (p: G — A a: B — A) be a finite rigid e-generated
deficient embedding problem for G4, By Lemma m EP is lo-
cally solvable. By Lemma m there exist A and B with Adf = A
and B% = B such that (9: G — A, a: B — A) is a locally solv-
able e-bounded rigid self-generated embedding problem. By Proposi-
tion[3.4.8] this embedding problem has a solution, which in turn induces
a solution of EP. Therefore, G satisfies (2). O

REMARK 3.6.4. If G is the e-free semi-constant group pile of (I'p),es
over (Tp)pes, then G,/G is homeomorphic to T, for every p € S by
Lemma [3.4.4(3) and Lemma [3.3.4(4). Thus, if T, is perfect, then so
is G,/G. Conversely, one can prove that if G is an e-free C-pile, then
G,/ G is perfect for each p € S.

LEMMA 3.6.5. Fvery finite locally solvable e-generated deficient em-
bedding problem for an e-free C-pile G s solvable.

PROOF. Let EP = (¢p: G — A o B— A) be a finite locally solv-
able e-generated deficient embedding problem for G. We claim that
there exist a locally solvable e-bounded embedding problem EP; =
(p: G* — A, a: B — A) where G* is e-bounded, (G*)%f = G,
Adf — A and B®f = B. Once this is shown, EP; can be dominated by
a finite e-bounded rigid embedding problem E P, by Proposition [3.2.9,
By property (2) of Definition the deficient reduct of EP, has a
solution. It induces a solution of EP.

PROOF OF THE CLAIM. If e = w, then G and B are e-bounded

(Definition [3.1.17)), so (¢, « satlsﬁes the claim. Therefore, assume
that e < w. By Lemma o G~ F. Let Go < G be a subgroup of

rank at most e that under the quotient map G — G maps onto G =2 E..

Since every finite group generated by e elements is a quotient of E,, itis
also a quotient of Gy, and thus Gy = F, by Lemma (1) Moreover,
G* = (G,(Go)%, Gy)pes is e-bounded. By Lemma | there exist A

and B with Adef A and B = B such that EPl is locally solvable
and e-bounded. O
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3.7. Axiomatization of C-Piles

We prove that the class of PSCC fields whose S-adic absolute Galois
group pile is an e-free C-pile is elementary.

For the rest of this section we drop the usual simplifying assump-
tion that all algebraic extensions of a field F' are contained in a fixed
algebraic closure F' of F. Note however that for example Galg(E/F)
is still well defined up to isomorphism for any Galois extension E/F,
since it does not depend on the choice of an embedding of E into F.

DEFINITION 3.7.1. A regular representation of a finite group pile G
of order n (cf. Definition is a regular permutation representation
of the underlying group G, i.e. an embedding G — S,, such that G acts
transitively on {1,...,n}.

REMARK 3.7.2. Note that if a: G — 5, and §: G — S,, are regular
representations of G, then o and 3 are conjugate in .9,,, i.e. there exists
7 € S, such that 3(g) = 77 'a(g)T for each g € G.

REMARK 3.7.3. Let F' be a field and M/F a finite Galois extension
with Galois group G. We represent the extension M/F and G in ele-
mentary terms.

First we choose an irreducible monic polynomial

fX)=X"+a, X" '+ +ay € FIX]

with coefficients in F' such that a root of f generates M over F'. Then
let
Fa = FIX]/(f(X))

and note that Fj, is a field F-isomorphic to M. Every element of F,
can be uniquely represented as a polynomial in X of degree at most
n — 1 with coefficients in F'. Addition and multiplication in F, are
carried out by adding and multiplying polynomials of degree at most
n — 1 and then reducing modulo f.

In particular, the n distinct roots x4, ..., z, of f can be represented
by n polynomials hq, ..., h, € F[X] of degree at most n — 1 such that
1 =x:= X+ (f(X)) and x; = h;y(z), 1 = 1,...,n. Fixing the roots
of f in this way gives rise to an embedding o +— ¢’ of Gal(F,/F) into
the symmetric group S, such that o(z;) = z; if and only if o/(i) = j.
Thus,

o(hi(x)) = hey(2).
It follows that by fixing the (n + 1)-tuple of polynomials (f, hy,..., hy,)
we represent both the Galois extension F, of F' and a regular repre-
sentation of Gal(F,/F'). We write this (n 4 1)-tuple of polynomials by
the (n+ 1)-tuple b = (a,ay,...,a,) of their tuples of coefficients.

LEMMA 3.7.4. There exists a recursive map A +— Oiealize a(X) from
finite group piles (with regqular representations) to Liing(K)-formulas
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with the following property: For each finite deficient group pile A of
order n with a regular representation A — S, and each PSCC field
FOK,

F ): Hrealize,A(a)

if and only if a represents a finite Galois extension M = F, of F and a
regular representation Gal(M/F) — S, that induces an isomorphism

Na: Gals(M/F) — AJ]

PROOF. There are essentially two things to express elementarily: First,
the image of the induced embedding Gal(M/F) — S,, coincides with
the image of the regular representation A < S,,. Second, the induced
isomorphism Gal(M/F') — A extends to an isomorphism of group piles.
To that end suppose that x is a tuple of variables representing the
coefficients of polynomials f,hy,...,h, as in Remark [3.7.3

Concerning the first part, we assume that the reader knows how to
express that f is an irreducible Galois polynomial and hy(x), ..., h,(x)
are distinct roots of f, where z is the residue of X modulo f. Any
o € Gal(M/F) is determined by its action on z. Indeed, if o(x) =
h;(z), then o(h;(x)) = hi(hj(x)). Thus the image of Gal(M/F) — S,
consists of all 7 € S, that satisfy for all ¢

(i) (X) = hi(hr1)(X)) mod f(X).

So by going through all 7 € S,,, one can formulate that this image
is exactly the image of A — S, also cf. [FJO8, proof of Proposition
20.4.4).

Now we turn to the second part. Write

G = (G,Gy)pes = Galg(M/F)

and let p € S. Note that a subgroup I' < Gal(M/F') with fixed field

M’ belongs to G, if and only if there exists I’ € CC(F,p) such that

M = F' N M. Let My, ..., M be all intermediate fields of M/F and

for each ¢ choose a minimal polynomial f; of a primitive element of

M;/F. Let I be the set of all 1 <1i <k such that f; has a zero in M’.
Then a field L O F satisfies the sentence 6; given by

AG)(i(x) = 0) A A\ ~@E) (i) = 0
iel il
if and only if L N M is conjugate to M’ over F'. Indeed, if L satisfies
0, then for every i, M; can be F-embedded into M’ if and only if M;
can be F-embedded into L N M. This implies that M’ and L N M are
F-isomorphic. Conversely, assume that M’ =p L N M. Then each f;
has a zero in M’ if and only if it/has a zero in L, hence L satisfies 0;.
By Corollary , F = =(=0;),y, if and only if there exists [’
CC(F,p) such that F' N M is F-conjugate to M’. Since a conjugate

2That is, the group pile A is realized over F.
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of a classical closure is again a classical closure, this is the case if and
only if I' € G,

The image of I" in S, can be described as follows: Assume that
M' = M; and let g € F[X] be such that f;(g(z)) = 0. Then o €
Gal(M/F) lies in I" = Gal(M /M) if and only if o(g(z)) = g(z). Thus,
up to conjugation, the image of I' in .S,, consists of all 7 in the image

of Gal(M/F') such that

9(hr(1)(X)) = g(X) mod f(X).

Combining the above ingredients, we get the formula ;eaize a (X)
with the desired properties. This can be done in a way such that the
map A — Orealize,a(X) is recursive, since the map ¢ — ¢,v of Propo-
sition [2.6.6| is recursive. Note that we do not need to ‘compute’ the

polynomials f; € F[X] and the set I. We rather write down formulas
defining the f; and I. O

LEMMA 3.7.5. There exists a recursive map & — bes o(y,x) from epi-
morphisms of finite deficient group piles (with regular representations)
to Lying(K)-formulas with the following property: For each epimor-
phism a: B — A of finite deficient group piles with fized regular repre-
sentations and each PSCC field F' O K,

F ): eresu(ba a)
if and only if a and b represent finite Galois extensions M/F, N/F,
and isomorphisms n,: Galg(M/F) — A, np: Galg(N/F) — B, such
that there is an F-embedding M — N with

a0 My = Na 0 Tesy/ar|Gal(vyr) f]

PRrOOF. Let b be a list of the coefficients of polynomials f, fi,..., f, €
F[X] and a a list of the coefficients of polynomials g, g1, ..., g, € F[Y].
Furthermore, identify A and B with their regular representations A C
Sn, B C Sp. Also, identify Galg(M/F') with A via n, and Galg(N/F)
with B via np.

Let x € N be the residue of X modulo f, and y € M the residue
of Y modulo g. The F-embeddings M <— N correspond to maps
y — q(x), where ¢ € F[Z] is a polynomial of degree < m such that

9(q(x)) = 0.
Given o € Gal(N/F),

o(q(x)) = qlo(x)) = q(foq)(x))
and
o(q(z)) = 1"eSN/M(U) (y) = greSN/M(U)(1)<y>‘
Therefore, since resy/y = a if and only if g(resN/MJ)(l)(y) = Ga(o)(1)(¥)

for all o € Gal(N/F), it follows that resy;y = o if and only if
q(fo)(%)) = Ga()1)(q(z)) for all o € B, c.f. [FJ08, 23.4.1].

3The subscript s stands for restriction.
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Thus there exists an embedding M — N such that aon, = 1, 0
resy/n if and only if there exists ¢(Z) € F|[Z] of degree < m such that

9(q(X)) =0 mod f(X)
and
0(f1)(X)) = a1 (q(X)) mod f(X)
for all o € B.
Using Lemma , one now sees how to construct Oyes o(y,x). O

DEFINITION 3.7.6. Let the L,y (K )-theory T g . consist of the follow-
ing sentences.

(1) For each finite deficient group pile A (with regular represen-
tation) which is not e-generated the sentence

- (HX) Hrealize,A (X) .

(2) For each rigid epimorphism a: B — A of finite e-generated de-
ficient group piles (with regular representations) the sentence

(VX) [erealize,A (X) - ((HY)Hrealize,B (Y) A\ eres,a (Y7 X))] .

LEMMA 3.7.7. A PSCC field F' O K is a model of Tt s, if and only
if Galg(F') is an e-free C-pile.

PROOF. Let G = Galg(F). By Lemma [3.7.4 F satisfies (1) of Defi-
nition [3.7.6] if and only if all finite quotients of G are e-generated. By
Lemma this is equivalent to (1) of Definition [3.6.1]

If F satisfies (2) of Definition [3.7.6] then G satisfies (2) of Defini-
tion by Lemma [3.7.4] and Lemma [3.7.5] Conversely, if every finite
rigid e-generated deficient embedding problem for G is solvable, then
Remark implies that F satisfies (2) of Definition [3.7.6] d

REMARK 3.7.8. A more systematic approach to the elementary class of
fields whose S-adic absolute Galois group pile is an e-free C-pile is pos-
sible by using the ‘inverse systems’ (also called ‘CDM-presentations’)
of [CvdDMS8]], [CvdDMS82|, [Cha84], and [Cha9§|, or rather expan-
sions of inverse systems to group piles, like in [Ers83al (for so called
‘involutory groups’), [Ers91] (for so called ‘T-groups’), and [Ers95] (for
‘A*-groups’). The same is true for the proof of Propositionbelow.

3.8. Solving Embedding Problems for C-Piles

By definition, a finite rigid e-generated deficient embedding problem
for an e-free C-pile is solvable. We prove that under some conditions,
also certain infinite embedding problems are solvable.

PROPOSITION 3.8.1. Let F O K be an Ni-saturated PSCC field, and
assume that G = Galg(F') is an e-free C-pile. Let (p: G — A, a: B —
A) be a rigid e-generated deficient embedding problem for G, where B
is of at most countable rank. Then (p, ) has a solution.
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PROOF. Since rank(B) < N, there is a descending sequence of open
normal subgroups N;<B, i € N, with ;. N; = 1, cf. [EJ08| 17.1.7(a)].
For each i € N let a;: B/N; — A /a(N;) be the epimorphism induced
by «, and for ¢ < j € Nlet 7 A — A/a(N;), pi: B — B/N;,
pji: B/N; — B/N; be the quotient maps. Then «; o p; = 7 0 a.
By Lemma [3.2.3] the rigid deficient embedding problem (i, ) is lo-
cally solvable, hence the induced embedding problem (m; o ¢, ;) is
locally solvable by Lemma @ Since B is e-generated, B/N; is e-
generated by Lemma [3.1.19, Hence, (m; o ¢, ;) is a finite locally solv-
able e-generated deficient embedding problem for G. Since G is an
e-free C-pile, this embedding problem has a solution v;: G — B/N; by

Lemma [3.6.5]

G
12

A

[e7

B

Pj v Ly

B/N; & A/a(N))
Pji i

B/]ifi Z Ala(N)

PART A: CONSTRUCTING A SET OF FORMULAS Y. Once and for
all choose regular representations of the groups B/N; and the groups
A/a(N;). For every i, the epimorphism 7; o ¢ corresponds to a finite
Galois extension FE;/F with F; C F. Choose a; that represents a field
F,, which is F-isomorphic to F; and an isomorphism

N = Na,: Galg(Fy, /F) — A/a(N;),
such that for a certain identification E; = Fj, (which we fix from now
on), n; o respp = m o ¢. This last condition implies that the in-
verse systems (Galg(F;/F));eny and (A/a(N;))ien are isomorphic. In

particular, writing E,, = |J;cy £, there is an isomorphism

n = limn;: Gals(F/F) — A
with noresp p = .
Let 3(x1,Xa,...) be the set of L, (F)-formulas that contains for
each k£ € N the formula

/\(erealize,B/Ni (Xz) A gres,ai (Xia az)) A /\ eres,pji (X]‘, Xi)-

i<k i<j<k
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PART B: ¥ IS FINITELY SATISFIABLE. We claim that every finite
subset X of X is satisfied in F. Let k be the maximal index that
occurs in . Let E be the fixed field of Ker(7;) in F. Choose cj, that
represents a Galois extension Fg, of F' which is F-isomorphic to £ and
an isomorphism
nckl GalS(Fck/F) — B/Nk

such that for a certain identification £ = F,, (which we fix from now
on), fe, © resp;p = 7Yk Then F = Oreatize,B/N,, (Ck). Now combine
resg/p, O reSpp = resp p with ay 0y, = m, 0 ¢ and ng o resp =
T © ¢ to get that ny o resp/p, o r€Sp/p = Qg O 7, O resp p, and thus
Nk O T€SE/E, = Qj O Ne,. Therefore, F' {= by 0, (Ck, a).

Since for ¢ < k, B/N; is a quotient of B/Ny, there exist ¢y, ..., cr_1
such that for i < k, F' |= Oreatize,B/n, (Ci) and F' = bres0,(Ci,a;), and for
i <j <k, FEbep,(cj ci). Therefore, cy,...,c; satisfy M.

PART C: USING N;-SATURATION. Since F' is Nj-saturated, X is sat-
isfied in F'. This means there are by, bs,... such that for all pairs
<7,

F ): erealize,B/Ni (bz) A eres,ai (b’n al’) A eres,pﬁ (bja bz)
Since for every i, F' |= Orcatize,B/N, (Ds), every b; represents a Galois
extension F;/F and an isomorphism

G = np,: Galg(F;/F) — B/N;.

Since for all i, F' = Ores ;.1 ,(biy1,b;), we see that we can inductively
choose embeddings F} < Fy < ... such that for all 7 < j, pj; 0 (; =
Gi oresp; /. So the inverse systems (Gals(F;/F'))ien and (B/N;)ien
are isomorphic, and, with Fl, = J;cy F, there is an isomorphism

¢ = lim¢: Galg(Fi/F) — B.

Furthermore, since F' | Ores o, (bj,a;), we can choose embeddings
E; — Fj such that a; o (; = n;oresp, /i, for every j. If ¢+ < j, then the
embedding E; — F} induces an embedding E; — F; (as we already
fixed embeddings F; — E; and F; — Fj), and one may check that this
one necessarily satisfies a; o ¢; = 1; o resp,/p,. Thus these embeddings
combine to an embedding Fy, — F with ao( =noresp k..

Now choose any embedding Fi, < F that extends the embedding
E. — F, and let v =(oresgp . Then y: G — B is an epimorphism
and ooy =noresp, /g, oresp = . Therefore, v is a solution of
the embedding problem (¢, a). O



CHAPTER 4

Decidability of Almost All Ky s(o)

In this chapter, we define the fields Kiq s(0), give an axiomatization
of the theory of almost all Ky (o), and prove that this theory is
decidable.

For the rest of this work, let S be a finite set of local
primes of a field K of characteristic zero, and let 0 < e < w be
an ordinal number.

4.1. The Fields K g

We define and characterize the field K. ¢ and give an axiomatization
for the fields that are regular totally S-adic extensions of subfields of
Ktot,S~

DEFINITION 4.1.1. The field of totally S-adic elements over K is
defined as
Ktot,S = ﬂ Ktot,pv
pes
where Ko p is the maximal Galois extension of K in K.

REMARK 4.1.2. Note that although K, C K is determined only up to

the action of Gal(K), the field Ko, C K is independent of the chosen
embedding.

LEMMA 4.1.3. Kios s the largest totally S-adic Galois extension of
K (cf. Definition[2.9.5).

PRrROOF. First of all, Ky s/K is totally S-adic. Indeed, if p € S and

PLES Sp(Kp)a then ‘mKtot,s € Sp(Ktot,S)-
Now suppose that L/K is a totally S-adic Galois extension. Let

p € Sand P € Sy(L). Then Lemma [2.9.9(2) implies that K, €
CC(K,p) = CC(L,p),so L C K,. Since L/K is Galois, L C Ko 5. O

LEMMA 4.1.4. Ko g is the largest Galois extension of K in which each

p € S totally splits (cf. Definition [2.1.6]).

PROOF. Let p € S and let L/K be a finite subextension of Ko /K.
Replace L by the Galois closure of L over K to assume without loss
of generality that L/K is Galois. By Lemma , Kiot,s/ K is totally
S-adic, so there exists P € Sp(Kior,5). Let Q = PJ,. If char(p) = oo,
then the primes of L lying over p correspond to K-embeddings of L

87
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into K. Since L C Lg = K, is an embedding of this form, and L/K is
Galois, there are [L : K] many such embeddings. If char(p) # oo, then
vn /vy is immediate and vy(K*) = Z, so the fundamental inequality
(Lemmal[l.5.2)) implies that there are [L : K| many conjugate extensions
of v, to L. Therefore, p totally splits in L/K, as claimed.

Conversely, let L/K be a Galois extension in which each p € S
totally splits. We claim that L/K is totally S-adic. By Lemma ,
we can assume without loss of generality that L/K is finite. Let p € S.
If char(p) = oo, then Sy(L) # 0, since p totally splits in L/K. If
char(p) # oo, let P be one of the [L : K| many conjugate primes of
L lying over p. By the fundamental inequality (Lemma [1.5.2), vg/v,,
is immediate, so P € S,(L), as claimed. Therefore, L/K is totally
S-adic, and thus L C Kyo,s by Lemma [4.1.3] O

LEMMA 4.1.5. Letpe S and K C L C Ktotp. Then

=Ln (] Rk,

TeGal(K)
In particular, Ry(L) = L N Ry(Kiotp)-

PROOF. Since p is local, every K’ € CC(K,p) is K-conjugate to K.
By Lemma[2.9.9(2), CC(L p) = CC(K,p). Thus,

Ry(L) = ) (9&18
PeS, (L
= m (Rp(L/) NL)
L'eCC(L,p)
= () R(K)NL)
K'eCC(K,p)
TeGal(K)

DEFINITION 4.1.6. If R C S are rings, let
Ngr(S) ={f € R[X]: f has no root in S}.

DEFINITION 4.1.7. Let the L (K)-theory Ty, s consist of the follow-
ing sentences:

(1) For each f(X) € Nk(Kiors) the sentence
=(3z)(f(x) = 0).
(2) For each p € S and each f(X) € No, (Rp(Kiot,5)) the sentence

_\(31‘) (Spholomm(x) A f(.T) = 0)7
where @nolom,p is the formula of Proposition [2.4.2]
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LEMMA 4.1.8. A PSCL field F' 2 K is a model of Ty s if and only if
FNK C Kios and F/F N K is totally S-adic.

PRrROOF. Since F' is PSCL, @nolomp(F) = Ry(F) for each p € S by
Proposition @ Let L = FNK. Since L/K is algebraic, L is S-SAP
by Lemma [2.8.5

Suppose that F' satisfies Tz 5. By (1), L € Kior,s. If p €S, then
Ry(L) = Ry(Kiot,5) N L by Lemma [£.1.5] and (2) implies that R,(F)N
K C Ry(Kio5). Therefore, Ry(F) N L C Ry(Kiors) N L = Ry(L), s0
F/L is totally S-adic by Lemma [2.9.6]

Conversely, suppose that L C K. s and F/L is totally S-adic.
Since L C Ky, s, F satisfies (1). By Lemmal[2.9.6, R,(F)NL = Ry(L).
So since Ry(F) N L = Ry(F)N K and R,(L) = Ry(Kios) N L by
Lemma [4.1.5] F satisfies (2). d

4.2. Subfields of K s

We summarize some basic results on subfields of K g and totally
S-adic Galois extensions.

LEMMA 4.2.1. Let K CLCFECF.

(1) If F/E and E /L are totally S-adic, then F/L is totally S-adic.
(2) If F/L is totally S-adic, then E/L is totally S-adic.
(3) If F/L is totally S-adic Galois, then F/E is totally S-adic.

PROOF. Let p € S.

PROOF OF (1). If Sp(F) — Sp(F) and S,(E) — S,(L) are surjective,
then also the composition Sy(F) — Sp(L).

PROOF OF (2). Since the composition of Sy(F) — Sy(E) and Sy(E) —
Sy(L) is surjective, Sy(E) — Sp(L) is surjective.

PROOF OF (3). Let P € S,(F). If char(p) = oo, then L is p-quasi-
local, so Lemma [2.9.9(3) implies that CC(E,p) = CC(F,p). Hence,
if £/ € CC(E,B) and Q € Sy(E'), then Q|p € Sp(F) lies over P. If
char(p) # oo, let Q be any prime of F' with Q| = B. Since F/L is
totally S-adic, there exists Q' € S,(F') with Q'|; = B|.. Since F/L is
Galois, 9 is conjugate to Q' by Lemma . Hence, Q € S,(F), as
claimed. O

The proof of the following lemma corrects an inaccuracy in [GJ02,
Proof of Lemma 1.6 Part BJ.

LEMMA 4.2.2. Let K C E C F C Ky s. If E is PSCC, then F is
PSCC.

PROOF. Let V' be a smooth variety defined over F' with V(F") # () for
all I/ € CC(F,S). Without loss of generality assume that V' is affine.



90 4. DECIDABILITY OF ALMOST ALL Ko 5(c)

Since F/E is algebraic, V' is defined over a finite subextension F of
F/E. Let W = resg, (V') be the Weil restriction of V and let F be the
Galois closure of Fy/E. Then W is a variety defined over E and there
are oy,...,0, € Gal(E) with oy = idz such that W is isomorphic over
Fy to [[}, 0;V, and the projection onto the first factor W — o1V =V
is defined over Fy, cf. [F.JO8| 10.6.2]. Since V' is smooth, it follows that
W is smooth, see [Lan58, Proposition VIII.6).

Since E C F C Kio,g and E C F| C Ko g, Lemma [£.1.3] and
Lemma [2.9.9 imply that CC(E, S) = CC(F,S) = CC(F,S). In par-
ticular, if £’ € CC(FE,S), then F; C E'.

Let E' € CC(E,S). Then o, Y(E") € CC(E,S) = CC(F,S), so
V(e; (E') # 0 by assumption. Thus o;V(E') # @ for all 4, and
therefore W(E') # 0, as F} C E'. Since E is PSCC, W(E) # (), so in
particular W (F) # (). Hence, since Fy C F, it follows that V(F) # 0,
as claimed. O

REMARK 4.2.3. Note that although every algebraic extension of a PRC
field is PRC, cf. [Pre81], not every algebraic extension of a PpC field
is PpC. For example, Q, is PpC, but Q,(,/p) is not. Hence, not every
algebraic extension of a PSCC field is PSCC.

LEMMA 4.2.4. Let K C F C M. If M/F is totally S-adic Galois,
then Sg(M) is the set of all primes of M lying over primes in Ss(F).

PROOF. By definition, Sg(M) is contained in the set of all primes of
M lying over primes in Sg(F'). Let P € Sg(F) and let 9 be a prime of
M lying over B. Since M/F is totally S-adic, there exists Q' € Sg(M)
with Q'|r = B. Since M/F is Galois, Q and Q' are conjugate over F'
by Lemma [2.1.11] so Q € Sg(M), as claimed. O

4.3. The Fields K (o)

The proof of the decidability of the theory of almost all Ko s(o) relies
on two algebraic results, which we present in this section.

First of all recall that a field K is called Hilbertian if it satis-
fies the following property, cf. [FJ08, 13.2.2]. If f(X,Y) € K[X,Y]
is irreducible, then there exists a € K such that f(a,Y) € K[Y] is
irreducible.

LEMMA 4.3.1. Every number field and every function field is Hilber-
tian.

PROOF. See [FI08, 13.4.2]. O

DEFINITION 4.3.2. If

o= (0q,...,0.) € Gal(K)®,
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we denote by 3
K(o)

the fixed field of the group (o4, ...,0.) < Gal(K) in K, and by
Klo]

the maximal Galois extension of K in K(o). If L is a Galois extension
of K,let L(o) = LN K(o) and Ljo] = L N K[o]. In particular,

Ktot,S(‘T) = Ktot,S N K(U)

and i
Ktot,S[a'] = Ktot,S N K[O‘]

DEFINITION 4.3.3. We say that a statement holds for almost all o €
Gal(K)e if the set of those o € Gal(K)® for which it holds has Haar
measure 1.

PROPOSITION 4.3.4 (Geyer-Jarden). Let S be a finite set of local
primes of a countable Hilbertian field K of characteristic zero, and
let e € Zso. Then for almost all o € Gal(K)®, the field Kio s(o] is
PSCC.

Proor. By [GJ02, Theorem A], for almost all & € Gal(K)¢, M =
Kot slo] is PSCL, where S is the set of all primes of M lying over
primes of S. By Lemma and Lemma [1.2.1)(2), M/K is a totally
S-adic Galois extension, so S = Sg(M) by Lemma [£.2.4] Hence, since
M is S-quasi-local by Lemma [2.2.10, M is PSCC. O

COROLLARY 4.3.5. Let S be a finite set of local primes of a countable
Hilbertian field K of characteristic zero, and let e € Zso. Then for
almost all o € Gal(K)®, the field Ko s(o) is PSCC.

PRrROOF. Since K C Kot (o] C Kiors(0) C Kiots, the corollary fol-
lows from the proposition by Lemma [4.2.2] O

REMARK 4.3.6. The special case S = () of the corollary was proven
by Jarden, see [Jar69] and [Jar72]. The special case S = ) of the
proposition was proven by Jarden in [Jar97]. The special case e = 0
and K a number field was proven by Moret-Bailly [MB89], Pop [Pop92],
and Green-Pop-Roquette [GPR95]. Jarden-Razon proved the corollary
in the case that K is a number field, see [JRI8, Remark 8.3].

PROPOSITION 4.3.7 (Haran-Jarden-Pop). Let S be a finite set of local
primes of a countable Hilbertian field K of characteristic zero, and let
e € Zso. Then for almost all o € Gal(K)¢, the S-adic absolute Galois
group pile

GalS(Ktot,S(U))
1s isomorphic to the deficient reduct of the e-free semi-constant group
pile of (Gal(Ky))pes over Cantor spaces (Cy)pes.
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PRrOOF. This is proven in [HJP09b]. Indeed, by [HJP09D, Proposi-
tion 12.3], for almost all o € Gal(K)¢, the field M = Ko s(o) satisfies
condition (1) of Section 10 of that work. In the proof of [HJPO9D,
Proposition 11.2] it is proven that in this case

Gal(M, S) := (G, Gal(K ()%, Gy)pes,

where Galg(M) = (G, Gp)pes, is a so called ‘Cantor group pile over
(Gal(Ky))pes’. By [HJPO9L, Corollary 6.2] and [HJPO9b, Proposi-
tion 6.3], every Cantor group pile over (Gal(K,))pes is isomorphic
to the group pile Gr of [HJP09D, Proposition 5.3], which is exactly
the e-free semi-constant group pile of (Gal(K}))ses over Cantor spaces
(Cp)pes. Since the deficient reduct of Gal(M, S) is Galg(M), the claim
follows. O

REMARK 4.3.8. The special case S = () was proven by Jarden in
[Jar74]. The special case K = Q, e = 0 and S = {oo} was proven
by Fried-Haran-Vélklein, see [FHV93] and [FHV94]. The structure of
the absolute Galois group in the special case where K is a number field
and e = 0 was proven by Pop in [Pop96].

4.4. Axiomatization of the Theory of Almost All K s(o)

We axiomatize the theory of almost all Ky (o) and prove a clas-
sification result for the models of this theory: Two such models are
elementarily equivalent if and only if their K-algebraic parts are iso-
morphic.

For the rest of this chapter, let S be a finite set of lo-
cal primes of a countable Hilbertian field K of characteristic
zero.

DEFINITION 4.4.1. Let the L,ing(K)-theory Tiot s consist of the fol-
lowing axioms:

(0) The axioms for fields and the positive diagram of K, cf. [F.JOS,
7.3.1).

(1) The theory Tpscc (Definition [2.7.2)).

(2) The theory T¢ s (Definition [3.7.6]).

(3) The theory Ty s (Definition |4.1.7)).

LEMMA 4.4.2. A field F O K is a model of Tiot s if and only if it
satisfies the following conditions:

(1) F is PSCC.
(2) Gals(F) is an e-free C-pile.

(3) FNK C Kiot,s and F/FN K s totally S-adic.
In that case, F' satisfies also the following conditions:

(4) F is S-SAP.

(5) F is S-quasi-local.
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PROOF. Suppose that F' |= T g.. Then F is PSCC by Proposi-
tion 2.7.3] Hence, Lemma implies that Galg(F') is an e-free
C-pile, Lemma implies that F N K C Kiot,s and F/F N K is
totally S-adic, Proposition [2.8.7] implies that F' is S-SAP, and Propo-
sition implies that F'is S-quasi-local.

Conversely, if F satisfies (1)-(3), then F satisfies Definition [4.4.1)(1)
by Proposition [2.7.3] Definition [4.4.1(2) by Lemma [3.7.7} and Defini-
tion [4.4.13) by Lemma [4.1.8] Since F is a field containing K, it also
satisfies Definition [£.4.1)0). O

LEMMA 4.4.3. Let K C L C E,F be fields such that the following
conditions are satisfied.

(1) E and F are models of Tiot s.e-

(2) E/L and F/L are regular and totally S-adic.
(3) E is countable and F' is Nq-saturated.

(4) L is S-quasi-local.

Then there exists an L-embedding i: E — F such that F/i(E) is reqular
and totally S-adic.

PrROOF. By (1) and Lemma [£.4.2(1), E and F are PSCC fields. Let
G = Galg(F), B = Galg(E), and A = Galg(L). By (1) and
Lemma [1.4.2(2), G and B are e-free C-piles. By (2) and (4), it
follows from Lemma that the restriction maps resz;;: G —
A and resp,;;: B — A are rigid epimorphisms of group piles. So
(resp z,resg)f) is a rigid e-generated deficient embedding problem for

By (3), F is countable, and thus B has countable rank, and F' is
N;-saturated. Hence, by Proposition there exists an epimorphism
7: G — B such that res ;0 = res; ;. By Proposition [2.11.5] there is
an L-embedding i: F — F such that v = TES 5 i(E): By Lemma[4.4.2{(5),
E' is S-quasi-local. Hence, since v is an epimorphism of group piles,

F/i(E) is regular and totally S-adic by Lemma[3.5.6] O

The proof of the following proposition follows the proof of [F.J08,
20.3.3].

PROPOSITION 4.4.4 (Elementary equivalence theorem). Let B, FF O K
be models of Tior,se with ENK = FNK. Then E =k F.

PROOF. Assume without loss of generality that L:= ENK = FNK.
By Lemma [4.4.2)(3), E/L and F/L are regular and totally S-adic. Let
E* be an Nj-saturated elementary extension of £ and let F™* be an N;-
saturated elementary extension of F, see for example [Mar02} 4.3.12].
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By (1) and (4) of Lemma 4.4.2 the fields E, F, E*, F* are PSCC
and S-SAP. By Corollary E*/E and F*/F are regular and to-
tally S-adic, so also E*/L and F*/L are regular and totally S-adic
(Lemma [4.2.1](1)).

By Léwenheim-Skolem (Lemma [1.2.1)), there exists a countable el-
ementary subfield £y of E* that contains L. Then also Ey/L is regular
and totally S-adic (Lemma M(Q)), and Ey is a model of Tig se-
Since L/K is algebraic, L is S-quasi-local (Lemma . There-
fore, by Lemma [4.4.3] there exists an L-embedding ag: Fy — F* with
F*/ag(Ey) regular and totally S-adic.

Identify Ey with ag(Fy). Let Fy be a countable elementary sub-
field of F* that contains Fy. Then Fy/FEj is regular and totally S-adic
(Lemma [£.2.1](2)), and Fy is a model of T 5. Also E*/Ey is reg-
ular and totally S-adic by Corollary 2.9.7 By Lemma [4.4.2(5), Ey
is S-quasi-local. Hence, by Lemma there is an Fy-embedding
Bo: Fo — E* with E*/(y(Fp) regular and totally S-adic.
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Now iterate this process to construct a tower of countable fields
EOQFOgE1gF1g

such that each FE; is an elementary subfield of £* and each F; is an
elementary subfield of F*. Then M := {J,oy E£i = U,;ey Fi is an ele-
mentary subfield of both E* and F*, see for example [FJ08, 7.4.1(b)],
so E* =), F*. In particular, E* =k F*, hence F =k F. ]

PROPOSITION 4.4.5. Let e < w. Then for almost all o € Gal(K)°,
Kiot,s(0) is a model of Tiot,s.e-

PROOF. By Corollary[4.3.5 almost all Ky s(o7) are PSCC. By Propo-
sition , for almost all o € Gal(K)®, Galg(Kios(0)) is isomor-
phic to the deficient reduct of the e-free semi-constant group pile of
(Gal(Ky))pes over Cantor spaces (Cp)pes. Since a Cantor space is per-
fect, this is an e-free C-pile by Proposition [3.6.3. Therefore, since
Kiots(o) is a field containing K, almost all Ky (o) are models of

Tiot,5,c by Lemma [4.4.2] O

LEMMA 4.4.6. Let e < w. If F' O K s a model of Tiot s, then L =
FNK C Kio,s and rank(Gal(K,s/L)) < e.

PRrROOF. Let G = Galg(F), and A = Galg(L). By Lemma [1.4.2(3),
L C Kiss and F/L is totally S-adic. Since L/K is algebraic, L
is S-quasi-local by Lemma [2.2.10, so the restriction G — A is an
epimorphism of group piles by Lemma m By Lemma M(Q),
G is an e-free C-pile. In particular, it is e-generated. Thus, by
Lemma 3.1.19L also A is e-generated. Since Ko /K is totally S-adic
Galois by Lemma [4.1.3] CC(L, S) = CC(Kiq,s,5) by Lemma[2.9.9(3).
Thus, A’ = Galg(Kis). But Galg(Kits) is self-generated (this
follows from the definition of Kiu,g, or from Proposition , SO
A’ = Galg(Kio ). Therefore, Gal(Kio 5/L) = AJA" = A is generated
by e elements. U

DEFINITION 4.4.7. If e < w, let

Talmost,&e
denote the set of all L,i,q (K )-sentences that are true in almost all fields
Kis(o), o € Gal(K)°.
The proof of the following result follows the proof of [FJ0S8| 20.5.4].

THEOREM 4.4.8. If e < w, then the theory Tio s 15 an aviomatization
of Taimost,S.e; %-€. these two theories have the same models.

PROOF. First note that every model of Tyimest s is a field containing
K. By Definition 4.4.1(0), the same holds for every model of Tis s-

By Proposition 4.4.5, almost all Ky g(0) satisfy Tiet se, SO every
model of Thimost,s,e 15 @ model of Tig ge.
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Conversely, let E be a model of Tiy s, and let L = EN K. If we
can construct a model F' of Tyimost, s, With 7N =T L, then £/ = F
by Proposition [£.4.4] so E is a model of Tyimost,s, and we are done.

Lemma implies that L C Ko s and there exist 7,...,7, €
Gal(Kior,s/K) that generate Gal(Kyors/L). Let N be the set of finite
Galois extensions of K inside Kio . For each N € N, the set

YN(N) = {o € Gal(K)®: resy(0;) =resy(1), i=1,...,¢}
C {o € Gal(K)*: Kiws(o) NN =% LON}

has positive Haar measure. If Ny,...,N, € N, then N;---N, €¢ N
and X(Ny)N---NX(N,) = X(Ny --- N,.). Hence, by [FJ08, 7.6.1], there
exists an ultrafilter D on Gal(K')¢ which contains each of the sets 3 (V),
N € N, and all sets of measure 1. Let

F= ] Kius(o)/D

ocGal(K)®

be the ultraproduct, and let M = F N K. Since D contains all sets
of measure 1, and almost all Ky g(o) are models of Thmost.se, F 1s
a model of Tumest,s,c by Lemma [1.2.2] Furthermore, M C Kiq g, and
MNN = LNN for each N € N, since D contains X(N). Therefore,
M =g L, see for example [FJ08, 20.6.3], as claimed. O

REMARK 4.4.9. Note that the theory Tamoest.s.c of almost all Ko s(o),
o € Gal(K)®, is not complete if e > 0. Therefore, the decidability of
this theory does not immediately follow from the existence of a recursive
axiomatization.

4.5. Recursive Primes

In order to use the axiomatization of Timest,s.e in the proof of its decid-
ability, we have to show that this axiomatization is recursive. For this
purpose, we make some recursivity assumptions, and show that they
are fulfilled for number fields.

DEFINITION 4.5.1. A prime p of a presented field p: K — N is recur-
sive if the set p(O,) C N is recursive.

DEFINITION 4.5.2. Let K/Q be a number field of degree n. For the
rest of this work, we fix a presentation p: K — N as follows: Let
K = Q(«), where « is a root of a polynomial f(X) € Z[X] of degree
n. Then K =Y "  Qa’, and we present K as

p: K =Q" — N*" — N

via iterated application of a recursive pairing function N x N — N.



4.5. RECURSIVE PRIMES 97

LEMMA 4.5.3. Every prime of a number field is recursive.

PRrROOF. Let p be a prime of a number field K of degree n, and let f
and « be as in Definition [4.5.21

PART A: CASE char(p) = oo. The orderings of K correspond to
embedding K — R, so p is determined by a specific root a of f in R.
Let ¢,d € Q such that a is the only root of f in the interval [c, d] C R.
Let ¢(z1,...,z,) be the Lo-formula

(Elx)(f(:v):O/\ch/\xgd/\znzxixiZO).

i=1

Then for ai,...,a, € Q, Y1 a;a" € O, if and only if (R, <) | p(a).
Note that since ay,...,a, € Q, p(a) can be seen as an L<-sentence.
Thus, since (R, <) is decidable by Proposition [1.4.5, the subset O, C

Q™ is recursive, as claimed.

PART B: CASE char(p) = p # oo. Each of the n roots ay,...,a, of
fin @p defines an embedding o; of K into @p, and thereby induces
a p-valuation on K. Two such embeddings o;, 0; induce the same p-
valuation on K if and only if a; and «; are conjugate over Qp. This
follows for example from [Lan94, I1§1 Theorem 2].

Thus, if fi,...,f. € Q,[X] are the irreducible factors of f over
Qp, then these irreducible factors correspond to the p-valuations on
K ﬂ Since Q is dense in Q,, for every ¢ we can find a good ap-
proximation f; € Q[X] of f;. This approximation can be chosen
such that if the coefficients of some fj are close enough to the co-
efficients of f;, then i = j. Assume without loss of generality that
p corresponds to fi(X) = >7",¢ X" Using the approximation fi
of fi, the coefficients of f; can be defined in Q,. Therefore, the
field Q,[X]/(f1(X)) = K, can be interpreted in Q,. More precisely,
the Lg(c)-structure M = (K,,+,—,-,0,1, Ry(K,),c), where ¢ is the
residue of X in Q,[X]/(f1(X)), can be interpreted in Q, without pa-
rameters. Hence, the complete Lg(c)-theory of M is decidable since
the complete £pg-theory of Q, is decidable (Proposition . Now let
o(x1,...,x,) be the Lg(c)-formula

n
Z ric' € R.
i=1

Then for ay,...,a, € Q, Y1 a;a* € O, if and only if M = p(a).

(2
Therefore, O, is recursive, as above. O

INote that we do not have to prove that this factorization can be effectively
computed. But it would be possible, of course.
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REMARK 4.5.4. Note that the statement of Lemma [4.5.3] cannot even
be generalized to local primes of finitely generated fields. For example,
the presentable rational function field Q(X) has 2% many archimedean
local primes, corresponding to the embeddings of Q(X) into R, but only
countably many of these primes can be recursive.

REMARK 4.5.5. Note that the non-archimedean case of Lemma [4.5.3]
immediately follows from the well known fact that if p is a non-archime-
dean prime of a global field K, then O, is Diophantine in K, cf. [ShI07,
4.2.4, 4.3.4]. Indeed, every Diophantine set is recursively enumerable,
and since for x € K*, O, satisfies z € O, or 27! € O,, this already
implies that O, is recursive. Similarly, if p is an archimedean prime
of a number field K, then O, is Diophantine in K, see for example
[Rum80, p. 212}, and this implies that O, is recursive.

For the rest of this chapter, let S be a finite set of recursive
local primes of a presented countable Hilbertian field K of
characteristic zero.

LEMMA 4.5.6. Let p € S. Then the following sets of polynomaials are
recursive:

(1) {f € K[X]: [ completely decomposes over Ko s}
(2) {f € Op[X]: f completely decomposes over Ry(Kiots)}

PROOF.

PROOF OF (1). A polynomial f € K[X] completely decomposes over
Kiot,s if and only if it completely decomposes over K, for every p € S.
Let pn(xo, ..., 2,) be the Le-formula
(Elyb s 7yn) /\(xk = Sk(}’)l'n),
k=0
where sq,...,s, € Z[y] are the elementary symmetric polynomials in
y defined by

i) X* = [[(X —w).
k= i=1
A polynomial f(X) = Y p_,axX" € K[X] of degree n completely
decomposes over K, if and only if K, = ¢,(a).

o

PART 1A: CASE char(p) = co. Since the theory of real closed fields

has quantifier elimination in the language of ordered fields (Proposi-
tion [1.4.5), there exists a quantifier free £Lg-formula 1, (x) such that

(K, By(Ky)) |= (Va)(en(a) < vn(a)).
Since the theory of real closed ordered fields is decidable by Proposi-
tion [I.4.5] this formula v, can be effectively computed. If aq,...,a, €
K, then (K,, Ry(K,)) = ¥n(a) if and only if (K, O,) = ¢,(a). Since
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(K,O,) is recursive by assumption, there is an algorithm to decide
if (K,0Oy) = ¢n(a). Therefore, there is an algorithm to decide if a
polynomial f € K[X]| completely decomposes over K.

PART 1B: CASE char(p) = p # oo. The theory of p-adically closed
fields of a fixed p-rank d has quantifier elimination in the extended lan-
guage Lpg (Proposition [1.6.3). Thus, arguing as in the case char(p) =
oo, we can decide if a polynomial f completely decomposes over K,
if we can decide, for a given a € K, whether or not K, = P,(a),
i.e. whether a is an m-th power in K,. By Lemma [2.6.3] there exist
quantifier free formulas ¢,,(z,y) and ¥, (x,y) such that a is an m-th
power in K, if and only if (K,O0,) = (Vy)(¥m(a,y)), if and only if
(K, Op) = (Vy)(¢m(a,y)). Therefore, the following is an algorithm to
determine whether a is an m-th power in K,:

List the elements of K as by, bo, b3, ... and check for each ¢ whether
(K,0,) = ¢m(a,b;) and (K, Op) = ¥m(a,b;). Then for some i either
(K, 0,) F omla,b;) or (K, Op) = Yp(a,b;). In the former case, a is an
m-th power, in the second case a is not an m-th power in K,.

PROOF OF (2). By Lemma , a polynomial f € K[X] completely
decomposes over R,(Kio,s) if and only if it completely decomposes
over Ry(K,) and over Kiys. By (1), we can effectively decide if f
completely decomposes over Ko g. If we replace ¢, (zo, ..., z,) by the
L p-formula

n n

Gyrs ) (N B A\ (2 = si(y)za),

=1 k=0

then a polynomial f(X) =>"_, atX* € O,[X] of degree n completely
decomposes over R,(K,) if and only if (K, Ry(K,)) = ¢,(a), and the
proof of (1) carries over to this case. O

We remind the reader that Ng(S) denotes the set of all polynomials
f € R[X] without a root in S (Definition |4.1.6]).

LEMMA 4.5.7. If K has a splitting algorithm, then the sets Ny (Kiot.s)
and No, (Ry(Kior,5)), P € S, are recursive.

PRrROOF. Let f € K[X] be given. Use the splitting algorithm of K
to recursively decompose f into irreducible factors fi, ..., f, € K[X].
Since Kiot,s/K is Galois, each of these irreducible polynomials f; has
a root in Ky g if and only if it completely decomposes over Kiq g.
Thus, f € Ni(Kiot,s) if and only if none of the factors f; lies in the
recursive set of polynomials of Lemma [4.5.6(1). Therefore, N (Kot s)
is recursive. Similarly, using Lemma [4.5.6(2) and Lemma [4.1.5] one
sees that No, (Rp(Kiet,s)) is recursive. O
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LEMMA 4.5.8. If K has a splitting algorithm, then the theory Tio s.e
(Definition m 1S Tecursive.

PRrROOF. Since K is a presented field, the positive diagram of K is
recursive.

The theory Tholom,p (Definition is recursive. Indeed, the ax-
ioms of (1), (3), (4), and (5) consist only of finitely many sentences, so
there is nothing to prove, and the set of formulas Ynolomp(a@), @ € O,
is recursive since O, is recursive by assumption. So, since the map
Y 1/3]37\, of Proposition is recursive, the theory Tpscc (Defini-
tion is recursive.

The theory T¢ s (Definition |3.7.6)) is recursive since the maps A +—
Oreatize.a and @ > Oyes o, are recursive (Lemma and Lemma ,
and one can recursively determine if a given finite group pile is e-
generated or deficient.

Since K has a splitting algorithm, Lemma implies that the
sets Ng(Kior,s) and No, (Rp(Kiot,5)) are recursive. Thus, the theory
Thg,s (Definition is recursive. O

4.6. Decidability of the Theory of Almost All K. s(o)

Now that we have a recursive axiomatization of the theory of almost
all Kot s(0), we can prove that the theory of almost all K s(0) is
decidable. The proof follows closely the proof of Jarden-Kiehne in
[FJ08, Chapter 20.6] that the theory of almost all K (o) is decidable.

DEFINITION 4.6.1. The set of test sentences is the smallest set of
L,ing(K)-sentences that contains all of the sentences of the form

EX)(f(X) = 0),

where f € K[X] is a polynomial that completely decomposes over
Kiot,5, and is closed under negations, conjunctions, and disjunctions.

LEMMA 4.6.2. Let E,F O K be models of Tior .. Then E =k F if
and only if E and F' satisfy the same test sentences.

Proor. Trivially, if £ and F' are elementarily equivalent over K, then
they satisfy the same test sentences. Conversely, assume that E' and F'
satisfy the same test sentences, and let £y = EN K and Fy = FN K.
By Lemma [4.4.2(3), Ey C Kiots and Fy C Kot s. Let f € K[X] be an
irreducible polynomial. If f does not completely decompose over Ky g,
then it has no root in Ky, g, so it has no root in £ and it has no root
in Fy. If f completely decomposes over Ko g, then (3X)(f(X) = 0)
is a test sentence. Hence, f has a root in Ej if and only if it has a
root in Fy. Therefore, Ey =k Fy, see for example [FJ08, 20.6.3]. By
Proposition .44, E =k F' . O
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LEMMA 4.6.3. The set of test sentences is recursive.

PROOF. Given a polynomial f € K[X], one can decide if (3X)(f(X) =
0) is a test sentence or not by Lemma [4.5.6{1). Induction on the struc-
ture of formulas then shows that the set of test sentences is recur-
sive. 0

For the rest of this chapter, let S be a finite set of recursive
local primes of a presented countable Hilbertian field K of
characteristic zero with a splitting algorithm, and let ¢ < w.

DEFINITION 4.6.4. For each L;ing (K )-sentence 6 let
Ys.(0) ={o € Gal(K)°: Kior5(0) =0}
be the truth set of 6.

NOTATION 4.6.5. We denote the normalized Haar measure on Gal(K)®
by i, cf. Section [L.3]

LEMMA 4.6.6. Let X be a test sentence. Then 3g.(\) is open-closed in
Gal(K)® and u(Xse(A)) is a rational number. The map X — u(Xge(N))

from test sentences to Q s recursive.

PrROOF. Let fi,...,f, € K[X] be the polynomials occurring in A.
Their splitting field L is a finite Galois extension of K inside Kiq,g.
Let L/K be a Galois extension with Ly C L C Kios. Then Kot g(o)N
L = L(resy (o)) for each o € Gal(K)°. Let

Yia={r€Gal(L/K)*: L(T) E \}.
We claim that
ES,e()\> = {0’ € Gal(K)ez I‘GSL(O') S ZL,)\}.

Indeed, if A is of the form (3X)(f(X) = 0), where f € K[X] completely
decomposes over Ko g, then

Yra={re€Gal(L/K)®: f has a zeroin L(T)}.

Since L contains all roots of f, Ko s(0) = A if and only if K s(o) N
L |= A, so the claim is true in that case. Induction on the structure of
A shows that the claim holds for all test sentences .

Thus, ¥g.(A) is open-closed, in particular measurable. Further-
more,

1(Sse(N) = %

is a rational number, and this number is computable since K has a
splitting algorithm, see for example [FJ08| 19.3.2]. O



102 4. DECIDABILITY OF ALMOST ALL Ko 5(c)

THEOREM 4.6.7. Let S be a finite set of recursive local primes of a pre-
sented countable Hilbertian field K of characteristic zero with a splitting
algorithm, and let e € Z>o. Then the following holds:

(1) For every Lyng(K)-sentence 0, Yg.(0) is p-measurable, and
1(Xse(8)) is a rational number.

(2) The map 6 — p(Xs(0)) from Ling(K)-sentences to Q is re-
cursive.

In particular, the theory Tamost.se of almost all fields Ko s(0), o €
Gal(K)®, is decidable.

PROOF. By Theoremlm, Ttot,S,e ): Talmost,S’,e and Talmost,S,e ): 7—Icot,S,e-
By Lemma [4.6.2] and [E.J08, 7.8.2], for every L,ing (K )-sentence 6 there
exists a test sentence \ such that the sentence 6 <= X is in Tymost,s.c. In
particular, ¥g5.(0) and Xg.()) differ only by a zero set. Lemma
implies that Xg.()) is p-measurable and p(Xg.(N)) € Q, so also Yg(6)
is p-measurable and p(Xg(0)) = p(Xs(A)) € Q. This proves (1).

Since Tiot,s.c = Taimost,s,e, We have Tior g =0 <> A. The set of test
sentences is recursive by Lemma By Lemma [£.5.8] the theory
Tiot,s,e is Tecursive, so the set of consequences of Tio g, is recursively
enumerable, cf. [Mar02, 2.1.1, 2.1.2]. Therefore, there is a recursive
map 0 — Xy from L,g(K)-sentences to test sentences such that for
every 6, 0 < A is in Tamost.s.c. In particular, u(Xg.(6)) = pu(Xs.e(Ng))-

Since also the map A — u(3g.(\)) from test sentences to Q is
recursive by Lemma [4.6.6] the composition

0= Ao = (Xse(Mo)) = p(Xse(6))

is recursive. This proves (2).
Since Tamost.s.e 1S the set of all § with u(Xg.(0)) = 1, it follows that
Taimost,s,e is decidable. O

REMARK 4.6.8. Note that the assumption that the primes in S are
recursive is necessary. Indeed, we have shown that R,(Kios) is K-
definable in K, g for each p € S. An element x € K lies in O, if and
only if # € Ry(Kior,s), so the decidability of the complete Lying(K)-
theory of Ky g implies that O, is recursive.

On the other hand we do not know whether the assumption that
K has a splitting algorithm is necessary.

The theorem does certainly not hold anymore if we allow .S to be
an arbitrary (possibly infinite) set of recursive local primes of K. In
fact, although there exist trivial examples of Hilbertian fields K with
an infinite set of local primes S such that K. s is decidable, we do
not know any infinite set of primes S of K = Q for which the theorem
holds. Moreover, [Jar95, Example 10.4] gives an example of an infinite
set of primes S of Q that has Dirichlet density zero, but Qior s = Q,
hence Tymost,s,e = Th(Q) is undecidable.
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COROLLARY 4.6.9. Let S be a finite set of primes of a number field
K, and let e € Zso. Then the theory of almost all fields Ko s(o),
o € Gal(K)®, is decidable.

PROOF. Every number field is Hilbertian by Lemma [4.3.1], and count-
able. Moreover, every prime of a number field is local (Remark
and recursive by Lemma [£.5.3] By [EJ08, 19.1.3(b), 19.2.4], every
number field has a splitting algorithm. Thus, the claim follows from

Theorem [4.6.71 O
This finally proves Theorem [[| from the introduction.

REMARK 4.6.10. As mentioned in the introduction, Theorem [[| has as
special cases decidability results from [JKT75], [FHV94] and [Ers96b].
The following decidability results for algebraic fields are related, but
do not follow from Theorem [} In [HL94], decidability is proven for
theories of fields of the form R, (o), and in [Efr91] for fields of the
form Q, (o).

In the light of Theorem Theorem [[| gives decidability of the
theory of a certain class of PSCC fields. For PRC and PpC fields, many
such theories were proven decidable, see for example [Kiin89b| and the
references there. However, the undecidability results of [Har84] and
[Efr92] for the theories of formally real PRC fields and formally p-adic
PpC fields put a bound on such decidability results.






CHAPTER 5

Decidability of Almost All K. s[o]

In this chapter we show how the proof of the decidability of almost
all Ko s(0) carries over to the fields Ko g[or]. However, we restrict
ourselves to the case that K is a number field.
For the rest of this work, let S be a finite set of primes of
a number field K, and let 0 < ¢ < w be a positive integer.
Note that every number field is countable Hilbertian and has a

splitting algorithm, and every prime of a number field is local and
recursive, cf. the proof of Corollary

5.1. Subgroups of Strongly Projective Groups

We will apply a result of Pop on prosolvable subgroups of ‘strongly
G-projective’ groups to our semi-constant group piles. To state this
result, we need the following definitions from [Pop95|.

DEFINITION 5.1.1. Let G be a profinite group and G C Subgr(G) a
G-invariant closed set of subgroups. A finite G-embedding problem
for G is a triple EPg = (¢, a, B), where ¢: G — A and a: B — A are
epimorphisms of profinite groups, B is finite, B is a set of subgroups
of B, and for every I' € G there exists A € B and a homomorphism
yr: T'— A with a0y = ¢|r. A solution of E'FPg is a homomorphism
~v: G — B with aoy = @ such that for each I" € G, there exists A € B
and b € B with v(I') C Ab. Finally, G is strongly G-projective if
every finite G-embedding problem for GG has a solution.

PROPOSITION 5.1.2 (Pop). Let G be a profinite group, G C Subgr(G)
a G-invariant closed subset, and I'y < G a closed subgroup. If G is
strongly G-projective, then the following holds.

(1) If Ty is finite, then there exists I'y € G such that T'g C T'y.

(2) If T is prosolvable, and there exist prime numbers p # q such
that c¢d,(Iy),cdy(I'y) > 1, and I'y or all T' € G do not have
p-torsion, then there exists I'y € G such that I'y C I'y.

PROOF. See |[Pop95, Theorem 2]. O

105
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COROLLARY 5.1.3. Let G = (G, Gy)pes be the deficient reduct of the
w-free semi-constant group pile of (Gal(Ky))pes over Cantor spaces
(Cp)pes- IfTo < G is a subgroup with I'y = Gal(F') for some classically
closed field F', then there exists I'y € G = Upes G, such that I'o C I'y.

PROOF. We claim that G is strongly G-projective. Let EPg = (¢: G —
A,a: B — A, Bgp) be a finite G-embedding problem, and without loss
of generality assume that Bgp is B-invariant and closed under taking
subgroups. For each I' € G choose a homomorphism ~r: I' — B such
that 4p(T") € Bep and oy = @|p. For each p € S, let

Bp = {’yp(r)bi I' e gp,b S B} - BEP

and

Ap = a(Bp) = (Gp).
Then, with A = (A4, Ay)pes and B = (B, Bp)pes, EP = (¢: G —
A a: B — A) is a finite deficient embedding problem of group piles.
This embedding problem is locally solvable. Indeed, if I' € G, then
A =~p(T) € By and 4pr: I' — A satisfies o yr = ¢|p. And if A € By,
then there exist ' € G, and b € B such that A = (I')*. Hence,
if we choose g € G with ¢(g9) = «(b) and define Ary: 'Y — A by
Are(z) = Ap(z9 )P, then « o 4ps = @|rs. By Proposition , G is
an w-free C-pile, hence E'P has a solution v: G — B by Lemma |3.6.5]
Since v(G) = B C Bgp, it follows that v: G — B is a solution of EF;.
Therefore, G is indeed strongly G-projective.

If F is real closed, then 'y & Z /27 is finite. If F' is p-adically
closed, then Lemma [1.6.5] implies that I'y is prosolvable, torsion-free,
and cd;(I'g) = 2 for all [. Hence, Proposition implies that there
exists I'y € G such that I'y C I';. O

5.2. The Fields Ktoms[a']

In Proposition we already presented the result of Geyer-Jarden
that Kot s[o] is PSCC for almost all o € Gal(K)¢. The description of
the absolute Galois group pile of these fields can be derived from the
following result.

ProprosITION 5.2.1 (Haran-Jarden-Pop). Let S be a finite set of
primes of a number field K, let e € N, and let G = (G, Gy, Gp)pes be
the w-free semi-constant group pile of (Gal(K,))pes over Cantor spaces
(Cp)pes- Then for almost all o € Gal(K)e,

Gal(KtOt’S[a']) ~G.
PRrROOF. See [HIP09al Theorem 3.11], O

REMARK 5.2.2. The special case S = () was proven by Jarden in
[Jar97].
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For a different proof of the following topological lemma see [HJP09b),
Lemma 2.1].

LEMMA 5.2.3. If G = (G, Gyp)pes is a reduced deficient group pile, then
for each p € S, a basis for the topology on G, is given by sets of the
form

Subgr(U) N Gy,

where U is an open subgroup of G.|I|

PROOF. Since the intersection of two sets of the form Subgr(U) NG, is
again of that form, and each of these sets is open-closed in G, (cf. Def-
inition , these sets form the basis for a zero-dimensional compact
topology 7 on G,, which is coarser than the profinite topology on G,.
Since a compact Hausdorff topology is minimal Hausdorff, it suffices to
prove that 7 is Hausdorff.

Let I, IV € G, be distinct. Since G is reduced, I' is not contained in
IV, and vice versa. So since I' is the intersection of all open subgroups
of G containing it, there exists an open subgroup U < G such that
I' < U but IV £ U. That is, 7 is T;. But any zero-dimensional T}
space is Hausdorff, cf. [SS70, Figure 9], so this proves the claim. Il

The following lemma is similar to [HJP09b, Lemma 10.3(e)].

LEMMA 5.2.4. Let M/K be an infinite Galois extension contained in
Kiot,s and let Galg(M) = (G,Gp)pes.- Then G,/G is nonempty and
perfect for each p € S.

PrROOF. Let p € S. By Lemma and Lemma [1.2.1)2), M/K is
totally S-adic, hence Sp(M) # 0. Consequently, G, # (), and hence
G,/G # 0.

Let FF € CC(M,p), I' = Gal(F), and suppose that the image of
[ in G,/G is isolated. Then I'® = {I: g € G} is open in G,. By
Lemma [3.5.3] (G, G,)pes is reduced, so Lemma m gives an open
subgroup U < G such that I' € Subgr(U) NG, C I'“. In other words,
there exists a finite extension N/M contained in F' such that every
F’" € CC(M,p) that contains N is conjugate to F' over M.

Let Ny/K be a finite extension such that M Ny = N, and let My =
M N Np.

M N F

K M, Ny
Then N/Ny and M/M, are infinite Galois extensions. Let M; be a
finite proper Galois extension of M, in M. Let Q € Sy(N) be the

In other words, the (strict) topology on G, coincides with the topology in-
duced by the étale topology of Subgr(G), cf. [HIP07], [HIP05], [HIP094].



108 5. DECIDABILITY OF ALMOST ALL Ko so]

restriction of the unique prime of F' above p, and let P = Q|y €
Sp(M), Bo = Qlum, € Sp(Mo), B1 = Q| € Sp(My). Since p totally
splits in Kio,s/K by Lemma [.1.4] there exists PB) € Sy(M) lying
over Py, and different from PB;. By Lemma there exists 7 €
Gal(M;/M,) such that 7(B;) = P). Since M /M, is Galois and M is
linearly disjoint from Ny over My, there exists o € Gal(N/Ny) with

ola =T
Let Q' = 0(Q) and P’ = Q'|y. Then Q' € Sp(N), P’ € S,(M),
and P’ # P since Py, = P1 and Py, = 7(P1) = P). Choose F’ €
CC(N,£Q’). Then F' € CC(M,P') C CC(M,p) by Lemma [2.9.9(1).
Moreover, N C F’ but F”is not conjugate to F over M, a contradiction.
O

THEOREM 5.2.5. Let S be a finite set of primes of a number field K,
let e € N, and let G = (G, Gp)pes be the deficient reduct of the w-free
semi-constant group pile of (Gal(K,y))pes over Cantor spaces (Cy)pes.
Then for almost all o € Gal(K)¢,

GalS(Ktot7S[U]) = G’

PROOF. By Proposition [5.2.1] Gal(Kiu s[o]) = G for almost all o €
Gal(K)°. By Proposition 4.3.4] almost all Ky s[o] are PSCC. Fix
o € Gal(K)® such that Gal(Kiot s[o]) = G and Ky s]o] is PSCC, and
let M = Kot s[o]. We identify Gal(M) with G and let Galg(M) =
(G,g;)pes. Let G = Upesgp and G’ = Upes g,;. Forpe SletI'y =
Gal(K,). For each I' € {I'y;: pe S} let Sp = {q € S: 'y = I'},
Or = Uges, 9o and Gp = Uyeq. Gg- Note that since every I' € G,
and every I' € G, is isomorphic to Ty, Gr = {I'y € G: 'y = I'} and
Gr={To e G : Ty =T},

PART A. CrAIM: For each p € S, Gr, = g/Fp.

IfT" € Gr,, then I" 2 Gal(K,,) and thus the fixed field M’ of I' is clas-
sically closed with respect to some classical prime ' by Lemma [2.11.1]
Let P = P'|n. Without loss of generality assume that My C M.
Since M is algebraic over Q, P is local. In particular, 3 is quasi-
local, i.e. My € CC(M,B). Since M is PSCL, Proposition
implies that q := P|x € 5. Since q totally splits in Kio g/K by
Lemma and M C Ko s, Lemmaimplies that tp(P) = tp(q),
so P € Sg(M). Hence, if we let I'y = Gal(Mg), then I' C T’y and
I’y € G'. By Proposition , there exists I'y € G such that I'y C I';.
Thus, I' C I'y C I'y, and both I' and I'; are contained in G. Since G
is reduced by Lemma m@), I'=Ty=TI4,sol € g Consequently,
I'egr,.

Conversely, let I' € G, , i.e. I' = Gal(F"), where I € CC(M, q) for
some q € S with I'y = T',. Proposition [p.1.3] provides a I'y € G with



5.2. THE FIELDS Kot s[o] 109

' € I';. By the first part of the proof of the claim, I'y € G’'. Hence,
' =Ty since Galg(M) is reduced by Lemma[3.5.3, Thus, I' € Gr, .

PART B. THE CANTOR SPACES G,/G AND G, /G. By definition, G =

(F, » H)% where H = (H,H,)pes is a semi-constant group pile of
(I'p)pes over (Cp)pes. Let C:=[J,cq Cp and let

A (U Iy x Cp,7r,0> — H
pes
be a free product of the sheaf ({J,cq 'y X Cp, 7, C).

By Lemmal[3.4.4(3), the map C, — H,/H given by z — (7~ (z))"
is a homeomorphism for each p € S. By Lemma [3.3.4(4), the map
Hy/H — G, /G induced by the inclusion H, — G, is a homeomorphism,
too. Hence, for each p € S, the composition of these maps gives a
homeomorphism C, — G,/G, and we identify C, and G,/G via this
homeomorphism.

By Lemma [3.4.6{2) and Lemma[3.5.3, (G, G,)pes and (G, Gy)pes are
separated. Thus, if p € S, then by PART A,

U G=J g/c=J g/a (5.1)

q€Sr, q€Sr, q€Sr,

The extension M /K is infinite. This follows for example from Propo-
sition [2.10.2 since M is PSCC and every prime of a number field, and
hence of any finite extension of K, is local. Thus, by Lemma [5.2.4]
G,/G is nonempty and perfect for each p € S. Since C is a Can-
tor space, each of the perfect subspaces g;,/ G is a Cantor space. In
particular, G,/G and G, /G are homeomorphic.

PArRT C. CONSTRUCTION OF AN AUTOMORPHISM OF G. By PART B,
there exists a homeomorphism 7 of C' onto itself with 7(G,/G) = G, /G

for each p € S. By 1) T maps UqGSr,, Cy onto itself. Hence, since

'y =T, for all ¢ € St,, we can define a continuous bijection « from
the sheaf ({J,cs 'y X Cy,m, C) onto itself by a((g,x)) = (¢, 7(z)). By
the universal property of the free product, the morphism A o o induces
an automorphism 3 of G with Aoa = o\ and f|; =idg .

PART D. CONCLUSION OF THE PROOF. Since «a((g,x)) = (g, 7(z)) for
all (g,x) € UpeS FP X Cpa

a(r(z)) =7 (7(x))
for each = € C. Since each I' € G is G-conjugate to A(7~H(T'%)),
G, = {)\(7?’1(35))9: r € G,/G, g€ G}

and

Gy = {Mr (@))% 2 € Gy/G, g€ G}
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It follows that

B(Gy) = x))?) :x € Gy/G, g € G}
D)9 52 € G,/G, g € G)
x))) x € Gy/G, g€ B(G)}
)z eGy/G, ge G}

)\(7r Y

—(
(
)

for each p € S. Therefore,
Galg(M) = (G, Gy)pes = (G, B(Gp))pes = B(G) = G,

as claimed. |

REMARK 5.2.6. I suspect that the same proof shows that one can
deduce the number field case of the main result of [HJP0O9b] from the
main result of [HJP09al.

5.3. Normally Generated Groups

The Galois group H = Gal(Kiot,5/Ktot,s[o]) is isomorphic to F, for
almost all o € Gal(K)¢, so the parameter e is not visible in the iso-
morphism type of H. However, e appears when we consider H as a
subgroup of Gal(Kiot s/K) which is normally generated by e elements.

DEFINITION 5.3.1. Let G be a profinite group. A closed subgroup

H < G is normally generated by e elements in G if there exist
hi,...,he € H such that H = (h:i=1,... e, g € G).

LEMMA 5.3.2. Let G be a profinite group, and let H < G. Then H
is normally generated in G by e elements if and only if for every open
normal subgroup N < G, HN/N is normally generated in G/N by e
elements.

ProoOF. If H=(h:i=1,...,e, g € G), then
HN/N = ((h;N/N):i=1,...,e, g€ G/N).
Conversely, suppose that HN/N is normally generated in G/N by e ele-

ments for every open normal subgroup N<G. Note that G = lim N G/N.
For every N, let

Ny ={(h1,...,he) € (G/N)*: (h!:1<i<e, geG/N)y=HN/N}.
By the first paragraph of this proof, the Ny form an inverse system. By
our assumption, each Ny is nonempty. Therefore, N :=lim Ny C G

is nonempty. If (hy,...,h.) € N, then (hY:i=1,...e, g€ G) =
so H is normally generated in G by e elements, as claimed. U
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DEFINITION 5.3.3. We construct the Lng(K)-theory Thormal, s, as fol-
lows:

Let N be a finite Galois extension of K in Ky g, let Ni,..., Ny
be all subextensions of N/K, and let fi,..., fyv) € K[X] be irre-
ducible polynomials such that N; =5 K[X]/(f;(X)) for each i. Let J;
be the set of all j such that there exists no K-embedding of N; into

Ni, and let ¢z, ., be the Ling (K)-sentence

(32)(fi(x) = 0) A N\ =(B2)(f;(x) = 0).

JjE€Ji

If L DK, then L =14, . Fov) if and only if LN N =g N;. Let Iy be
the set of all ¢ such that Gal(N/N;) is normally generated in Gal(N/K)

by e elements, and let N 1, 1, y, be the Lying (K)-sentence

\/ 77Z}i7f1 ----- Travy

i€ln

Then L = ¢n g1, if and only if Gal(N/L N N) is normally gener-
ated in Gal(N/K) by e elements.

Let Thormal,s,e consist of all sentences oy 7, Foiny where N runs over
all finite Galois extensions of K in K g, and fi, ..., frv) € K[X] are
suitable irreducible polynomials.

LEMMA 5.3.4. A field F' O K is a model of Thormalse tf and only if
Gal(Kiot,s/F N Kior,s) is normally generated in Gal(Kios/K) by e
elements.

PROOF. Let L = F N Kio,g. By construction, F' satisfies Thormal,s,e
if and only if Gal(N/L N N) is normally generated in Gal(N/K) by e
elements for each finite Galois extension N of K inside Ky g. In other
words, Gal(Kiot,s/L)U/U is normally generated in Gal(Kio s/K)/U
by e elements for each open normal subgroup U of Gal(Kie,s/K). By

Lemma this is the case if and only if Gal(Ko,s/L) is normally
generated in Gal(Kios/K) by e elements. O

5.4. Axiomatization of the Theory of Almost All K. s[o]

In this section we axiomatize of the theory of almost all fields Ko s[o].

DEFINITION 5.4.1. Let the Lyng(K)-theory T}, g, consist of the fol-
lowing axioms:

(1) The theory Tiot,s,. (Definition for e = w).
(2) The theory Thormals,e (Definition [5.3.3).
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LEMMA 5.4.2. A field F' 2 K is a model of T g if and only if it
satisfies the following conditions:

(1) F is PSCC.

(2) Galg(F) is an w-free C-pile.

(3) Fn K C Kiot,s and F/F N K s totally S-adic.

(4) Gal(Kyor.5/F N K) is normally generated in Gal(Kio.5/K) by

e elements.

In that case, F' satisfies also the following conditions:

(5) F is S-SAP.

(6) F is S-quasi-local.

PROOF. By Lemma 2| F satisfies Tio, 5, if and only if (1 ( )-(3) hold.

If (3) holds, then F’ NK = FNK s, hence by Lemma 4] F satisfies
Thormal,S.e 1f and only if (4) holds. Lemmal4.4.2/implies that 1f F satisfies
Tiot. 5w, then (5) and (6) hold. O

LEMMA 5.4.3. For almost all o € Gal(K)®, Kioslo] is a model of
ﬂot,S,e'

PROOF. By Proposition |4. almost all Ko s[o] are PSCC. By The-
orem | Galg(Kior sl ]) is isomorphic for almost all o to the de-
ficient reduct of the w-free semi-constant group pile of (Gal(Ky))pes

over Cantor spaces (Cy)pes. Since each Cy is perfect, this is an w-free
C-pile by Proposition |3.6.3] By Galois correspondence,

Gal(Kmt’s/Kmt’s[o‘]) = <(0-7:|Ktot,s)g: 1= 1, ...,€6, g & Gal(Ktot7S/K)>
is normally generated in Gal(Kiot,s/K) by e elements. Therefore, by

Lemma [5.4.2) Ko slo] is a model of T} ¢ for almost all o. O
DEFINITION 5.4.4. Let
Talmost S.e

denote the set of all L,i,q(/)-sentences that are true in almost all fields
Kt slo], o € Gal(K)°.

THEOREM 5.4.5. The theory Ti,; 5. is an aziomatization of T,
1.e. these two theories have the same models.

almost ,S,e’

PROOF. First note that every model of T}, 5. is a field containing

K. By Definition [4.4.1(0), the same holds for every model of T}, .
By Lemma almost all Ko, s[or] satisfy T{, s ., so every model
of T!

almost,S,e is a model of Tzc/ot,S,e‘
Conversely, let E be a model of T}, 5. and let L = E'N K. Sup-

pose we can construct a model F' of T} . o with F'N K =g L.

Since F' = T{, ¢, by the first paragraph of this proof, E, F = Tiot,5,0,
cf. Definition [5 (1) Thus, E =k F by Proposition [4.4.4] hence F is

a model of Talmost s and we are done.
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Conditions (3) and (4) of Lemma imply that L C Ko s and
give 11,...,7. € Gal(Kit s/K) that normally generate Gal(Kiot,5/L)
in Gal(Kiot s/K). In particular, L/K is Galois. Let A be the set of
finite Galois extensions of K inside Ko g. For each N € N, the set

Y(N) = {o € Gal(K)®: resy(0;) =resy(m), i =1,...,¢e}
C {oeGal(K): Kislo)] "N =LNN}
has positive Haar measure. If Ny,...,N, € N, then N;---N, ¢ N
and X(Ny)N---NE(N,) = X(Ny -+ N,.). Hence, by [FJO8, 7.6.1], there

exists an ultrafilter D on Gal(K )¢ which contains each of the sets 3(N),
N € N, and all sets of measure 1. Let

F= ]| Kuslo]/D
ocGal(K)®

be the ultraproduct, and let M = F N K. Since D contains all sets
of measure 1, and almost all K s[o] are models of 7} Fisa

almost,S,e’
model of T} . s. by Lemma [1.2.20 Furthermore, M C Ko s, and

MNN =LNN for each N € N, since D contains ¥(N). Therefore,
M = L, as claimed. O

5.5. Decidability of the Theory of Almost All K, s[o]

Using the axiomatization of the theory of almost all Ky s[o]|, we prove
that this theory is decidable. The proof follows the proof of Section [4.6
almost verbatim.

LEMMA 5.5.1. The theory T}, . is recursive.

PROOF. The theory Tio s, is recursive by Lemma [4.5.8, The set of
polynomials f € K[X] that completely decompose over Ky g is recur-
sive by Lemma [£.5.6] hence one can recursively decide if the splitting
field L of f is contained in Kt g. Since K has a splitting algorithm,
one can also recursively decide if f is irreducible, and one can com-
pute the Galois group Gal(L/K), [FJO8, 19.3.2]. Hence, the theory
Trormal,S,e 1S Tecursive. ]

DEFINITION 5.5.2. For each Ly (K)-sentence 6 let
E{S',e(g) = {0' S Gal(K)e: Ktot’s[a] ): 0}
be the truth set of 6, and let y be the normalized Haar measure on

Gal(K)° as in Notation {4.6.5]

LEMMA 5.5.3. Let X\ be a test sentence (cf. Definition . Then
Y5 (A) is open-closed in Gal(K)® and j1(Xg .(N)) is a rational number.
The map X — (X (N)) from test sentences to Q is recursive.

PrOOF. Let fi,...,f, € K[X] be the polynomials occurring in A.
Their splitting field L is a finite Galois extension of K inside Kiq,g.
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Let L/K be a Galois extension with Ly C L C Kit . Then Kio s[o]N
L = Lires;(o)] for each o € Gal(K)°. Let

Yia={reGal(L/K)*: LiT] E A\}.
We claim that
Yse(A) = {o € Gal(K): resi (o) € Xz}
Indeed, if A is of the form (IX)(f(X) = 0), where f € K[X] totally

decomposes over Ko g, then
Yra={7e€Gal(L/K)®: f has a zero in L[T]}.
Since L contains all roots of f, Kio s[o] = A if and only if Ky s[o] N
L = ), so the claim is true in that case. Induction on the structure of
A shows that the claim holds for all test sentences .
Hence, ¥, is open-closed, in particular measurable. Furthermore,

e

is a rational number, and this number is computable since K has a
splitting algorithm, see for example [FJO8, 19.3.2]. O

THEOREM 5.5.4. Let S be a finite set of primes of a number field K,
and let e € N. Then the following holds:

(1) For every Lung(K)-sentence 8, X (0) is p-measurable and
(X (0)) is a rational number.
(2) The map 0 — (X5 (0)) from Lung(K)-sentences to Q is re-
cursive.
In particular, the theory Ty, s.
Gal(K)¢, is decidable.

PROOF. By Theorem W7 T‘t,ot,S,e ): Ta(lmost,S,e and Tz:,lmost,S,e ): Tlclot,S,e‘
In particular, T}, 5. & Ttot,50- By Lemma and [EJ08, 7.8.2],
for every Lying(K)-sentence 6 there exists a test sentence A such that
the sentence 6 « X is in T}, ¢ .. In particular, ¥ (¢) and X ())
differ only by a zero set. By Lemma , ¥s.(A) is p-measurable
and p(¥5.(N)) € Q, so also ¥ (¢) is p-measurable and p(¥ (0)) =
(X5 () € Q. This proves (1).

Since T}y 5.0 F Timost.s.e0 We have T g |= 0 <> A. The set of test
sentences is recursive by Lemma [4.6.3] By Lemma [5.5.1], the theory
1!y 5. 1s Tecursive, so the set of consequences of T{ ¢ is recursively
enumerable, cf. [Mar02, 2.1.1, 2.1.2]. Therefore, there is a recursive
map 0 — Xy from L,,g(K)-sentences to test sentences such that for
every 0, 0 < Agisin T .. In particular, u(¥ (0)) = (X5 (Ne))-

Since also the map A\ — u(Xg . (A)) from test sentences to Q is
recursive by Lemma [5.5.3] the composition

01— X = (X0 (M) = (X5 (0))

of almost all fields Ko slo], o €
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is recursive. This proves (2).
Since T} ost.5. 18 the set of all 6 with (X (0)) = 1, it follows that
T most. s, 18 decidable. O

This, in combination with the case e = 0 of Corollary finally
proves Theorem [T from the introduction.
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